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ABSTRACT. We derive a posteriori error estimates for a class of second-order monotone quasi-linear
diffusion-type problems approximated by piecewise affine, continuous finite elements. Our estimates
yield a guaranteed and fully computable upper bound on the error measured by the dual norm of the
residual, as well as a global error lower bound, up to a generic constant independent of the nonlinear
operator. They are thus fully robust with respect to the nonlinearity, thanks to the choice of the error
measure. They are also locally efficient, albeit in a different norm, and hence suitable for adaptive mesh
refinement. Moreover, they allow to distinguish, estimate separately, and compare the discretization
and linearization errors. Hence, the iterative (Newton—Raphson, quasi-Newton) linearization can be
stopped whenever the linearization error drops to the level at which it does not affect significantly the
overall error. This can lead to important computational savings, as performing an excessive number of
unnecessary linearization iterations can be avoided. Numerical experiments for the p-Laplacian illustrate
the theoretical developments.

Key words: a posteriori error estimate, monotone nonlinear problem, linearization, balancing errors,
guaranteed upper bound, robustness

1. INTRODUCTION

Let Q be an open polyhedron of R?, d > 2. We consider the nonlinear problem in conservative form
(1.1a) —Vo(Vu)=f inQ,
(1.1b) u=0 on 09Q.

The scalar-valued unknown function u is termed the potential, and the Re-valued function —o (Vu) is
termed the fluz. We assume that the flux function o : R — R takes the following quasi-linear form

(1.2) VEERY,  o(8) =a(l€)E,
where || denotes the Euclidean norm in R? and where a : R, — R is a given function. The function

a is assumed below to satisfy a growth condition of the form a(z) ~ 2?2 as x — oo for some real
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number p € (1,+00), so that the natural energy space V for the above model problem is the Sobolev
space W, P(Q). The data f is taken in L%(Q) where ¢ := 527 so that % + % = 1. Hence, the model
problem in weak form amounts to finding v € V' such that

(1.3) (o(Vu), Vo) = (f,v) Ywe,

where (-, ) denotes the integral over 2 of the (scalar) product of the two arguments. The function a satis-
fies monotonicity and continuity conditions stated in Section 2 below and ensuring that the problem (1.3)
is well-posed.

The prototypical example for the present model problem is the so-called p-Laplacian, for which a(z) =
x2P~2. The a priori error analysis for approximating the p-Laplacian by piecewise affine, continuous finite
elements has been started by Glowinski and Marrocco [19, 20]; see also Ciarlet [13, p. 312]. One well-
known difficulty when working with the natural energy norm is that the derived error estimates are not
sharp. This drawback has been circumvented by Barrett and Liu [6] upon introducing a so-called quasi-
norm, thereby achieving optimal approximation results. The quasi-norm of the error between the exact
solution u and the approximation solution, say wuy, is a weighted L?-norm of the gradient V(u — uy),
where the weight depends on Vu and Vuy,.

The a posteriori error analysis of finite element approximations to a large class of nonlinear problems,
including the present model problems, has been started by Verfiirth; see [29] and [30, p. 47]. The main
result is a two-sided bound of the energy error by the dual norm of the residual multiplied by suitable
norms of the linearized operator at the exact solution, under the assumption that this latter operator is
invertible and locally Lipschitz-continuous and that the approximate solution is sufficiently close to the
exact solution. This yields in particular residual-based estimators in the energy norm. These estimators
have been exploited, in particular, by Veeser [28] to prove the convergence of an adaptive finite element
method for the p-Laplacian. Alternatively, quasi-norm error estimates for the p-Laplacian have been
analyzed by Liu and Yan [24, 25, 26], leading to weighted residual-based estimators. Quasi-norm residual-
based estimators have been further explored by Carstensen and Klose [9] with a focus on evaluating the
constants in the estimates and under the assumption that the gradient norm of the approximate solution
is positive everywhere in the domain. Moreover, gradient recovery techniques have been analyzed by
Carstensen, Liu, and Yan [10] to estimate the quasi-norm of the error. Quite recently, Diening and
Kreuzer [16] have obtained two-sided bounds for an appropriate measure of the error and proven the
linear convergence of a suitable adaptive finite element method. The error measure is the L?-norm of
the difference F(Vu) — F(Vuy,), where the auxiliary vector field F is such that F(€) = |o(£)|'/?|€|~1/%€.
This error measure turns out to be equivalent to the quasi-norm of the error, with constants depending
on the nonlinearity (that is, the properties of the function a in (1.2)).

We observe that, whatever the error measure, the above bounds on the error involve constants de-
pending on the function a. In the case of the p-Laplacian, they depend on the Lebesgue exponent p.
Moreover, with a few exceptions, e.g., [9, 10], the error upper bounds involve generic constants, making
them unsuitable for actual error control. Therefore, the first objective of this work is to derive guaranteed
and robust bounds on the error, that is, error upper bounds without undetermined constants and two-
sided error bounds independent of the nonlinearity. To this purpose, we use as error measure a residual
flux-based dual norm, namely

(1.4) Tu(un) = |[V-o(Va) = Vo (Vup)llyr = sup VW = (Vun), Vv)
veV\{0} [vllv

Working with residual flux-based quantities to measure the error is somewhat natural since fluxes satisfy
basic conservation properties that are at the heart of the design of approximation methods, even using
continuous finite elements. Furthermore, the idea of using a dual norm is inspired by the work of
Verfiirth where dual norms have been considered, e.g., in the context of parabolic [34] and convection-
dominated stationary convection—diffusion equations [36]. Dual residual norms have also been considered
for nonlinear problems in [29], and the present dual norm has been considered in [11, 12]. More recently,
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it has been observed in [40] that residual-flux based error measures are also natural in the context of
diffusion problems with heterogeneous coefficients. Furthermore, we remark that although our error upper
bounds are fully computable, the actual error measure is not, even if the exact solution is known; we
will discuss below how the error measure can be approximated in numerical experiments with synthetic
exact solutions so as to compute effectivity indices. Note, however, that in practical computations, the
exact solution is never known and hence the error is never computable. We also point out that achieving
robust error estimates does not mean necessarily that the error bounds can be extended to the limit cases
p =1 or p= +oo, similarly to the vanishing-diffusion limit in convection—diffusion equations, since the
approximation method may fail to converge. Our a posteriori error estimates are formulated in terms of
a conforming flux reconstruction, say tp, similarly to earlier work in the linear [1, 7, 14, 23, 27, 40] and
nonlinear [22] cases. The error upper bound hinges on a local conservation property of the reconstructed
flux t;,; see Assumption 3.4 below. The error lower bound hinges instead on an approximation property
of tp; see Assumption 4.1 below. In the present work, we provide two examples for reconstructing the
flux t; in the context of piecewise affine, continuous finite elements satisfying Assumptions 3.4 and 4.1.
Higher-order methods are not considered herein. This is motivated, in part, by the fact that in many
cases the exact solution u may not have much additional regularity beyond that of the natural energy
space V; see [13, p. 324] for a similar remark concerning the p-Laplacian.

