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A DIRECT LEBEAU-ROBBIANO STRATEGY
FOR THE OBSERVABILITY OF HEAT-LIKE SEMIGROUPS

LUC MILLER

Dedicated to David L. Russell on the occasion of his 70th birthday

ABSTRACT. This paper generalizes and simplifies abstract results of Miller and
Seidman on the cost of fast control/observation. It deduces final-observability
of an evolution semigroup from some stationary observability property on some
spaces associated to the generator, e.g. spectral subspaces when the semigroup
has an integral representation via spectral measures. Contrary to the original
Lebeau-Robbiano strategy, it does not have recourse to null-controllability and
it yields the optimal bound of the cost when applied to the heat equation, i.e.
coexp(c/T), or to the heat diffusion in potential wells observed from cones,
i.e. coexp(c/TP) with optimal 3. It also yields simple upper-bounds for c.

1. INTRODUCTION

This paper concerns the so-called “Lebeau-Robbiano strategy” for the null-
controllabbility of linear evolutions systems like the heat equation. The Lebeau-
Robbiano strategy was originally devised for the heat flux on a bounded domain
of R? observed from some open subset of this domain. It originally starts from the
interior observability estimate for sums of eigenfunctions of the Dirichlet Laplacian
proved by some Carleman estimates at the end of the nineties in joint papers of
Lebeau with Jerison, Robbiano and Zuazua, cf. § 3.8.

In the last decade, many people have contributed applications, e.g. to nodal sets
of sums of Laplacian eigenfunctions in [JL99], to coupled wave and heat equations in
the same domain in [LZ98], to the heat equation in unbounded domains in [Mil05],
to anomalous diffusions in [Mil06¢c], cf. § 4.1, to structural damping, e.g. the plate
equation with square root damping, in [Mil06a, AC07], cf. § 4.2, to thermoelasticity
without rotatory inertia in [BN02, Mil07, Cok07, Sei08], to the heat transmission
problem in [LRRO7], to diffusions in a potential well of R? in [Mil08], cf. § 4.3, to
the heat equation discretized in time or space in [Zhe08, BHLR09]. We also refer
to the survey [LRL09).

The Lebeau-Robbiano strategy was already stated in abstract settings with
bounds on the cost of fast control of the form cgexp(c/T?) in [Mil06c, Sei08].
Our goal is to retain the most general features of both papers while simplifying the
proof to improve the estimate of the cost.

The paper [Mil06c] concerns semigroups generated by negative self-adjoint op-
erators, introduces some notion of observability on spectral subspaces, cf. § 3.6.
It links the exponent [ in the fast control cost estimate to some exponent in this
notion, but falls just short of the optimal exponent. It combines final-observability
and null-controllability as in the original setting, but does not use Weyl’s eigenval-
ues asymptotics, not even the discreteness of the spectrum of A. The assumptions
brought out in [Mil07] and introduced as an abstract framework in [Sei08] allow
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2 L. MILLER

generators which are not self-adjoint, but do not apply to the semigroups consid-
ered in [Mil06¢, Mil08]. Thus the notion of relative observability on growth spaces
adopted in § 2.2 is a little more general. The paper [Sei08] achieves the break-
through of reaching the exponent 8 = 1 which is optimal for the heat equation, but
it adds approximate null-controllability as another layer to the strategy.

Here, the strategy goes directly from relative observability on growth spaces to
the estimate of fast final-observability cost, and reaches the optimal exponents 3
for the observation from cones of heat diffusion in potential wells V(z) = |z|?*,
k € N*, cf. § 4.3. Its sheer simplicity yields straightforward upper-bounds of the
rate ¢ in the fast control cost estimate. Since it leaves null-controllability out, it
can be seen as a shortcut to the original Lebeau-Robbiano strategy.

Section 2 introduces the abstract setting, states and proves the direct Lebeau-
Robbiano strategy. The abstract setting is connected to the original setting in § 3.8.
Section 3 gives further background, four lemmas which may be of independent
interest and some open problems. Section 4 describes the application of the main
result to the P.D.E. problems considered in [Mil06¢, Mil06a, Mil08].

