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RECTANGULAR R-TRANSFORM AT THE LIMIT OF
RECTANGULAR SPHERICAL INTEGRALS

FLORENT BENAYCH-GEORGES

ABSTRACT. In this paper, we connect rectangular free probability theory and spherical
integrals: we prove the analogue, for rectangular or square non symmetric real matrices,
of a result that Guionnet and Maida proved for symmetric matrices in [ More
specifically, we study the limit, as n, m tend to infinity, of 1 log E{exp[,/nm#X,]}, where
X, is an entry of U, M, V;,,, 0 € R, M, is a certain n x m deterministic matrix and U,,, Vi,,
are independent uniform random orthogonal matrices with respective sizes n x n, m x m.
We prove that when the operator norm of M, is bounded and the singular law of M,
converges to a probability measure pu, for 6 small enough, this limit actually exists and
can be expressed with the rectangular R-transform of p. This gives an interpretation
of this transform, which linearizes the rectangular free convolution, as the limit of a
sequence of logarithms of Laplace transforms.

INTRODUCTION

In this article, we study the limit, as n, m tend to infinity in such a way that n/m tends
to a limit A € [0, 1], of

L.(0) = %log E{exply/nmd Te(EyUy M, Vi)]},

where 6 € R, M, is a certain n X m deterministic matrix, U, V,, are independent uniform
random orthogonal matrices with respective sizes n xn, m x m and E,, is an m X n matrix
which entries are all zero, except one, which is equal to one.

The departure point of this study is the work of Collins, Zinn-Justin, Zuber, Guionnet,

Maida, Sniady, Mingo and Speicher who proved, in the papers [£Z03, [C03, GMO03, [CS04,
[CS07, [CMSS07], that under various hypotheses on some n X n matrices A, and B,,, the
limits of

exist and are related to free probability theory. For example, it has been proved [[GM0J,
Th. 1.2] that if the spectral lawf] of the symmetric matrix A, converges to a compactly
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IThe spectral law of a matrix is the uniform law on its eigenvalues, counted with multiplicity.
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2 FLORENT BENAYCH-GEORGES

supported probability measure p and B,, = Diag(1,0,...,0), then for # small enough,

n—oo

0
(1) %logE{exp[n9Tr(BnUnAnU;)]} 2 1/ Ry(t)dt,
0

where R, is the so-called R-transform of pu. The R-transform is an integral transform
of probability measures on R. Its main property is that it linearizes the additive free
convolution H, the binary operation on probability measures on R which can be roughly
defined by the fact that for A, B large symmetric random matrices with spectral laws
1A, g and U a uniform orthogonal random matrix independent of A and B, the spectral
law of A + UBU~* is approximately pua B pup: the free convolution H can be thought as
the analogue, for the spectral laws of certain symmetric random matrices, as the classical
convolution for real random variables. Since for all probability measures u, v on R, we
have

(2) R,m (t) = R,(t) + R,(1) (for t in a neighborhood of zero),

in this analogy, the R-transform plays the role of the logarithm of the Laplace transform,
and ([) gives a concrete sense to this analogy: the R-transform (more specifically its
anti-derivative, which also satisfies (J)), is the limit of a certain sequence of Laplace
transforms.

Let us now describe the content of our paper. For each A\ € [0, 1], another free convo-
lution, B, called the rectangular free convolution with ratio A, defined in [B094], does the
same job as H for the singular lawsf] of bi-orthogonaly rectangular n x m random matrices
which dimensions n, m tend to infinity in such a way that n/m tends to A: for A, B some
n x m real matrices, with n, m large such that n/m ~ A, with singular laws v4, vp and
U,V uniform orthogonal random matrices independent of A and B, the singular law of
A+ UBYV is approximately v4 By vp (see the introduction of [B09H] for a more precise
definition of H)). Like the R-transform for B or the logarithm of the Laplace transform
for the classical convolution, an integral transform linearizes Hy. It is called the rectan-
gular R-transform with ratio \ and is denoted by C™: for all probability measures j, v
on R, we have

(3) C;%%w(t) = C/(f)(t) + CW(1) (for ¢ in a neighborhood of zero).