The discrete problem amounts to a system of nonlinear equations, and, in practice, is solved using
an iterative method involving some kind of linearization. Given an approximate solution, say ur, j, at a
given stage of the iterative process and on a given mesh, there are actually two sources of error, namely
linearization and discretization. Balancing these two sources of error can be of paramount importance in
practice, since it can avoid performing an excessive number of nonlinear solver iterations if the discretiza-
tion error dominates. Therefore, the second objective of this work is to design a posteriori error estimates
distinguishing linearization and discretization errors in the context of an adaptive procedure. This type
of analysis has been started by Chaillou and Suri [11, 12] for a certain class of nonlinear problems similar
to the present one and in the context of iterative solution of linear algebraic systems in [21]. Chaillou
and Suri only considered a fixed stage of the linearization process, while we take here the analysis one
step further in the context of an iterative loop. Furthermore, they only considered a specific form for
the linearization, namely of quasi-Newton type, while we allow for a wider choice, including Newton—
Raphson methods. We consider an adaptive loop in which at each step, a fixed mesh is considered and
the nonlinear solver is iterated until the linearization error estimate is brought below the discretization
error estimate; then, the mesh is adaptively refined and the loop is advanced. In this work, we will not
tackle the delicate issue of proving the convergence of the above adaptive algorithm. We will also assume
that at each iterate of the nonlinear solver, a well-posed problem is obtained. This property is by no
means granted in general; it amounts, for the p-Laplacian, to assume, as mentioned before in [9], that
the gradient norm of the approximate solution is positive everywhere in the domain. We mention that
in our numerical experiments, all the discrete problems were indeed found to be well-posed.

This paper is organized as follows. Section 2 describes the setting for the nonlinear problem together
with its discretization and linearization. Section 3 is devoted to the derivation of the guaranteed error
upper bounds, while Section 4 is concerned with the efficiency of the estimators. Section 5 presents two
possible approaches to reconstruct the flux t; in the context of piecewise affine, continuous finite elements.
Section 6 contains the numerical results. Finally, Appendix A collects various auxiliary lemmas.

2. THE SETTING
We describe here the considered nonlinear problem together with its discretization and linearization.
2.1. The continuous problem. Henceforth, for a real number r € (1,400) and a subset w C Q, ||*||r.w

denotes the canonical norm in L"(w) or [L" (w)]d with appropriate Lebesgue measure; the subscript w
is omitted whenever w = ) while the subscript r is omitted whenever r = 2. Moreover, the space V is




4 L. EL ALAOUI, A. ERN, AND M. VOHRALIK

equipped with the norm ||-||y := ||[V(:)|l,- It is convenient to introduce the operator A : V' — V' such
that for all u,v € V,
(2.1) (Au,v)y v = (o(Vu), Vo).

The function a in the definition (1.2) of the flux function o is assumed to satisfy the following growth
condition: There are constants Ry, c¢1, and co such that for all x > Ry,

(2.2) c12P7? < a(x) < cpaP 2.

Owing to the upper bound in (2.2) and using the Holder inequality, it is readily seen that for all u € V|
o(Vu) € [L9(2)]? so that Au is indeed in V’. The lower bound in (2.2) is classically used to infer an a
priori estimate on the solution to (1.3).

Concerning the operator A, we make the following assumptions:

i) Monotonicity. For all v,w € V| there holds
(2.3) (Av — Aw,v —w)y+y > 0.

Moreover, there exist a function v : Ry — R (taking positive values) and a strictly increasing
function x : Ry — R4 such that x(0) = 0 and lim;_, 4 x(t) = +o00 such that for all R > 0 and for
all v,w € By (0, R), the open ball in V' centered at the origin and of radius R, there holds

(2.4) (Av — Aw,v —w)yr v 2 Y(R)x([[v —wlv)llv —wlv.

ii) Holder continuity. There exist a function I' : Ry — R4 and a real number « € (0, 1] such that for
all R > 0 and for all v,w € By (0, R),

(2.5) [Av — Aw|v: < T(R)[lv — w]|7-
Under these assumptions, the model problem (1.3) is well-posed; see, e.g., [13, p. 321].

Remark 2.1 (Link with a minimization problem). Introducing the energy density ¢(x) := fox ya(y) dy
for x € Ry and the functional

(2.6) J:V3v— J(v) = (e(IVo]), 1) = (f,v),

it is readily seen that J is differentiable in V with J'(v) = Av — f so that J is convex owing to (2.3).
Hence, solving (1.3) amounts to seeking the unique minimizer of the functional J over V.

Example 2.2 (p-Laplacian). In the case of the p-Laplacian, for p > 2, the operator A is strongly
monotone over the whole space V with x(t) = tP~1 (the function v in (2.4) is then taken to be constant),
while it is Lipschitz-continuous for bounded arguments, that is o = 1 in (2.5) with T'(R) ~ (2R)P~2. For
p < 2, the operator A is strongly monotone for bounded arguments with x(t) =t and y(R) ~ (2R)P~2,
while it is Hélder-continuous with parameter oo = p— 1 over the whole space V. Furthermore, we mention
that the setting for the p-Laplacian fits the more general framework of the so-called p-Laplacian; see, e.g.,
[15].

2.2. Discretization. Let (7,);, be a shape-regular family of affine meshes of Q consisting of simplices.
We assume that the meshes cover 2 exactly. We also suppose that each mesh 7 is matching in the sense
that it contains no “hanging nodes”. Let Py(7), k > 0, be spanned by piecewise polynomials of total
degree < k on the mesh 7, and let

(2.7) Vi =P1(Tn) NV,

be the usual first-order, continuous finite element space on the mesh 7;. The discrete nonlinear problem
takes the following form

(2.8) up, € Vi, (o(Vupn), Vo) = (f,vn) Yoy, € V.
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FIGURE 1. Simplicial mesh 7;, and the associated vertex-centered dual mesh Dy, (left)
and the fine simplicial mesh Sp of D € Dy, (right)

The discrete nonlinear problem (2.8) is well-posed and its solution uj, satisfies an a priori estimate similar
to that satisfied by the exact solution u. The properties of the operator A also imply that u; converges
to win V.

In addition to the partition of 2 induced by the mesh 7, we will consider two other partitions. Firstly,
let Dy, be the dual mesh formed around the vertices of 75 using element and face barycenters; see the left
part of Figure 1 for an illustration in dimension d = 2. The set Dj, is partitioned into Dy, = D}Ft U Dyt
where D}L“t collects the dual volumes associated with interior vertices and D§** those associated with
boundary vertices. For D € Dy, hp denotes its diameter. Secondly, S, is the simplicial mesh which is
simultaneously a submesh (refinement) of both 7;, and Dy; see the right part of Figure 1. The meshes
(Sh)n are assumed to be shape-regular with parameter denoted by k. The mesh D), will be used in the
error upper bound; the error estimators will also be localized on that mesh. The mesh S;, will be used in
the construction of the equilibrated flux t; and in the error lower bound.

The faces of the mesh S, are collected into the set G, which is partitioned into G; = Q}L“t U g;;xt,
where Gi** collects the faces inside 2 and G§** those located on the boundary 9. The set Gi** is further
partitioned into Gi* = GP U GT UGP7T | where

(2.9) GP ={F € Gi™ F C dD for some D € D},
(2.10) GI ={F e g™, F C T for some T € Tp}.

The set g,? collects the interior faces located on the boundary of the dual volumes (indicated by a dashed
line in the right part of Figure 1), g,? those located on the boundary of the original elements (indicated
by a solid line), and GP7 the remaining ones (indicated by a dotted line).