2. SETTING AND MAIN RESULT

2.1. Observability cost. We consider the abstract differential equation

(1) o) = Ag(t), $(0)=wz €&, >0,
where A : D(A) C £ — & is the generator of a strongly continuous semigroup
(e!1);>0 on a Hilbert space €. The solution is ¢(t) = e*4z. We think of A as a
negative self-adjoint operator, cf. § 3.6

We also consider an observation operator C' € L£(D(A),F) admissible for this
semigroup, i.e. C is a continuous operator from D(A) with the graph norm to
another Hilbert space F and satisfies (norms in £ and F are both denoted ||-||)

T
(2) / |Cetx|?dt < Admp|z||?, zeD(A), T >0,
0

where the admissibility constant T +— Admp > 0 is nondecreasing, cf. § 3.1. We
think of C' as a bounded operator from £ to itself.
We say that (A,C,T) is observable at cost kp > 0 if

T
() e A2 ]? < RT/ ICetAal2dt, € D(A).
0

This final-observability of (1) through C in time T' > 0 is equivalent to a control-
lability property for which s is the ratio of the size of the input annihilating the
disturbance to the size of this disturbance, cf. § 3.2. N.b. rps < [|eT" =142k for
T < T'. We are interested in the asymptotic behavior of k1 as T — 0. We think
of Kt as the cost of fast control.

The crucial lemma to bound this cost here is (cf. a continuous version in § 3.3)

Lemma 2.1. If the approzimate observability estimate (§ 3.5 justifies this name)
T

@) F(Dlle™a)® = flaT)llz|* < / |Ceta|?dt, @€ D(A), Te(0,T),
0

holds with f(T) — 0 as T — 0%, g € (0,1) and T" > 0, then kr < 1/f((1 — ¢)T)
for T € (0,T), i.e. the fast control cost does not grow more than the inverse of f.

In particular, if (4) holds with f(T) = exp(—ﬁ), flqT) = exp(—ﬁ) and
c3 =cog—c1 >0, then kr < exp(ﬁ) forT €(0,7").
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Proof. Let To =T, Tys1 = Ty, — T, T = ¢"(1 — ¢)T, k € N. The series Y. 7, =
defines a disjoint partition U(Ty1,Tk] = (0,T]. Applying (4) to x = eTr+14y and
T = 73, yields

Ty
FEolle™ Ay = f () fle 1 4y? < / |Cety|Pdt, yeD(A), keN
Try1
Summing-up yields
T
Fo)lle™yl* = fm)lle™ Ay | < / [Cety|?dt, yeD(A), kel
Tk

Taking the limit & — oo completes the proof since f(7;) — 0 and the continuous
function t ~— ||e*4y|| is bounded on the compact set [0, 7. O

2.2. Relative observability on growth subspaces. We assume that there is a
nondecreasing family of semigroup invariant spaces &, C £, A > 0 (i.e. &, C
Ex C &y, t >0, N > \) satisfying the growth condition (namely some decay)

(5) |e* 33|| moe )‘t||x|| x L&\, te€(0,Tp), A>0.

We call them growth spaces. We think of them as spectral subspaces of A, i.e.
o(Aqer) C{z € 0(A)[ Rez < —A}, and we think of (5) as a spectrally determined
growth property, cf. § 3.6.

We also assume that there is an admissible observation operator Cy satisfying
the bound relative to C' on growth spaces with exponent o € (0,1) and rate a > 0

(6) ICo||* < age®®"||C|®, z €&, A>0.

We call Cy a reference operator and the property (6) of C: observability on growth
subspaces relatively to Cy. We think of Cj as a simple operator with a good estimate
of fast control like the identity operator, cf. § 3.7.

2.3. Main result. When the reference operator Cy satisfies the observability cost
estimate with exponent 3 > 0 and rate b > 0

T
M el < boet / |Coet4a|2dt, « e D(A), T e (0,Ty),
0

we claim that C satisfies an observability cost estimate with exponent max {ﬁ B }:

Theorem 2.2. Under the assumptions (5), (6) and (7) with 3 = %,
(A,C,T) is observable at a cost k such that 2¢c = limsupy_o 7% Inky < oco.
More precisely, this rate c is bounded in terms of an implicitly defined s > 0:

the system

B+1 1

’ ’ 32 HhB+T
®) Cg(z(“l)) DL e stsse1? =t
s B

This exponent (3 is optimal, i.e. ¢ > 0 for some “meaningful” example, cf. § 4.3.

Corollary 2.3. Under the same assumptions as theorem 2.2, the cost rate c is
bounded more explicitly in the following cases:

(i) If (6) holds with o = % (i.e. B =1) then ¢ < 4b* ( a—+2Vh — \/5)_
(i) If (7) holds for any b then ¢ < a®T1(8 + 1)PB+1 3=,

(iii) If (6) holds for any a then ¢ < b.
b(l—a)2 (B+1) -1
al—a - ﬁoﬁ :

Q=

(iv) Ifb> a® (B + )PP 35 then ¢ < (b)
a
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Theorem 2.2 for a = § (i.e. 8= 1) is due to Seidman with some less precise and
less simple cost rate bound than (8); e.g. [Sei08, theorem 2.4] proves! ¢ < 8a?
case (ii) with 8 = 1 instead of ¢ < 4a? and does not state (i).

