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RECTANGULAR R-TRANSFORM AS THE LIMIT OF
RECTANGULAR SPHERICAL INTEGRALS

FLORENT BENAYCH-GEORGES

ABSTRACT. In this paper, we connect rectangular free probability theory and spherical
integrals. We prove the analogue, for rectangular or square non-Hermitian matrices, of a
result that Guionnet and Maida proved for Hermitian matrices in [I2]. More specifically,
we study the limit, as n,m tend to infinity, of 1 log E{exp[\/nm0X,]}, where 6 € R, X,,
is the real part of an entry of U,, M, V,,, M, is a certain n X m deterministic matrix and
U,,Vy are independent Haar-distributed orthogonal or unitary matrices with respective
sizes n xn, mxXm. We prove that when the singular law of M,, converges to a probability
measure p, for § small enough, this limit actually exists and can be expressed with the
rectangular R-transform of p. This gives an interpretation of this transform, which
linearizes the rectangular free convolution, as the limit of a sequence of log-Laplace
transforms.

INTRODUCTION

In this article, we study the limit, as n, m tend to infinity in such a way that n/m tends
to a limit A € [0, 1], of

% log E{exp[v/nm8 R(Tr(E,U, M, V))]},

where 6 € R, M, is a certain n x m deterministic matrix, U,, V,, are independent Haar-
distributed orthogonal or unitary matrices with respective sizes n X n, m x m, E, is an
m X n elementary matrix (i.e. a matrix which entries are all zero, except one of them,
which is equal to one) and R(-) denotes the real part.

The departure point of this study is the work of Collins, Zinn-Justin, Zuber, Guionnet,
Maida, Sniady, Mingo and Speicher who proved, in the papers [20, 6, 12, [7, 8, 9], that
under various hypotheses on some n x n matrices A,, and B,, and a positive exponent «,
the asymptotics of

no

are related to free probability theory. For example, it has been proved [12] Th. 2] that
if the spectral law (i.e. uniform distributions on eigenvalues) of the self-adjoint matrix
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2 FLORENT BENAYCH-GEORGES

A,, converges to a compactly supported probability measure p and F,, = diag(1,0,...,0),
then for # small enough,

(1) 1logE{eXp[n9Tr(F Un AUy} — 5/

where R, is the so-called R-transform of p and 8 = 1 or 2 according to wether we
consider real or complex matrices. The R-transform is an integral transform of probability
measures on R. Its main property is that it linearizes the additive free convolution H,
the binary operation on probability measures on R which can be defined by the fact
that for A, B large self-adjoint random matrices with spectral laws tending to pa, up (as
the dimension goes to infinity) and U a Haar-distributed orthogonal or unitary matrix
independent of A and B, the spectral law of A + UBU* tends to us B up: the free
convolution H can be thought as the analogue, for the spectral laws of certain large
random matrices, of the classical convolution for real random variables. For all probability
measures i, v on R, we have

m (1) = t)+ R, (1 or t in a neighborhood of zero).
2 R, R, R f i ighborhood of

Hence in the analogy between the free convolution and the classical one, the R-transform
plays the role of the log-Laplace transform, and () gives a concrete sense to this: the
R-transform (more specifically its primitive, which also satisfies (2))), is the limit of a
certain sequence of log-Laplace transforms.

Let us now describe the content of our paper. For each A € [0, 1], another free con-
volution, denoted by H, and called the rectangular free convolution with ratio A\, does
the same job as B for the singular laws (i.e. uniform distributions on singular values) of
rectangular n x m random matrices which dimensions n, m tend to infinity in such a way
that n/m tends to A: for n,m large integers such that n/m ~ A, for A, B some n X m
real or complex matrices with singular laws v4, vp and U,V Haar-distributed orthogonal
or unitary matrices independent of A and B, the singular law of A + UBV is approxi-
mately v4 By vp (see [4] or the introduction of [5] for a more precise definition of H,).
Like the R-transform for HH and the log-Laplace transform for the classical convolution,
an integral transform linearizes H). It is called the rectangular R-transform with ratio A
and is denoted by C'W: for all probability measures y, v on [0, +00), we have
(3) C'(%)Ay(t) = C;([\) (t) + CM(t) (for ¢ in a neighborhood of zero).

o
The main result of the paper gives an interpretation of the rectangular R-transform (more
specifically its primitive, which also satisfies (3])) as the limit of a sequence of log-Laplace
transforms: we prove that if the singular law of M,, tends to a probability measure p and
n/m tends to a limit A € [0, 1] as n, m tend to infinity, then for # small enough, for E, a
sequence of m,, X n elementary matrices,

