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UMR CNRS 6613, Avenue Olivier Messiaen, 72085 Le Mans, France
guy.lemarquand@univ-lemans.fr

Abstract—This paper presents a three-dimensional analytical
expressions for studying the static magnetic field produced by Magnetic
Resonance Imaging structures. This medical imaging technique uses
a very high and uniform magnetic field produced by ring permanent
magnets with rotating polarizations. However, the manufacturing of
such ring permanent magnets is difficult to realize. Consequently, such
ring permanent magnets are replaced by assemblies of tile permanent
magnets uniformly magnetized. Unfortunately, the magnetic field
produced by these tile permanent magnets uniformly magnetized is
both less important and less uniform than the one produced by an
idealized ring permanent magnet. We propose in this paper to study
the influence of the number of tile permanent magnets used on the
magnetic field properties.

1. INTRODUCTION

Magnetic Resonance Imaging is a medical imaging technique widely
used in radiology to visualize the internal structure of a body. This
technique generally uses a very high static magnetic field produced
by permanent magnets [1]-[4]. It is well known that the magnetic
field homogeneity of imaging region is the most important criterion
for optimizing MRI structures [5][6]. On the other hand, the magnetic
field must be the greatest [7]-[9].
Several approaches have been carried out for optimizing MRI
structures so as to improve the magnetic field homogeneity as well
as its magnitude [10][11]. Strictly speaking, these approaches are
based on either analytical [12] or numerical approaches [13]. For
example, the finite-element method has been used for studying MRI
devices made of permanent magnets [14]. Furthermore, some original
methods have been proposed for designing MRI structures made of
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permanent magnets [15] by employing inverse methods [16]. All these
studies deal with the optimization of the static field produced by
permanent magnets or currents in coils. In the case of MRI made
of permanent magnets, this static magnetic field is generated by tile
permanent magnets with uniform polarizations [17][18]. However,
most of the studies dealing with the magnetic field produced by
MRI structures assume that the magnetic field is produced by a ring
permanent magnet with a rotating polarization. However, this is
not the case in practice because it is very difficult to manufacturate
such ring permanent magnets. Consequently, the ring permanent
magnet generating the magnetic field is replaced by an assembly of
tile permanent magnets uniformly magnetized. As a consequence, the
magnetic field magnitude and its homogeneity turn out to be over-
estimated theoretically because the uniform polarizations of the tile
permanent magnets generate a decrease in the homogeneity of the
magnetic field.
The analytical method we use in this paper is based on the coulombian
model of a magnet. This model implies the existence of fictitious
magnetic charges located on the faces or in the volume of a permanent
magnet [19]. Such an analytical method has been widely used by many
authors for calculating the magnetic field produced by ring permanent
magnets radially and axially magnetized [20][21], tile permanent
magnets radially magnetized [22], tile permanent magnets uniformly
magnetized [23][24].
First, this paper presents the exact three-dimensional analytical
expressions that allow us to study the homogeneity and the magnitude
of the magnetic field produced by an assembly of tile permanent
magnets uniformly magnetized. Then, we discuss the influence of
the number of tile permanent magnets used on the magnetic field
properties.

2. MODELING THE MAGNETIC FIELD INSIDE THE
MRI STRUCTURE

We propose in this section to determine the expressions of the magnetic
field components in cartesian coordinates for studying the homogeneity
of the field inside the MRI structure. For this purpose, let us first
consider the configuration shown in Fig. 1. The eight tile permanent
magnets are uniformly magnetized. The parameters used in this
paper are shown in Fig 2 in which we have represented only one tile
permanent magnet uniformly magnetized. We have to consider only
one tile permanent magnet whose polarization is both uniform and
arbitrary. Indeed, the total magnetic field produced by an assembly
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Figure 1. Illustration of a MRI structure with 8 tile permanent
magnets uniformly magnetized
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Figure 2. Parameters used for studying the magnetic field produced
by the MRI structure

of tile permanent magnets can be obtained by using the principle of
superposition.