With the exponential bound boe?” " in (7) replaced by a polynomial bound 75
the papers [Mil06¢, Mil07] only prove hm supy_o TP Inky < oo for 3 > 12, hence
fall short of the optimal exponent. The optimality results from [Mil08], cf § 4.3.

N.b. (ii) applies to the identity operator as reference operator Cy, cf. § 3.7.

2.4. Proof of the main result. Plugging (6) in (7) yields
9) 401 < aoboe? "+ / |Cetg)Pdt, 6 e D(A), 7€ (0,Th).

Given z € D(A) and T € (0,Tp), we introduce an observation time 7 = 1" with

€ (0,1), a spectral threshold A defined by (rA)® = 25 with r > 0, the orthogonal
projection of x on &, denoted x, and xf\- =z —I).

Since &) is semigroup invariant, we may apply (9) to ¢

1 T 1 2 a4+ br*
1 TA 2 / tA _ ]
(10) e < g [ NOe P A7) = e (s

= e(1=9)T% and obtain:

1—e)T
We put the factor 4 in the definition of f because we shall use twice the inequality:
(11) ly + 212 <2(llyl* + lI=1%), ye&, =€k

Using (11) then (2) yields
T T
(12) / |CetAzy |2dt < 2/ |Cet Az |?dt + 2 Admr]|eC =T Azt
(1-e)T (1—-e)T
Using (11) again, then (10) and finally (12) yields
T
F(@D)lle™2]® < / |Ce | dt + Admep [T A |2 + 2£(T) [l ax |1°.
1—¢)
Applying (5) to xf\-, we deduce the approximate observability estimate:
T
FT) A2 = md (Admag e 2079 4 2f(T)e ™) ]2 < / |Cet e dt,
where T\ = 1/(re?/*T8). Since Adm.r < Admr, and f(T) < m, this proves

F()eTz)? — g(T)]z|* < / |CetAa||?dt, with: € € (0,1), 7> 0,
0

1 —2a+br® 9 1 —21—-¢
T) = T) = Admyp +—— —— = ).
(1) 4agbo P ( I8 ragh ) 9(T) =mq ( To 4a0bo> P ( s raﬁ/Of)

Now lemma 2.1 implies the cost estimate ¢ < 400 by choosing ¢; and ¢s such that

1 1 1 bre 1 1-—
5> 5 5> 2a+7;' = limsup 7” In f(T), — < 91— _ limsup 7% In ¢(T),
Co ] Ch rée T—0 cq 7"66/& T—0

which is made possible by choosing r small enough since a € (0, 1).
More precisely, introducing for convenience v = % and s = 7=, it satisfies

- -
c< ) (r,s), Jan(r,s) = <21ir;lsngﬁ lnf(T)> - (2 liglsngﬁ lng(T)) :

Undeed [Sei08, theorem 2.4] states ¢ < 2a2, but correcting the factor 2 into % in the definition
of d(s) in [Sei08, theorem 2.1] only proves ¢ < 8a?.
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Therefore we are left with maximizing with respect to » > 0 and s > 0:

ja (1, 8) = ° — " Val— 5 r”(h_'y(r)—sv)
Ja bl 8) = (ar—« 4 b)Y l1—¢ s+l ’

— griiT i 1 _ — _s =1
where h(r) = ar>¥1 +br, since  =1+7v,e= 7 and 1 a=g9 =717

The optimality condition Vj,, = 0 writes successively, abbreviating h = h(r),

{W”(h‘”—s”hm’i, {m*l(’l‘”—sw):rh’ T+ (1= +)

(==L lh=(rs"(s+ 1) +5) 77 = L(ys+7+1)"

2= ||
Q\H

1
(s+1)?
Plugging the last equation (h in terms of s) in the former yields = in terms of s:

br :h‘*“(h“*—s”)—ih:hﬁl O = 7 _(shy 1,
v+1 v+1 y+1 v+1

hence 7 = v~ (ys + v + 1)7%1. Plugging this once in h(r) in terms of s yields

75+7+1:s('ys+'y+1)77+1h:s%h—s'y(br T +1)

Simplifying vs and plugging r in terms of s again yields the equation for s in (8):