2.3. Linearization. The continuous nonlinear problem (1.3) can be linearized at a given function ug € V.
To this purpose, a linear or affine flux function oz : R? — R? is introduced (the dependence of o, on g
is left implicit to alleviate the notation), leading to the continuous linearized problem

(2.11) ur, €V, (or(Vur), Vo) = (f,v) YveV.
Similarly, for the discrete nonlinear problem (2.8), the discrete linearized problem is
(2.12) ur.p € Vi, (o (Vur.p), Vup) = (f,vn) Yoy, € V.
An important property is that this yields the following commuting diagram
‘ continuous nonlinear (1.3) ‘ discretization ‘ discrete nonlinear (2.8) ‘
llinearization llinearization
‘ continuous linearized (2.11) ‘ discretization ‘discrete linearized (2.12) ‘
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It is convenient to introduce the linearized operator Ay, : V — V’ such that for all u,v € V,
(2.13) (Aru,v)y v = (o (Vu), Vv).

In practice, starting from an initial guess u% n € Vi, asequence of discrete solutions {u’L nti>1 is generated
through the following iterative algorithm: For ¢ > 1,

(1) Linearize the flux function at u’};
(2) Solve the discrete linearized problem (2.12) for ulL B
(3) If desired precision is reached, then stop, else set ¢ < (i + 1) and go to step (1).

One of the central points of the present paper is the choice of the stopping criterion. We propose it in
Section 3.3 below with the purpose to balance discretization and linearization errors.
There are two basic choices for linearizing the flux function o, at a given ug. The first one is,

(2.14) VEeRY,  op(€) = a(|Vuol)E.

This choice has been considered by Chaillou and Suri [11, 12]. The second one, assuming that a is
differentiable on R, and that xa’(x) is bounded by xP~2 for large z, is

1

(2.15) vEER!,  01(€) = a(|Vuo|)é +d'(|Vuol) Vo]

(Vug ® Vug)(§ — Vug).
In the context of the above iterative loop, the choice (2.14) corresponds to a quasi-Newton iteration
for solving the discrete nonlinear problem (2.8), while (2.15) corresponds to the full Newton-Raphson
iteration. In the case (2.15), we slightly abuse the terminology since the operator Ay, is actually affine.

Proving the well-posedness of the linearized problems (2.11) and (2.12) and the convergence of the
above iterative loop goes beyond the scope of the present paper. Henceforth, we make the assumption
that these properties indeed hold. Incidentally, we observe that if the iterative loop converges, then
necessarily ulL n — Un, the unique solution to (2.8), as i — +o0o. We also remark that in the context of
the p-Laplacian, we need to assume that for all ¢ > 0, the gradient norm of ui 5, 1s positive everywhere in
the domain. In our numerical experiments, all the discrete problems were indeed found to be well-posed,
and the iterative loop did converge. Actually, the choice (2.15) associated with the Newton—Raphson
iteration led to much faster convergence rates than the choice (2.14) associated with the quasi-Newton
iteration.

Remark 2.3 (Anisotropic diffusion for Newton-Raphson linearization). We observe that the choice (2.15)
for the linearized flux function amounts to adding anisotropic (rank-one) diffusion to the isotropic diffu-
sion a(|Vug|) obtained using the linearization (2.14).

3. A POSTERIORI ERROR ESTIMATES

We state and prove here our a posteriori error estimates and give our stopping criterion for iterative
linearizations.

Recalling the definition of the error measure (1.4) and that of the energy norm, and using the defini-
tion (2.1) of the nonlinear operator A, the goal of this section is to derive guaranteed upper bounds for
the quantity

(3.1) Tulupp) = ||Au— Aug pllys = sup (o(Vu) —o(Vurn), Vv)
veV\{0} Vol

Although the error measure J,,(ur ) is not equivalent to the energy error ||u — uz, 5|y, we observe that
under the assumption that upj is uniformly bounded in V, the monotonicity and Holder continuity
properties of the operator A readily imply that J,(ur ) — 0 if and only if ||u — ug p|lv — 0.



GUARANTEED AND ROBUST A POSTERIORI ESTIMATES FOR A CLASS OF NONLINEAR PROBLEMS 7

3.1. Abstract a posteriori error estimate distinguishing the discretization and linearization
errors. Following [12], we now distinguish the discretization and linearization errors:

Theorem 3.1 (Abstract a posteriori error estimate distinguishing the discretization and linearization
errors). Let u € V' be the solution of (1.3) and let up, , € Vi, be arbitrary. Then,

(3.2) Julurn) <||f — Apuppllv + [|[Arurn — Aug pllvr.
Proof. Since Au = f in V', we infer that
[Au—Aup pllv: = f = Auppllv: = If £ Apurn — Augpllvr,
and we conclude using the triangle inequality. O

Remark 3.2 (Discretization and linearization errors). Following [12], we call the first term in the right-
hand side of (3.2) the discretization error and the second one the linearization error. Since Apuy = f,
where uy, is the solution to the continuous linearized problem (2.11), the discretization error can also be
written as ||[Apur, — Apup pllve.

Remark 3.3 (Arbitrary ur p). In the statement of Theorem 3.1, the discrete function ur, j, need not be
the solution of the discrete linearized problem (2.12), but can instead be arbitrary in Vy,. The same remark
holds for the statement of Theorem 3.5 below.

3.2. Guaranteed and fully computable a posteriori error estimate. To define our a posteriori
error estimate, we suppose the following:

Assumption 3.4 (Local conservation). There exists a vector field t, € W1(div, Q) := {v € LY(Q); V -
v € LY(Q)} such that

(3.3) (V-tn,)p=(f,1)p VDD,

For each D € Dy, let the residual estimator nr,p, the diffusive flux estimator npr,p, and the lineariza-
tion estimator ny,,p be defined as

(3.4) nr,p = mp||f — V-t

q,D>
(3.5) nor,p = ||loL(Vur.n) + tillg.n,
(3.6) n..p = |le(Vur n) — or(Vur u)lg.p-

Here, mp = Cp, php if D € D™ and mp = Cr p p.oohp if D € DY and Cp p p is the constant from
the generalized Poincaré inequality

(3.7) lo = ¢pllp.0 < Cep.oholVelpn Ve € WH(D),
D € Di** (here ¢p = (¢,1)p/|D|) and Cr p,p,oq is the constant from the generalized Friedrichs inequality
(3.8) lellp,0 < Crp,p,00hp||VelpD Yy € WHP(D) such that ¢ = 0 on 92N ID,

D e D Iftp =2 Cppp = 1/mif Dis convex and Crppaoo = 1 in general, cf. [40] and the
references therein. For p > 2, Cp , p = 7=2/Pd2 5 if D is convex, see [32]. Note, however, that using
the construction of t;, by (5.6a)—(5.6b) from Section 5 below, the values of these constants are actually
not needed whenever f is piecewise constant. We can now state the main result of this section:

Theorem 3.5 (A posteriori error estimate). Let u € V be the solution of (1.3) and let urp € Vj
be arbitrary. Let the error estimators nr,p, Mpw,p, and ni,p be giwen by (3.4)—(3.6). Then, under
Assumption 3.4, there holds

1/q 1/q
(3.9) Julur,p) <n= { Z (7r,D + ﬂDF,D)q} + { Z UE,D} :

DeDy, DeDy,
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Proof. We estimate the two terms in the right-hand side of (3.2).
(i) Estimate on the discretization error. Observe that for all v € V' with ||v||y = 1, there holds

(f = Apupp,v)vi v = (f £Vt — Apupp,v)viv = (f = Vetp, 0)vr v + (Vety — Apup p,v)v v