(N (42
(4) %logE{exp[\/%Q%(Tr(EnUnMan))]} — 6 Mdt.

n,m—00 t

Let us mention that free probability theory has initially been built in the area of operator
algebras and that concrete relations between free and classical probability theory, like the
ones of () and (), are not that common.
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Let us also mention that expectations of the exponential of traces of polynomials of
constant matrices and uniform orthogonal random matrices, which have been extensively
studied in physics and also other areas, like information theory, are often called spherical
integrals. See e.g. [21], 11l 13] and the references above for the case of square matrices.
Spherical integrals involving rectangular matrices are considered in the papers [19, 10, [16].
The quantities studied in the paper [16] of Kabashima are closely related to the spherical
integral we study here: in Equation (8), Kabashima considers exactly the same spherical
integral as ours, with the same hypotheses (he supposes the singular law of X to have
a limit and p/N to stay bounded), except that he supposes 6 to be on the imaginary
line, whereas in our paper, 6 is real. He is not giving an argument that qualifies as
a mathematical proof, but he gives an asymptotic formula in Equation (9). With our
vocabulary, this formula expresses

1
lim —log E{expi Tr(E,U,M,V,,)}
n—oo N

as a saddle point value of a certain function. The actual computation of this saddle point
is not easy, but his Equation (9) has a structure which is quite close to our Equation (29).

The paper is organized as follows. In Section [I, we state the main result of the paper,
Theorem [L.2] and discuss it. In Section2l we recall the precise definition of the rectangular
R-transform and prove a result of continuity of the map (A, u) — C’,([\). At last, Section
Blis devoted to the proof of Theorem [[2] following the ideas of the proof of [12, Th. 2].

1. MAIN RESULT

1.1. Statement. Let us consider, for all n > 1, an integer m,, > n such that, as n tends
to infinity, n/m,, tends to a limit A\ € [0,1] and an n x m, real or complex nonrandom
matrix M, whose singular values are strictly bounded, uniformly in n, by a constant
K and such that, as n tends to infinity, the singular law of M, converges weakly to a
probability measure that we shall denote by u. Let us define, for 6 € R,

(5) 1,(0) = %logE{exp[\/nmné’ R(Tr(E, UM, V,))|},

where U,, V,, are independent Haar-distributed orthogonal or unitary (according to whether
M,, is real or complex) matrices with respective sizes n x n, m, x m, and E, denotes an
m, X n elementary matrix (i.e. a matrix which entries are all zero, except one of them,
which is equal to one).

In the case where A = (0, we also suppose that there is v < 2 such that
(6) for n large enough, m, <n®.

Remark 1.1. Let K be either R or C according to wether we consider real or complex
matrices. I,,(0) can also be considered as the Laplace transform of a certain scalar product
estimated at a pair of independent random vectors, one of them being a uniform random
vector of the unit sphere of K™ and the other one being the projection, on K”, of a uniform
random vector of the unit sphere of K™". Indeed, let us denote the singular values of M,
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by fn1s - - fnn and introduce (see [15]) some orthogonal or unitary matrices P,, @), with
respective sizes n X n, m, X m,, such that

Hn 1 0O --- 0
fnm O -+ 0

Let also, for each n, (i, J,) be the index of the non-null entry of E,. Then the j,th row
(resp. i,th column) w, = (up1,...,Unn) (resp. vy = (Vn1y-- -, Vnm,)") of UnPy (resp.
@»V,) is uniformly distributed on the unit sphere of K" (resp. K™») and one has

(7) T(8) = - Tog E{exply/Amat RO st s00)]}-

The main result of the article is the following one.

Theorem 1.2. Set 5 =1 or 8 = 2 according to wether we consider real or complex ma-
trices. The function I,, converges uniformly on every compact subset of (—3K~', FK~1)

to the function
g N2
5 Oy (t
1(0) =53 / Mdt,
0 t
where C’l(f‘) denotes the rectangular R-transform of p with ratio \ (its definition is recalled

in Section [2 below).

Remark 1.3. Note that the function C;(L)\) is analytic on (—K 2, K~%) and vanishes at
zero, so I is actually well defined and analytic on (=K1, K~1).

1.2. Particular cases where the matrices )M, are square (A = 1) or asymptoti-
cally flat (A = 0). Let us recall that the R-transform of a probability measure v is the
function

Ry(2) =G, () - % for G, (2) = / dut)

v z—t
(the convention we use is the one of the analytic approach to freeness [14} [I], which is not
exactly the one of the combinatorial approach [I8]: Reombinatorics(,) — » panalysis (),

Let ps be the symmetrization of u, defined by us(A) = W for all Borel subset
A of R, and p? be the push-forward of u by the function ¢ — ¢2.