As the tile permanent magnets are uniformly magnetized, each
tile permanent magnet can be represented by fictitious magnetic pole
surface densities located on its faces in the coulombian approach. By
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denoting σ∗j,i, the fictitious magnetic pole surface density located on
the ith face of the magnet j whose angular width equals θj+1 − θj ,
the fictitious manetic pole surface densities are given by the scalar
product ~J.~nj where j = 1..4 (as shown in Fig 2). After mathematical
manipulations, we find σ∗j,1, σ∗j,2, σ∗j,3 and σ∗j,4 in the following reduced
forms:

σ∗j,1 = −J cos
(

θ − a− θj + θj+1

2

)

σ∗j,2 = −J sin
(

θj+1 − θj

2
− a

)

σ∗j,3 = J cos
(

θ − a− θj + θj+1

2

)

σ∗j,4 = J sin
(

θj − θj+1

2
− a

)

(1)

It is useful to define the three-dimensional Green’s function as follows:

G0(~r, ~r′) =
1

4π
∣∣∣~r − ~r′

∣∣∣
(2)

where ~r is the observation point and ~r′ a point located on the fictitious
charge distribution. For the rest of this paper, we use the four following
definitions of the three-dimensional Green’s function:

G0(~r, ~r′)(1) = (4π)−1
(
r2
1 + r̃2 − 2r1r̃ cos(θ − θ̃) + (z − z̃)2

)− 1
2

G0(~r, ~r′)(2) = (4π)−1
(
r2 + r̃2 − 2rr̃ cos(θ − θj+1) + (z − z̃)2

)− 1
2

G0(~r, ~r′)(3) = (4π)−1
(
r2
2 + r̃2 − 2r2r̃ cos(θ − θ̃) + (z − z̃)2

)− 1
2

G0(~r, ~r′)(4) = (4π)−1
(
r2 + r̃2 − 2rr̃ cos(θ − θj) + (z − z̃)2

)− 1
2

(3)

It is emphasized here that the use of the three-dimensional Green’s
function is absolutely equivalent to the coulombian model of a magnet
because the structure considered in this paper is ironless. For a tile
permanent magnet having an angular width that equals θj+1− θj , the
x-component of the magnetc field is given by:

Hx(x, y, z) = cos(θ)∂r

{
4∑

k=1

∫

Sk

G0(~r, ~r′)(k)σ∗j,k(~r′)d
2~r′k

}
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− sin(θ)r−1∂θ

{
4∑

k=1

∫

Sk

G0(~r, ~r′)(k)σ∗j,k(~r′)d
2~r′k

}

(4)

The y-component of the magnetc field is given by:

Hy(x, y, z) = sin(θ)∂r

{
4∑

k=1

∫

Sk

G0(~r, ~r′)(k)σ∗j,k(~r′)d
2~r′k

}

+ cos(θ)r−1∂θ

{
4∑

k=1

∫

Sk

G0(~r, ~r′)(k)σ∗j,k(~r′)d
2~r′k

}

(5)

The z-component of the magnetic field is given by:

Hz(x, y, z) = −∂z

{
4∑

k=1

∫

Sk

G0(~r, ~r′)(k)σ∗j,k(~r′)d
2~r′k

}

(6)

The previous relations can be developed as follows:

Hx(x, y, z) = cos(θ)∂r

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(1)σ∗j,1r1dθ̃dz̃

}

+ cos(θ)∂r

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(2)σ∗j,2dr̃dz̃

}

+ cos(θ)∂r

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(3)σ∗j,3r2dθ̃dz̃

}

+ cos(θ)∂r

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(4)σ∗j,4dr̃dz̃

}

− sin(θ)r−1∂θ

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(1)σ∗j,1r1dθ̃dz̃

}

− sin(θ)r−1∂θ

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(2)σ∗j,2dr̃dz̃

}

− sin(θ)r−1∂θ

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(3)σ∗j,3r2dθ̃dz̃

}

− sin(θ)r−1∂θ

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(4)σ∗j,4dr̃dz̃

}

(7)
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Hy(x, y, z) = sin(θ)∂r

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(1)σ∗j,1r1dθ̃dz̃

}

+sin(θ)∂r

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(2)σ∗j,2dr̃dz̃

}

+sin(θ)∂r

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(3)σ∗j,3r2dθ̃dz̃

}

+sin(θ)∂r

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(4)σ∗j,4dr̃dz̃

}

+cos(θ)r−1∂θ

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(1)σ∗j,1r1dθ̃dz̃

}

+cos(θ)r−1∂θ

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(2)σ∗j,2dr̃dz̃

}

+cos(θ)r−1∂θ

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(3)σ∗j,3r2dθ̃dz̃

}

+cos(θ)r−1∂θ

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(4)σ∗j,4dr̃dz̃

}

(8)