The first term is bounded as follows,

(f=Vtn o)y =(f=Vitnv)= Y (f=Vtnv)p+ Y, (f=Vtnv)p

DeDint DeDgxt
= > (f=Vitwv—w)p+ Y (f=Vino)p
DeDint DeDgxt
< > N =Vtulgollo—volpo+ Y. If = Vtalgnllvlpn
DGID;Lnt DEDZ’“
< > mpllf = VetnllgnllVolpn = D 1ol Vollyn,
DeDy, DeDy,

where we have used the Hélder inequality together with (3.7) and (3.8). Furthermore, for the second
term, using the Green theorem, definition (2.13) of the linearized operator, and the Holder inequality
yields

(Vtn — Apupp,v)vry = =(tn + oL (Vurn), Vo) < D noe,p|[ Vo[-
DeDy,

Collecting the two above bounds leads to

(f = Apupp,o)viv <Y (R + moF,0)| Vo]
DeDy,

p,D>

whence the Holder inequality yields

1/q
If = Apurallv: = suwp (f = Agurpvhvry <8 (o +0Ep)T |
veV, ||v]lv=1 DeDy,

(ii) Estimate on the linearization error. For all v € V' with ||v|y = 1, using definitions (2.1) and (2.13)
along with the Holder inequality yields

1/q
(Apup.p — Aup p,v)vey = (o (Vurn) —o(Vur i), Vo) < { Z nﬁ,p} ;
DeDy,

which completes the proof. O

3.3. Balancing discretization and linearization errors. We are now in a position to specify the
stopping criterion for the iterative loop outlined in Section 2.3.

3.3.1. Global stopping criterion. Choose a positive parameter v and stop the iterative loop whenever

1/q 1/q
(3.10) N = { Z nﬂD} < ’y{ Z ("r.D +77DF,D)q} =1 1D-

DeDy, DeDy,

This criterion equilibrates the global linearization estimator ny, and the global discretization estimator np,
up to the constant . It is global since it is based on quantities defined for all mesh elements. As we will
see in Theorem 4.8 below, it is sufficient for proving global efficiency.



GUARANTEED AND ROBUST A POSTERIORI ESTIMATES FOR A CLASS OF NONLINEAR PROBLEMS 9
3.3.2. Local stopping criterion. Choose a family of positive parameters {yp}pep, and stop the iterative
loop whenever
(3.11) nL,p < vp (Mr,p + MDF,D) VD € Dy,.

This criterion equilibrates the local linearization estimators ny, p and the local discretization estimators
MR,p + NDF,D, up to the constants yp. It is local since it is based on quantities defined for each mesh
element separately. As we will see in Theorem 4.4 below, it implies local efficiency and hence suitability
of our a posteriori error estimates to adaptive mesh refinement.

4. EFFICIENCY OF THE ESTIMATORS
We examine in this section the local and global efficiencies of our estimates.

4.1. Preliminaries. Henceforth, we set for convenience
(41) OL.h = O'L(V’U,h).

Taking into account the definitions (2.14) or (2.15) of the linearized flux function oz and recalling that
both up and the function ug at which the linearization is performed are piecewise affine, it is inferred that
orn € [Po(71)]% The results presented in this section are valid more generally under the assumption
or.n € [Pr(7)]? for some fixed polynomial degree k. We also assume in this section that f € Py (75).
In the sequel, A < B stands for the inequality A < C'B with a generic constant C' independent of the
mesh size h, the nonlinear and linearized functions a and ay, and the Lebesgue exponent p, but that can
depend on the shape regularity parameter £ of the mesh family (Sy), and on the polynomial degree k.

Assumption 4.1 (Approximation property of the reconstructed flux). The reconstructed fluz ty, is in
[Pr(73)]? and there holds for all D € Dy,

(4.2) "DF,D < Tres,D 1{ PR VERAT I hF||[[UL,h'n]]||Z,F} :

TeSp Fegg

where Sp C Sy, collects the simplices of Sy, included in D, and G5 C g,”{ collects the faces of g,”{ included
in D; moreover, [-] denotes the jump across a face.

We will verify Assumption 4.1 in Section 5 below. Under this assumption, we now prove a simple
result, relating our estimates to classical residual ones; see, e.g., [31].

Lemma 4.2 (Upper bound by residual estimators). Under Assumption 4.1, there holds
(4.3) MR,D +MDF.D S Tees,p VD € D,

Proof. Taking into account (4.2), it remains to show the bound on g p. Since hp < hy for all T € Sp,
there holds

q

"R, D ShD{ > |f—V-th|Z,T} < { > h%||f—V-th||Z,T}

TeSp TeSp
As a result, using the triangle inequality and the inverse inequality (A.1) with £ =1 and r = ¢ leads to

"R, D 5{ > th|f+V'UL,h||Z,T} +{ > th|V'(0L,h+tn)|Z,T}

TeSp TeSp

1
’S{ Z h%"f—’—v'a'L,h”Z’T} +7’]DF7D,

TeSD

whence the result readily follows. O
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4.2. Local efficiency. We address here the local efficiency of the estimators of Theorem 3.5. We first
give a result relying on the techniques presented in [35]. The proof is postponed to Section A.2.

Lemma 4.3 (Local efficiency of residual estimators). For all D € Dy, there holds

(4.4) Thes,0 S lo(Vu) — o (Vur )l

¢.D T ML.D-
We are now ready to announce and prove the main result of this section.

Theorem 4.4 (Local efficiency). Let (3.11), with yvp small enough, and (4.2) hold true. Then, for all
D € Dy,

(4.5) .o + 1.0 +1oF.0 S llo(Vu) = (Vura)lg,n-
Proof. Using (3.11), (4.3), and (4.4),

nL,p +1r,p +1or,p <(1+vp)(NR,0 + 1DF,D) < C(1 + VD)Mres, D
<C(1+p)(lo(Vu) — o(Vurs)|q.n + n.p)
<C(1+p)e(Vu) = o(Vuri)lqen + C(1 +v0)y0 (&0 + 1DF.D)-

Thus, it suffices to choose yp = min(1,1/(2C)) in order to obtain

NL,p + MR,D + DF,D < 26(1 +p)lo(Vu) — o (Vur,p)llg,p-
O
Remark 4.5 (Local efficiency). Whereas the estimates are derived for the error measure Jy(ur,p), the

local efficiency of Theorem 4.4 uses the LY-norm of the difference of fluzes. This is not fully satisfactory,
but it seems to be the price to obtain local efficiency and not only global, as presented in the next section.

Remark 4.6 (Local efficiency on the given element only). Owing to the fact that only (a subset of) the
interior faces of Sp appear(s) in (4.2), the local efficiency result (4.5) is stated on the given dual volume
D only (no neighbors appear). This is in correspondence with the fact that the stopping criterion (3.11)
s also purely local.

4.3. Global efficiency. We address here the global efficiency of the estimators of Theorem 3.5, relying
on the techniques presented in [35] and [36]. The proof is postponed to Section A.3.

Lemma 4.7 (Global efficiency of residual estimators). There holds

(4.6)  Mpes = { S+ Vol + Y hellows H]HZ,F} S N Au— Aug pllve + .
TeSy FEQ{

We are now ready to announce the main result of this section. The proof is skipped since it follows by
the same arguments as in Theorem 4.4.

Theorem 4.8 (Global efficiency). Let (3.10), with v small enough, and (4.2) hold true. Then,
(4.7) NS Ju(ur,n).