The main result of the paper gives an interpretation of the rectangular R-transform (more
specifically its anti-derivative, which also satisfies (J)) as the limit of a sequence of Laplace
transforms: we prove that if the singular law of M,, tends to a probability measure p and
n/m tends to a limit A € [0, 1] as n, m tend to infinity, then for § small enough,

o)
t

dt.

n—~o0

(4) %logE{exp[\/%GTr(EnUnMan)]} —>/0

Let us mention that free probability theory has initially, in the last three decades, been
built in the area of operator algebras and that concrete relations between free and classical
probability theory, like the ones of ([) and (f), are not that common.

2The singular law of a matrix is the uniform law on its singular values, counted with multiplicity.
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Let us also mention that expectations of the exponential of traces of polynomials of
constant matrices and uniform orthogonal random matrices, which have been extensively
studied in physics and also other areas, like information theory, are often called spherical
integrals. See e.g. [£97, [GZ03, [G0Y and the references above for the case of square
matrices and [SW03, for the case of rectangular matrices.

The paper is organized as follows. In Section [, we state the main result of the paper,
Theorem [[.9, and discuss it. In Section [, we recall the precise definition of the rectangular

R-transform and prove a result of continuity of the map (A, u) — C’,([\). At last, Section
B is devoted to the proof of Theorem [[.3, inspired by the proof of [GMO5, Th. 1.2].

1. MAIN RESULT

Let us consider, for all n > 1, an integer m,, > n such that, as n tends to infinity, n/m,,
tends to a limit A € [0,1] and an n x m,, nonrandom matrix M,, which operator normpf} is
strictly bounded, uniformly in n, by a constant K and such that, as n tends to infinity,
the singular law of M, converges weakly[| to a probability measure that we shall denote
by u. Let us define, for 6 € R,

1,(0) = %log E{exply/nm,0 Tr(E, U, M,V,)]},

where U, V,, are independent uniform random orthogonal matrices with respective sizes
n X n, m, x m, and E, denotes an m,, X n matrix which entries are all zero, except one,
which is equal to one.

In the case where A\ = 0, we also suppose that there is o < 2 such that
(5) for n large enough, m,, < n®.

Remark 1.1. I,,(f) can also be considered as the Laplace transform of a certain scalar
product estimated at a pair of vectors constituted of a random vector of the unit sphere
of R™ and of the projection, on R", of a random vector of the unit sphere of R™". Indeed,

let us denote the singular values of M,, by ft,1, ..., ttnn and introduce some orthogonal
matrices P, ), with respective sizes n x n, m,, x m,, (see [HJ8]) such that
Hn 1 0O --- 0
finm O <+ 0
Let also, for each n, (i, j,) be the index of the non-null entry of E,. Then the j,th row
(resp. i,th column) w, = (up1,...,Unn) (resp. vy = (Vn1,-- -, Vnm,)") of U,Py (resp.

Q»V,) is uniformly distributed on the unit sphere of R™ (resp. R™") and one has
1 n
(6) 1(0) = — log E{exply/nmyf >ttt kVn k] }-
k=1

3The norms used on R™ and R™» are the canonical euclidian norms.

4Recall that a sequence i, of probability measures on [— K, K| converges weakly to a limit p if for each
continuous function g on [—K, K|, [ g(t)du,(t) tends to [ g(¢t)du(t). This convergence is then uniform
on any set of functions which is uniformly bounded and uniformly Lipschitz.
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The main result of the article is the following one.

Theorem 1.2. The function I,, converges uniformly on every compact subset of (—K =1, K1)

to the function
0 ~(A) 42
1(9)2/ G (t>dt,
0

t

where C’,(f‘) denotes the rectangular R-transform of p with ratio \ (its definition is recalled
in Section [3 bellow).

Remark 1.3. Note that since the function C" is analytic on (—K~2, K~2) and vanishes
at zero, I is actually well defined and analytic on (—K ', K~1).

