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Abstract

To a hyperbolic manifold one can associate a canonical projective
structure and a fundamental question is whether or not it can be de-
formed. In particular, the canonical projective structure of a finite
volume hyperbolic manifold with cusps might have deformations which
are trivial on the cusps.

The aim of this article is to prove that if the canonical projective
structure on a cusped hyperbolic manifold M is infinitesimally projec-
tively rigid relative to the cusps, then infinitely many hyperbolic Dehn
fillings on M are locally projectively rigid. We analyze in more detail
the figure eight knot and the Whitehead link exteriors, for which we
can give explicit infinite families of slopes with projectively rigid Dehn
fillings.

MSC: 57TM50; 53A20; 53C15
Keywords: Projective structures; variety of representations; infinitesi-
mal deformations.

1 Introduction

A closed hyperbolic n-dimensional manifold inherits a canonical projec-
tive structure. This can be easily seen by considering the Klein model for
the hyperbolic space. Projective structures on manifolds were studied by
Benzécri in the 1960’s [3]. Though the hyperbolic structure is rigid for
n > 2 (cf. [31], 24]), it might be possible to deform the canonical projective
structure. Kac and Vinberg [30] gave the first examples of such deforma-
tions. Koszul [20] and Goldman later generalized these examples. Johnson
and Millson provide deformations of the canonical projective structure by
means of bending along totally geodesic surfaces [I7]. Examples of defor-
mations for Coxeter orbifolds have been obtained by Choi [8] and Marquis
23].

In the sequel we will use the following notation:
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1.1 Definition A closed hyperbolic manifold is called locally projectively
rigid if the canonical projective structure induced by the hyperbolic metric
cannot be deformed.

Cooper, Long and Thistlethwaite have studied the deformability of 4500
hyperbolic manifolds from the Hodgson-Weeks census with rank 2 funda-
mental group [9], proving that at most 61 can be deformed. The goal of this
paper is to provide infinite families of projectively locally rigid manifolds,
by means of Dehn filling.

Let N be a closed hyperbolic 3-dimensional manifold. We will make use
of the fact that geometric structures on N are controlled by their holonomy
representation. Hence we consider the holonomy representation of the closed
hyperbolic 3-manifold N

p: m(N) — PSO(3,1) C PGL(4).

If not specified, the coefficients of matrix groups are real: PGL(4) =
PGL(4,R). The closed manifold N is locally projectively rigid if and only
if all deformations of p in PGL(4) are contained in the PGL(4)-orbit of p.

Existence or not of deformations is often studied at the infinitesimal
level. We may consider the adjoint action on the lie algebra so(3,1). Then
Weil’s infinitesimal rigidity [31] asserts that

H'(m1(N);50(3,1)ad,) = 0.

The adjoint action extends to the Lie algebra s[(4) := sl(4, R) and motivates
the following definition.

1.2 Definition A closed hyperbolic three manifold N is called infinitesi-
mally projectively rigid if

H1(7T1(N);5[(4)Adp) = 0.

Infinitesimal rigidity implies local rigidity, but the examples of [10] and
[9] show that the converse is not true.

We are working with aspherical manifolds, so computing the cohomology
of a manifold or of its fundamental group does not make any difference.

For cusped manifolds one has a similar definition. Let M denote a
compact three manifold with boundary a union of tori and whose interior is
hyperbolic with finite volume.

1.3 Definition The manifold M is called infinitesimally projectively rigid
if the inclusion OM C M induces an injective homomorphism

0 — H'(M;sl(4)ad,) — H' (OM;sl(4)adp)-



The following theorem provides infinitely many examples of infinitesi-
mally projectively rigid 3-dimensional manifolds.

1.4 Theorem Let M be a compact orientable 3-manifold whose interior is
hyperbolic with finite volume. If M is infinitesimally projectively rigid, then
infinitely many Dehn fillings on M are infinitesimally projectively rigid.

A hyperbolic Dehn filling on M induces a noncomplete structure on M ,
that can be viewed as a hyperbolic cone structure with cone angles 27. In
some cases this cone angle can be decreased to zero, yielding the complete
structure on M. The methods of Theorem [[4] give the following:

1.5 Theorem Let M be compact orientable 3-manifold whose interior is
hyperbolic with cusps. If a Dehn filling on M satisfies:

(i) it is infinitesimally projectively rigid,

(ii) the noncomplete induced structure on M can be joined to the complete
one by a path of hyperbolic cone structures parametrized by cone angle
from 27 to 0,

then infinitely many Dehn fillings on M are infinitesimally projectively rigid.

By Hodgson and Kerckhoff estimation of the size of the Dehn filling space
[16], in a cusped manifold the deformation of Theorem exists for all but
at most 60 Dehn fillings. Hence:

1.6 Corollary Let M be a one cusped hyperbolic manifold of finite vol-
ume. If 61 Dehn fillings on M are either non-hyperbolic or infinitesimally
projectively rigid, then infinitely many fillings are so.

Those results are proved using the fact that all parameters of Thurston’s
hyperbolic Dehn filling space corresponding to non infinitesimally projec-
tively rigid fillings on M are contained in a proper analytic subset of the
Dehn filling space, provided M itself is infinitesimally projectively rigid.
This technique goes back to Kapovich in the setting of deformations of lat-
tices of PSO(3,1) in PSO(4,1) [18].

Moreover, we obtain explicit examples of infinite families of infinites-
imally projectively rigid manifolds. The Dehn filling parameters of these
families lie on certain real analytic curves, and a careful analysis of the
infinitesimal deformations of the corresponding manifolds results in the fol-
lowing proposition:

1.7 Proposition For n sufficiently large, the homology sphere obtained by
1/n-Dehn filling on the figure eight knot is infinitesimally projectively rigid.

In fact, for every k € Z, k # 0, there exists ny > 0 such that if
n > ny then the k/n-Dehn filling on the figure eight knot is infinitesimally
projectively rigid.



Theorem [[.4] provides infinitely many rigid Dehn fillings. On can ask
whether there are still infinitely many non-rigid Dehn fillings. Though we
do not have an example for manifolds, the following proposition shows that
there are infinitely many non-rigid orbifolds obtained by Dehn fillings on
the cusped manifold that satisfies the hypothesis of Theorem [[.4]

1.8 Proposition The orbifold O, with underlying space S*, branching
locus the figure eight knot and ramification index n is not locally projectively
rigid for sufficiently large n.. More precisely, its deformation space is a curve.

For any n € N, the Fibonacci manifold M, is the cyclic cover of order
n of the orbifold O, in Proposition [[8 [I4]. Hence M,, is not projectively
rigid, as deformations of the projective structure of O,, induce deformations
of M, . There is an abundant literature about those manifolds. For instance,
My is not Haken but M, is Haken for n > 5, and Scannell has proved that
they are not infinitesimally rigid in SO(4,1) [2§].

Using that punctured torus bundles with tunnel number one are obtained
by n-Dehn filling on the Whitehead link (cf. [I]), we shall prove:

1.9 Proposition All but finitely many punctured torus bundles with tun-
nel number one are infinitesimally projectively rigid.

All but finitely many twist knots complements are infinitesimally pro-
jectively rigid.

The real hyperbolic space H? naturally embeds in the complex hyper-
bolic space H?é We may study the corresponding deformation theory com-
ing from viewing PSO(3,1) = Isom™ (H?) in PSU(3,1) = Isomy(Hg,), i.e.
the identity component of complex hyperbolic isometries.

1.10 Definition We say that M is infinitesimally H?é -rigid if the sequence
0 — HY(M;su(3,1)ad,) — H (OM;5u(3,1)ad,)

is exact

In particular, if 9M = (), then we require H'(M;su(3,1)aq,) = 0. The
study of deformations in PGL(4) and PSU(3,1) are related, as we shall see
in Subsection In particular we have the following theorem of Cooper,
Long and Thistlethwaite.

1.11 Theorem [I0] Let M" be a real hyperbolic manifold of finite volume,
n > 3. Then M™ is infinitesimally projectively rigid if and only if M"™ is
infinitesimally H¢ -rigid



This equivalence is described by means of Lie algebras, and it is used
along the paper, because some things are easier to understand in the complex
hyperbolic setting instead of the projective one.

The article is organized as follows. In Section 2] we recall Thurston’s con-
struction of deformations of hyperbolic structures and the generalized Dehn
filling coefficients. In Section Blwe introduce the main tools in order to study
infinitesimal deformations. The next two sections are devoted to cohomol-
ogy computations, namely in Section ] we compute invariant subspaces of
the Lie algebras and in Section [f] we analyze the image in cohomology of
the restriction to the torus boundary. The proof of Theorems [I[.4] and
is given in Section [6] by means of an analytic function on the deformation
space: when this function does not vanish, then the corresponding Dehn
filling is infinitesimally rigid. To prove Propositions [[.7] and [[L9, we require
the notion of flexing slope, treated in Section [ as well as explicit compu-
tations on the figure eight knot and the Whitehead link exteriors, made in
Section

2 Dehn filling and Thurston’s slice

In this section we recall the deformation space introduced by Thurston in
his proof of hyperbolic Dehn filling theorem [29].

Along the paper, M denotes a compact manifold with boundary a union
of k> 0 tori and hyperbolic interior:

OM =0/ MU --- UM,

where each O; M = T2,

The deformation space of hyperbolic structures is described by the Thurston
slice. Given \;,p; € m(0M) a pair of simple closed curves that generate
the fundamental group on each component OM;, Thurston introduced a
parameter

uw=(uy,...,u;) €U c CF,

defined on U a neighborhood of 0. The neighborhood U parametrizes the
deformations of the complete holonomy of the interior of M. Two structures
parametrized by u and «' € U are equivalent (the developing maps differ
by composing with an isometry of H?) if and only if

(uny .o yug) = (Ful, ..., Fu). (1)

This is a consequence of the fact that (I]) is a criterion for having the same
character, and the fact that deformations are parametrized by conjugacy
classes of holonomy [7].