Remark 4.9 (Robustness). Theorem 4.8 means that the a posteriori error estimates of Theorem 3.5
are fully robust with respect to the “size” of the nonlinearity. Indeed, the lower bound of Theorem 4.8 is
independent of the nonlinear function a, as well as of the Lebesgue exponent p.
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5. FLUX RECONSTRUCTION
In this section, we give two examples for the reconstructed flux tj, satisfying Assumptions 3.4 and 4.1.

In both cases, the reconstructed flux t; belongs to the lowest-order Raviart-Thomas-Nédélec finite
element space RTN(S}),) associated with the simplicial submesh Sp,.

Recalling the notation o, ) = aL(VuLJL), the finite element approximation to the continuous lin-
earized problem (2.11), namely (2.12), can be written in the form
(5.1) (or.n, Von) = (f,on), Yon € Vi,

and observe that by assumption o, 5, is piecewise constant on 7;,. We first assume that f is piecewise con-
stant on 75,. The general case is postponed to Remark 5.5 below. Under these assumptions, following [4,
Lemma 3] (cf. also [40]), we infer that (5.1) is equivalent to finding ur, 5 € V}, such that

(5.2) —(orn-np,op = (f,1)p VD e D",

where np denotes the outward unit normal vector to D. The scheme defined by (5.2) is also nothing but
the vertex-centered finite volume method for approximating (2.11). In the vertex-centered finite volume
framework, f does not need to be piecewise constant on 7j,.

The degrees of freedom of the reconstructed flux t, € RTN(S},) are its normal components on all the
faces F' € Gp,. In the sequel, for F' € G, np denotes a unit normal vector to F' (its orientation is fixed
but irrelevant). We first set

(5.3) ty -np:=—op)-np VE € g}f.
An immediate and important consequence of (5.2) and (5.3) is
Lemma 5.1 (Local conservation). Assumption 3.4 holds true.

Following [40], there exist several ways of defining t; - ng on the remaining faces of G, (that is, those
located inside some D € Dy, and those located on the boundary 9€2). We present here two methods.

e Direct prescription: Firstly, we can directly prescribe

(5.4) t, -np:=—{or, -np}

on all the remaining faces. Here, {-} denotes the mean-value on interior faces and the actual
value on boundary faces.

e Prescription by local linear system solves: Secondly, following [5, 18, 40], we can solve local
Neumann problems: for a given D € Dy, let

(55) RTNN(SD) = {Vh c RTN(SD), Vi Np = —0OLp Dp VF € g}?}

Define RTNy o(Sp) as RTNx(Sp) but with the normal flux condition vj, - np = 0 for all
F € GP. Let P§(Sp) be spanned by piecewise constants on Sp with zero mean on D when
D € Di*; when D € D§**, the mean value condition is not imposed. The local problem consists
in finding t, € RTNn(Sp) and ¢, € P§(Sp), the mixed finite element approximations (cf. [8])

of local Neumann problems on D € Dih’“t and local Neumann/Dirichlet problems on D € D§*t:

(5.6a) (th +or,h,vi)D — (@, V- vr)p =0 Vvy, € RTNy o(Sp),
(5.6b) (V-tn,on)p = (f,én)p  Yon € P3(Sp).

Note in particular that the function —o 5 -np, used to impose the Neumann boundary condition
on 0D for each D € D}L“t, satisfies by (5.2) the compatibility condition with the datum f, whence
the existence and uniqueness of the solution to (5.6a)—(5.6b).

Remark 5.2 (Comparison of the two approaches). A solution of a local linear system on each D € Dy,
corresponding to (5.6a)—(5.6b) is necessary in the second case, but the advantage over the first case is
twofold. Firstly, the effectivity indices are close to the optimal value of one, as observed in our numerical
experiments. Secondly, owing to the assumption that f is piecewise constant on T, and to (5.6b), || f —
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V - tullgr =0 for all T € Sy, so that nr.p = 0 for all D € Dy, and one does not need to evaluate the
constants Cp , p and Cr p p,oa from (3.7) and (3.8), respectively. For more details, we refer to [40].

We now consider Assumption 4.1. The proof is given in Section A.4.

Lemma 5.3 (Approximation property). Assume that t,, is prescribed either directly through (5.4) or by
solving the local problems (5.6a)—~(5.6b). Then, Assumption 4.1 holds true.

Remark 5.4 (Other flux equilibration procedures). The procedure (5.6a)—(5.6b) is closely related to [27].
Many other approaches rely on equilibration on the given mesh Tp,. We cite in particular [1, 7, 14, 23]. All
these procedures can likewise be used to produce a discrete W1(div, Q)-conforming vector field satisfying
the local conservation property (Assumption 3.4). It is unknown to the authors whether these vector fields
also satisfy the approximation property Assumption 4.1). If it is the case, then they can be used in the
present framework. Following Remark 4.6, a slight modification of the stopping criterion (3.11) would be
necessary for the approaches relying on the given mesh Tp,.

Remark 5.5 (General f). When f is not piecewise constant on Ty, we can proceed as follows: denote
fn € Po(71) the function given by elementwise mean values of f. Consider @, the solution to (1.3) with
| replaced by fn, and uypp, the approzimation of (2.12) with f likewise replaced by fr. Then, by the
triangle inequality,

Ju(urn) = |Au — Aug pllv: < ||Au — Atlly: + [[A — Aug, pl|v-.
The second term fits the framework of Sections 4 and 5 and is therefore bounded by the estimator n (with

| replaced by fr). The first term can be bounded as in the proof of Theorem 3.5 by the data oscillation
term

1/q
Nosc = { > (lf - fhllq,TCP,p,ThT)q} :

TeT),
Note that this term is localized on the mesh T}, and not on Dy,.

6. NUMERICAL RESULTS

We present in this section numerical experiments for the p-Laplacian. We first recall that the error
measure Jy(ur ) = ||[Au— Aur p||v involves a dual norm that cannot be evaluated explicitly even if w is
known. Following [12], however, we deduce from (3.1) the following computable upper and lower bounds
for Ju(ur,p):

(6.1a) Tu(ur,n) < TP (urn) = llo(Vu) —a(Vurn)lg,

(o(Vu) —a(Vurp), V(u—urp))
6.1b T Ur.h) = jiow UL p) = : ’ .
(0-10) ) = 2 () Vel

As we will see below, our estimate 1 defined in (3.9) turns out to be very close to J,'?(ur,,5), whence our
estimates are indeed very close to the error in the fluxes, which are often the physically most interesting
quantity. We will use below the corresponding upper and lower effectivity indices, defined respectively as

n 1 n
WP = — and V%= —.
TJi¥(up.p) T (ur,n)
Consequently, the effectivity index for the error J,(ur ), defined as
n
7:=—,
TJu(ur.p)

lies between Z"P and Z'°%. We observe that Z"P can become smaller than one, which does not contradict
that our estimates give a guaranteed upper bound; only Z has to be greater than or equal to one.