,Y2
+1\7 /b T
57(73+7+1)—(7 ) () ,
a v

which has a unique solution since the L.H.S. increases from 0 to 400 as s does. We

still denote s this solution. The corresponding r = yb~1(ys + v + 1)_77+1 satisfies
1

1
Pt = (1) =54 'y+1 The second equation of the first system Vj,, = 0 yields:

. a v y(v+1)
]a,b(rv S) = JE .

v (h*V(r) — 57) = ’YS’Y‘HT"Y = 73(7+1)2 (b’y 3

r

s+1

Nowcéj;’g(ns) is (8) since 1+ = ﬁ“, %1 =(+1 and @ = W
Corollary 2.3 is deduced by the followmg arguments

(i) The positive solution of the quadratic equation in (8) is s = 1/1 + 2‘/5 -1

(ii) Eliminating b from (8) yields ¢ < (a/(6+1))° 15~ i (s+B+ 1)(5+1) and
the implicit equation yields s — 0 as b — 0.

(iii) Eliminating a from (8) yields ¢ < b(s + 3 + 1)"T!/s7T1 and the implicit
equation yields s — oo as a — 0.

1
B+1)2
(iv) The easiest lower bound for s is s+ 08+ 1 > (8 + 1)%ﬁ(%)2b(ﬁ?) ,

aB+1
obtained by plugging s > s + 3 + 1 in its implicit equation.

3. COMMENTS

3.1. Admissibility. Any C € L(&, F) satisfies the admissibility condition (2) with
Admg = T||C||?. The canonical setting in § 2.1 (cf. [Wei89]) is required in many
P.D.E. problems, e.g. when the heat flux is observed on the boundary rather than
an open subset of the domain.
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3.2. Controllability cost. The dual problem to the final-observability of (1) is
the null-controllability of

(13) ft)=A"f(t)+ Bu(t), f(0)=fo€& t>0,
with input u € L2([0,T],F) and control operator B = C* € L(F,D(A*)") (A*
denotes the adjoint of A and D(A*)" denotes the dual space of D(A*) in &).
Since C satisfies the admissibility condition (2), B satisfies ||fOT etA" Bu(t)dt||> <
Kr fOTHu(t)||2dt, and the solution of (13) is f(T) = e fo + fOT e(T=DA" Bu(t)dt.
More precisely, if (A, C,T) is observable at cost xr then, for all fj, there is a u
such that f(T) =0 and fOTHu(t)||2dt < krll fol* (cf. [DR7T)).

The study of the cost of fast controls was initiated by Seidman in [Sei84] with a
result on the heat equation obtained by Russell’s method in [Rus73]. We refer to

the surveys [Sei05, Mil06b] and the more recent paper [TT07]. An application to
reachability is given in § 3.4.

3.3. Integrated observability estimate. Lemma 2.1 can be seen as the discrete
version of the following lemma which has been used with f(t) = exp(—c/t) when
proving observability by some parabolic global Carleman estimates.

Lemma 3.1. In the setting of § 2.1, if the integrated observability estimate
T T
(14) / F#)lle ) ?at </ |Cetz|?dt, « e D(A), T e(0,T),
0 0

holds with Ty > 0 and f an increasing function such that f(T) — 0 as T — 07,
then kp < Mp/f(T) for T € (0,Ty) with My = supte[()7T]||etA|\2 < Mp, < 00, i.e.
the fast control cost does not grow more than the inverse of f. Conversely, if (3)

holds for T € (0,Ty) then (14) holds for T € (0,Ty) with f(T) = 1/(TokT).

Proof. The implication results from |[e74z||? = ||e(T=D4etz|? < Myp|etz|]? and
f@t) < f(T) for ¢t € (0,T). The converse results from integrating (3) on (0,7) and
[ [TICetAx|?dtdr < [, [if||CetA|2dtdr = T [ ||CetAz||2dt. O

3.4. Reachability. As the input u varies, the final state f(7') of (13) spans the
set of states which are reachable from fy in time T, denoted R(T, fy). Assuming
(A,C,T) is observable for all T > 0, the usual duality in § 3.2 implies that this
reachability set R = R(T, fo) does not depend on T and fy (by an argument due
to Seidman in [Sei79], cf. [Mil06b, footnote 7]) and satisfies e*4(€) C R, t > 0.

The following lemma provides further information on the reachability set when
a cost estimate as in theorem 2.2 is available.

Lemma 3.2. In the setting of § 2.1, assume A is self-adjoint and o(A) C (—o0, \1],
and consider the fractional powers Ag = —(—A + \1)?, 8> 0.