2.1 Theorem (Thurston’s slice) There exists an open neighborhood 0 €
U C CF, an analytic family of representations {p,}uey, of (M) in
PSLy(C) and analytic functions v; = v;i(u), i = 1,...,k so that:

(i) The parameters u; and v; are the complex length of p,(1;) and py,(\;)
respectively.

(ii) The function 7;(u) = v;(u)/u; is analytic. Moreover v; = 7;(0)u; +
(|u[?), where 7;(0) € C is the cusp shape and has nonzero imaginary
part.

(iii) The structure with holonomy p,, is complete on the i-th cusp if and
only if u; = 0.

(iv) When u; # 0, the equation
Piui + qivi = 2mi (2)

has a unique solution for (p;,q;) € R?. The representation p, is the
holonomy of a incomplete hyperbolic structure with generalized Dehn
filling coefficients (p;,q;) on the i-th cusp.

See [, App. B| for a proof, for instance.

In his proof of hyperbolic Dehn filling, Thurston shows that there is
a diffeomorphism between U and a neighborhood of co in (R? U {oo})¥
that maps componentwise 0 to oo and u; # 0 to (p;,¢;) € R? satisfying
D w; + qiv; = 2mi.

The geometric interpretation of generalized Dehn filling coefficients is
the following one:

(i) When p;,q; € Z are coprime, then the completion for p, is precisely
the Dehn filling with slope p;u; + q;\;

(i) When p;/q¢; = p}/q; € QU oo with pl,q; € Z coprime, then the com-
pletion for p, is a cone manifold, obtained by Dehn filling with slope
Pipi + qiA;i where the core of the torus is a singular geodesic with cone

angle 27p. /p;.

(iii)) When p;/q; € R\ Q, then the metric completion is the one point
compactification.

A particular case that we will use later is when u; = oy 1 for some o; € R,
a; > 0. Then p; = 2r/a; and ¢; = 0, and pq,.... ja,) 15 the holonomy of a
hyperbolic cone manifold with cone angles (a1, ..., ).

The real analytic structure will be crucial in our arguments. When
viewed in PSLy(C), p, is complex analytic, but we will work with the real
analytic structure, which is the same as for PSO(3,1). In particular the
following lemma will be useful.



2.2 Lemma For each i =1,...,k, if 7;(u) = v;(u)/u;, then the map
UcCF — R?
uo= m(m ai)
is real analytic.

Proof. Using Equation (2]), we obtain:

Re(u;m;) Re(u;) 27i
) ) [ )
|ui|2Im(7;)’ ! T |ui|2Im(7;)’ Pi + ¢iTi u;

Di = —2m

The lemma is an straightforward consequence from these equalities and the
fact that the imaginary part of 7;(0) does not vanish. O

3 Infinitesimal deformations

The matrix of the Lorentzian inner product is denoted by

-1

So that
OB3,1)={AcGL4) | A'JA=J},

and the connected component of the identity of its projectivization PSO(3,1)
is the group of orientation preserving isometries of H?. Its Lie algebra is

50(3,1) = {a €sl(4) | ' J = —Ja}.

Following Johnson and Millson [I7], along the paper we shall use the
decomposition of sl(4) as direct sum of PSO(3,1)-modules via the adjoint
action:

sl(4) =s0(3,1) ® v, (3)
where
v ={acsl(4)|dJ=Ja}.

Notice that v is not a Lie algebra, but just a PSO(3,1)-module.
Hence given a representation p: m (M) — PSO(3,1) we obtain a canon-
1cal splitting in homology:

H*(M;sl(4)ad,) = H*(M;50(3,1)ad,) @ H*(M;0a4)).

In the remaining of the section, we shall recall the known results about the
cohomology group H'(M;s0(3,1)ad,) (Subsection BI) and provide some
properties of H*(M;vq)).



3.1 Infinitesimal deformations in real hyperbolic space

Infinitesimal deformations in Isom™(H) = PSO(3,1) are well understood,
and described by H'(M;s0(3,1)ad,). We summarize here the main results:

3.1 Proposition Let M be a finite volume hyperbolic 3-manifold with k
cusps and let U be as in Theorem[2]l For all u € U :

(i) The inclusion OM C M induces a monomorphism

0 — HY(M;50(3,1)ad,,) — HY(OM;50(3,1)ad p,)-

(ii) If we choose one essential simple closed curve p; C 0; M for each
boundary component, then the inclusion of the union p = p; U--- U
Wi C M induces a monomorphism

0— H'(M;50(3,1)adp,) = H'(1;50(3,1)ad p,)-

(iii) dim H'(M;50(3,1)ad p,) = 2k.
(iv) dim H' (M, j1;50(3,1)adp,) = 2k .
This proposition can be seen as the algebraic part of Thurston’s hyper-

bolic Dehn filling theorem. When OM = () it is due to Weil [31], and when
OM # 0, it is Garland rigidity [12]. See [19] or [12] for a proof.

3.2 Killing form, cup product and Kronecker pairing in v

The Killing form on any Lie algebra g is defined as:
B(X,Y) = trace(adx o ady) VX,Y €g,

where ady € End(g) denotes the endomorphism given by adx(Y) = [X,Y].
If g = sl(4), then B(X,Y) = 8tr(X - Y).

Both the form B on sl(4) and its restriction to so(3,1) are nondegen-
erate. Moreover v is the orthogonal complement to s0(3,1):

sl(4) =s0(3,1) L v.

Therefore B restricted to v is nondegenerate
A cup product on cohomology is defined by using B:

HP(M;v) @ HY(M,0M:;v) 2 HPTU(M,0M;v @ v) 25 HPYI(M, OM;R)
()
where the first arrow is the usual cup product, and B, denotes the map
induced by B: v ® v — R. Since we do not use any other cup product,
this one will be simply denoted by U. This cup product induces Poincaré



duality since B is non degenerated, cf. [I7]. As B is symmetric, this cup
product is symmetric or antisymmetric depending on whether the product
of dimensions pq is even or odd, as the usual cup product.

The Killing form is also used to define a Kronecker pairing between
homology and cohomology. Consider C*(M ) the group of chains of the
universal covering, with the action of m1(M). The chain group is the
tensor product v ®q, ar Cx (M), so that a cycle is an element » v; ® ¢,
¢ € C*(M ) and v; € v. Moreover the cochain group is the set of mor-
phisms Homg, M(C*(M );v), and a cocycle is a morphism of w1 M -modules,
0: C*(]\AJ ) — v. Then the Kronecker pairing is given by:

HP(M;v) x H,(M;») — R %)
[6] Divi®al = 32 B(0(c),vi)-

This pairing gives duality between homology and cohomology.

3.3 Complex hyperbolic space
Consider C>! i.e. C* with the hermitian product
(w,2) = w1z +waZs + w3z — wZy = w'JZ = 2*w

where z* = z!.J. Its projectivization P! := P(C>!) gives rise to complex
hyperbolic space Hg,. More precisely, HE = {[v] € P> | (v,v) < 0}
cf. [I3L[II]. Here and in the sequel [v] denotes the line generated by the non
zero vector v € C31,
Let
SU(3,1) = {A € SL(4,C) | A'"JA = J}.

The group of holomorphic isometries of complex hyperbolic space is its pro-
jectivization PSU(3,1) = PU(3,1), with Lie algebra:

su(3,1) = {a € 51(4,C) | a'J = —Ja}.
The key point is that, as SO(3,1)-module, this Lie algebra has a decompo-
sition:
su(3,1) =s0(3,1) Liv. (6)
Thus:

3.2 Remark The subspace v = {a € sl(4) | a' J = Ja} can be seen as the
imaginary part of infinitesimal deformations in complex hyperbolic space.

Proof of Theorem [L. 11  Equation (@) holds true in any dimension, and,
since it is an isomorphism of PSO(n,1)-modules, it gives an isomorphism
in cohomology:
H'(M;sl(n+1)) = H' (M;so0(n, 1)) & H' (M;0) =
HY(M;s0(n,1)) @ HY(M;iv) = H'(M;su(n, 1)).



Using this isomorphism, the proof follows. |

We will use Remark and Equation (@) to understand the computa-
tions for the cohomology with coefficients in v in a Riemannian setting.

In order to understand the Killing form on su(3,1) we follow the expo-
sition of Goldman [I3] 4.1.3]. Let

and v_ = 1

1

0

0 0
Vy = 1
1

be two null vectors in C*! representing two distinct boundary points of
HY,. Then the element

00 0 O0
n':—l(v vt —wv_vl) = 0000
Tt T 000 1
0010

is the infinitesimal generator of a 1-parameter subgroup of isometries fixing
the points [v+] € OHY, and translating along the geodesic between [v4] and

[v_].

Decompose the Lie algebra su(3,1) into eigenspaces
gr = Ker(ad,, —kI)

of ad,. The eigenspace gj is nonzero only for k € {0,£1,42}. More
explicitly we have:

a 0 0
o={[0 - ¢ Jlacu. ter},
o ot -

2

g+1 = {vvi —vpv* | v € V(ve)t} and gio = {isvivi | s € R} where
V(vy) denotes the vector space generated by v4 and v_. Note that V(vy)
the positive two-dimensional complex subspace of C*! given by 23 = 24 = 0.
As usual we have [gr, 9] C grw; with the convention that gr,; = 0 if
|k + 1] > 2. This tells us immediately that gy is orthogonal with respect to
the Killing form to g; for all k # —I.