Hz(x, y, z) = −∂z

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(1)σ∗j,1r1dθ̃dz̃

}

−∂z

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(2)σ∗j,2dr̃dz̃

}

−∂z

{∫ θj+1

θj

∫ z2

z1

G0(~r, ~r′)(3)σ∗j,3r2dθ̃dz̃

}

−∂z

{∫ r2

r1

∫ z2

z1

G0(~r, ~r′)(4)σ∗j,4dr̃dz̃

}

(9)

After mathematical manipulations, Hx(x, y, z), Hy(x, y, z) and
Hz(x, y, z) can be written as follows:

Hx(x, y, z) =
J cos(θ)
4πµ0

(
sin

(
θj − θj+1

2
+ α

)
f(θj) + sin

(
θj − θj+1

2
− α

)
f(θj+1)

)

+
J cos(θ)
4πµ0

2∑

i=1

2∑

k=1

(−1)(i+k)ri(−z + zk)N[θ̃]
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−J sin(θ)
4πµ0

{
sin

(
θj − θj+1

2
− α

)
h(θj) + sin

(
θj − θj+1

2
+ α

)
h(θj+1)

}

−J sin(θ)
4πµ0

∫ θj+1

θj

2∑

i=1

2∑

k=1

r2
i (−z + zk) cos

(
α + θj−θj+1

2 − θ̃
)

sin(θ − θ̃)

(r2 + r2
i − 2rri cos(θ − θ̃))ε(θ̃)

dθ̃

(10)

Hy(x, y, z) =
J sin(θ)
4πµ0

(
sin

(
θj − θj+1

2
+ α

)
f(θj) + sin

(
θj − θj+1

2
− α

)
f(θj+1)

)

+
J sin(θ)
4πµ0

2∑

i=1

2∑

k=1

(−1)(i+k)ri(−z + zk)N[θ̃]

+
J cos(θ)
4πµ0

{
sin

(
θj − θj+1

2
− α

)
h(θj) + sin

(
θj − θj+1

2
+ α

)
h(θj+1)

}

+
J cos(θ)
4πµ0

∫ θj+1

θj

2∑

i=1

2∑

k=1

r2
i (−z + zk) cos

(
α + θj−θj+1

2 − θ̃
)

sin(θ − θ̃)

(r2 + r2
i − 2rri cos(θ − θ̃))ε(θ̃)

dθ̃

(11)

Hz(x, y, z) =
J

4πµ0

(
sin

(
θ1 − θ2

2
− α

)
g(θ2) + sin

(
θ1 − θ2

2
+ α

)
g(θ1)

)

+
J

4πµ0

∫ θ2

θ1

2∑

i=1

2∑

k=1

ri cos(α + θ1−θ2
2 − θ̃)

ε(θj)
dθ̃ (12)

with

g(θj) =
2∑

i=1

2∑

k=1

log [ri − r cos(θ − θj) + ε(θj)]

f(θj) =
2∑

i=1

2∑

k=1

(−1)(i+k) (− cos(θ − θj) log[Xj ] + sin(θ − θj) arctan[Yj ])

h(θj) =
2∑

i=1

2∑

k=1

sin(θ − θj) log [Xj ]− cos(θ − θj) arctan [Yj ]

(13)

N[θ̃] =
∫ θj+1

θj

(
r − ri cos(θ − θ̃)

)
cos(α + θj−θj+1

2 − θ̃)
(
r2 + r2

i − 2rri cos(θ − θ̃)
)

ε(θ̃)
dθ̃ (14)
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Figure 3. Representation of the y-component of the magnetic field
versus the angle θ for 16 tile permanent magnets: we take the following
dimensions: r1 = 0.3 m, r2 = 0.6 m, z1 = 0 m, z2 = 1.6 m, z = 0.8 m,
J = 1.5 T, r = r1

2 .