Remark 1.4 (Cumulants point of view). For A € [0, 1], the rectangular free cumulants
with ratio X of 1 have been defined in [B09d, Sect. 3.4] (see also [BO7d, Sect. 2.2]): this
is the sequence (cor(p))k>1 linked to the moments of p by [BO7H, Eq. (4.1)]. Recall also
that for X a bounded real random variables, the classical cumulants of X are the numbers
Cli(X) defined by the formula

logE(e*¥) = Z Cll;{:('X) 2~

k>1

Differentiating formally the convergence I,(6) — I(6), one would get the following
“classical cumulants interpretation” of the rectangular free cumulants with ratio A: for
all positive integers k,

. (nmy,)* Cly(Tx(E,U, M, V,))

This formula can be considered as a “rectangular analogue” of [[C03, Th. 4.7].

Remark 1.5. If M, is also chosen at random, independently of U, and V,,, it can easily
be seen that Theorem [[] is not true in general anymore. However, it seems that, using
the same kind of arguments as in the proof of [GMO0J, Th. 1.5], Theorem [.J can be
generalized for M, chosen at random by the formula M, = A, + P,B,Q.,, with A,, B,
deterministic having limit singular laws and P,, @),, uniform orthogonal random matrices
with respective sizes n and m,. Such a generalization would give a new proof of ().

Let us recall that the R-transformf] of a probability measure v is the function

_ 1 du(t)

R,(2) =G (z) — =, for G,(2) = | —2.

(=G -1 oG = [P

In the particular cases where the matrices M, are square or “asymptotically flat”, i.e.
when A = 1 or A = 0, one gets the following corollary. Let us be the symmetrization of
i, defined by ps(A) = w for all Borel subset A of R, and p? be the push-forward

of y by the function ¢ — ¢2.

®Note that there are two conventions regarding the R-transform. The one we use is the one used in
the analytic approach to freeness [HP0J, AGZ09], which is not exactly the one used in the combinatorial

approach [: Rﬁombinatorics(z) — ZRinalySiS(Z) .
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Corollary 1.6. In the particular case where A =1 (resp. A =0), the limit I of I,, can be
expressed via the R-transform of us (resp. p?) in the following way

1(0) :/06 R,,(t)dt, (resp. I(@):/OetRuz(ﬁ)dt.)

Proof. It suffices to prove that Cfll)(tz) =tR,, (t) and that Cﬁo) (t) = tR,2(t). The second
equation can be found in [B09d, Lem. 3.2 or Sect. 3.6]. The first equation follows from

the fact that for all A, C’ff‘) = Cﬁi) and from the fact that for all symmetric probability
measure v, by [B09a, Sect. 3.6], C\V(22) = 2R, (2). O

2. PRELIMINARIES ABOUT THE RECTANGULAR R-TRANSFORM

Let p be a probability measure on the real line which support is contained in [—K, K],
with K > 0 (we do not suppose p to be symmetric, how it was the case in the initial
definition of the rectangular R-transform). Let us define the function

2z 1
M = —du(t) = —du(t) =1 e [0, K7%).
o) = [ o = [ -1 cebE)
It can easily be proved that M, is nonnegative and non decreasing on [0, K~2). Let us
define, for A € [0,1], TMV(2) = (Az +1)(z + 1), and

H/(f‘)(z) = 2T (M,2(2)).

Then H ,([\) defines an increasing analytic diffeomorphismf] from [0, K ~2) onto the (possibly
unbounded) interval [0, lim,; -2 H, ,([\)(z)) such that

A _ A _ A : A -2
HM0)=0, 0.HM0) =1,  HM(2)> 2, Z%%QQHﬁ)(z)zK :

-1
We denote its inverse by H ;(LA) . Moreover, T™ defines an analytic increasing diffeomor-

phism from [—1,4+00) to [0,400), thus on can define the rectangular R-transform with
ratio A of p:

(7) CM(z) =TV <%> for z#0, and CM(0) =0,
HY(2)

which is analytic and non negative on the interval [0, lim,;x—2 H,S)‘)(z)) (which always
contains [0, K~?)).