Now let G C PSU(3,1) denote the stabilizer of the point [vy] € OHE.
The Lie algebra g4 of G is given by

g+ = 00D g+1 D g12.

Note also that h+ = g41@Pg+o is the Lie algebra of parabolic transformations
fixing the point [vy].
As a consequence of this discussion we obtain the following lemma.
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3.3 Lemma The Killing form of su(3,1) restricted to g+ is degenerated.
More precisely, the radical rad(g+) = g+ N gi = b1 consist exactly the
infinitesimal parabolic transformations.

Proof. Let us consider the sign +, the other case is analogous. We have

gy =h @b_, gi=go@bhsPgoandgy =go Db Dg_1.

This follows since g;. is orthogonal with respect to the Killing form to g; for
allk#—l.Henceg+ﬂg}r:g+ﬂg&ﬂgfﬂgj:h+:gl@gg. O

4 Invariant subspaces in complex hyperbolic ge-
ometry

In this section we shall compute subspaces of the module v that are invariant
by certain elements of PSO(3,1). This will be used later when computing
cohomology. For a set of hyperbolic isometries I' C PSO(3,1), we shall
compute the invariant subspace in v:

o' ={vev|Ad,(v)=v, VyeT}

For our computations, we will view elements in v as lying in iv, namely
as infinitesimal isometries of Hg. We also use the following lemma (see [,
I11.9.3] for a proof).

4.1 Lemma For v € PSU(3,1), su(3,1)” = Ker(Ad, —1) is the Lie alge-
bra of the centralizer of ~ (i.e. the Lie subgroup of elements in PSU(3,1)
that commute with - ).

Alternatively, the computation of invariant subspaces could also be made
with the analogue of Lemma [I1] for GL(4) or just by explicit computation
of the adjoint action on v.

The centralizer of an element is obtained by means of the stabilizer of
an invariant object in H?é U aH?é. This explains the organization of this
section, one subsection for each object.

4.1 Geodesics.

Consider the Riemannian geodesic v in Hg, between [v4] and [v_]. Let
go C su(3,1) denote the Lie algebra of the subgroup Gy € PSU(3,1) which
fixes the endpoints of the geodesic v (see [13 4.1.3]). Notice that Gy =
R xU(2), where R acts by translations and U(2) is the pointwise stabilizer,
isomorphic to the stabilizer of a point in HZ, hence go = R & u(2).

4.2 Lemma Let A € PSO(3,1) be a hyperbolic element of complex length
l+ia, [#0.

11



(i) If « € Z, then dimov4 = 1.
(i) If o € 7Z, then dimv? = 3.

Proof. We let v denoted the axis of A. After conjugation we might assume
that 7 is the geodesic between [v4] and [v_] and hence

cosa —sina 0 0

A sina cosa 0 0
0 0 coshl sinhl
0 0 sinhl coshl

If « = 7, then A commutes with the whole stabilizer Gy. Moreover,
the subgroup of PSO(3,1) preserving « is isomorphic to P(O(2) x O(1,1)).
Thus

dim v = dim(go) — dim(so(2) @ so(1,1))
=5-2=3.

If o # m, then the Lie algebra of the centralizer of A in su(3,1) is
isomorphic to R & (s0(2) x u(1)) € R ® u(2), hence three-dimensional and
therefore

dimv? =3 -2=1.

4.2 Complex hyperbolic lines

Complex hyperbolic space is the projectivization of the subset of the time-
like vectors of C*1. A complex hyperbolic line is defined as the intersection of
H?é with a complex projective line. The group SU(3,1) acts transitively on
the set of complex planes that contain time-like vectors. Hence all complex
hyperbolic lines are isomorphic to ch, and a standard model for a complex
hyperbolic line is the image of the plane given by x1 = x9 = 0. The
intersection of a complex hyperbolic line with OH?(’: is a smooth circle called
a chain. Two distinct boundary points of H% are contained in a unique
chain and the Riemannian geodesic between the two boundary points is
contained in the corresponding complex hyperbolic line.

The identity component of the stabilizer of a chain is given by P(U(2) x
U(1,1)) c PSU(3,1).

4.3 Lemma Let A € PSO(3,1) be an elliptic element of rotation angle
a € (0,2m).

(i) If « = m, then dimv? = 5.

(ii) If a # 7, then dimp? = 3.

12



Proof. The fixed point set of A is a complex line, whose stabilizer is
PU2) xU(1,1)).

If « = 7 then A commutes with all elements in this stabilizer. As the
stabilizer of a geodesic in PSO(3,1) is two dimensional (SO(2) x R) we
obtain:

dim v = dim((u(1,1) ® u(2)) — 1 — dim(so(2) ® R)
=dimu(l,1) + dimu(2) -3 =4+4 -3 =5.

When « # 7, then the centralizer of A is the projectivization of

{ <COC 2) ‘C €50(2), CeU(1), Be U(1,1)}

and therefore

dim v = dim(u(1,1) @ s0(2)) — 2
—4+4+1-2=3.

4.3 Parabolic elements and Heisenberg geometry

In the sequel we will use the notation of Section [3.3] i.e. we will fix two light-
like vectors vy € C>! representing two distinct boundary points [vy] €
OHY,. Moreover we will use the root-space decomposition of su(3,1). The
Heisenberg group H_ is the group of parabolic transformations fixing the
point [v_], i.e. exp: g1 ® g_o — H_ is given by

exp(v_v* —ovv® +itov_v")

= Iy +v_v* —w* —(|v)|?/2 —it)v_v*

1 0 21 z1
B 0 1 29 Z9
Tl -am -z 12+t —|v]?/2 + it
o om lP2-it 1+ ol it
=: H(z1, 22,1) (7)

where v = (21, 22,0,0)! € vi Novt is a space-like vector and hence (v,v) =
Joll? = 212 + 222 > 0.

Following the exposition in Goldman’s book [I3] 4.2], the boundary a
oo of H?é minus the point [v_] can be identified with a Heisenberg space,
i.e. a space equipped with a simply transitive left action of the Heisenberg
group H_. Hence by looking at the orbit of [vy] we have a bijection H_ —

13



OH3, \ {[v-]} given by

22’1

22’2
H(z,z9,t) — H(z1,29,t)[vy] = 1= 2|2 + 2it
1+ z)? - 2it

where ||z||? = |z1]? + |z1/?.
In the sequel we shall represent points of H_ by triples of points (21, 22, t)
where 21,20 € C, t € R with multiplication

(wi,wa,s) - (21,22, t) = (w1 + 21,w2 + 22,5 + t + Im(w1 21 + waZa)),
V(wi, w2, 8), (21,22,t) € H. (8)

Therefore, H_ is a nilpotent 5-dimensional real Lie group, which is a non-
trivial central extension

0R—>H_—C?>=0.

The center are the elements of the form (0,0,%), t € R.
In the sequel we will make use of the Siegel domain model $° of HY.

Here
w1

9 = {w = |wy | € C||wi]? + |w)? < 2§R(w3)}
w3

is obtained in the following way: we choose the point [v_] € aH?(’: and
we denote by H C P31 the projective hyperplane tangent to (9H?(’: at [v_].
More precisely, H is the projectivization of v- € C*! given by the equation
23 + 24 = 0. The corresponding affine embedding C* — CP?\ H is given
by

wq

w1 Wy
32 7 11/2 — ws
3 1/2 + ws

It is easy to see that H?é correspond to the Siegel domain $? € C3. In this
model the whole stabilizer G_ of the point [v_] at infinity is the semidirect

product:
G_=H_x(U2)xR).

Here U(2) acts linearly on the factor C?, and trivially on the factor R.
Moreover R acts as follows:

(I, \)(21, 22, ) (I, =X) = (e P21, e 29,67 22), YA € R, Y(21, 20,1) € H.

In this construction, the subgroup of real parabolic transformations cor-
responds to R? x {0} € H_.
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4.4 Lemma (i) If A is a nontrivial parabolic element of PSO(3,1), then
dimv4 = 3.

(ii) If I' < PSO(3,1) is a rank 2 parabolic subgroup, then dimv" = 1.

Proof. Using the representation in the Heisenberg group H_, we may as-
sume that up to conjugation A is (1,0,0) € H_. Note that the centralizer
of A is contained in G_. This follows from the fact that A has a unique
fixed point on H?(’: and every element which commutes with A has to fix
this point.

Now a direct calculation gives that the centralizer of A in G_ is 5-
dimensional and given by

{(s,z,t) <(1) 2) €eG_|s,teR,ze€Candac U(l)}.
Thus dim(su(3,1)4) = 5, and since dim(so(3,1))* = 2 (the tangent
space to the real parabolic group itself), the first assertion follows.
For the last assertion, we view I' as a rank 2 subgroup of the Heisenberg

group
I <R?>x {0} <H_.

Its centralizer is contained in G_ and is precisely the subgroup of elements
with real coordinates:

R3 = {(51’82’t) € H* | 81,S2at S R} < H, .

As the subgroup of real parabolic transformations R? x {0} is the centralizer
of ' in PSO(3,1), it follows that o' = {(0,0)} x R is one dimensional. O

5 Cohomology of the torus

In this section, we analyze the cohomology of the boundary M and the
image of the map induced by inclusion OM C M, which is a Lagrangian
subspace.

5.1 A Lagrangian subspace

As in Section [ let p, denote a representation contained in Thurston’s
slice, where v = (uy,...,u;) € U C C* is a point in the deformation space.
The subspace invariant by the image of the peripheral subgroup of the i-th
component is denoted by v”«(T1(%M)) “and its orthogonal complement by

(Up“(m((r)i]‘/[)))l ={vev|Bv,w) =0, Vw e prm@M)}

15



5.1 Lemma (i) For u; # 0, the radical of vP=(T(M)) s trivial, i.e.

(Upu(ﬂ'l (azM)))J‘ N Upu(ﬂ—l(alM)) =0.