Corollary 1.4. In the particular case where A =1 (resp. A\ =0), the limit I of I,, can be
expressed via the R-transform of ps (resp. u?) in the following way

16) = 8 /0 PRo()dt,  (resp. 1(0) = /0 iR (£2)dt.)

Proof. It suffices to prove that C’,Sl)(tQ) =tR,,(t) and that C,SO)(t) = tR,2(t). The second
equation can be found in [4, Lem. 3.2 or Sect. 3.6]. The first equation follows from

the fact that for all A, C’,(f‘) = C’,([s\) and from the fact that for all symmetric probability
measure v, by [4, Sect. 3.6], Cﬁl)(z2) =zR,(2). O



RECTANGULAR R-TRANSFORM AND RECTANGULAR SPHERICAL INTEGRALS 5

1.3. Possible extensions of Theorem

1.3.1. Cumulants point of view. For X\ € [0, 1], the rectangular free cumulants with ratio
A of p have been defined in [4, Sect. 3.4] (see also [2, Sect. 2.2]): this is the sequence
(cor(pt))r>1 linked to the moments of u by [3, Eq. (4.1)]. Recall also that for X a bounded
real random variable, the classical cumulants of X are the numbers Cl;(X) defined by
the formula

logE(e*¥) = Z ClkTaX)zk

k>1
Differentiating formally the convergence I,(6) — I(6), one would get the following
“classical cumulants interpretation” of the rectangular free cumulants with ratio A: for
all positive integers k,

L (nmn)k 62]971
) N CT ]

This formula can be considered as a “rectangular analogue” of [6 Th. 4.7]. The author
believes that (8) can be proved rigorously with one of the following two methods. One of

Clop (R(T(EL U, M, V).

them would be to use the Weingarten calculus, developed by Collins and Sniady, for the
computation of the expectation of moments of the entries of the matrices U,, V,, (as in
the proof of [6 Th. 4.7]). The other one would rely on the extension of Theorem [[2 to
complex values of § and notice that the functions in question there are analytic in 6 (so
that their convergence implies the one of their derivatives).

1.3.2. Case where M is chosen at random. 1f M, is also chosen at random, independently
of U,, and V,,, and the expectation, in ([)), is taken with respect to the randomness of U,,, V,,
and M, then Theorem stays true in certain cases (for example if M, is a standard
Gaussian matrix divided by /m,), but it can easily be seen that Theorem is not true
in general anymore. However, if the expectation, in (&), only concerns the randomness of
U, and V,,, then I,,() is a random variable, and for certain sequences of random matrices
M,,, more than Theorem can be said about its convergence. An important example is
given by the case where M,, = A, + P, B,Q, with A,,, B, deterministic matrices having
limit singular laws 4, ug and P,, (), Haar-distributed orthogonal or unitary matrices
with respective sizes n and m,. In this case, one can prove (with technical additional
hypotheses), that almost surely,

lim,, o0 logf eV R(T(EnUnMnVa)) T AV, =
hmn—)oo % lng6‘/nm"€%(Tr(E"U"A"V"))dUnan + % lng6‘/nm"€%(Tr(E"U"B"V"))dUnan.

To prove it, the ideas are the same as the ones of [12), Sect. 6.1 and 6.2]: first prove that
the random variable

llog/em@ﬂ?(Tr(EnUnMnVn))dUnan
n

concentrates around its mean (to do it, use [I, Cor. 4.4.30] instead of [I2, Lem. 24] in
order to be allowed to consider the complex case) and then the ideas of [12] Sect. 6.2].
Since the singular law of M,, converges almost surely to 4 H) pup, this gives a new proof

of (3)).
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1.3.3. Strong continuity property for the rectangular spherical integrals. One other way
to extend this work, suggested to us by a referee, would be to use (28) to prove a strong
continuity property for the rectangular spherical integrals. in the spirit of Proposition 2.1
or Lemma 2.3 of [17].

2. PRELIMINARIES ABOUT THE RECTANGULAR R-TRANSFORM

Let p be a probability measure on the real line which support is contained in [— K, K],
with K > 0 (we do not suppose p to be symmetric, how it was the case in the initial
definition of the rectangular R-transform). Let us define the generating function of the
moments of p?

2z 1
M = ——du(t) = ———du(t) — 1 € [0, K72)).
o) = [ o) = [ -1 (cebK)
It can easily be proved that M, is nonnegative and non decreasing on [0, K~2). Let us
define, for A € [0,1], TMV(2) = (Az + 1)(z + 1), and

Hff‘)(z) = 2TV (M2 (2)).