By Theorems 3.8 and 3.12 of [B099|, the rectangular R-transform characterizes sym-
metric measures, and for all pair pq, s of compactly supported symmetric probability
measures, p1 Hy po is characterized by the fact that in a neighborhood of zero,

O L (2) = O (2) + OV (2).

w1y po

SIn this paper, for I,.J intervals of R, we shall call an analytic function on I (resp. analytic diffeomor-
phism from I to J) a function on I (resp. a diffeomorphism from I to J) which extends analytically to
an open subset of C containing I.
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The following theorem states the continuity of the mapping (A, u) — C'f[\) in a way
which is quite different from the one of Theorem 3.11 of [B09d] (where A was fixed).

Theorem 2.1. Fix K > 0, let p, be a sequence of probability measures on [—K, K| which
converges weakly to a limit u, and let A, be a sequence of elements of [0, 1] which converges
to a limit A € [0,1]. Then the sequence of functions C(j\jl) converges to C’ff‘) uniformly on
every compact subset of [0, K=2).

Proof. Recall that CV is defined by (@). Since, by Heine’s Theorem, (), z) — T(’\)_l(z)
is uniformly continuous on every compact subset of [0, 1] x [0, +00), it suffices to prove

that ———— converges to —=— uniformly on every compact subset of [0, K—2).
Huy o (2) "y (2)

Claim a : For each compact subset E of C\[K ™2, +00), there is a constant kg such that
for any law v on |- K, K], for any c € [0,1], for any z € E

T (M,2(2))] < kg
Indeed, for z € C\[K 2, +00), for any law v on [—K, K], for any ¢ € [0,1],

1
T (Ma(2)) = /
weye-rxp (1= 2t2)(1 — 2t”%)

thus kg = max{|1 — 2t?|72; |¢| < K, z € E} is convenient.
Claim b : The set of functions

dv(t)d(ev + (1 — ¢)do) (1),

z

{z € [O,K_z) — —5T
H)” (2)

;v law on [—K, K], c€[0,1]}

1s relatively compact for the topology of uniform convergence on every compact subset of
[0, K72). Let us prove it. By Ascoli’s Theorem, it suffices to prove that this family is
uniformly bounded and uniformly Lipschitz on every compact subset of [0, K~2). Let us
fix v a law on [—K, K| and ¢ € [0, 1]. Note that we have

(c) (e)f (c)
2 _BE gy, a2 B @) go

1 -1 c)’
Y7 (2) z Y7 (2) 2H (2)

. ) (c)_l . -2 ()
Since, moreover, for all z € [0, K—*), H,” (z) < z (indeed, for all z € [0, K~%), H,”(z) >
z), it suffices to verify that the sets of functions

(c)
(o B on (K K], e 0,1])

ZH,SC), z —H£c) z
and {z ZZELIEC)’(Z) @) .y law on [~ K, K], c € [0,1]}

are uniformly bounded on every compact subset of [0, K—2). The family of functions

(©)
H”T(z) = T (M,2(z)), indexed by v, ¢, is a family of analytic functions on C\[K 2, +oc0)

which is uniformly bounded on every compact subset of C\[K ™2, +00) (by Claim a). As

©)
a consequence, the family of the derivatives aZHVT@ is also uniformly bounded on every
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compact subset of C\[K 2, +00). Since
HY () - HO(z) 1 5 H(2)
2HY (2) oY) 2
and HS (z) > 1 on [0, K~2), Claim b is proved.

Hence one can suppose that

. . .
RIS converges to a function f uniformly on every
Hn

compact of [0, K72). Let us fix z € [0, K~2) and let us prove that f(z) = ﬁ,l() If
z =0, it is clear (since all these functions are implicitly defined to map 0 to 1)H Suppose

that z > 0. Note that f(z) # 0, because for all n, WM > 1. Let us denote [ = f(zz),
Hn z

-1
It suffices to prove that [ = H,(f‘) (2), i.e. that H,(f‘)(l) = z. Since
N = 1 N (g~
Hu (l) _nh_{{.loHu (Hun (Z))?
it suffices to prove that H, (i”) converges to H, ;(LA) uniformly on every compact subset of
[0, K72). But it is easily to see, using the second sentence of Footnote fl, that M,

converges to M,z uniformly on every compact subset of [0, K~2) and then that H;(LA”)

converges to H ,(f‘) uniformly on every compact subset of [0, K=2). The proof is complete.
O

3. PrROOF OF THEOREM [[.7
3.1. Preliminaries. We shall use the following lemma several times in the paper. Let
| - || denote the canonical euclidian norm on each R

Lemma 3.1. Let (G;);>1 be a family of independent real random variables with standard
Gaussian law. Let T be fized and let, for each n, (on1,...,00n) € [0,T]" be such that

1 n
8 — 2. =1
® D
Let us define, for each n, X, = (0,1G1,...,0,nGr). Then for all k € (0, %),
-
(9) P{[| Xl = V| <n2™"} — 1.