(ii) For every u € U, the invariant subspace vP«(M(@:M)) has dimension

one.

Proof. When u; # 0, py(7m1(0;M)) consists of loxodromic and/or elliptic
elements that preserve a geodesic, and we want to apply Lemma (i).
For this, we need an element v € 71(9;M) such that p,(vy) satisfies the
hypothesis of Lemma [£2] (i). If the real part of u; does not vanish and the
imaginary part of w; is not contained in Zm then we choose p;. If the real
part of u; vanishes, by Theorem [2.1] the real part of v; does not, and the
condition on the complex length applies to either v = \; or v = \;u;, that
have respective complex lengths v; and u; +v;. The same argument applies
when the imaginary part of w; is zero.

By Lemma (i) and its proof, vPe(T(%:M)) i the one dimensional
subspace generated by (a conjugate of)

()

and both assertions of the lemma are clear when u; # 0.
When u; = 0, assertion (ii) is Lemma 4] (ii). O

Note that the cup product on H'(OM;v) is the orthogonal sum of
the cup products on the groups H'(9;M;v). More precisely, if we denote
by res;: HY(OM;v) — H'(9;M;v) la restriction induced by the inclusion
O;M — OM then for 21,20 € H'(OM;v) we have

k
21 Uzg = Z res;(z1) U res;(z2) . 9)
i=1
5.2 Lemma Let u= (uy,...,u;) € U.
(i) When u; # 0, there is a natural isomorphism

H*(0;M;004,,) = H (9;M; R) @ pPu(m @),

(ii) For uw € U, dim H'(OM;vaq,,) = 2k, and the image of the map
Hl(M;UAdpu) —>H1(6M;0Adpu)

is a Lagrangian subspace of Hl((?M;UAdp) for the cup product (in
particular it has dimension k).
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Proof. To prove assertion (i), we use the decomposition of Lemma [T}

o= (0Pa(MOMN)L g ppulm(@iM),

which is a direct sum of m1(0M)-modules, and therefore it induces a direct
sum in cohomology. Since (Up“(m(aiM )))l has no invariant subspaces,

HO(8; M, (0P M@M)Ly — g,

In addition, the Killing form restricted to (UP“(M(BZ'M )))L is non-degenerate,
thus by duality and by vanishing of the Euler characteristic

H*(9;M, (vPu(m10:MD) 1y —
Hence
H*(8;M;0) = H*(9;M; 0P+ ™ @M)y = [r(9, M; R) @ pPu(m (M),

The proof of assertion (ii) is a standard application of duality, that we
reproduce for completeness (cf. [15]). We are interested in the following part
of the exact cohomology sequence of the pair (M,0M):

HY(M;0) 2 HY(OM;0) 25 HX(M,9M:v).

The maps j* and A are dual to each other: for z; € H'(M;v) and 2 €
H'(0M;v),

(77 (21) U 29, [OM]) = (21 U A(22), [M, OM]),

where [M,0M]| € H3(M,0M;R) and [0M] € Hy(OM;R) denote the re-
spective fundamental classes. It follows that dim Im(j*) = § dim H*(OM;0) =
k. Moreover A o j* = 0 implies that Im(j*) is isotropic and hence La-

grangian since dim Im(j*) = k. O

5.3 Corollary Let M be a cusped manifold, then dim H'(M;vaq pu) >k,
Yu € U c CF.

Moreover M is infinitesimally projectively rigid iff diim H'(M;0ad,,) =
k.

Proof. Follows directly from Lemma[5.2l and from the decomposition s[(4) =
s50(3,1) @ o (3. O
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5.2 Parabolic representations

Let A and p be two generators of Z? and
0: Z?> — PSO(3,1)

a representation into a parabolic group. Up to conjugation we suppose that
the boundary point [v_] is the fixed point of the parabolic group. Viewing
the parabolic group as translations of R?, p(\) is a translation of vector
vy, and o(u) of vector v,. Assume that the representation has rank 2, (i.e.
vy and v, are linearly independent). Then:

5.4 Lemma If the angle ¢ between vy and v, is not in §Z then the map
induced by restrictions

i @i
H' (2% 05a0) = H'(X:0aag) ® H' (4:0a4,)
is injective. Moreover, rank(i}) = rank(iy,) = 1.

Proof. We follow the notation from Subsection We may assume that
vy = (1,0), v, = (acosp,asinp) € R?, asing # 0. In the Heisenberg
model H_, o(A) = (1,0,0) and o(u) = (acosp,asing,0). For § € R, we
define a representation gy: Z ®Z — G_ by

eo(A) = e(A) and  og(p) = o(n) (é e?e)-

Notice that gg(A) and gg(u) commute, because (é 699) fixes (1,0).

Differentiating at § = 0, we obtain an infinitesimal deformation i.e. a
cocycle d,: Z* — g_ = go @ g1 D g2 given by

d,() doa ()

-1
do ’

00(7)
60=0

The cocycle d,: 7> — g_ is trivial when restricted to A. More precisely we
obtain

d,(0) =0 and du(u):<8 (.’>.

1

Notice that the derivative of the canonical embedding U(2) — PSU(3,1)

determinate by
A 0
A ( 0 I2>

is the map u(2) — su(3,1) given by
(o 0 tr @
“ o o)
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and that
-1

00 »—>i 3 € iv
0 1 4 —1 '

Hence we obtain a cocycle z,: Z* — v given by 2,(\) =0 and z,(u) =

ay where
-1

-1
—1

In the same way we obtain a second cocycle zy: Z? — v given by z)(\) =
a, and z)(p) = 0 where

1 —2cos(2¢p)  2sin(2¢p)
2sin(2¢p) 1+ 2cos(2¢)

Here ¢ is the angle between v, and vy. The matrix a, is the analogue of
ay, as ia, is an infinitesimal rotation in the direction perpendicular to v,
and of course it is invariant by o(u) (it can be obtained by conjugating ay
by a rotation of angle ).

We claim that the cocycle z, is cohomologically nontrivial when re-
stricted to g, i.e. nontrivial in H'(u;vaq,). This proves that z, is a
nontrivial cocycle, and rank(i:;) > 1. By symmetry of the generators, z) is
a nontrivial cocycle and rank(:}) > 1. Moreover, since ij,(z)) = 0 = i3 (z,)
it follows that the image of i}, @i} is 2-dimensional and the assertion of the
lemma follows.

To prove the claim, we will use the cup product

H'(11;0800) X H(11500d0) — H' (1 R) 2 R

associated to the Killing form defined in (#). Recall that a, € H°(u;0a4,) =
p2() is invariant under the action of x. The cup product in(2u) Uay is a
represented by the homomorphism H;(u; R) — R given by

(i5(24) U ) (1) = Blax,a,)) = 8tr(ay - a,)

1
=32(1 +2cos(2¢)) = 128((:082(g0) - Z) .
This is nonzero by the hypothesis about the angle ¢ between vy and v,
hence i},(z,) U a, is not homologous to zero. O
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Notice that in the proof of Lemma [5.4] instead of the cup product we
could have considered the Kronecker paring between homology and coho-
mology, and we would have ended up checking the non-vanishing of the same
evaluation of the Killing form B(ay,a,).

Before the next lemma, we still need a claim about symplectic forms on
vector spaces.

5.5 Claim Let (V,w) be a 2-dimensional symplectic subspace. Suppose
that f,g: V — R are linear forms which form a basis of the dual space V*,
ie. f@g: V — R? is an isomorphism.

Then there exists a constant ¢ € R, ¢ # 0, such that, for every x,y € V

w(z,y) = c(f(x)g(y) —g(x)f(y))-

Proof. The claim is a consequence of the fact that the space of antisymmetric
bilinear forms on R? is one dimensional. O

5.6 Lemma If a subspace L C H'(OM; YAdp,) Is Lagrangian for the cup

product, then there exist simple closed curves py € mw (O M), ..., u; €

71(0, M) so that the image of L injects in H' (111;0ad po )&+ - -BH " (1h5 D Ad po ) -
Moreover, injectivity fails if we consider only k — 1 curves.

Proof. Along this proof, the action on v is the adjoint of the holonomy of
the complete structure, so Ad pg is omitted from notation. For j =1,... k,
let resj: HY(OM;v) — H'(0;M;v) denote the map induced by restriction,
which is also the projection to the j-th factor of the isomorphism

HY(OM;v) = H (9, M;v) L --- L H (0, M;v).

Recall that this is an orthogonal sum for the cup product (@).

We prove the lemma by induction on k. When k£ = 1, it suffices to chose
two curves pqp and A in 01 M that satisfy the hypothesis of Lemma [5.41
Hence

ir, @iy, H (01 M50) — H' (u150) @ H'(Aq;0)

is injective. Then for at least one of the curves, say p1, i, (L) #0.
For the induction step, we chose the corresponding curves on the k-th
component pui and A, so that

ir, @iy, : H' (0pM;0) — H' (15 0) & H' (A5 0)

is injective, and assume that iy, (L) # 0.
Let L' ¢ HY(01M;v) L --- L H'(d,_1M;v) be the projection to the
first k — 1 factors of the kernel of iy, restricted to L; i.e.

L'=(resi @ --- @ resp_q)(keri, [L)
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We first check that L’ is isotropic. Given z,y € L', there exist zy,y, €
H'(0,,M;v) such that (z,z), (y,yx) € L and iy, (Tk) = iy, (yr) = 0. Thus,
by Claim and equation (@):

0= (z,21) U (y,yx) = 2 Uy + cx (i), (zr)i, (yk) — i, (@r)i), (Yx)) = 2 U y.