For all exponents 3 >0, a = %, and ratesb >0, ¢ > b(f+1), a > (bﬂ)ﬁ/a,
T
(15) |etAe ]| < coe%/ ef%HemojHth, x € D(4), T e (0,Tp).
0
If (A,C,T) is observable at a cost kr such that 2b = limsupy o T% Inky < oo,
then the reachability set satisfies e*(£) C R for a = % and a > (bﬁ)ﬁ/a.

Proof. The reachability statement results from (15) and the converse in lemma 3.1
with f(t) = exp(—2b/t?) by the same duality argument (cf. [DR77, (3.22)]).
Given z € D(A) and T € (0,Tp), using the spectral measure dE,(\) of A for x:

T T
ertealfp = [ eV ap, [ poletati= [ [ po@PaEa,
o(A) 0 0 Jo(A)
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. 2¢ a
Hence (15) boils down to fOT e~ 2 gt > ée_TT?e_ga()‘l“"\) for A > —)\q, and
further to (by changing A into A — A1, with ¢; = ¢p max {1, e~ Toh })

T
(16) / e 2 gt > Cie 78 e 20N T e (0,T,), A >0,
0 1

b tA bB\ P
where 4\ (t) = ] +tA  satisfies  ja(t) = ja(tn) = - ty = (/B> , A> 0.
On the one hand, if t, < T, then
T tx
/ e 2 Wgp > / e Wt > (1 - o)tre 220N §5€(0,1),
0 2N

with ja(6t3) = (555 + ) tah = a5, %:(b@@(ﬁé o) 22, 00

(67

hence (16) holds for ¢ =0 and a P U LALE ﬁ ~ by choosing § such that a > aj.
On the other hand, if A < T then

T T
/ e Mgt > / e 2t > (1= §)Te 20T 5 (0,1),
0 6T

b b 1 -
with ja(6T) > - 4720 _ ca—b<53+56)6—1>b(6+ 1),
hence (16) holds for a = 0 and ¢ > b(3 + 1) by choosing § such that ¢ > cs. O

Concerning the heat semigroup in § 3.8, as a corollary to the cost upper bound
in § 3.2 under the geometrical optics condition, this lemma with g = 1 proves that
e~aV=8 ¢ is reachable for a > v/3Lq, ¢o € L2(M), cf. [Mil06b, corollary 10]. In
dimension one a better result is due to Fattorini and Russell, cf. [FR71, (3.19)]: if M
is a segment of length L controlled from one endpoint then e~ 9V=3¢, is reachable
for all a > L, ¢g € L*(M) (this cannot be proved by the same method for a < L,

cf. [FR71, (3.20)]). Whether “the optimal” rate a such that e=*V~=2(L2(M)) C R
can be expressed geometrically in the general setting of § 3.8 is an open question,
e.g. is it sup, ¢ dist(y, 2)?

3.5. Approximate observability. The following lemma clarifies the connection
of (4) in lemma 2.1 to approximate controllability, and therefore to [Sei08].

Lemma 3.3. If (A,C,T) satisfy the approzimate observability estimate
T

(17) AT < n/ |Cet4a|?dt +ellz]?, = € D(A),
0

for some positive k and €, then approzimate null-controllability of (13) holds, i.e.
for all fy there exists u such that || f(T)||* < e||fol|* and fo lu(®)]|?dt < k| foll?-

Proof. Consider the strictly convex C' functional J defined on € by density as

K T 9
J(z) = g/0 |CetAalPdt + S lal> + (¢4, fo), = € D(A).

The assumption (17) implies J(z) > 3[4 + (eTz, fo), hence J is coercive.
Therefore J has a unique minimizer ¢ € &, i.e. J(¥y) = inf,ce J(x). In particular

J(1g) < J(0) = 0. Plugging this in (17) yields

1
Slle™ oll® < T (wo) — (", fo) < e eboll| foll-
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Hence [|eT 44|l < 2| fol|. Plugging this in J(v)9) < 0 yields

T
(18) H/ ICe Aol ?dt + el|z]|* < 8(e" =, fo) < 8lle™ 4ol foll < 16]foll*.
0

Since the minimizer g satisfies
T
0="VJ(ho) = %/ e BCe M ygdt + Zlﬁo +eT fo,
0

the input u(t) = £Ce')y yields the final state f(T) = —S1)g. According to (18)

T T
9 K
IFDI* = 35 #oll” < elleol* and / lu(t)|*dt = E/ ICe o2 dt < x| fol|.
0 0
O