Then H ,(f‘) defines an increasing analytic diffeomorphism (in this paper, for I an interval,
we shall call an analytic function on I a function on I which extends analytically to
an open subset of C containing I) from [0, K~2) onto the (possibly unbounded) interval

[0, lim_yc—> HY(2)) such that

A) _ A _ A . A -2
HM0)=0, 9.HP(0)=1,  HM(z) >z Z%lKleHl(L)(Z)ZK :

~1
We denote its inverse by H, ,([\) . Moreover, T™ defines an analytic increasing diffeomor-
phism from [—1, +00) to [0, +00), thus one can define the rectangular R-transform with
ratio A of u:

o —1

9) CW(z) = TN <#> for z #0, and C’l([\)(()) =0,
oY (2)

which is analytic and non negative on the interval [0, lim,;x-2 H,SA)(z)) (which always
contains [0, K~?)).

By Theorems 3.8 and 3.12 of [4], the rectangular R-transform characterizes symmetric
measures, and for all pair uq, s of compactly supported symmetric probability measures,
(1 Hy o is characterized by the fact that in a neighborhood of zero,

A A A
OO . (2) = OV (2) + CD(2).

The following theorem states the continuity of the mapping (A, ) — C’,([\) in a way
which is quite different from the one of Theorem 3.11 of [4] (where A was fixed).

Theorem 2.1. Fix K > 0, let p, be a sequence of probability measures on [—K, K| which
converges weakly to a limit u, and let A, be a sequence of elements of [0, 1] which converges
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to a limit A € [0,1]. Then the sequence of functions C(/,\L”) converges to C’,(f‘) uniformly on
every compact subset of [0, K=2).

Proof. Recall that C’,(f‘) is defined by ([@). Since, by Heine’s Theorem, (A, z) — T()‘)_l(z)
is uniformly continuous on every compact subset of [0, 1] x [0, +00), it suffices to prove

that ———— converges to —=r— uniformly on every compact subset of [0, K2).
Hy o (2) H o (2)

Claim a : For each compact subset E of C\[K ™2, +00), there is a constant kg such that
for any law v on [—K, K|, for any ¢ € [0,1], for any z € E,

ITO(Mya(2))] < k.
Indeed, for z € C\[K 2, +00), for any law v on [~ K, K], for any ¢ € [0, 1],
1
/(t,t/)e[K,K}? (1= 2t2)(1 - 2t”)

thus kg = max{|1 — 2t*|72; |t| < K,z € E} is convenient.
Claim b : As v wvaries in the set of laws on [—K, K] and ¢ varies in [0,1], the set of
functions

TO (M () = dv(t)d(cv + (1= ¢)do) (t),

z

)
1 (2)
1s relatively compact for the topology of uniform convergence on every compact subset of
[0, K~2). By Ascoli’s Theorem, to prove Claim b, it suffices to prove that this family is

uniformly bounded and uniformly Lipschitz on every compact subset of [0, K~2). Let us
fix v a law on [—K, K| and ¢ € [0, 1]. Note that we have
z B Hl(,c)(z)

3 H]Ec)’ _ H]Ec)
-1 = © ngc) 1(,2), 0. il == (Z)(c)’ 2
HIEC) (Z) z H}Ec) (Z) 22H (Z)

z € [O,K_Q) —

o HO ™ (2).

v

Since, moreover, for all z € [0, K ~?), H,Ec)_l(z) < z (indeed, for all z € [0, K—2), Hl(,c)(z) >

z), it suffices to verify that the sets of functions
(c)
{z+— H”T(z) ;vlaw on [—K, K|, c € [0,1]}

() ()
and {z —> W; vlaw on [—-K, K], c € [0,1]}
22H,7 (z)

are uniformly bounded on every compact subset of [0, K~2). The family of functions
©)

H”T(Z) = T (M,2(z)), indexed by v, ¢, is a family of analytic functions on C\[K 2, +oc0)

which is uniformly bounded on every compact subset of C\[K 2, +00) (by Claim a). As

©)
a consequence, the family of the derivatives 0, —H”Z(z)

compact subset of C\[K 2, +00). Since

HY(2)-HO () 1 8H9@)
20 (2) o) " 2

is also uniformly bounded on every

and H{” () > 1 on [0, K~2), Claim b is proved.
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Hence one can suppose that converges to a function f uniformly on every