Finally we claim that the dimension of L' is k—1. Since dim((ker (i, |)) =
k — 1, we need to check that resy @ --- @ resy_; restricted to ker zzk|L is
injective. Let z € ker(resi) N --- N ker(res,_1) N ker(}, |1), we want to
check that z = 0. Notice that » € H*(9,M; v)N LNker(iy, ). Choose y € L
such that iy, (y) # 0, this is possible because iy, (L) # 0. Then, using that
r € HY(0,,M;v), Claim [5.5] and Equation (),

*

0=xzUy = cpliy, (@)i3, (y) — i3, (@), () = —cxi), (2)7, (y)

for some ¢ # 0. Since ij, (y) # 0, 3, (¥) = 0. Therefore z = 0. O

6 The function on the deformation space

Recall that M denotes a compact manifold with boundary a union of £ > 0
tori and hyperbolic interior. The goal of this section is to give a sufficient
cohomological condition which guarantees that infinitely many fillings on M
are infinitesimally rigid. For this we need several tools for constructing a
function on the deformation space. The first one is given by the following
lemma. All statements are up to taking a smaller neighborhood of 0, U C

Ck.

6.1 Lemma As in Section @ let U C C* be an open neighborhood of
0 which parametrizes the deformations of the complete holonomy of the
interior of M .

(m1(8: M)

1. There exists a nonvanishing element a!, € vPu ) that varies an-

alytically in u € U.

2. There exists a family of cohomology classes {z} ..., 2%} that define
a basis for the image of H'(M;vaq,,) — H'(OM;0aq,,) and that
varies analytically in u € U .

6.2 Remark To vary analytically depends on the construction we take for
cohomology, but we always think of an analytic map on a finite dimensional
space of cocycles, either in simplicial cohomology (fixing a triangulation and
varying the bundle) or in group cohomology (fixing a generating set for the
fundamental group).
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Proof. The first assertion follows directly from Lemma [5.1] (ii).
For the second part we will use Lemma[5.2](ii). The rank of H'(M;vaq,,) —

HY(OM;vpq,,) is k. Hence it suffices to take a basis when u = 0, {z{,..., 2§}
and then make it vary in the kernel of H'(OM; 044, ) — H*(M,0M;044,,),
which is an analytic family of k-dimensional vector spaces. O

For i =1,...,k we consider the following 1-cycle in the i-th torus 9; M
of the boundary
al QQ —=
Y pi 4 il
in simplicial homology. This twisted cycle is the image of the untwisted
cycle

(Piges + qiNs)

Pithi + @i\
— € H1(0;M,R

Ipi + qiTil? 1 )
by the natural map

Hy(8:M,R) 2% 1y (9, M, 0P @My (9, M, v)

that consists in tensorizing by a!, and composing with the map induced by
the inclusion of coefficients vPu(T1(%M)) _y

Let (.,.) denote the Kronecker pairing between homology and cohomol-
ogy. We define

o o Piti T G
f(u) = det ( (zy, 0], @ =————=—1))
& “!m+%M2M
where p; and ¢; are the generalized Dehn filling coefficients corresponding
to u € U (see Section[2)). If we view z, as a map on simplicial chains taking
values on v, and B denotes the Killing form, then

i (Dik + aiA ‘)
u) = det | Bz, val) ).
ftw) < (ﬁm+%ﬂﬂ )

6.3 Remark The function f depends on several non-canonical choices.
But we are only interested in the zero locus of f and this set does not
depend on the different cocycles involved in the definition of f. Notice also
that Lemma implies that f is analytic and f(0) = 0. Proposition
below shows that the zero locus f~!({0}) of f might be one dimensional
and that in general 0 € f~1({0}) is not isolated point (see Section [B.2).

In the sequel let w(pq) denote the parameter of the structure whose
completion gives the Dehn filling with coefficients (p1,q1), ..., (g, gx) where
(pi,q;) are pairs of coprime integers.

6.4 Lemma If

22



() f(upq) 70 and
.. . 1 _
(ii) dim H'(M, UAdpu(p’q)) =k,

then HI(M(p,q), [P} Pt ) =0

Proof. In this proof the representation Pup.q) 18 fixed and we remove Ad p,
from notation.
Hypothesis (i) and (ii) imply that

{al @ (P11 + @i M),- - af @ (e + gr)r)}

is a basis for Hy(M;v). Hence for v : =~y U--- Uk, Vi = pilti + ¢G\i, the
following composition gives an isomorphism in homology:

k k
D Hi (i R) — @ Hi iz 07 ™ @M)) 5 Hy (y50) — Hy (M ).
=1 =1

Equivalently, we have an isomorphism in cohomology:

k k
H'(M;0) = H' (v;0) = @ H' (7307 ™M) — (B H' (75 R).  (10)
i=1 i=1
Let N denote a tubular neighborhood of the filling geodesics, so that
N = Ny U---UNj is the union of k solid tori, N U M is the closed man-
ifold M(p q) and NN M = OM. We claim that the inclusions induce an
isomorphism
H{(M;v) ® H(N;v0) — H(OM;v)
for i =0 and i = 1. Then by Mayer-Vietoris, Hl(M(p,q), v) = 0 follows.
Let us check the claim. When i = 0, H(M;v) = pAdeu(mM) — () and
the required isomorphism comes from the fact that m1(N;) and m(9;M)

have the same image under p, and hence the same invariant subspace.
When i = 1, we notice that by Lemma

Hl(al-M,n) = Hl((?iM, R)® Upu(7r1(8iM)),
and dim pPe(m (M) = 1, by Lemma 5Tl Similarly,
Hl(NZ" U) = Hl(NZ-’ R) ® Upu(m(aiM))‘

Then the proof follows from isomorphism (I0) and the natural isomorphism
induced by inclusions:

HY(0;M;R) = H'(N;;R) @ H'(v; R).

23



By analyticity we get:

6.5 Corollary If the generic dimension of H'(M;vaq,,) is k and if f is
non-constant in a neighborhood of 0, then infinitely many Dehn filling are
infinitesimally rigid.

Proof. The dimension of H'(M;vaq pu) is bounded below by & and lower
semicontinuous on w € U (it is larger on a proper analytic subset). Hence
the set of uw € U where dim H'(M;0aq,,) # k or f(u) = 0 is a proper
analytic subset of U, and it misses infinitely many Dehn fillings by [25],
Lemme 4.4]. O

For a collection of simple closed curves u = {1, ... ux}, where p; C ;M
is non trivial in homology, let p;, denote the holonomy of the corresponding
hyperbolic cone structure with cone angle o and meridians .

6.6 Proposition Assume that there exists a collection of simple closed
curves as above p C w1 (OM) and some £ > 0 so that, V0 < a < ¢,

dim H' (M, 10 44p,,) = 3k.
Then infinitely many Dehn fillings are infinitesimally rigid.

Proof. Our goal is to prove the proposition by applying Corollary Since
Pai(p;) is arotation of angle 0 < a < 7, by Lemmal2 dim H (11550 4qp,,,) =
dim vA9rai(i) = 3 and therefore dim H(u;044p,,) = 3k.

Then the long exact sequence of the pair (M, ) starts as follows:

0 — HO(M7 UAdpai) — Hl(Mnu'a UAdpai) — Hl(Ma UAdpai) —
Since dim H°(p;044p,,) = dim H' (M, 1,0 4qp,,,), We have an inclusion
0 — H' (M;0adp,;) = H' (1139 4dp,;)-

The inclusion of p in M factors through OM, hence by Lemma [B2] it
follows that
dimHl(M; UAdPai) =k,

which is the first condition for applying Corollary [6.5] by lower semiconti-
nuity of the dimension of H'.
Moreover, using Lemma [5.2] (i), it follows that

k
H' (M;0.04p,,) = €D H' (13 R) @ oPeim @40
j=1
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This implies that one can choose a basis {z,...,z5} for HY(M;044,,,).
where 2}, = fi; ® a’; and fi; € H'(uj;Z) is the dual of the fundamental

a1

class in Hi(uj;Z). Thus, since p; = 27/ and ¢; = 0, we get

(m1(9; M)

as the Killing form on pfei is nondegenerate. O

Proof of Theorem [1.4) As M is infinitesimally projectively rigid, by
Lemma [5.6] we can choose a set of slopes p = p3 U--- U ug, so that

0— Hl(M§ UAdpo) — Hl(lu’; tJAdpo)

is exact. By the long exact sequence of the pair (M, ), since dim p”4 Po(ki) =
3, this is equivalent to saying that dim H'(M,u;0a4,,) = 3k. By ana-
lyticity and lower semicontinuity of the dimension of the cohomology, the
hypothesis of Proposition holds true. O

Proof of Theorem [L3.  Let M q) be infinitesimally projectively rigid.
Then up q) € U denotes the parameter in the Thurston slice corresponding
to the holonomy of the structure on M induced by the Dehn filling.

As in the proof of Lemma [6.4] a Mayer-Vietoris argument gives that

; 1 . _
dim H (M, DAd Puip.a) ) =k

Moreover, if the parameter u, q) is contained in the domain of definition
of f then f(uwp.q)) # 0. A priory the domain of definition of f could be
a smaller neighborhood of the origin: the problem is that the cohomology
classes z%,...,2F € Im(HY(M;vpq,) — HY(OM;Adp)) could be linearly
dependent or even not be defined outside a small neighborhood of 0. To fix
that, we use the path of hyperbolic cone structures, that gives a segment
in U, that we parametrize by the cone angle o € [0,27]. Let u, € U de-
note the parameter of the deformation space and ~i,...,7; the boundary
slopes. By compactness, the segment [0, 27] is covered by intervals (o, a;y1)
where there exists cohomology classes 2l,...,z8 € Im(HY(M;vpq,) —
H'(OM;Ad p)) that vary analytically on a and are linearly independent
for each o € (a4, ai41), by Lemma On each interval we may use the
cohomology classes to construct functions similar to f, i.e. as the deter-
minant of the matrix of Kronecker pairings between 2! and the homology
class represented by al, ® 5=7;- This finite sequence of paths and the usual
analyticity argument gives that in a neighborhood of 0, f # 0 and the
generic dimension of the cohomology is the expected one. Hence we may

apply Corollary O

25



7 Flexing slopes

7.1 Definition Let M? be a cusped hyperbolic manifold of finite volume
which is infinitesimally projectively rigid. Let + be a slope of 0y M, We say
that ~ is a flexing slope if the map

Zf{ Hl(MQUAdPO) — Hl(% tJAdpo)

is nontrivial.