3.6. Normal semigroups and spectral spaces. For a normal semigroup (i.e. A
is normal, e.g. A is self-adjoint), the natural growth spaces are their spectral spaces.
It has a spectral decomposition E (a.k.a. projection-valued measure) which com-
mutes with any operator which commutes with A and defines spectral projections
Ey=E({z€0(A)| Rez > —A}) and spectral spaces Ex = F(E). Then (5) holds
if the semigroup satisfies the spectral bound equal growth bound condition (e.g. it
is eventually norm-continuous, e.g. A is self-adjoint and bounded from above). E.g.
in [Mil06¢c] A is negative self-adjoint. N.b. (5) never holds for unitary groups (i.e.
A is skew-adjoint, e.g. Schrodinger or wave equations).

If there is an orthonormal basis {e,} of £ such that —Ae,, = A,e,, then the
spectral spaces are just spanned by linear combinations of normalized eigenfunctions
&y =Span{en}, _, and (6) is an estimate on sums of eigenfunctions of A.

For A = —A on £ = L?(R?), the spectral decomposition is the Fourier transform:

F(=0)6(€) = F(EP)AE), ¢ € L*(R), thus ¢ € €y just means §(§) = 0 for
|€]2 > ), i.e. ¢ is the restriction to the real axis of an entire function gz~5 such that
|¢~)(z)\ < ceVAmz] by the Paley-Wiener theorem. When Cj is the identity operator,
C is the multiplication by the characteristic function of the exterior of a ball and
F =&, [Mil05] proves (6) with exponent o = 1 by Carleman estimates as in § 3.8.
It is an open problem to obtain an explicit bound on the rate a in (6), e.g. by
complex analysis.

3.7. Reference operator. For any A, the identity operator satisfies the fast con-
trol cost estimate:

M T
19) el < S [ ettalan s D). Te ©.1))

with M7 = sup,¢(o 1 let4]|? < M7, < co. Thus the cost estimate (7) holds for any
exponent 3 > 0 and rate b > 0 when Cj is the identity operator.

For a system of coupled P.D.E., Cj can be the observation of a single component
asin § 4.2, e.g. the operator Cp; in [Mil07]: for this reference operator, (5), (6), (7)
are stated in this form in [Mil07, Propositions 4, 3, 2] respectively. The assumptions
(5) and (6) are called [H] in the abstract framework of [Sei08].

3.8. Original example. For A = A the Dirichlet Laplacian on a compact smooth
connected Riemannian manifold M, & = F = L?(M), €, the spectral spaces of A
(ct. § 3.6), Cp the identity operator, and C' the multiplication by the characteristic
function of an open subset Q # () of M, [LZ98, theorem 3] and [JL99, theorem
14.6] prove the estimate on sums of eigenfunctions (6) with exponent o = 1 (always
sharp, cf. [JL99, proposition 14.9]), using the semiclassical local elliptic Carleman
estimates of [LR95].
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In this general setting, the cost upper bound limsup;_, T Inkr < oo is due to
Seidman (it is deduced in [Sei08] from the estimate on sums of eigenfunctions cited
above, and the first such upper bound was proved in [Sei84]) and the cost lower
bound liminfr_o T Inkp > sup,c, dist(y, 2)%/2 is due to [Mil04] (the first lower
bound was proved in dimension one in [Giii85]). In the Euclidean case, this upper
bound was proved in [FCZ00] by global Carleman estimates with singular weights
of the Emanuilov type (with a less precise lower bound). Under the geometrical
optics condition on 2, a more precise upper bound is deduced in [Mil04] by the con-
trol transmutation method from the observability of the wave group in [BLR92]:
limsupy_,o T Inkr < cL?, where Lq is the length of the longest generalized geo-
desic in M which does not intersect €, and c is determined by a one-dimensional
observability estimate for which ¢ < (232)2, improved into ¢ < 2 in [TT07].

3.9. “Converse” to the main result. The following lemma is a very partial
converse to theorem 2.2: only for sequences of eigenfunctions of A and Cy = id.

Lemma 3.4. Assume that (A, C) satisfies the observability cost estimate with ex-
ponent 3 >0 and rate b > 0

T
(20) leT 42| < bOeT%/ |Cetxz|?dt, zeD(A), Te(0,T).
0

Any sequence (ey,) in D(A) such that —Ae,, = Anen and im A, = +00, must satisfy

b o 8 2%(B+1)
2<70 2a\ 2 _ _
(21) Hen” ~ 2Ae Hce'ﬂ” ) « ﬁ‘i‘ 17 a ﬂa

In particular, if the sequence satisfies for some exponent a > 0 and rate a > 0:

bﬁ%, An large enough.