D If

__z
—1
HOM  (2)

Hn

compact of [0, K~2). Let us fix z € [0, K~2) and let us prove that f(z) = ﬁ_l()

m z

z =0, it is clear (since all these functions are implicitly defined to map 0 to 1). Suppose

that z > 0. Note that f(z) # 0, because for all n, W‘l() > 1. Let us denote | = 55
HEn z

(2), i.e. that Hﬁ)‘)(l) = z. Since

-1
It suffices to prove that | = H ff‘)

HM(1) = lim HOHM ™ (2)),

n—oo
it suffices to prove that H, (;\L”) converges to H,([\) uniformly on every compact subset of
[0, K~2). But it is easy to see, using [1, Th. C.11], that M, converges to M, uniformly

on every compact subset of [0, K~2) and then that H, ,(f‘") converges to H, ,([\) uniformly on
every compact subset of [0, K ~2). O

3. PROOF OF THEOREM

3.1. Preliminaries. We shall use the following lemmas several times in the paper. Let
| - || denote the canonical euclidian norm on each R¢.

Lemma 3.1. Let (G;);>1 be a family of independent real random variables with standard
Gaussian law. Let T be fized and let, for each n, (0n1,...,00n) € [0,T]" be such that

1 n
10 - 2 —1.
(10) nga

Let us define, for each n, X,, = (6,1G1,...,0n,Gr). Then for all k € (0, %), forn large
enough,

P{|X0 | — VA > nd"} < 271,

Proof. Note that by (I0), the random variable N,, := % — 1 is centered. Moreover,
Var(N,) = Var(G) S oot < % It follows, by Tchebichev’s inequality, that for all

nZ i=1On,i
k€ (0, %)

P{|N,| > n~"} <2T*n*1
To deduce that for n large enough,

X
P{M_

Vn
it suffices to notice that the function v/ is 1-Lipschitz on [1/4, 4+00) and that n™" < 3/4
for n large enough. O

1’ Z nn} S 2774”211717

Lemma 3.2. Let p be a probability measure whose support is contained in [—K, K], fix
A€ 0,1], 0 € [0, K™) and define v = CSY(62). Then

a e (7)o
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" N i : 62 — 7 0> _

Proof. By the definition of C;” given in ({3, e TW(7), hence TF =
-1

HY (62). Since v > 0, T(f—fm € [0, K~2) and one can apply the function H\" on

both sides. We get H" (T(f—fm> =02 ie.

o™ (4 (o)) =

It follows that 7™ (MMQ < s )) = TW(y). Since both M,z (L) and 7 are non-

T (y) T (7)
negative real numbers, one gets ([ITI). O

Lemma 3.3. Let X,, be a sequence of nonnegative random variables, with positive expec-
tations. Let Z, be a sequence of real random variables such that there exists deterministic
constants C,n > 0 such that for alln, |Z,| < Cn'=". Then as n tends to infinity,

1 1
—log E(X,e”") = ~logE(X,,) + o(1).
n n

Proof. Tt suffices to notice that we have X,e~ """ < X, eZr < X,en' ", O
3.2. Notation for the proof of Theorem [I.2l In the next sections, o(1) shall denote
any sequence of functions on (—K 1, K~1) which converges to zero as n tends to infinity,

uniformly on every compact subset of (—K !, K~1). Also, we shall work with the notation

introduced in Remark [[LT and handle 7,,(6) via Formula ().

3.3. Reduction to the case where all singular values of M, are positive. Let us
suppose the result to be proved in the particular case where for all n, k, ji,, , > 0, and let
us prove it in the general case. We set, for each n, k,

on e = Hnk + min{m;27 (K - Mn,k‘)/Q}
and define the perturbation of I,,(6)

. 1 . _
I,(0) = - log E{exp[y/nm,0 Z R(tn jefir, kUnk)] }-
k=1

The uniform law on the fi, ;’s converges weakly to p as n tends to infinity and we have

0 < fin, < K, so by hypothesis, if follows that lim,,_,, I,,(#) = I(¢). Note moreover that

- 1 -
L,(0) = - log E{exp[/nm,0 Z R (U poftn 1 Vn )] €7},
k=1
with
Zny = /0 " R(tty g ) min{m,, 2, (K = pin i) /2}.
k=1

Since |Z,| < K~!, Lemma B.3] allows us to claim that lim,, . I,(6) = I(6).
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3.4. Deducing the complex case from the real one. Let us explain how one can
deduce the complex case from the real one. Let us use, in this paragraph, the notation

1. (0, M,,) to emphasize on the value of each of the parameters defining I,,(6). We have

1 n
I (0,M,) = ElogE{eXp[w/—nmnHZ%(umkun’kvn,k‘)]}
k=1

= % log E{exp[/nm,0 Z fn ke (R (U ) RV k) — () S (v k)] }

0 | M, 0
_ (1) v n
o e (U0
Indeed, for (z,1, ..., 2,) & vector with uniform distribution on the unit sphere of C™ the
vector (R(21),S(21), - .., R(2n), S(2,)) has uniform distribution on the unit sphere of R?"