We use continuous, piecewise affine finite elements and the Newton—Raphson method, which corre-
sponds to solving (2.12) with o (Vur ) defined by (2.15). In order to construct the equilibrated flux
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flux potential
p regularity error up error low estimate regularity error energy
1.4 WISTa 1.01 1.01 1.00 W193p 1.01
3 W34 1.01 1.01 1.01 W217p 1.00
10  W2804q 1.00 1.68 1.00 wi3Lp 0.31

TABLE 1. Flux and potential regularities and experimental orders of convergence, case 1

ty,, we use the solution of local Neumann problems by the mixed finite element method (5.6a)—(5.6b).
We use the local stopping criterion (3.11) with yp = 0.1 for all D € Dj,. On an initial mesh, we start the
nonlinear iterative solver from the interpolation of the exact solution. On refined meshes, we interpolate
the approximate solution from the next coarser mesh. We consider the following overall strategy:

(1) On the given mesh, perform the iterative linearization of Section 2.3 until the local stopping
criterion (3.11) is satisfied;
(2) If n is less than the desired precision, then stop, else refine the mesh adaptively, on the basis of
71, and go to step (1).
In practice, all the elements where the estimate exceeds 50% of the maximal error are marked for refine-
ment. The error stemming from inhomogeneous boundary conditions is not taken into account.

All the linear systems within the nonlinear iterative procedure are solved by a direct solver. The
present approach can also be combined with a linear iterative solver, and to further save computational
effort, the latter can be stopped whenever the algebraic error does not contribute significantly to the
overall error, following [21].

6.1. A first test case. In this first test case, Q := ]0,1[x]0,1[, f = 2, and the Dirichlet boundary
condition is given by the exact solution

» p—=1/71\3=x
(7,9) = (05,05)[7" + 2 (5)" "
This is a two-dimensional extension of a test case from [11]. The Sobolev regularity for the potential u
and the flux —o(Vu) is reported in Table 1 for the different values of p considered in the experiments.
More generally, u € W*=P(Q) and o(Vu) € W=4(Q) := [W*9(Q)]¢ with s, < p/(p — 1) +2/p and
S¢ < 3 —2/p. In particular, the flux is always sufficiently regular for all values of p € (1,+00) (that
is, s > 1), whereas the potential can be less regular than WP for values of p larger than ~ 3.73. In
Table 1, we also report the experimental orders of convergence

log(en) — log(en—1)
% 1og |VN71| — % log |VN| ’

U(I,y) = -2

€.0.C. =

where ey is the error on the last mesh, ey—_1 is the error on the last but one mesh, and |Vy| and [V _1]
denote the corresponding number of vertices. For the errors e;, we consider the error upper bound
TP (ur, p) from (6.1a), the error lower bound J°%(uy ;) from (6.1b), the total estimator 1, and the
energy error ||V(u —ur, 3)||,. We only consider here uniformly refined meshes; since the flux —o(Vu) is
always regular and our a posteriori error estimates are related to the error in the flux, adaptive refinement
does not lead here to improved convergence rates.

Figures 2-4 present the error upper and lower bounds J.*P(ur, ;) and J'°%V(uy, 1), the total estimators
n, and the corresponding upper and lower effectivity indices Z"P and Z'°% as a function of the number
of mesh vertices. We can see from Figures 2-4 that Z"P is very close to one for all the considered values
of p. We have proven in Sections 3 and 4 that n ~ J,(ur 1), i-e., that n and J,(ur 5) are equivalent up
to a constant independent of the nonlinear function a and of p. Thus, since numerically n ~ J(ur p),
we deduce that in the present case, Jy(ur.p) ~ JuP(ur,p). This is not the case for the computable lower
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FIGURE 2. Estimated and actual errors (left) and corresponding effectivity indices (right)
for p =14, case 1

10° e ey 8 13—
E —e—error up uniform |4 ] —a— effectivity ind. up uniform
r error low uniform 5 > 1.25 effectivity ind. low uniform
L —a— estimate uniform || =
a1 8 L2 —
s10F 3 5
S 1 § 115 n
L L ] 3
= =
S F E S 11 |
a 3
10 = E g
E 1 3 1.05— —
i ] E
i ] 5] 17/—'\H‘.—. —
9]
10_3 Ll Ll Ll L LIl %095 Ll Ll Ll Lo
5o0.
10" 107 10° 10° 10° 10" 10° 10° 10* 10°
Number of vertices Number of vertices

FIGURE 3. Estimated and actual errors (left) and corresponding effectivity indices (right)
for p = 3, case 1

bound J°%(ur, ;) for the larger values of p. The increase of the lower effectivity index Z'°% for p = 10
(see Figure 4, right) can be attributed to the fact that in this case, the potential has low regularity, as
reflected in Table 1 and that J.°V(ur, ;) is scaled by the reciprocal of ||V (u — ug p)l|,-

Figure 5 compares the error distribution predicted by our estimator n (we show the quantity nr p +
npr,p + 1L, p on each dual volume) with the actual error represented by the localized version of its upper
bound, namely |o(Vu) — o(Vur)|lqp- By Remark 5.2, ng.p = 0 for all D € Dy, in the present case,
while 7;,,p is bounded by (3.11); hence, the only significative contribution to n stems from the diffusive
flux estimators npr,p. We stress that all the above results are presented with the Newton-Raphson
method not fully converged but stopped following (3.11) with vp = 0.1.

Finally, Figures 67 illustrate the performance of our stopping criterion for the Newton—Raphson
iteration by comparing it to a more classical stopping criterion, namely 7y, < 1078, Firstly, Figure 6
presents the discretization estimator np, the linearization estimator 7y, the total estimator n, and error
upper bound J'P(ur ) as a function of Newton-Raphson iterations on a fixed mesh. We clearly see
that the linearization estimator dominates the discretization one only at the first few iterations, and then
becomes negligible while the total error stagnates. This confirms that the Newton-Raphson iteration can
be safely stopped rather early. This effect becomes more pronounced as p is increased and the mesh is
refined. For instance, in the left part of Figure 6, the global stopping criterion (3.10) is reached after 5
iterations and the classical one after 11 iterations; in the right part of the figure, these numbers become
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FIGURE 5. Estimated (left) and actual (right) error distribution for p = 3, case 1

respectively 4 and 12. Secondly, the left part of Figure 7 presents the Newton-Raphson iteration numbers
on a series of uniformly refined meshes in two situations, namely the global stopping criterion (3.10)
and the classical one. It appears that around 50% of Newton-Raphson iterations can be spared. The
advantage of the present algorithm shows more noticeably in the right part of Figure 7. Here, we refine the
mesh in an adaptive way. As we remarked before, this does not lead to increased experimental orders of
convergence, as the flux possesses enough regularity. However, it appears that the elements slowing down
the Newton—Raphson convergence are suitably refined, so that now the number of necessary iterations
with the global stopping criterion (3.10) with v = 0.1 on refined meshes drops down to one or two.
This should be compared with the upper curve in the left part of Figure 7, showing that the number of
iterations using the classical stopping criterion in combination with uniform mesh refinement is about
10. A similar behavior is observed for the case p = 1.4 (not shown). This effect is less pronounced for
p = 3 since in this case, the Newton—Raphson method always converges in a few iterations.

6.2. A second test case. We consider here a test case taken from [9, Example 3]. We consider the
L-shaped domain €2 :=]—1,1[ x |—1,1[ \ [0,1] x [-1,0] and prescribe the Dirichlet boundary condition
and the source term f by the exact solution

u(r, 0) = r*sin(ad).
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FIGURE 6. Discretization and linearization estimators, total estimator, and total error as
a function of Newton-Raphson iterations for p = 10 and the 4th level uniformly refined
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FiGure 7. Number of Newton-Raphson iterations for the classical stopping criterion
and the global stopping criterion (3.10) on uniformly (left)/adaptively (right) refined
meshes, p = 10, case 1

Here (r,0) are the polar coordinates and o = 7/8. We consider the value p = 4 for which the regularity
of the potential and the flux, as defined above, are s, = 1.38 and s, = 1.13. The experimental orders of
convergence are close to one for the error upper and lower bounds and for the error estimate using either
uniform and adaptively refined meshes, while the experimental order of convergence for the potential
energy norm is 0.38 on uniform meshes and 0.89 on adaptively refined meshes.