(22) llenll? > a062a/\aHC€n”2, An large enough,

then the observability cost in (3) satisfies limsupy_ o TP In ke > 0 with § = T

T
Proof. Applying (20) to = = e, yields e 27 |le,[|? < bge%/ [Cen||?e2 dt,
0

b b
hence |le,||* < ith(T)HCenHz, with h(T) = 78 T TA. Minimizing h yields
_1
MT,) = %bﬁ at T, = <f—n) " with T, < Ty for A\, large enough.
If the observability cost in (3) satisfies limsupy_ o 7% Inky = 0 with 8 = T,
then (20) holds for any b > 0, hence (21) holds for any a > 0, which refutes (22). O

4. APPLICATIONS

4.1. Anomalous diffusions. Let M be a smooth connected complete d-dimensional
Riemannian manifold with metric ¢ and boundary M. When OM # (), M denotes
the interior and M = M UOM. Let A denote the Laplace-Beltrami operator on
L?(M) with domain D(A) = H} (M) N H?*(M) defined by g. N.b. the results are
already interesting when (M, g) is a smooth connected domain of the Euclidean
space RY, so that A:%+~~+a—2

oxZ "

In this application, the state and input spaces are & = F = L*(M), the growth
spaces are the spectral spaces of § 3.6, the reference operator Cj is the identity
operator and the observation operator C' is the multiplication by the characteristic
function yq of an open subset Q # () of M, i.e. it truncates the input function
outside the control region . If M is not compact, assume that €2 is the exterior of
a compact set K such that K N QN oM = 0.
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For A = A, (6) holds with exponent a = %, cf. § 3.8 for compact M, and [Mil05]
otherwise. Hence for A = —(—A)7, (6) holds with exponent o = % Applying
theorem 2.2 improves on [Mil06¢, theorem 2]:

Theorem 4.1. For all v > 1/2, the anomalous diffusion:
oo+ (=A)¢ = xau, ¢(0) = ¢o € L*(M), u e L*([0,T] x M),

is null-controllable in any time T > 0. Moreover the cost kit (cf. § 3.2) satisfies

limsupy_o 77 In iy < 0o with § = 27171'

The fractional Laplacian —(—A)Y with v € (0, 1] generates the rotationally in-
variant 2y-stable Lévy process. For v = 1 this process is the Brownian motion By
on R?, and for v < 1 it is subordinated to B; by a strictly +-stable subordinator
T}, so that it writes Br,. The convolution kernels of the corresponding semigroups
are the rotationally invariant Lévy stable probability distributions, in particular
the Gaussian distribution for v = 1 and the Cauchy distribution for v = 1/2. For
v < 1 these distributions have “heavy tails”, i.e. far away they decrease like a
power as opposed to the exponential decrease found in the Gaussian, which ac-
counts for the “superdiffusive” behavior of the semigroup. The more restrictive
range v € (1/2,1) is the most widely used to model anomalously fast diffusions,
and it turns out that the controllability result theorem 4.1 applies to this range of
fractional superdiffusions only.

When the manifold is a domain of the Euclidean space R?, the Markov process
generated by the fractional Dirichlet Laplacian —(—A)Y with v € (0,1] can be
obtained by killing the Brownian motion on R? upon exiting the domain then
subordinating the killed Brownian motion by the subordinator 7} introduced above.

4.2. Structural damping. Let A be a positive self-adjoint and boundedly invert-
ible operator on another Hilbert space H (with norm still denoted ||-||). Let D(.A)
denote its domain with the norm ¢ — ||AC|. Let Hx, A > 0, denote the spectral
spaces of A corresponding to {z € o(A) | Rez < A} (cf. § 3.6). We consider two
observation operators Cy and C in L(D(A), F) satisfying relative observability:

(23) 1Coz||? < doe®™[[C2)|2, 2 € Hx, A>0,

and a control operator B = C* € L(F,D(A*)") (A* denotes the adjoint of A and
D(A*) denotes the dual space of D(A*) in H).
To give a precise meaning to the solution of the structurally damped system

(24) C(t) + pA*C(t) + A%C(t) = Bul(t),
((0)=GeDMU), ((O)=aeH, uelL*([0,T],F)
we write it as a first order system.
The state space is £ = D(A) x H. The semigroup generator A is

A= <_?42 _p{427> ,D(A) = {(zo,zl) €E| Azg+ pAP 1z € D(.A)}.
It inherits from —A the necessary and sufficient properties of Lumer-Phillips for
generating a contraction semigroup.