(use the realization of such vectors as the projection of standard Gaussian vectors on the
sphere to see it).

0 —-M,
by two, (I2)) allows to deduce the complex case from the real one.

Since the singular values of { ] are the one of M,, with multiplicity multiplied

Let us now prove Theorem in the case where all p,, ;s are positive and where 3 = 1.

3.5. Proof of Theorem a) Expression of [,,(f) with a Gaussian integral. As
written above, we suppose from now on that all 1, ’s are positive and that § = 1. In
this section, we shall first explain how to replace, in Formula (), v/nu, ; and \/m,v, j by
independent standard Gaussian variables (Formula (I7))) and then inject (quite artificially

first) C;(L)‘)(92) in the formula of I,(6) (Equation (21])).

For each n, let us define the function

o (1, 20), (Y1y -y Um,,)) € R® X R™ — Zun,k:ckyk.
k=1

By [12, Sect. 1.2.1], up to a change of the probability space which does not change
the expectation, one can suppose that there are independent standard Gaussian vectors
ZTp,Yn of R™, respectively R™” such that

Tn o = Yn
=
I 19l

Unp

Let us fix k € (0,1/2). If A > 0, the precise choice of k € (0,1/2) is irrelevant, but if
A =0, we choose rk € (251,1) (a is the one of (@)). Let us now define the set

A, = {(:L’,y) € R" x R™ ;

1_ 1_
el =] < nd= ] = V] < mi "}
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The event {(x,,y,) € A,} is independent of (u,,v,) (because the density of the law of a
standard Gaussian vector is a radial function), thus

1 1
In(e) = E 10gE [ﬂ(xn,yn)eAn eXp( Vv nmnefn(una Un))] - E 1Og ]P)(An)

Moreover, by Lemma Bl P{(z,,y,) € A,} — 1 as n — oo, thus
1
(13) I,(0) = - 10g E [1 (4, y)e4, €XP(v/1110,0 fr(tn, v,))] + 0(1).

Moreover, note that on the event {(x,,y,) € A,},
V= ni < ] < Ve
1 1
Vi, —mi "< lyall < Ve Hmi

thus, since m,, > n,

(14) vnm,, — 3\/mnn%_“ < Mznllllynll < /1, + 3\/mnn%_“.

If A > 0, since m,/n is bounded, it follows that there is a deterministic constant C'
independent of n such that on on the event {(x,,y,) € A,},

(15) zallllll = Vo, | < Cnt*.

If X = 0, it follows from (I4) and (@) that for n = 5% + & (which is positive by definition
of k), for n large enough,

(16) 2 lymll = v/m | < 3027,
Note that by (EII{I),

1 8fn(2n.yn) Nz
[n<9) — E logE[1($n7yn)eAneefn(mnyyn)‘f’ Hzn||||y?7JL|| (\/nmn I n””yn”)] + O(l),

and that for all n, k, 0 < uy, < K, which implies that {IZ(anITILI;ISII) < K. Hence by Lemma
B3l and ([IH) (or (I6) if A = 0),
1
(17) 1,(0) = = 10gE [1(s, y)ea, e’ )] + o(1).
n
Note that on the event {(x,,y,) € A,}, we have
n — 2n1—n S n — 2,”1—/@ + n1—2/@ S ||xn||2 S n+ 2,”1—/@ + n1—2/@ S n -+ 3n1—n
n—2n'"" <n—2nm " +nm; > < m%llynllz <n+2nm, " +nm > <n+3n'8
thus for all n, on the event {(z,,y,) € A,},
n —K
(18) Hlzall? = n ]+ | —llyall* = n | < 6n'"
My
Now, let us define, for each n,
19 =) for =130
( ) Vn()_ Hn ( ) Orﬂn_gz Pk *

k=1
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Note that p, is the singular law of M,,, which tends to pu. Hence by Theorem 2.1l we have
(20)  Yu(0) — C’ff‘)(éﬂ) uniformly on every compact subset of (—K ', K1),
n—oo

so by (I8)), for every such compact set E, there is a constant Qg such that for all n, for
all @ € E, on the event {(z,,y,) € A,}, we have

n

o lyal? — )] < Q™

1
[ (0) G llzall” +
Hence, by (I7) and Lemma 3.3

1 1 n
1 (0)= 08 |, 50 {0 tnein) = 0) (Gl + 5l =) ] + 000

1 1 n
1)+ 108 [ L rc, 50 {01 o) = 10) (Gl + 5 lnl?) }] +ot0).