If, moreover, the o,;’s depend on a parameter 6, the convergence of (B) is uniform in 6
as long as the upper-bound T is uniform in 6.

Proof.  Note that by (§), the random variable N,, := % — 1 is centered. Moreover,
Var(N,,) = Var(GY) S om < % It follows, by Tchebichev’s inequality, that for

nZ ng =
all k € (0,1),
P{|N,| > n~"} < T*Var(G3)n* 1.

To deduce that for n large enough,

8

HXTLH -1 Z n—n S T4 Var(G%)nZﬁ—l’
Jn
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it suffices to notice that the function /- is 1-Lipschitz on [1/4, +00) and that n=" < 3/4
for n large enough. O

Lemma 3.2. Let pu be a probability measure which support is contained in [—K, K], fix
A€ [0,1], 6 €[0,KY) and define v = CYV(62). Then

6)2
- \ . . 2 o 2
Proof. By the definition of C,” given in ([1), ﬁ = TW(y), hence TMQ—)(«/) =
-1
H;(LA) (6%). Since v > 0, T<f—>2(~,) € [0, K~2) and one can apply the function H;(LA) on
both sides. We get H" (T(f—fh» =62, ie.

It follows that 7™ (M“z (T(f—:(v)>) = TW(v). Since both M. (T(f—fh)) and v are non-

negative real numbers, one gets ([[0). O
The following elementary lemma shall be used many times, so we state it clearly here.

Lemma 3.3. Let X,, be a sequence of nonnegative random variables, with positive expec-
tations. Let Z, be a sequence of real random variables such that there exists deterministic
constants C,n > 0 such that for all n, |Z,| < Cn'=". Then as n tends to infinity,

1 1
—log E(X,e”") = —logE(X,,) + o(1).
n n

Proof. Tt suffices to notice that we have X, e~ """ < X, eZr < X,e ", O

Notation for the proof of Theorem [.J: In the next sections, o(1) shall denote
any sequence of functions on (—K !, K~1) which converges to zero as n tends to infinity,

uniformly on every compact subset of (—K ', K~1). Also, we shall work with the notation
introduced in Remark [[.]] and handle 7,,(6) via Formula (f).

3.2. Proof of Theorem [[.2: a) Proof of Equation ([9). Firstly, up to a replacement,

for all n, k, of p,x by pinx + min{m, 2 % (which does not change the hypotheses

nor, according to Lemma B3, the conclusion), one can suppose that all y, ;’s are positive.

For each n, let us define the function

Foi (@1 m), (U1 Ym,)) € R XR™ Y~ i, i
k=1

Up to a change of the probability space which does not change the expectation, one
can suppose that there are independent standard Gaussian random vectors x,,,y, of re-
spectively R™ R™ such that

Tn Yn
= —, 'I_}n = .
[[n]] [

Unp
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Let us fix k € (0,1/2). If A > 0, the precise choice of k € (0,1/2) is irrelevant, but if
A =0, we choose k € (252, 1) (a is the one of ([])). Let us now define the set

a-l 1
2 72
1, 1k
il =] < 0t~ ] = V] < mi "}
The event {(x,,y,) € A,} is well known to be independent of (u,,v,), thus

L) = %ng[ﬂAn(xn,yn)exp(,/—nmnefn(un,vn))]—%bgpmn).

Moreover, by Lemma B.I, P{(xn,y,) € A,} — 1 as n — oo, thus

(11) 1,(0) = %logE (14, (T, Yn) exp(v/1my0 fr,(tun, v,))] + o(1).

