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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGoals of this tutorialDe�ning the 
on
ept of �tness lands
ape :De�ne your own �tness lands
ape a

ording to your problemGiving all standard tools to study �tness lands
apeGiving an overview of �tness lands
apes with mountainsGiving an overview of �tness lands
apes with plateaus :Prati
al example of analysis of su
h FLDe�ne the lo
al optima network of FL :Example of su
h networks on NK−lands
apes
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksStudy of Fitness lands
apes : MotivationsUse the �tness lands
apes :To analyse the stru
ture of the sear
h spa
eTo study problem (sear
h) di�
ulty in 
ombinatorialoptimisationTo design e�e
tive sear
h algorithmsL. Barnett, U. Sussex, DPhil Diss. 2003"the more we know of the statisti
al properties of a 
lass of �tnesslands
apes, the better equipped we will be for the design ofe�e
tive sear
h algorithms for su
h lands
apes"Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksFitness lands
apes in biology

Biologi
al s
ien
e :Wright 1930 [35℄
Evolution :a metaphori
al uphillstruggle a
ross a "�tnesslands
ape"mountain peaks representhigh "�tness", or ability tosurvive,valleys represent low �tness.evolution pro
eeds :population of organismsperforms an "adaptive walk"Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksFitness lands
apes in biology In biology :Modelisation of spe
iesevolutionUsed to model dynami
alsystems :statisti
al physi
,mole
ular evolution,e
ology, et
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksFitness lands
apes in biology2 sides for Fitness Lands
apes :Powerful metaphor : most profound 
on
ept in evolutionarydynami
sgive pi
tures of evolutionary pro
essbe 
areful of misleading pi
tures : "smooth lands
ape withoutnoise"Quantitative 
on
ept : predi
t the evolutionary pathsQuasispe
ies equation : mean �eld analysis with di�erentialequationsSto
hasti
 pro
ess : markov 
hainNetwork analysisSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksIn 
ombinatorial optimization
Fitness lands
ape (S,V, f ) :

S : set of admissible solutions,
V : S → 2S : neighborhoodfun
tion,f : S → IR : �tness fun
tion.

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksFitness lands
apes in evolutionary 
omputation
FL : Tools for bla
k-box optimisationSear
h spa
e analysis where "no" information is either not availableor needed on the de�nition of �tness fun
tion.We have only {(x , f (x)), ...}Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksFitness lands
apes in evolutionary 
omputation2 sides for Fitness Lands
apes :Powerful metaphor : most profound 
on
eptgive pi
tures of the sear
h dynami
 :"if the �tness lands
apes have big valleys, I 
an use thisalgorithm"be 
areful of misleading pi
tures : set of smooth mountainsQuantitative 
on
ept : predi
t the evolutionary dynami
Quasispe
ies equation : mean �eld analysis with di�erentialequationsSto
hasti
 pro
ess : markov 
hainNetwork analysisSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksDe�nition of the neighborhood
V : S → 2S : neighborhood fun
tion
∀x ∈ S,
V(x) = {y ∈ S | P(y = op(x)) > 0}or

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksDe�nition of the neighborhood
V : S → 2S : neighborhood fun
tion
∀x ∈ S,
V(x) = {y ∈ S | P(y = op(x)) > 0}or
V(x) = {y ∈ S | d(y , x) ≤ 1}

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksExample of neighborhoodSear
h spa
e : {0, 1}NAlgorithm : simple GA,hill-
limbing, or simulatedannealing, et
.x = 01101
V(x) = {011010110001111010010010111101
}

ImportantDe�nition of neighborhoood must bebased on the lo
al sear
h operatorused in the algorithm
S = {0, 1}N

V(x) = {y ∈ S | dhamming (y , x) ≤ 1}Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksExample of neighborhood

Traveling Salesman Problem :�nd the shortest tour whi
h
ross one time every town
Sear
h spa
e : set ofpermutationsAlgorithm : simple EA with2-opt mutation operator op2−opt

V(x) = {y ∈ S | P(y =op2−opt (x)) > 0}
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksExample of neighborhood

Traveling Salesman Problem :�nd the shortest tour whi
h
ross one time every town
Sear
h spa
e : set ofpermutationsAlgorithm : simple EA with2-opt and 3-opt mutationoperators op2−opt and op3−opt

V(x) = {y ∈ S | P(y =op2−opt (x)) > 0 or P(y =op3−opt (x)) > 0}Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksExample of neighborhoodAlgorithm : memeti
 algorithm, EA with hill-
limbing mutationoperator opHC
V(x) = {y ∈ S | y = opHC (x)}