(. /

v~

=Jn(0)

Thus, by (20),
(21) L,(0) = CV(6°) + % log J(0) + o(1).

3.6. Proof of Theorem b) Convergence of the Gaussian integral. We have,
assimilating the vectors of R” and R™» with column-matrices,

n+mn 1
@) )= en [ (oo {5 (st )7 [7] basan
zER™ yeR™n 2 y

for
a,(6)L, A,(0) Onmn—n
T,:= | A(0) 0,00, Opimpn |
Omp—nn Omn—nn On(0)n,—n
where a,,(0) = 1+7,(0), bu(0) = 1+;=7,(0) and A,(0) is the diagonal n x n matrix with
diagonal entries
A1(0) == =0una, s Ayn(0) = =0y .

Notation: In this section, in order to lighten the notation, we shall write J,, for J,(6),
a, for a,(0), etc. We shall also use the notation of the matricial functional calculus (thus
assimilate a and al,, etc.).

Lemma 3.4. Let us fit n > 1 and let a,b be real numbers and A an invertible diagonal
real n X n matriz. Let us define

A= (b—a)®+ 4N ri:M = !
2 \/QAiQ(b—a)\/Z
and
a A rt 0 2AfT 2Af~
T:[A b}’ D:[U 7“]’ P:l(b—a)f++\/5f+ (b—a)f~ —VAf]"

Then P is an orthogonal matriz and we have T' = PDP".
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Proof. One can easily verify that P is orthogonal. Let us define
0= 2A 2A - ff 0
T lb—a)+VA (b—a)-VA|"T T 0 T
Then P = QQH. One can easily verify that T'Q) = QD. If follows that TQH = QDH.
Since HD = DH, TQH = QHD, i.e. TP = PD, thus T = PDP". O

For 6 # 0, let us define A, 7=, f* as in the lemma, using A,, instead of A, a,, instead of
a and b,, instead of b. Let us define P, in the same way, extended to an (n+m,,) X (n+m,,)
matrix by adding I, _, on the lower-right corner, i.e.

20 1, 200ty 0
Pn: (bn_an)fyj+VAnf;r (bn_an)f;_ VAnfi 0 )
0 0 Lp—n

and D,, extended to an (n+m,,) X (n+m,,) matrix by adding b, I,,, _, on the lower-right
corner, i.e.

rto 0 0
D,=10 r, 0
0 0 bulm,—n

For 6 = 0, we set 'rf =1, P, =D,=1lLim,-

Let us denote, for X an (n +my,) X (n 4+ m,,) matrix, X(4,) = {X [ } ; (z,y) € At

Let us also introduce a standard Gaussian random column vector in R"*"»  that we shall
denote by
Z,, (Z+ AN/ A 70

)t
n,dy - nn? n,ly - nn? n,ly - n,Mnp— n .

v~ N~

::ZZZL =Zn IZZQL

We have, by [22)) and Lemma 3.4

n+mn 1
J, = (2m)" "% / exp{—é [«' '] P,D,P} [Z] }dzdy.

Thus, since P, is an orthogonal matrix,

n4+mn 1

Iy = (ZW)_T/ exp{—= [z' ¢'] D, {x] Fdady.
P4 (An) 2 y

Hence, by definition of D,,, we have

n+m" My —n
Jn = (27T) b | |Tnl TLZ 1/2/ exp{——(HxHQ + Hy”2>}dﬂfdy,
v D

nPt( n

which, by definition of Z,,, can be written

n

(23) T = [0 T [ (@nbn = X2 )P P{Z, € \/DnPfL(A

i=1

1/2

=P{P,D;,"/? ZpneAn}
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Let X,, = (Xn1,..., Xnn)" be the vector of the first n coordinates of PnD,Zl/ZZn and
Y, = (Ya1,--., Youm,)" be the one of the m,, last ones. By definition of the set A, we
have

(24) PnDyjl/ZZn c A, — H]XnH — \/ﬁ‘ <n "and ||Ya| = Vmn| <m,".

Claim : Both events {||| X,,|| — v/n| <n ™"} and {|||Yall — v/Mn| < my~} have prob-
abilities tending to one as n tends to infinity, uniformly on every compact subset of
(=K1, K=1) (the random vectors X,, and Y, depend indeed on 0).