Xj = z − zk + ε(θj)

Yj =
(z − zk) (ri − r cos(θ − θj))

r sin(θ − θj)ε(θj)

ε(β) =
√

r2 + r2
i + (z − zk)2 − 2rri cos(θ − β)

(15)

We represent in Fig 3 the y-component of the magnetic field versus
the angle θ and in Fig 4 the x-component of the magnetic field versus
θ. Figures 3 and 4 show that there is a undulation of the magnetic
field that comes from the uniform polarizations of the tile permanent
magnets.

2.1. The end effects on the magnetic field value

The homogeneity of the magnetic field depends also on the length
of the Magnetic Resonance Imaging structure. For example, the finite
dimensions along the z-direction (axial direction) generates a curvature
in the field, as shown in Fig 5. Indeed, the magnetic lines are less
and less packed together near the edges (z = 0 m and z = 1.6 m).
Consequently, this implies a decrease in the y-field magnitude when
the observation point is determined far from the middle (z = 0.8 m)
of the MRI structure.
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Figure 4. Representation of the x-component of the magnetic field
versus the angle θ for 16 tile permanent magnets: we take the following
dimensions: r1 = 0.3 m, r2 = 0.6 m, z1 = 0 m, z2 = 1.6 m, z = 0.8 m,
J = 1.5 T, r = r1

2 .
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Figure 5. Representation of By versus z with 16 tile permanent
magnets: we take the following dimensions: r1 = 0.3 m, r2 = 0.6 m,
z1 = 0 m, z2 = 1.6 m, z = 0.8 m, J = 1.5 T, r = 0 m.

2.2. Influence of the outer radius on the magnetic field
magnitude

Another important parameter that can be used for enhancing the
magnetic field value is the outer radius. As shown in Fig 6, the more
important the outer radius is, the greater the magnetic field value is.
Consequently, despite the expensive cost of permanent magnets, this
implies that for a given inner radius rin, the value of the outer radius
rout must be the greatest.
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Figure 6. Representation of By versus rout [m] with 16 tile permanent
magnets: we take the following dimensions: r1 = 0.3 m, z1 = 0 m,
z2 = 1.6 m, z = 0.8 m, J = 1.5 T, r = 0 m.

3. INFLUENCE OF THE NUMBER OF TILE
PERMANENT MAGNETS ON THE FIELD PROPERTIES

3.1. Influence of the number of tile permanent magnets on
the field value

This section presents the influence of the number of tile permanent
magnets on the field value. Strictly speaking, we take the mean value
of the magnetic field on a radial length that equals r = r1

2 . We take the
following dimensions: r1 = 0.3 m, r2 = 0.6 m, z1 = 0 m, z2 = 1.6 m,
z = 0.8 m, J = 1.5 T. Furthermore, the angular width ∆θ of each
tile permanent magnet is the same and is given by the number of tile
permanent magnets used.

∆θ = θj+1 − θj =
N

2π
(16)

where N is the number of tile permanent magnets used in the structure.
We represent in Fig 7 the mean value of the magnetic field < B >=
By = µ0Hy versus the number of tile permanent magnets used. Figure
7 clearly shows that the greater the number of tile permanent magnets
is, the higer the magnetic field is. However, according to this criterion,
the evolution of the increase in magnetic field value is not constant but
decreases with the number of tile permanent magnets used.
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Figure 7. Representation of the magnetic field By versus the number
of tile permanent magnets used: we take the following dimensions:
r1 = 0.3 m, r2 = 0.6 m, z1 = 0 m, z2 = 1.6 m, z = 0.8 m, J = 1.5 T,
r = r1

2 .