A, = {(:c,y) eR" x R™ ;

Moreover, note that on the event {(x,,y,) € 4,},
nent S )| < Vi

1_ 1_
Vi —mi "<yl < A mi

thus, since m,, > n,

(12) Sy, — 3/man2 " < |lznll|lynl < /rmy, + 3\/mnz "

If A > 0, since m,/n is bounded, it follows that there is a deterministic constant C'
independent of n such that on on the event {(x,,y,) € A},

(13) zallllynll = v/Amm | < Crl ="

If A = 0, it follows from ([d) and ([]) that for n = 1 4k —a (which is positive by definition
of k), for n large enough,

(14) izl — /A, | < 3017,
Note that by (L),

(eI

(Vrmy, = [[znllllyall)}] + o(1),

fn(l'vuyn)
llznllllynl]

1
L,(0) = - log E[1 4, (2, Yn) exp{0 fu(@n, yn) +

and that for all n, k, |u,| < K, which implies that

and ([3) (or ([4) if A = 0),

(15) 1(6) = + 108 [L, (3 52) 5 {0 (0,1 + 0(1).

< K. Hence by Lemma B.3

Note that on the event {(x,,y,) € A,}, we have
n—2n""<n-2n"F 4 nt < 2,2 <n+ 2t EnlT <n 4 3ntR

n—2n"""<n—2nm;" +nm; > < 2yl <n+2nm"+nm* <n+3n'R

mn

thus for all n, on the event {(z,,y,) € 4.},

2 n 2 1-x
(16) REA| nH\mnHynH n|<6n "
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Now, let us define, for each n,
() 1<
(17) W(0) = G (07)  for pin =~ 0,
k=1
Note j,, is the singular law of M,,, which tends to pu. Hence by Theorem P.1], we have
(18)  ~u(0) — C’ff‘) (6%) uniformly on every compact subset of (—K 1, K1),

so by ([[d), for every such compact set E, there is a constant Qg such that for all n, for
all 0 € E, on the event {(z,,y,) € A,}, we have

1 —K
|%(9)(§||ilfn||2 + [ynll* = n)| < Qen'™.
Hence, by ([3) and Lemma B.3,
1

1 (6) = 108 [ L, (o) 50 {0, ) = 90) (Gl 57l = ) b 00

2m,,

n
2m,,

10+ 108 [ L, (o) 50 {00 = 2000) (Gl + 57 P ] o)

-

dcnotcdvby Jn(0)
Thus, by (L3),
1
(19) L,(0) = CV(6°) + ~log Ju(6) + o(1).

3.3. Proof of Theorem [[.3: b) Asymptotics of J,(f) and conclusion. We have,
assimilating the vectors of R” and R™» with column-matrices,

_ ntmn

1
) )= @0 [ nAn<x,y>exp{—— o o]T, [‘”]}dxdy,
(EER"L,yGR"”" 2 y

for
a,(0), A,(0) (O —
Tn:= | An(0) 0.0, Onp—n | s
Omn—nn Omn—nn 0n(0)Im,—n
where a,(0) = 1+7,(0), b,(0) = 1+ ;=7,(0) and A,(0) is the diagonal n x n matrix with
diagonal entries
A1(0) == =0una, .. Aon(0) := =0y .

Notation: In this section, in order to lighten the notation, we shall write J,, for J,(6),
a, for a,(6),...

Lemma 3.4. Let us fit n > 1 and let a,b be real numbers and A an invertible diagonal
real n X n matriz. Let us define, using the functional calculus formalism (thus assimilating
a and aly,,...),

1
- \/2Ai2(b—a)ﬂ

a+b+ VA

A= (b—a)’+4A* rF= 5

f:l:




RECTANGULAR R-TRANSFORM AND RECTANGULAR SPHERICAL INTEGRALS 11

and

il o=lo e loarivae ooarvar]

Then P is an orthogonal matriz and we have T' = PDP".