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksExample of neighborhoodAlgorithm : memeti
 algorithm, EA with hill-
limbing mutationoperator opHC
V(x) = {y ∈ S | y = opHC (x)}Algorithm : memeti
 algorithm, EA with hill-
limbing mutationoperator opHC and bit-�ip mutation2 possibilities :Study 2 lands
apes :one for HC operator, one for bit-�ip mutationStudy 1 lands
ape :

V(x) = {y ∈ S | y = opHC (x) or P(y = opbit−�ip(x)) > 0}Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksExample of neighborhoodAlgorithm : memeti
 algorithm, EA with hill-
limbing mutationoperator opHC
V(x) = {y ∈ S | y = opHC (x)}Algorithm : memeti
 algorithm, EA with hill-
limbing mutationoperator opHC and bit-�ip mutation2 possibilities :Study 2 lands
apes :one for HC operator, one for bit-�ip mutationStudy 1 lands
ape :

V(x) = {y ∈ S | y = opHC (x) or P(y = opbit−�ip(x)) > 0}What is your question ?Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGoal of the �tness lands
apes study
"geometry" of �tness lands
ape
⇒ dynami
 of a lo
al sear
h algorithmgeometry is linked to the problem hardness :probability or time to have a �tness level for a given lo
alsear
h heuristi
Study of the geometry of the lands
ape allows to study the di�
ulty

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGoal of the �tness lands
apes studyCompare the di�
ulty of two sear
h spa
es :One problem with 2 (or more) possible 
odings : (S1,V1, f1)and (S2,V2, f2)di�erent 
oding, mutation operator, �tness fun
tion, et
.Whi
h one is easier to solve ?
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGoal of the �tness lands
apes studyCompare the di�
ulty of two sear
h spa
es :One problem with 2 (or more) possible 
odings : (S1,V1, f1)and (S2,V2, f2)di�erent 
oding, mutation operator, �tness fun
tion, et
.Whi
h one is easier to solve ?Choose the algorithm :analysis of global geometry of the lands
apeWhi
h algorithm 
an I use ?
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGoal of the �tness lands
apes studyCompare the di�
ulty of two sear
h spa
es :One problem with 2 (or more) possible 
odings : (S1,V1, f1)and (S2,V2, f2)di�erent 
oding, mutation operator, �tness fun
tion, et
.Whi
h one is easier to solve ?Choose the algorithm :analysis of global geometry of the lands
apeWhi
h algorithm 
an I use ?Tune the parameters :o�-line analysis of stru
ture of �tness lands
apeWhi
h is the mutation rate ? the size of the population ? et
.
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGoal of the �tness lands
apes studyCompare the di�
ulty of two sear
h spa
es :One problem with 2 (or more) possible 
odings : (S1,V1, f1)and (S2,V2, f2)di�erent 
oding, mutation operator, �tness fun
tion, et
.Whi
h one is easier to solve ?Choose the algorithm :analysis of global geometry of the lands
apeWhi
h algorithm 
an I use ?Tune the parameters :o�-line analysis of stru
ture of �tness lands
apeWhi
h is the mutation rate ? the size of the population ? et
.Tune the parameters during the run :on-line analysis of stru
ture of �tness lands
apeWhi
h is the optimal mutation rate a

ording to theestimation of stru
ture ?Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGoal of the �tness lands
apes studyStudy of the geometry of the lands
ape allows to study thedi�
ulty, and design a good optimisation algorithmFitness lands
ape is a graph (S,V, f ) where the nodes have a value(�tness) : 
an be "pi
tured" as a "real" lands
apeTwo main geometries have been studied :multimodal and ruggednessneutral Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksMultimodal Fitness lands
apesLo
al optima s∗ :no neighbor solution with higher �tness value
∀s ∈ V(s∗), f (s) < f (s∗)

Search space

Fitness

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksMultimodal Fitness lands
apesAdaptive walk : (s0, s1, . . .) where si+1 ∈ V(si ) and f (si ) < f (si+1)Hill-Climbing (HC) algorithmChoose initial solution s ∈ Srepeat
hoose s ′ ∈ V(s) su
h that f (s ′) = maxx∈V(s) f (x)if f (s) < f (s ′) thens ← s ′end ifuntil s is a Lo
al optimumBasin of attra
tion of s∗ :
{s ∈ S | HillClimbing(s) = s∗}.Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksMultimodal Fitness lands
apes
Search space

Fitness

Optimisation di�
ulty :number and size of attra
tivebasins (Garnier et al [10℄)The idea :if the size of attra
tive basinof global optima is relatively"small"the problem is di�
ult tooptimizeSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksWalking on �tness lands
apes
Search space