3.2. Influence of the number of tile permanent magnets on
the field homogeneity

This section presents the influence of the number of tile permanent
magnets on the field homogeneity. For this purpose, we define the
concept of wave rate WR as follows:

WR =
1
2

Bmax −Bmin

Bmoy
(17)

where Bmax and Bmin are the maximum minimum values of the
magnetic field, Bmoy is the mean value of the magnetic field. According
to this criterion, the weaker the wave rate is, the greater the magnetic
field homogeneity is. Let us study the influence of the number N
of tile permanent magnets on the wave rate. For this purpose, we
represent the wave rate versus N in Fig 8. Figure 8 shows that the
wave rate is constant when we use at least 16 tile permanent magnets.
Consequently, it is not necessary to use further tile permanent magnets
for enhancing the magnetic field homogeneity in the MRI structure
with the dimensions taken in this paper.

3.3. Two-dimensional representation of the magnetic field
magnitude for two axial observation points

We illustrate now the use of our three-dimensional analytical
expressions with the 2D representation of the magnetic field for eight
radial observation points (r = 0.029 m, r = 0.027 m, r = 0.025 m,
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Figure 8. Representation of the wave rate of the magnetic field versus
the number of tile permanent magnets used: we take the following
dimensions: r1 = 0.3 m, r2 = 0.6 m, z1 = 0 m, z2 = 1.6 m, z = 0.8 m,
J = 1.5 T, r = r1

2 .

r = 0.023 m, r = 0.021 m, r = 0.019 m, r = 0.017 m, r = 0.015 m) at a
given axial observation point (z = 0.08 m). These eight representations
are shown in Figs 9. The MRI structure we consider is composed of
eight tile permanent magnets uniformly magnetized.

Figure 9 clearly shows that the magnetic field undulation is the
greatest near the structure, that is, when r = 0.029 m. This undulation
wave decreases when the radial observation point goes away from r1.
Such illustrations give elements of information about the homogeneity
of the magnetic field in the MRI structure. Consequently, it gives
indications about the region in space in which the magnetic field
undulation is weak.

4. CONCLUSION

This paper has presented exact three-dimensional analytical expres-
sions for studying the magnetic field produced by a MRI structure.
These expressions are useful because all the effects due to the uniform
polarizations of the tile permanent magnets are taken into account. We
have demonstrated that the number of tile permanent magnets used
has a great importance on the field value and its homogeneity. For ex-
ample, with the dimensions taken in this paper, we have seen that the
use of at least 20 tile permanent magnets allow one to obtain a high
magnetic field. On the other hand, we have shown that the wave rate
is not improved when we use at least 16 tile permanent magnets. Fur-



Magnetic field in MRI yokeless devices 13

-1-0.5 0 0.5 1 1.5
By @TD

-1

-0.5

0

0.5

1

1.5

B
y
@T
D

-1-0.5 0 0.5 1 1.5
By @TD

-1

-0.5

0

0.5

1

1.5

B
y
@T
D

-1-0.5 0 0.5 1 1.5
By @TD

-1

-0.5

0

0.5

1

1.5

B
y
@T
D

-1-0.5 0 0.5 1 1.5
By @TD

-1

-0.5

0

0.5

1

1.5

B
y
@T
D

-1-0.5 0 0.5 1 1.5
By @TD

-1

-0.5

0

0.5

1

1.5

B
y
@T
D

-1-0.5 0 0.5 1 1.5
By @TD

-1

-0.5

0

0.5

1

1.5

B
y
@T
D

-1-0.5 0 0.5 1 1.5
By @TD

-1

-0.5

0

0.5

1

1.5

B
y
@T
D

-1-0.5 0 0.5 1 1.5
By @TD

-1

-0.5

0

0.5

1

1.5

B
y
@T
D

Figure 9. Representation of the magnetic field for 8 radial observation
points (r = 0.029 m, r = 0.027 m, r = 0.025 m, r = 0.023 m,
r = 0.021 m, r = 0.019 m, r = 0.017 m, r = 0.015 m)at a given axial
observation point (z = 0.08 m): we take the following dimensions:
r1 = 0.3 m, r2 = 0.6 m, z1 = 0 m, z2 = 1.6 m, J = 1.5 T.
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thermore, we have discussed the interest of using permanent magnets
with great outer radius. Indeed, this allows us to improve significantly
the magnetic field magnitude inside the MRI structure.
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