Proof. One can easily verify that P is orthogonal. Let us define
2A 2A fr 0
©= [(b-a)+¢z (b—a)—\/Z} H = [o f‘} -
Then P = QH. One can easily verify that TQ)Q = QD. If follows that TQH = QDH.
Since HD = DH, TQH = QHD, i.e. TP = PD, thus T = PDP". O

For 6 # 0, let us define A, 7=, £ as in the lemma, using A,, instead of A, a,, instead of
a and b, 1nstead of b. Let us define P in the same way, extended to an (n—l—mn) (n4+my,)
matrix by adding I, _, on the lower-right corner, i.e.

20, f,F 20Mn Sy 0
Pn: (bn_a'n)f:_‘_vAnfr-:_ (bn_a'n)fn__ VAn.f_ 0 ’
0 0 [mn—n

and D,, extended to an (n+m,) X (n+m,) matrix by adding b,,1,,, _, on the lower-right
corner, i.e.

rto 0 0
D,=|0 r 0
0 0 byl

For § =0, weset r= =1, P, =D, = L1,

Let us denote, for X an (n +m,) X (n 4+ m,) matrix, X(4,) = {X { } D (x,y) € Ant

Let us also introduce a standard Gaussian random column vector in R™* that we shall
denote by

+ - 0 0 t
Z (Zn17" Znn7Zn17" Znn7an7" ann n) .
denoted by Z;&  denoted by Z; denoted by Z9

We have, by (2(0) and Lemma B.4,

n+mn

1
J, = (27r)_T/A exp{—§ [«' '] P,D,P} [z]}dxdy

Thus, since P, is an orthogonal matrix,
n+mn ]_
J, = (2m) " / exp{—= [z' ¢'] D, T dady.
Pi(An) 2 Y

Hence, by definition of D,,, we have

Je = (m) e e [ / exp{—2 (] + ly]*)}dady,
VD,

1=1 n Py (An)
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which, by definition of Z,,, can be written

n

(21) Jo = [0 [ [ (@nbn — A2 )72 P{Z, € /D, PL(A,)

i=1

=P{P,D 1/2ZneA }

Claim a : The probability of the event {P, D7, e A
infinity, uniformly on every compact subset of (—K ,K
matrices P, and D,, depend on 0).

Let us prove it. Let X,, = (X,1,..., Xun)" be the vector of the first n coordinates of

PnD,Zl/zZn and Y, = (Yn1,..., Ynm,)" be the one of the m, last ones. By definition of
Ay, we have

n} tends to one as n tends to
V) (remember indeed that the

P,D; Y27, € A, — ‘||Xn|| - \/ﬁ‘ <n "and ||Ya] — V| <m, "

Thus to prove Claim a, if suffices to prove:

Claim b : Both events {||| X,|| — vn| < n~ "} and {‘||Xn|| - \/m—n‘ < m,*} have prob-
abilities tending to one as n tends to infinity, uniformly on every compact subset of
(=K~ K=Y (the random vectors X,, and Y, depend indeed on 0).

Let us prove Claim b. For § = 0, X,, (resp. Y,,) is a standard Gaussian random vector
of R™ (resp. R™"). For # # 0, by the definitions of P, and D,,,

Xo = 20,(f5 ()72 + £ ()72,
Y, = (b — an + VA7) TPLT + by — an — VB fy ()72,
noT AL

Thus for each n, X,, (resp. Y,,) has the law of
(O'n,lGl,...,O'ann) (resp. ( Gl,..., nmnGmn))7

for (G;)i>1 a family of independent real random variables with standard Gaussian law and

where for § = 0, all 0,,;’s and 0, ;s are equal to 1 and for 6 # 0, for each i = 1,...,n,
2
0-7212' = 4)‘2 )
' (2An 7 + 2(b n)\/ An,i)(an _I' bn _I' AV An,z)
' (2An,z - 2(bn - a'n) \V4 An,i)(an + bn IV An,z)
foreachi=n+1,...,m,, U;M? =0, and for each i = 1,...,n,

ol VR 2 WG w)
" 2y — ) B + 280 G+ by VB —2(by — an) VB + 280 & by —
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Hence by Lemma B.1], to prove Claim b, it suffices to prove:

1
(22) Ve > 07 sup Sup op; < 400 and — E 0-7212' = 17
||<K-1—¢ 1<i<n n “— ’
n>1
I &
(23) Ve > 0, sup sup o, ;<400 and — E o 2.2 =1.
|6|<K-1—¢ 19;11% ’ L ’
n_