For § =0, X,, (resp. Y,,) is a standard Gaussian random vector of R™ (resp. R""). For
6 # 0, by the definitions of P, and D,,

X, = 20,(fF ()22 + f ()22,

(bn —ap + v An)f;r(r:)il/QZ:{ + (bn —ap — vV An)fni(r;)ilﬁzg
Y, = b;l/QZO

Thus for each n, X,, (resp. Y,,) has the law of

(001G, 0nnGh) (resp. (0,1G1, -3 0, G,y )

for (G;);>1 a family of independent real random variables with standard Gaussian law and
where if 6 = 0, all 0,,;’s and o7, ;’s are equal to 1, whereas if  # 0, for each i = 1,...,n,

2
o2 = 4)\2.
" (280, +2(bn — an)v/Bui) (@0 + bn + v/Bry)
2

+4X2 ,

’ (2An,z - 2<bn - an)\/ An,i)<an + bn -V An,i>’

=b.! and for each i = 1,...,n,

;7 2
n,t

r2 2(bp — an +VA,)? i 2(VA, = (by — a,))?
M (@ A+ by V) [2(bn — an) VD 4 200 (an + by — VAR [=2(bn — an)V Dy + 2A,]°

foreachi=n+1,...,m,, o

g

Hence by Lemma [3.1] to prove the claim, it suffices to prove:

1 n
(25) Ve >0, sup sup oy,,; < +oo and — ZUEM =1,
[o|<K—1—e 1<i<n i
n>1 -
1
2
(26) Ve >0, sup sup 0,; <400 and — ZU;H‘ =1
0|<K-1-e 1<iSmn Mp = 7
n>1 -

Note first that ([25]) and (26) both hold when 6 = 0.
A straightforward computation leads, for  # 0, to the formula

(2 4 Ay — a2)? — AR2A,,
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But (removing the indices)
(b + A —a?)? —4b°A = (20* — 2ab + 4)*)* — 4b*(b* — 2ab + a® + 4)\?)
16" — 16abA°.
It follows, writing ~, for ~, (@), that

b, 1 T (4, 1 1
27) on= 2 X ) - X 02 2 -
’ anbn - )‘n,i 1 + Tn T mn (’yn) — 92,[1%71- 1 + Tn 1— T(T)(V)Mn’i

By definition of 7,(0), we have v,(6) > 0, hence T'mi)(7,(6)) > 1. Since for all n,1,
|pni| < K, it follows that the first part of (25]) holds. Moreover, by the definition of u,
given in (I9), we have

1 i ) Y 0? L1

=Y 0, =M - :

n & T, A\ T ,0)) T 10
By (), it follows that the second part of (25) also holds.

Let us now prove (26). A straightforward computation leads, for § # 0 and i < n, to
the formula

P R—
o anby, — )\fm
Hence for 6 # 0 and i < n,
U;”‘Q =1 nl X 912 5
’ o m(0) 11— T (o i
whereas for i =n+1,...,m,, a,’w-z = %. The first part of (26) holds for the same

reasons as the first part of (28) above. Moreover, writing -, for v, (6), we have

1 % ;2 n M 62 n n n My — N
- . . = 2 - . . '
ma M (U 2en) T\ TG () ) ma(L ) ma(l 2

By (), it follows that the second part of (26) also holds.

The proof of the claim is complete. As a consequence, by (24]), the probability of the

event { P, D, Y °Z, € A, } tends to one as n tends to infinity, uniformly on every compact
subset of (=K', K~!) (remember indeed that the matrices P, and D,, depend on 6). So
by ([23]), we have, still writing -, for v,(6),

29 Lrog(.00)) =
_ log (TG 1 ?
mo g1+ )~ BT 2 gt - )+ o)
" 2 2 Jiel-k.x 7o (T
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By hypothesis, p,, which is defined in (I9]), converges weakly to . Using (20) and [I]
Th. C.11], one easily sees that, writing -y for C,(f‘)(92), we have

2

A Io8(0) = =g o1 d) = BN 0 [ tog{1 - g #1auto +o().

where in the case where A = 0, 55 log(1 + Ay) has to be understood as . By (21I), one

' 2%
gets, still writing ~ for Ct (62),

(20)
10) =7 = g1 +0) — BT 0 [ os(1 = s han() ol

(. J

=1(0)

1(0) = f(0) = 0 (indeed, by (@), C”(0) = 0). So to conclude the proof of Theorem T2,
it suffices to verify that I and f have the same derivatives on (—K !, K~'). Using (1)),
it can easily be proved that both derivatives are equal to /0.
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