Fitness
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n
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pas s�tness vs. step of a random walk(example of max-SAT problem)
Random walk : (s1, s2, . . .) su
hthat si+1 ∈ V(si ) andequiprobability on V(si )Fitness seems to be very"
haoti
"Analysis the �tness duringthe random walk as a signal
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksRugged/smooth �tness lands
apes
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Auto
orrelation of �tness
(f (s1), f (s2), . . .) along a randomwalk (s1, s2, . . .) (Weinberger1990 [34℄) :
ρ(n) =

E [(f (si )− f̄ )(f (si+n)− f̄ )]var(f (si ))auto
orrelation length τ = 1
ρ(1)small τ : rugged lands
apelong τ : smooth lands
apeSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksResults on rugged �tness lands
apes (Stadler 96 [26℄)
Problem parameter ρ(1)symmetri
 TSP n number of towns 1− 4nanti-symmetri
 TSP n number of towns 1− 4n−1Graph Coloring Problem n number of nodes 1− 2α

(α−1)n
α number of 
olorsNK lands
apes N number of proteins 1− K+1NK number of epistasis linksRuggedness de
reases with the size of thoses problems :small variation has less e�e
t on the �tness valuesSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksLinks multimodality, ruggedness, epistasis ?
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Links between multimodality andruggedness :Conje
ture (Stadler 92 [27℄, Gar
ia 97 [9℄)on average, 1 lo
al optimum per sphere ofradius τLinks between epistasis andruggedness : NK �tness lands
apes(Kau�man [16℄)Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksNK �tness lands
apes
f (x) =

1N N
∑i=1 fi(xi , xi1 , . . . , xiK )N : length of the bit string (protein length)K ≤ N − 1 number of intera
tionsxi ∈ {0, 1}

{i1, . . . , iK} ⊂ {1, . . . , i − 1, i + 1, . . . ,N}fi : {0, 1}K+1 → [0, 1] 
hoosen at randomSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksExample N = 4 K = 2
x = 0110x1x2x4 f1000 0.9001 0.6010 0.1011 0.2

. . . . . .

x1x2x3 f2000 0.4001 0.8010 0.3011 0.2
. . . . . .

x2x3x4 f3000 0.2
. . . . . .101 0.9110 0.1111 0.5 x1x2x4 f4000 0.1001 0.2010 0.8011 0.0

. . . . . .f (x) = 14( f1(010) + f2(011) + f3(110) + f4(010) )
= 14( 0.1 + 0.2 + 0.1 + 0.8 )
= 0.3 Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksNK �tness lands
apes : ruggedness and epistasisK from 0 to N − 1, NK lands
apes 
an be tuned from smoothto rugged (easy to di�
ult respe
tively)K = 0 no 
orrelations, f is an additive fun
tion, and there is asingle maximumK = N − 1 lands
ape 
ompletely random, the expe
tednumber of lo
al optima is 2NN+1Intermediate values of K interpolate between these twoextreme 
ases and have a variable degree of epistasis (i.e. geneintera
tion) Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksLinks multimodality, ruggedness, epistasis ?
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multimodality/ruggedness :
onje
ture (Stadler 92 [27℄, Gar
ia 97[9℄) :on average, 1 lo
al optimum persphere of radius τepistasis/ruggedness :NK �tness lands
apes (Kau�man [16℄)
τ = −1ln(1−K+1N )

et d = N log2(K+1)2(K+1)But some 
ounterexamples...
∑Ni=1 exp(i)xi et ∏Ni=1 xi... open question ?Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksFitness Distan
e 
orrelation (FDC) (Jones 95 [15℄)Correlation between distan
e to global optimum and �tness
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DistanceClassi�
ation based on experimental studies :
ρ < −0.15, easy optimization
ρ > 0.15, hard optimization
−0.15 < ρ < 0.15, unde
ided zoneSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksFitness lands
ape and 
rossover ?Crossover of 
omplementary strings (Culberson 94 [6℄) :
omparison with mutation-lands
apeGeneralisation of graph theory :Hypergraph of Git
ho� [11℄P-stru
ture of Stadler [28℄
rossover with a random solutionSpa
e of pair of solutions (Jones, Defoin [22℄ : study of linearGP 
rossover)Maybe the s
hemata theorem or the study of distan
es betweenpairs give better results ?...Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksSynthesisMetaphor from the biologyStudy of multimodal �tness lands
apes :
→ optimization algorithms (SA, Tabu Sear
h, Island Model...)Goal of study of �tness lands
apes :Links with problem hardness :
hoi
e of 
oding, �tness fun
tion, operatorsdesign of algorithmsAuto-adaptation of parametersLimits :1 operator = 1 lands
ape ?Crossover ? and links with population ?Edges : useful information ?Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral Fitness Lands
apesNeutral theory (Kimura ≈ 1960 [17℄)Theory of mutation and random driftA 
onsiderable number of mutations have no e�e
ts on �tnessvalues
genotypes space