Note first that the second parts of (£3) and (23) both hold when 6 = 0.
We have, for 6 # 0,

42, )
2 o n,t
Oni = m<m+bn—a m+b + ay)
0
+ 7
\% An i \ln -V n z an + b \/TM>
_ 4)‘%,2‘ 1 1
- \/An,z (\/An,z + bn)2 - a% An 2 — a2

o 4)‘%,2‘ 1 1
T A |2+ A — @+ 260D B2+ Ay — a2 — 20y /D
AN, —4bn /A i B —16b, A2 ;

A /Ami (b% + A"J - a%)2 - 4b%An7z N (b% + Ami - a%)2 - 4b%An7z ’

But (removing the indices)

(b + A —a?)* —40*A = (20* — 2ab + 4X?)? — 4b*(b* — 2ab + a® + 4)\?)
= 16\* — 16abA%.

It follows, writing ~, for =, (@), that

(24) afm _ _ y - (7 ) — X 72 5
’ anbn — )\n,i 1+ Tn T mn (’}/n) - 92”%,72 1+ Tn 1= Wﬂ’nﬂ

By definition of 7,(f), we have 7,(0) > 0, hence T'm)(v,(0)) > 1. Since for all n,i,
lpni| < K, it follows that the first part of (B2) holds. Moreover, by the definition of u,
given in ([[7), we have

62 1
n Z i T T, (9) Mg (T%%’(%(e))) T

By ([[[), it follows that the second part of (P2) also holds.
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Let us now prove (3). When 6 # 0, for all i < n,
2 (by — an + VA,)? 2 (VA, — (bp — a,))? 2

Tni T 3 —an) B+ 28 an + b - VA —2(by — an) /D + 2, a4 + by — VAL
bn_an_'_\/ n + \/An_(bn_an)
VAL(an + by + VAL VAL(an + by — VAL

1 {bn—an+\/An+\/An—bn+an}

VA, Lan +b,+VA,  an+b, — VA,
1 by = + VA (an + b = VAL + (VAL = ba + an)(an + by + VA,)
B VA, (an +0,)* = A,
1 02— (an — VAL + (a, +VA,)? — b2 4ay, an
- VA, (an +b)? — A, T (an 0P — A, anb, — A2,
1 1

N 1+L7n(9)xl_‘L92 /~L2"

mn T (3,(0))

and for alli =n+1,...,m,, a,’w-2 = m The first part of (23) holds for the same

reasons as the first part of () above. Moreover, we have, writing , for 7, (6),

1 & 9 n 62 n My — N
o 27 (g A <T<7z»<%>) TR R BT (e
By ([[[), it follows that the second part of (£3) also holds.

The proof of Claim b (hence of Claim a) is complete.
By (B) and Claim a, we have, still writing ~,, for 7,,(6),

Llog(7.(6)) =

n—m, n log(TGm) (1)) 1 / 0
log(1+ —,) — — = log{1 — ————t*}du,(t) + o(1
S log(1+ 3,) - 3 o B a0 o)

My, n log(1+7v,) 1 62 )
=———log(l+—y) - ——F— — 3 log{1 — ——~——t"}dpu,(t) + o(1).
2n my, 2 2 te[- K, K) T( mn ) (’}/n)

By hypothesis, u,, which is defined in ([[7), converges weakly to p. Using ([[§) and the
second sentence of Footnote I, one easily sees that, writing ~y for C’,(f‘)(@z), we have

L 08((0) = g (1 do) ~ BN 0 [ tog{1 - g #1au(e) ol

where in the case where A = 0, = log(1 + Ay) has to be understood as 1. By ([9), one

gets, still writing  for Ct (62),

1(6) =7~ gy log(1 + Ay) — EEEY ] /te[ st - T +ol1).

- -

denoted by f(6)
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I(0) = f(0) = 0 (indeed, by (), CﬁA)(O) = 0). So to conclude the proof of Theorem [[.3,
it suffices to verify that I and f have the same derivatives on (—K ', K=!), which can
easily be done using ([IJ) again.
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