The observation and control operators are the projection Cy : £ — H defined by
Co(20,21) = 21, C = CCy, and B defined in § 3.2. We assume that C is admissible
for the semigroup generated by A, i.e. (2). It results from [ALO3] that (7) holds
for any 5 > 0 and b > 0.

We extend the action of the orthogonal projection Hy on H) from H to £ accord-
ing to Hx(z0,21) = (Hxzo, Hxz1). The growth condition (5) is proved in [Mil06a,
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Proposition 1] for the growth spaces £x = H,(€) with A = min {g, %} p2mingy, =7}
using [CT90]. For this choice of growth spaces, (23) implies the relative observabil-

ity (6) with exponent o = and rate a =

6 a4
2min{vy,1—~} mind{ 2 11"

2:p

Applying theorem 2.2 and corollary 2.3(ii) improves on [Mil06a, theorem 1]:

Theorem 4.2. Recall that § and d are the exponent and rate in the main assump-
tion (23). For all p > 0 and vy € (6/2,1 —6/2), for all (o and (1, there is an input
u such that the solution ¢ of (24) satisfies ((T) = ((T) = 0 and the cost estimate :

r 2b
[ ol < mexo ( 23) (14GI + [61%) . G € DU G € H, T st
ds+1 (B + 1)8(5+D)
/8 2
min{ﬁ l} B

27 p

9 ~1
with 8 = (5min{7,1 -~} - 1) , and any b >

We refer to [CR82, LT98] for the motivation of the abstract model (24). The
main application is to the plate equation with square root damping and interior
control in €2 with hinged boundary conditions on a manifold M, in the framework
of § 4.1:

= pAC+ A% =xqu on [0,T]x M, ¢=AC=0 on [0,T]x dM,
C(0) = ¢ € HA(M) N HY(M), ((0)=¢ € LA(M), we L([0,T] x M).

Applying theorem 4.2 instead of [Mil06a, theorem 1] to A = —A with § =~ = 1
improves on the value of 3 in the first part of [Mil06a, theorem 2] (cf. also [ACOT]).
Under the geometrical optics condition in [BLR92] that the length Lg of the longest
generalized geodesic in M which does not intersect € is not oo, the second part of
[MilO6a, theorem 2] estimates the cost rate: for all p € (0,2), the control cost of
(25) satisfies the estimate in theorem 4.2 with 3 = 1 and any b > by L2, for some by
and b; which do not depend on © and p (cf. [Mil06a, note added in proof]), hence
e.g. (cf. [LZZ00], [ET06, Appendix]) the minimal null-control input u converges to
the minimal null-control input for the undamped plate equation as p — 0.

(25)

4.3. Diffusion in a potential well. We consider a power k € N* and the poten-
tial well V(x) = |z|?*, z € R?. The Schrédinger operator A = A — V' with domain
D(A) = {¢p € H*(RY)| [[V¢|* < 0o} is negative self-adjoint and has compact re-
solvent. Let xr denote the multiplication by the characteristic function of any non
empty open cone I' = {z € R*||z| > ro,z/|z| € Qo }, where rg > 0 and € is an
open subset of the unit sphere.

In this application, the state and input spaces are & = F = L?(R%), the growth
spaces are the spectral spaces of § 3.6, the reference operator Cj is the identity
operator and the observation operator C' is the multiplication by xr as in § 4.1, i.e.
it truncates the input function outside the control region I.

In [Mil08], (6) with exponent a = %(1 + ) is proved and some radial eigen-
functions concentrating at some “equator” such that (22) holds are exhibited (cf.

[Mil08, § 4.2.2]) allowing to deduce from theorem 2.2 and lemma 3.4:
Theorem 4.3. For all k > 1, the diffusion in the potential well V(x) = |z|?*:
0 — A+ Vo = xru, ¢(0) = o € L*(RY), u € L*([0,T] x RY),

is null-controllable in any time T > 0. Moreover the cost kr (cf. § 3.2) satisfies:
k = limsupy_ o TP Inky < oo with 3 =1+ %

If there is a vector space of dimension 2 in R® which does not intersect the closure
Qo of the subset Qg of the unit sphere defining the cone I' then k # 0.
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As in § 4.1, the semigroup considered here is a well known model of diffusion. It
can be interpreted as a Brownian diffusion on R? killed at the rate V.
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