For this second test case, f is not piecewise constant and hence, following Remark 5.5, the final a
posteriori error estimate is given by 1 + nosc, with f replaced by f, in n. The stopping criteria of
Section 3.3 are not modified, that is, they rely on 7 and its components only. Likewise, we only use 7
and not 1 4+ nosc to drive mesh adaptivity. Figure 8 presents the error upper and lower error bounds
TP (ur, p) and J°%(ug, 1), the total estimators 1, and the effectivity indices (7 + nosc)/ TP (ur 5) and
(1 + Mose)/ T (ug, 1) as a function of the number of mesh vertices. In particular the effectivity indices
(7 4+ nose)/ T (ur,n) are dominated by the data oscillation nosc/JuP(ur,n) for rough meshes, since
the source term f is singular here. They only tend to the optimal value of one when nos. becomes
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FIGURE 9. Estimated (left) and actual (right) error distribution for p = 4, case 2

insignificant. The effectivity index n/J P (ur ) is close to one on all meshes, uniformly or adaptively
refined, in agreement with the theory and similarly to case 1. Finally, Figure 9 shows the comparison of
the predicted error distribution given by our estimator 77 and of the actual error, both quantities being
localized as before, at the 5th adaptively refined mesh.

APPENDIX A. TECHNICAL RESULTS

In this appendix we collect various technical results. Henceforth, C; denotes a generic constant that
only depends on the shape-regularity parameter £ of the mesh family (Sp,), and whose value can change
at each occurrence.

A.l. Inverse inequality. Let T € S;, with diameter denoted by hr. For an integer k > 1, let Py (7))
denote the vector space of polynomials of total degree < k on T'.

Lemma A.1. For all v € Pi(T) and for all v € [1,+00], there holds
(A1) IVollyz < Chztlol

7,7

where the constant C' can depend on d, k, and k, but is independent of the Lebesgue exponent r.
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Proof. Following Verfiirth [37], for a set K C  with positive d-dimensional measure, we consider the
constants

K %_% v K
(4.2) Chyo(K) = sup Bl
vePL(K)\{0} vl
vl
(A.3) chl,k,r(K) = I_1 )
vePy(K\{0} |K[277||v]lrx

where |K | denotes the d-dimensional Lebesgue measure of K. It is proven in [37] that

1 if1<p<2
= Gl o, flze=2
o Cd,k,oo(K) roif2< p S +OO7
2_ .
(A5) C’b (K) < Ctg,k,oo(K)r ! if 1 S p S 27
d,k,r 11 if 2 <p < 400,

so that
ch . (K)Ch, (K)<Ch, (K)—7
d,k,r d,k,r —= Yd,k,00 '
Moreover, for a d-dimensional simplex T', there holds
(A.6) Ol oo (T) < iy = (2k +2)% (4k +2) 7.
Hence, since C’ik >1and |1 — %| <1,
Cg,k,r(T)Cg,k,r(T) § C;,k

As a result, using the constant C, from the usual inverse inequality in the L2-setting [17] leads to

IVollrz < Cop o (DITIF 2| Vollz < Cuhip' Co g (DTN 2ol

< Cuhp' C i o (T)Ch (D0l < CF 1k Cochiz 0],

completing the proof. O

A.2. Proof of Lemma 4.3. We will use the following inequalities (see [33] for the L? framework and [35,
37] for the extension to the L? framework): for all T € Sy, for all v € Pi(T), for all F C 9T, and for all
¢ € Pi(F), there holds

(A.7a) [vllgr < sup (v, ¥rw)r,
wePL(T), [|wllp,r=1

(A.7b) IV (@r0) |l S Pz [0llp,7,

(A7C) H¢||q,F rg sup ((7257 \IIFU})F;
wePL(F), |wllp, r=1

(A.7d) IV rd)lpr Shel10llp,r,

1
(A.7e) 1V Fdllpr ShElPllp,F,

where U is the usual element bubble associated with T" and ¥ the usual extension operator on the
mesh Sy, associated with the face bubble on F'. The proof is decomposed into three parts. Let D € Dj,.
We first prove that

(A.8) hrllf +V -orullgr S lo(Vu) —ornllqr VT € Sp.
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Let T € Sp, set v := f + V - o and observe that v € Py(T). Thus, using (A.7a), (1.3), the Green
theorem, the fact that W; vanishes on 0T, the Holder inequality, and (A.7b) leads to

lvllgr S sup (f+V-ornYrw)r
wePR(T), [|w|lp,r=1
= sup (o(Vu) —orn, V(¥rw))r
wePR(T), [[w|lp,r=1
S sup o (Vu) = o nllgrhs wllpr
wePR(T), [[w|lp,r=1
=hp'lle(Vu) = opnllqr,
whence (A.8) follows.
We next show that
(A.9) hilllown-nlllgr S lo(Vu) —opnllges  YF € Gh,

where wp C € denotes the union of the two simplices of S sharing F'. Note that U FegTWF forms a
partition of the dual volume D. Set ¢ := [oL - n] and observe that ¢ € P(F). Let w € Py (F) with
llw|lp, 7 = 1. Using (1.3), the Green theorem, the properties of the bubble functions, the Hélder inequality,
(A.7d), (A.7e), (A.8), and the fact that 1/¢ =1 — 1/p then yields

(0, ¥pw)p=(f+V 001 Vrw)e, — ((Vu) —orn, V(¥ rw))w,
<|[f+V- oLl gwr | V(Y FW)||pwr

q7wp||‘1’Fw| pwr T |o(Vu) — O'L,h|

1 _1
Shiplf+Veormlgwrllwlpr+hp'llo(Vu) = oLnllgws |wllpr

1 1
She'llo(Vu) — o pF =hplo(Vu) —ornllgwr

whence (A.9) follows from (A.7c).
Finally, combining the above results leads to mes,p S [[o(Vu) — o1l
inequality yields

awr|[W]

¢,D, and using the triangle

lo(Vu) —ornlle.p < llo(Vu) —o(Vurn)lle.p + .o,
whence (4.4) follows.

A.3. Proof of Lemma 4.7. We first give a technical extension of (A.7a). Let Py (Sk) be spanned by
piecewise polynomials of total degree < k on the mesh S;. Then, for all v € Pr(S},),

(A.10) { Z th|U||Z,T} S sup Z (v, hp Wrw)7.

= wePL(Sh), [wllp=1pcg,

Indeed, for a given T € S, multiplying (A.7a) by hp yields

1
{thHUHZ,T}q S sup (v, hpVrw)r.
weP(T), [[wllp,r=1
Thus,

h vl

1
. 12
q7T}” S sup 1 (v, hp U rw)r.
wePy(T), llwllp r={h% 02+ } 7

Consequently, since the restrictions of functions in Py (Sp,) to the elements of S, can be chosen indepen-
dently,

1
g = {hrlvlgrt {hE vl

> hplllgr < sup S (0, hrWrw)r,

1
TES), wEPL(Sn), ||w||va:{th||y|\gyT} » yres, T€SH
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whence (A.10) follows by extending the supremum set and rescaling the argument w. The following
extension of (A.7c) is proven similarly: For all ¢ € Px(GF), the vector space spanned by piecewise
polynomials of total degree < k on each face of ghT,

(A11) { > hF|¢||Z,F} S ( _5up > (6. hpVpw)p,
wEP gh

FGQZ— )’ H“’”pwgz’zl Fegz

1
where ||pr7gZ' = {ZFeg{ HU’Hg,F}p'
We now prove that

(A12) { > ndlf+V- UL,h||Z,T} SV (Vu) —orpn)v.