7.2 Proposition Let M? be a cusped hyperbolic manifold of finite volume
which is infinitesimally projectively rigid and let u,\ € 1M be a pair
of simple closed curves generating the fundamental group of 01M . Let
(Pns @n) € Z? be a sequence of coprime integers lying on a line a p,+bg, = c.
If v = —bu + aX is a flexing slope, then Mé)n,qn),oo7___7oo is infinitesimally
rigid for n large enough.

Proof. After changing the basis in homology, the curves p and A are chosen
such that a = 1, b = 0, i.e. A = (0,1) is the flexing slope. We also may

assume (pp,qn) = (c,n).
Let us consider the path

Sl—}{(C’%) if s#0

00 ifs=0

in the parameter space. Denote by wu(s) the corresponding point in the
deformation space.

7.3 Lemma The path u(s) is a real analytic on s € (—¢,¢).

Proof. Setting 7(u) = v(u)/u, from pu+ qv = u(c+ 1r(u)) = 27i we can
write
u(sc+ 7(u)) = s27i.

Since 7(0) # 0 and 7 is analytic on u, this allows to define u as analytic
function on s, by applying the analytic version of the implicit function
theorem. O

Let 6, € Im (H'(M;v44p,) — H'(O1M;044p,)) be an analytic family
of cohomology classes, so that i3(6p) # 0. This is always possible since 7}
factors through H' (91 M;044p, ).

The two cohomology classes z,,2) € H YoM o Adpo) as defined in the
proof of Lemma B4l satisfy ij,(2x) = i3(2.) = 0, 4,(2,) # 0, and i} (2x) # 0.
Hence we may assume that

0o = 2x + Bz, for some 5 € R.
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Let also ay () € pAdPu) (M O1M)) e ap analytic family of invariant ele-

ments, with ag # 0. As in Lemma 6.1}, we want to see that for s > 0, the
following function does not vanish:

cp+ X >
=(0 —5
f(S) < u(s)s Qu(s) @ ’C—l— %T‘z
S

= ‘SC T T’2 <9u(s)(8 cp+ )‘)a au(s)>'

Notice that it follows from the proof of Lemma [E1] that for small s,
s # 0, the restriction of the Killing form on the subspace pAdPu(s) (M1 (01 M))
is positive definite i.e. B(ay(s); Gy(s)) > 0 for sufficiently small s # 0.

7.4 Lemma If [la, )| = B(au(s),au(s))l/Q, then

B(Hu(s) ()‘)7 au(s)) m B(Hu(s) (/1')7 au(s))

BT ol T el
Assuming the lemma we obtain
fls) 1 <B(0u(s)()‘)7au(s)) N SCB(Hu(s)(:u')?au(s))>
sllawsll  |sc+7]? @)l @)l
and hence
lim 7(s) = 10 .
520 5 [lay |l |70l
Hence f(s) # 0 for s # 0. Moreover, since the dimension of H'(M;044,,)
is lower semicontinuous, it still satisfies dim(Hl(M;UAdpu(s))) = k. By

analyticity those conditions are satisfied for all but finitely many s, hence
we may apply Lemma
This concludes the proof of Proposition assuming Lemma [7.4] O

Before proving Lemma [[4], we still need a further computation. Let
wp € su(3,1) denote

i
wy = §V0, where V) = 1
—1
Note that wg is contained in gg C su(3,1) which is the Lie algebra of the
stabilizer of [vi] € O HE.

7.5 Lemma The invariant element a, € pPu(m@OM)) can be chosen such
that:

ay, =p(u) +4 <sinh2 g) Vo

where p(u) is an infinitesimal parabolic transformation.
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Proof. Since wq is invariant by the stabilizer Gg for v # 0, a, can be
obtained by conjugating wg, and then by normalizing the result so that the
limit exists if u tends to 0.

Recall that in the Heisenberg model the subgroup of real parabolic rep-
resentations corresponds to R? x {0} € H_ € G_ = H_ x (U(2) x R).
Note also that wq is the image of il under the canonical inclusion 1(2) <
su(3,1).

Suppose that (x,7,0) € R%2x {0} is the second fixed point of p,(m10M).
In the notation of PSLy(C) we have

hence
et R
2sinh(u/2)"

Using the formalism of G_, the conjugate of wy we are looking for is:

i 0 d el 0
Adx 0 (l -> :_(Cﬂ,y,0)< i>(_xa_y’0)
@y 0 i dt 0 e 0
_ d it it el 0
- a(ﬁﬂ,y,o)(—xe , —Ye ?0) <0 eit>

- %(m(l =y =€), (2% + ) sin(t)) (6; gt)

T +iy =

t=0

t=0
. . 2 2 i 0
= (—1x,—1y,(az +y )) + (O i) .
Under the inclusion g_ < su(3,1) this element is written as
i 0 0 z y 000 0
5 0 0 z vy 000 O
2 ) s co2 2
i e 20 o TH@HFYI 0 0 1
-1 -y y 0 0 001 —1
Hence Ad, , 0)(wo) = wo + Parabolic.
Now z2 + 3% = élsiT%(u/Q) and in order to obtain an invariant matrix
which converges when v — 0 we take
a, = —i4 <sinh2 %) Ad(g y,0)(wo) = 4 (sinh2 %) Vo + Parabolic
and the lemma is clear. O

Proof of Lemma[7.4 Using Lemmas [Z.5] and 3.3 we obtain:
B(ay,a,)/? = 4sinh? % B(Vp, Vo) /2 = 8 sinh? g;

B(Bu(s)(N)s augs) = BlBu)(N), Vo) 4sinh? g
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Hence

B(aus()‘)’aus) 1 1
(s) () _ §B(9u(s)()\),Vo) — 5j}?(au(o)()\),vo) as s — 0,

lau(s) |
and
B(0u0)(A), Vo) = B(2x(A), Vo) = B(ay, Wo) = 32.
A similar computation holds for 6, (). O
8 Examples

In this section we compute two examples, the figure eight knot and the
Whitehead link exteriors. We start introducing some notation. Let x € R4
be a column vector. As in Section we will use the following notation:
x* = x'J. Then for all x,y € R* we have that xy* + yx* € v. In the
sequel we will make use of the following basis {vy,...,v9} of v:

v; = e;e; + eqe) fori=1,...,3,
and

vy = eje; + ege], U5 = eje} +ese], v =eje;+ ese],

v7 = exe3 + ese;, Ug = €€} + eqe, vy = ese; + ege;.

8.1 The figure eight knot

In this section we explain the computations to show that the figure eight
knot exterior is infinitesimally projectively rigid.

Let T" be the fundamental group of the figure eight knot exterior. We
fix a presentation of I':

1 1

= (z,y|ay 'z yzy toyz~ly ™). (11)

where = and y represent meridians.
By Corollary 53] it suffices to show that dim H'(T, Y Adpy) = 1.
We start with a holonomy representation of the complete structure in

SLy(C) [27]:
11 1 0
- > :
01 ! /s

Using for instance the construction described in [9], the representation
in PSO(3,1) is given by:

0 0 0 1 0  V3/2 V3/2
1 -1 1 0 1 /2 1/2
1
1

/2 1/2 W =30 —12 12 -1/
-1/2 3/2 Vv3/2  1/2 1/2 32
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Notice that the holonomy of x and y have a fixed point in the light cone,
which are respectively:

0 0
0 0
v = | and wv_ = 1
1 1
With respect to the basis {v1,...,v9} for v the adjoint representation is
given by:
100 0 0 0 O 0 O
122 0 0 0 -2 2 =2
1 5 1 1
713 0 0 0 1 1 3
o000 1 -1 -1 0 0 O
Adpp(z)=]0 0 0 1 3+ -2 0 0 O
1 3
000 -1 5 5 0 0 0
1 3 1 3
3 2 0 0 0 -5 5 0
3 5 3 5
5 32 0 0 0 -5 3 -2
3 7 1 1
7 13 0 0 0 0 2 3
and
A R A
3 g 3 0 0 0 1 1
1 1 1 V3 V3 _¥3 1 1 _1
2 2 2 2 2 2 2 2
38 B 12 -1 B8 8
M) = |5 E 0 p o1
R A e e
1 _3 0 Y3 _¥3 V3 1 _3 0
1 1 2 1 1 1 1
3 5 1 V3 M3 VB 3 7 1
1 1 2 1 1 1 4
-3 -1 -3 =¥ 0 V3 0 -1

The cohomology group H'(T';v) is computed as the quotient Z!/B!, where
Z' is the space of cocycles and B! the space of coboundaries:

z' = {d:T —vo|dyye) = dn) + Adpo(11)d(72), ¥1,72 € T},
Bl = {deZ'|d(y) = (Adpy(y) — 1)a, ¥y €T, for some a € v}.

Since v has no element globally invariant by I', dim B' = dimv =
9. We claim that dim Z' = 10. To compute this dimension, we use the

30



isomorphism of R-vector spaces:
7' & {(a,b)€v?[§2-a+ %2 b=0}
d < (d(x),d(y)) ’
1

1 1

where w = zy 'z~ lyzytzyr~ly~! is the relation in the presentation of T,
and g—;", aa—w stand for the Fox derivatives [22]:
Y

ow 1 _ 1 1
% = 1l—zy 1:cl—|—:ny Ly 1y+ymy 1x1—y,
ow _ 1 _ o _
G_y = —xyl—l—xy 1x1—yazy 1x1—i—ymy1—1.

Thus, Z! is isomorphic to the kernel of the linear map from v x v to v with
matrix:

(Adpo@—j) , Adpo(%)) . (12)

One can check that this matrix has rank 8, by means of an elementary
but tedious computation. Hence dim Z! = 10, as claimed.
To prove Proposition [ 7] we need to show:

8.1 Remark The longitude is a flexing slope.

With this remark, Proposition [[7] is just an application of Proposi-
tion To prove that the longitude is a flexing slope, we need to analyze
more carefully the previous computation.

By looking at the kernel of matrix (I2)), we choose one cocycle d deter-
mined by:

0O 0 0 0
0o 0 -3 -1
d(z) = 0 -3 0 0 and d(y) =0.
0 1 0 0
Let | = yz~ 'y~ '2?y~ 'z~ 1y be the longitude that commutes with x. Then,

by Fox calculus,

60 —4v3 603 —68v3
—43 -4 —12 12
60v3 —12 178  —206
68v3 —12 206  —234

d(l) =

To see that d restricted to [ is nontrivial, following the proof of Lemma [5.4],
we must find an invariant element a € vA47W") such that B(d(l),a) # 0.

Since:
1 0 —2v3 23
= ly05 0 5 o
2v3 0 =5 6 |’
2v3 0 —6 7



following again the proof of Lemma [5.4], we choose

-1

and we have that B(d(l),a) = —16 # 0.

8.2 Orbifolds with branching locus the figure eight knot

Let O, denote the orbifold with underlying space S2, branching locus
Sing(O),) the figure eight knot and ramification index n. The orbifold O,, is
hyperbolic for n > 4. Note that the orbifold O, has a finite cyclic covering
0, — O, where M, = O, is the so called Fibonacci manifold which is
widely studied in the literature [14].

The aim of this subsection is to prove Proposition [[.8], which states that
O,, is not locally projectively rigid for sufficiently large n, and that its
deformation space is a curve.

As before, I'g :=T' = m(O,, \ Sing(O,,)) denotes the fundamental group
of the figure eight knot exterior, so that

Ly o= 7§2(0p) 2 T/ (m"),
for m € I" representing a meridian. Note that there exists an exact sequence
0 — m (M) = 7%™(0,) = Z/nZ — 0.

The figure eight knot is amphicheiral and hence there exists an auto-
morphism of I'y preserving the longitude and sending the meridian to its
inverse. Such an automorphism ¢g: I'g = 'y is given by

wo(z) =2 and @o(y) = yr ty tay '

By direct calculation using Presentation (IIl) and the meridian/longitude

pair m =z and [ = ya~ 'y ta?y~'x "'y, one checks that ¢q is an automor-

phism and that
po(m) =m~" and po(l) = L.
Hence ¢y induces automorphisms
P1/n - F1/n - F1/n
Let po: o — PSO(3,1) and py,: Iy, — PSO(3,1) denote the holon-

omy representations. Then by Mostow—Prasad rigidity there exists a unique
element Ay, € PSO(3,1) such that
Pi/n © Pi/n = AdAl/n °P1/n (13)
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for n > 4, including 0 = 1/00.

For any group homomorphism ¢: ' — IV and any I"-module @ we
denote by ¥a’ the I'-module with underlying set @’ and the I" action yoa’ =
o(y) od. Tt is easy to check that ¢ induces a map

ffrH (T, d) — H*(T,%d)

(see [0, IIL.8]). Now any I'-module a and any morphism of I'-modules
a: ?ad’ — a there is an induced map in cohomology (¢, a)*: H*(I',a) —
H*(T',a) given by
(p,a)" = as 0"
Now Equation (I3)) tells us that Ad,-1 : oy =0y, s a Iyjp-
1/n

module morphism and hence there is a induced map
QOT/” = (@1/717 AdA;/ln)* : Hl(rl/n, Upl/n) — Hl(F1/n, UPl/n)

given by go’l‘/n(z) = AdAl_/ln 020 Y1 /p -
In the sequel we shall compute the action of ¢} /n first on the homology

H*(0M,v,,,,) and then we shall deduce its action on H*(I'y /.0, )-
For 4 < n < oo, we have a natural isomorphism

H*(@M’ UPl/n) >~ H*(6M7 R) ® UPl/n(WlaM)
(see Lemma [5.2)). For n = oo Lemma [5.4] applies and hence
it @ik, HY(OM,v,) — HY(1,0,,) © H*(m,0,,)

is injective. Moreover rk(i;) = rk(iy,) = 1.
In the sequel let ¢*: H*(OM,R) — H*(0M,R) denote the the map
induced in the untwisted cohomology with real coefficients.

~

8.2 Lemma For n < oo, with respect to the isomorphism H*(0M,v,, , )
H*(OM,R) @ vP1/n(MM) “the jsomorphism gp*{/n on cohomology is given by

Pl =@ ®Ld oy monm.

For n = oo, we have

if oy =1; and iy, 0wy = —ir, .
Proof. If n > 4 then py/,(m) is an elliptic element and p;/,() is a pure
hyperbolic translation. This can be seen for example by using the trace
identity

tr p(l) = tr p(m) — 5tr% p(m) + 2,
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which holds for every irreducible representation p: I' — SL(2,C) (see for
example [25] p. 113]). Hence up to conjugation we may assume that

cos(2w/n) —sin(2r/n) 0 0
sin(27/n cos(2m/n) 0 0
prym(m) = (O/) (O/) 0
0 0 0 1
and
10 0 0
o 0
Prn) =10 0 cosh(\,) sinh(A,)
0 0 sinh(A,) cosh(A\,)

With this normalization we obtain

(m10M) 01
Upl/n ™1 — < <0 0
00

1000 R 0
o= (i730) (5 1)
m=\ggee) Voo

where R, is a rotation of angle o € R and T;, is a hyperbolic translation
of length n € R. The actual values of o and 7 are not needed since the
above form of Aj/, already implies that it acts trivially on pP1/n(mOM) 4 o

and

—_

AdAl/n ‘nﬂl/n(ﬂlaM) = Idnpl/n(maM),

and the first assertion of the lemma follows.
In order to prove the second assertion recall that

po(m):po(x):exp<8?_olé> and po(l) = 230 0 0 .
0100 2v30 0 0
1000
Hence Ay = M 8_01 (1)8 for some M in the parabolic group that fixes
0001

and that maps v_, the point fixed by the parabolic
1

vy = Fix({po(m), po(1)))
group containing po(y), to po(yz~!) - v_, because @o(y) = yo~ty~
With respect to our normalization we have

ry L.

0 0 V3
0 _ -1
/U+ = 1 ) V- = _1 a‘nd pO(yx 1) V- = 0
1 1 2
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Hence

0 0 —\//3/2 ﬂf 1 0 —\//3/2 ﬂf
0 0 12 —1/2 0 -1 1/2 -1/2
M=ewl 50 1 0 0 and - Ao=1 m0 10 12 12

V3/2 —1/2 0 0 V3/2 1/2 —1/2  3/2

Let us consider the two cocycles 2z, 2 w1 (OM) — v,, which were con-
structed in the proof of Lemma B4t z,,: m1(0M) — v,, given by z,(l) =0
and z,,(m) = a; where

-1

al: GU,

—1
—1

and z: m(OM) — v,, given by z/(l) = a,, and z(m) = 0 where

3
~1
am = 1 cv.
~1
These cocycles satisfy:
im([zm]) #0, i ([zm]) = 0,
im(lz]) =0, i ([a]) #0

Moreover we have

©ozm(m) = AdAO—I zm(mfl)

= — AdAo—l Adpo(m)*l a

-1 0 0 O
_ 10 32 -2
o 0 2 0 -9
0o 2 9 -2
and
©ozm(l) = Ad 4—1 2, (1) = 0
Since
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it follows that @}, 052m ~ —in,zm (see the argument at the end of the proof
of Lemma [5.4]). On the other hand we have:

3 0 —2v3 23

woz1(m) = 0 and piz(l) = AdAgl(GM) =1 2v3 o 5 _3
-2v/3 0 3 -4
Since B(ay, pyz1(l)) = =32 = B(a, ar,) it follows that i; o5z ~ i) 2. O

8.3 Corollary For sufficiently large n € N the composition
H'(M,v,,, ) = H(0M,v,,, ) — H'(m,0, )
is the zero map.

Proof. The longitude [ is a flexing slope (see Remark RI]). Thus by
Lemma B2 the map ¢f: H'(M,v,,) — H'(M,v,,) is the identity.
Next notice that for n sufficiently large, we have an inclusion

H'(M,v,,,.) <~ H (0M,v,,, ).

The eigenvalues of P HY(0M, /) = H'(0M, v,,,,) are 1 since the
restriction of ¢y, to the subgroup generated by m and [ is an involution.
Moreover, ¢, preserves HY(M, ) = HY(0M, Yp,,,) and hence the
induced map ¢} /n OD HY(M,v,, /n) is +£Id and by continuity this restriction
is the identity.