TeSy

Set v|p := (f +V -orn)|r for all T € Sy, and observe that v € Pr(Sy). Let w € Pp(Sy) with ||wl|, = 1.
Set A|r := hrWPrw|r for all T € Sy, and observe that A € V' since Uy vanishes on 97, and that owing
to (A7), IMlv = [[VAllp < JJwllp, = 1. Then, proceeding as before,

> (b Urw)r = > (0,1 = (6(Vu) = oLn, V)

TES), TES),
<|IV-(e(Vu) —arn)llv My S V(e (Vu) —orn)lv,

whence (A.12) follows from (A.10).
We next show that

(A.13) { > ol z,F} S IV (V) = ara)v-
Fegl
Set ¢|p := [o,n-n]F for all F € GF and observe that ¢ € P(G7 ). Let w € P(G7 ) with [wlpgr =1.

1
Set Mg = hiUpw|p for all F € g,’{. This defines the function A on the set UFeg;T wr (recall that

wr C ) denotes the union of the two simplices of Sj, sharing F'), and the function X is extended by zero
outside this set. We first observe that A € V. Moreover, since for F, F’ € ghT, F # F', wp Nwpr has zero
measure, it is inferred using (A.7e) that

{ > h%”IIAII,’i,T} 5{ > h}plklﬁ,w} S llwl

TeSH Feg'hr

p,GT — L.

Similarly, owing to (A.7d), ||Allv = [[VAll, S 1. As a result,

S Ghivrw)e = 3 (6 Nr = 3 {(f+ Y oLm N1 — (0(Vu) = orn VA1)
Fegl Fegl TESK

{ > th|f+V'0L,h||Z,T} { ) h;p|)‘|Z,T} +[V-(a(Vu) —arn)lvIIXv
TeSH TeSy,

SIV(e(Vu) —orn)llv,
owing to (A.12), whence (A.13) follows from (A.11).

Finally, (A.12) and (A.13) together with the triangle inequality imply that nes S ||o(Vu) — o ullve,
and using a further triangle inequality leads to

[V-(a(Vu) —orpn)llv: <|[|V(a(Vu) —o(Vurp)) v + V(e (Vurn) —orn)llv:.

IN
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The first term in the right-hand side is equal to ||Au — Auy, p||v/, while using the Holder inequality, the
second term is bounded by 7y, as defined by (3.10). This concludes the proof.

A.4. Proof of Lemma 5.3. Consider first the case of direct prescription. Let D € Dy, and let T' € Sp
with outward unit normal nyp. Then, for all v, € RTN(T), the lowest-order Raviart—Thomas—Nédélec
finite element space on T,

IVallgr < Caa o DI~ 2 |Vallr < Cuhg® Coy ((T)IT)77 2 |[vinr||or
-1 1_1 1_1
< CuClo(T)Ch_ o (0T [T]a ™2 |OT |24 ||viynr||g or
b 1
< CuCl o(T)Ch 1, OT)(T1/1OT]) 7 |[vanr |

q,0T»

where |0T| denotes the (d — 1)-dimensional Lebesgue measure of 0T and where the constant C); re-
sults from the usual equivalence result in the L2-setting for RTIN(T) functions. Then, using the
bounds (A.4)-(A.5) and since for all & > 0, C}}flﬁm(aT) < C~C§—1,k where the constant C;_Lk
is defined as in (A.6) (indeed, for v € Py(9T), there is F' C 9T such that [|v]|ec,or = [|V]co,F SO
that [[v]lsc.or < Ch_y oo F)E[TV2|v]lp < Ch_ 4 o (F)ChlOT|7V/2||v]lor and since F is a simplex,
Cflfl,k,oo(F) < C;_Lk), it is inferred that

1
o7 < Coa(|T)/10T ) ||vinr|gor,

[val

where C\ q denotes a generic constant only depending on s and d. Finally, since |T| < Cyhr|0T| and
since % < 1, this yields

1
[villgr < Crahf|lva-nr|gor.

We now apply this estimate to v, := o, + ty. Then, owing to (5.3)—(5.4),

lon+tallly She Y lloca-nllfx.
FCOT,Fegh

Hence, nhp p < > oregt hellorn - n]ll] , whence (4.2) follows.
We now consider the case of local linear system solves. Let D € Dj. Using the approach of [39,

Section 4.1] (cf. also [3, 2]), there exists a postprocessing ¢, € M (Sp) of ¢, such that
—Vin =orn+ty VT € Sp,

(qh7 1)T
T

:CIh|T VT € Sp.

Here, M (Sp) is a space of particular piecewise polynomials on Sp of total degree < 2 whose means of
traces on interior faces are continuous and whose mean value over D is zero when D € D™ and whose
mean values over faces lying in 9§ are zero when D € D§**. Then,

(A.14) lorn+tullep < Sup (@L.h + th, Vmn)p.
mpEM(Sp), [Vmullp,p=1

Indeed, |lor.n+thllg.p = (Van, Viny)p with my = (|[Vanllq.0/1Vanl|%)dn, so that introducing constants
as in (A.2) yields
_ IVanllg.0lVanllp.0

IVl pp = Sl <Ch, (D), (D),
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and bounding the constants by Cgy2 o0(D) and using the shape-regularity of the submesh of the dual
volume D leads, as before, to the bound ||V ||, p < 1. We now develop the right-hand side of (A.14),

(or.n+1th, Vmy)p = Z {=(mn, V- (orLn+tn)r+ ((orn+tn) -n,mpar}

TeSD
== > (. f+Voor)r+ Y. (lorn ol m)r
TeSDp Fegl

=
Q

<3 > hlllmal D LI+ YV orallls
TeSD TeSp

p

_P
+4 ) hpllmall? g > hellopn-n]|l

FegGl Fegl

Q=

Shp' llma|

208 O hEIf+Vornllls+ > hellors-nlll s
TESD Fegh

using the Green theorem, the fact that V-t;, = f for all T € Sp owing to (5.6b), the fact that [t -n]|z =0
for all F' € gg since t, € RTNN(Sp), the Holder inequality, and the inverse inequality

_1
pF S hp? Hthp,Tv

[l

which can be proven by proceeding as above using the usual inverse inequality in the L?-setting and
the norm equivalence constants. We now use the discrete Poincaré/Friedrichs inequality (recall that
(mp,1)p = 0 or that (mp, 1)apnaq = 0 since my, € M(Sp))

lmnllp.p S holVmallp,p,

which can be proven by proceeding as above using the usual discrete Poincaré/Friedrichs inequality in
the L2-setting (for nonconvex D, an upper bound only depending on x can be inferred from [38]) and
the norm equivalence constants. Then,

(@Ln+tn, Vmu)p S8 > hIf+Veorulls+ Y bellows iy
TeSP Fegg

and (4.2) now follows from (A.14).
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