On the other hand we have ¢/,(m) = m™!, hence by Lemma
and Lemma B2, ¢} Jn induces —Id on the image of HY(OM,v,, )
H(m, Um/n)-

|

8.4 Lemma There is a natural isomorphism H*(On, vy, ) = H*(T'y/n,0p, )

Proof. The orbifold O, has a finite cyclic covering (f’)vn — O,, where (f’)vn isa
manifold. The compact, hyperbolic manifold O,, is aspherical, hence there
is a canonical isomorphism

H*(ﬂ-l(@;)’ t)P1/n) = H*((/Q\,;, t)P1/n) .

Then the lemma follows since H*(m1(Or),0,,,,) and H*(Oy,0,, ) are the
invariant subspaces of the map ¢* induced by the covering transformation
t: O, — O,, ie.

H*(m1(On),0p,,,) = H*(m1(0n),0,,,)" and H*(Op,0,,, ) = H (On,0,,, )"

|

36



8.5 Proposition For sufficiently large n € N we have

1. Hl(Fl/n,5[(4)pl/n) = Hl(Fl/n,npl/n) = R is one-dimensional and
»] Jn ACtS trivially on it.

2. HQ(Fl/n,5[(4)pl/n) = HQ(Fl/n,Upl/n) = R is one-dimensional and
<p’1“/n acts by multiplication by —1 on it.

Proof. We start with the decomposition
H*(Fl/n’s[(4)p1/n) = H*(Fl/n,50(3, 1)p1/n) & H*(Fl/na Upl/n)'

The group Hl(Fl/n, 50(3, 1)p1/n) = 0 vanishes by Weil’s infinitesimal rigidity
and hence

H2(F1/n750(37 1) ) =0

by Poincaré duality and Lemma 8.4l Thus

P1/n

H'(Ty/y,8(4),,,.) = H'(Tyjn,0,,,,) for i =1,2.

In order to compute Hi(l“l/n,npl/n) & Hi((’)n,npl/n) we shall apply the
Mayer-Vietoris sequence to the decomposition O,, = M U N,, where N,, =
N (Sing(0,,)) is a regular neighborhood of the singular locus such that M N
N,, = OM . Since

HY(On,v,,,,) = H(M,v,,, ) = o//2m0) =
and
H0(8M, Upl/n) o oP1/m(m(OM)) — yp1/n(T1(Nn)) o HO(NnaUpl/n),
we obtain the following exact sequence
H'Y(O,0p,,,) — H (M, 0, J&H (Ny,0,,,) = H' (OM,v,,, ) = H*(On,0,, ) -

Notice that the last arrow is surjective, as dim H2(90M, 0p,,,) = dim H?*(M, O/n) =
1. By Corollary B3] both groups H'(M, vp,,,) and Hl(Nn,Upl/n) have

the same image in H'(9M, v, /n) which is exactly the kernel of the map
Hl((?M,npl/n) — Hl(m,npl/n). Notice also that dimHl((?M,bpl/n) =2

and

dim H'(Ny, 0, ) = dim H(N,,, 0, ) = dim p?/n(min) =1

Therefore we get dim H'(O,, P /n) = 1. Moreover, the map ¢} /n acts
trivially on H'(O,, v, /n) since by the proof of Corollary B3]it acts trivially
on H'(M, Yp,,,), and Hl(On,npl/n) injects into H'(M, Opy)-
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On the other hand we have
Hl(aM, Upl/n) = Hl(aM’ R) ® Upl/n(mBM),

o(m) =m~1 and o(I) = [. Hence the eigenvalues of Pln: HY(0M, p1/n) =
HY(OM, 0, /n) are £1. The eigenspace corresponding to the eigenvalue +1
is the image of H'(M, Yp,,,) (and Hl(Nn,npl/n)). Hence ], acts as —Id
on HQ(On,Upl/n). O

Proof of Proposition .8 We shall show that every Zariski tangent vector
v E Hl(Fl/n,5[(4)pl/n) is integrable. We use the following general setup: let
I be a finitely presented group and let p: I' — GL(m,R) be a representa-
tion. A formal deformation of p is a representation p;: I' = GL(m,,R][[t]])
such that py = p. Here R][[t]] denotes the ring of formal power series and
po: I' = C is the evaluation of p; at t = 0.

Every formal deformation p; of p can be written in the form

pe(7) = (I + tur(y) + tPua(y) + -+ )p(7)

where I, denotes the identity matrix and u;: I' — gl(m) are maps i.e. ele-
ments of C1(T, gl(m),). An easy calculation gives that u; € Z(T, gl(m),)
is a cocycle (Weil’s theorem). More generally we have the following:

8.6 Lemma Let p: I' — GL(m) be a homomorphism. Then p;: I' —
GL(m,RI][t]]) given by

0t(7) = (I + tur(y) + tPua(y) + tuz(y) + - )p(v)
is a homomorphism if and only if for all k € Z, k > 1, we have

k—1
ouy —l—ZuiUuk,i =0.
i=1

The proof of this lemma is an easy calculation, by induction on k. Here
the cup product U is the composition of the usual cup product U with the
matrix multiplication

HY(T, gl(m),) ® H'(T, gl(m),) = H*(T,gl(m), @ gl(m),) = H*(T, gl(m),)

i.e. given to cochains cj,co € CY(I,gl(n),) the cup product ¢; Ucy €
CYT, gl(m),) is given by

c1Ucz(y1,72) = e1(m) Adyy (c2(12)) -

The sequel the representation p is going to be always py/,, hence we
omit it from notation. Note that the I'y/,-module gl(4) decomposes as a
direct sum

gl(4) = R @ sl(4)
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where R = R - I, is the trivial module, it is the center of gl(4). Moreover
H'(T/,,R) =0 for i = 1,2 since Hy(M,,Z) is finite (no root of unity is a
zero of the Alexander polynomial of the figure eight-knot). Hence

HZ(Fl/nyg[(4)) = Hi(rl/n7n) for i =1,2.

First we claim that the cup product

HY(Ty 0, g(4)) © HY(Ty/, g1(4)) S H2(Ty ), 01(4))

vanishes. This is because Hi(Fl/n,g[(Zl)) = Hi(]?l/n,n), i = 1,2, and
o] Jn Acts as multiplication with (—1)*"! on H*(T; /n»©) by Proposition B.5l
Hence

—(vUv) = ¢, (vUv) =7, (v) Upl,(v) = (vU D).

Therefore the first obstruction to integrability of a vector v € H'(T'y /,,, gl(4))

which is this cup product v U v vanishes. The next obstruction is a Massey
product: if uq € Zl(Pl/n,5[(4)) is a cocycle representing v, then u; Uwu; +
Sug = 0, for some 1-cochain uz, and the Massey product (v)? is the coho-
mology class of u; Uusg 4 ug Uuy. In general this is not unique, because us
can be replaced us 4z for any cocycle z, which means that two possible val-
ues for (v)? differ by an element in vU Hl(Fl/n, gl(4))+ H! (T1/m,0l(4)) Uv.
Since the cup product vanishes, (v)? is unique. Using the naturality of the
constructions and by Proposition (1), we have:

01 ((0)%) = (@1 (0))° = (v)°

Moreover, by Proposition (2) and uniqueness of the Massey product,
* 3 3
@1/n(<’0> ) - _<U> )

which implies that (v)? = 0. In a similar way, one can define all Massey
products of higher order and the same argument shows that they are zero
(see [21]). This implies that all obstructions to integrability vanish, and
we apply Artin’s theorem [2], to conclude that formal integrability implies
actual integrability of v.

O

8.3 The Whitehead link

A similar computation as for the figure eight knot tells us that the Whitehead
link L = KUK is infinitesimally projectively rigid. Let I' = 71 (M) denote
the fundamental group of the Whitehead link exterior M. We will work with
the presentation:

1 1

I'=(z,y| oy o tyz ly taya tyzy tayz~y ™)
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Figure 1: The thrice punctured sphere S in the Whitehead link.

where z is a meridian for K; and y is a meridian for K5. The holonomy
representation p: I' = SLo(C) is given by

1 1 1 0
T Y
0 1 —1-i1

(see [26] for details). A computation analogous to the one of the previous
subsection shows that dim H'(M;v44,) = 2.

Once we know the dimension of the deformation space, we have a geomet-
ric tool to understand the deformations: let S denote the thrice puncture
sphere illustrated in Figure [l By symmetry of the components of the link,
there are two of them. The surface S intersects one boundary torus in a
longitude I, = yz~ 'y 'zy 'z "lyx, and the other one in two meridians y
and z = 2~ 'y lzyz~lyx, with opposite orientation. The restriction of the
holonomy onto 71 (.S) is conjugate to a representation into SLo(R). Hence
S a totally geodesic thrice puncture sphere in the link complement.

8.7 Lemma Let 0; M denote the boundary component of K. Every slope
on 01 M different from the longitude I, is a flexing slope.

Proof. We consider the bending along S. If we restrict this bending to
01 M , it is itself a bending along the longitude [,, and it happens to be
precisely the deformation constructed in the proof of Lemma B4l Thus,
except for the longitude itself, this deformation is nontrivial when restricted
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to any slope of the torus, because the cusp shape of the Whitehead link lies
in the Gaussian integers Z[i], thus the angle of any slope with the longitude
I, can never be /3, and we can apply Lemma [5.4] O

Proof of Proposition [[.9d. Lemma and Proposition imply that for
almost all n the (n,1)-Dehn fillings are infinitesimally projectively rigid.
According to [I] those fillings are precisely the punctured torus bundles
with tunnel number one.

Twists knots are obtained by (1,n)-Dehn fillings, but we cannot apply
Proposition [(.2] because the longitude is not a flexing slope. However, the
path (p,q) = (1,s) for s € R and s > 1 is contained in the whole defor-
mation space (cf. [I]). Hence, since the coefficients (1,1) correspond to the
figure eight knot exterior, with an argument similar to Theorem [LE the
(1,n)-Dehn fillings are infinitesimally rigid for all but finitely many n. O
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