Fitness plateausneutral degreeneutral networks[S
huster 1994 [25℄,RNA folding℄Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral �tness lands
apesCombinatorial optimizationRedundant problem (symetries, ...) (Goldberg 87 [12℄)Problem �not well� de�ned or dynami
 environment (Torres 04[14℄)
genotypes space

Fitness Appli
ative problems :Robot 
ontrolerCir
uit designgeneti
 programmingProtein Foldinglearning problemsSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskWhat optimizers do with neutrality ?
Three possibilities :De
rease the neutralityUse a spe
i�
 metaheuristi
In
rease the neutrality with redundant genetype/phenotypemapping

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDe
reasing the neutrality (minLA : E. Rodriguez, PPSN05[23℄)Redundant en
oding is a drawba
k, la
k of informationgraph G = (V ,E ) : labeled ea
h nodesLA(G , ϕ) =
∑

(u,v)∈E |ϕ(u) − ϕ(v)| ∈ IN�LA represents a potential drawba
k be
ause di�erent linear arrangments 
anresult in the same total edge length. This in
omplete information 
an preventthe sear
h pro
ess from �nding better solution.�
φ(G , ϕ) = LA(G , ϕ) + Inorm(G , ϕ)with Inorm(G , ϕ) ∈ [0, 1]Inorm is higher when the di�erents 
ould be optimizedInorm makes di�erent between equivalent labellingSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskUse a spe
i�
 metaheuristi
Neutrality of the problem 
an not be 
hangedNet
rawler (L. Barnett [2℄)step ← 0Choose initial solution s ∈ Srepeat
hoose s ′ ∈ V(s) randomlyif f (s) ≤ f (s ′) thens ← s ′end ifstep ← step +1until stepMax ≤ stepGood results on ǫ-
orrelated lands
apes, problems where :low probability to �nd a better solutionhigh probability to �nd a solution with same �tnessSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskUse a spe
i�
 metaheuristi
Neutrality of the problem 
an not be 
hangedExtrema sele
tion (Stewart 2001 [29℄) :"It is su�
ient to re
ognise that the neutrality of a �tness fun
tion maybe a signi�
ant issue when evolving solutions. With this in mind, theremainder of this paper des
ribes a novel modi�
ation to the standard GAwhi
h is spe
i�
ally designed to take in advantage of Neutral Networks."When the solutions are in the same plateau (at 90% from bestsolution)
−→ sele
tion a

ording to the distan
e from the 
entroid ofthe population Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskIn
rease the neutrality of the lands
ape with a redundant
odingEs
ape from lo
al optima
rossing a Barrier (Nimwegen et Crut
h�eld 99 [20℄) :�tness barrier : de
reases the �tness by 
rossing a valleyEntropy barrier : la
k of information on a plateauin Cartesian GP (Vassilev et al 00 [31℄) :�(...) the role of lands
ape neutrality for adaptive evolution is to provide apath for 
rossing lands
ape regions with poor �tness.�Duality (Collard, Clergue 00 [5℄) : add one bit and use aspe
i�
 operatorf (x0) = f (x), f (x1) = f (x̄) et op(x1) = x̄0Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskWhat do we do ?
In our knowledge, there is no de�nitive answerabout neutrality / problem hardnessCertainly, it is dependent on the nature of neutrality of the�tness lands
ape

⇒ Sharp des
ription of the geometry of neutral �tness lands
apesis needed
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
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apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskWhat do we do ?
No information is better than Bad information :Hard trap fun
tions are more di�
ult thanneedle-in-a-haysta
k fun
tionsGood information is better than No information
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskWhat do we do ?
No information is better than Bad information :Hard trap fun
tions are more di�
ult thanneedle-in-a-haysta
k fun
tionsGood information is better than No informationWhen there is No information : you should have a goodmethod to �nd it !
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskIn the following
Des
ription of neutral �tness lands
apes :Neutral sets :set of solutions with the same �tnessNeutral networks :add neighborhood informationAppli
ation on an optimisation problem
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral sets
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral sets
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskFitness CloudCombinatorial optimization
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskFitness 
loud : Measure of evolvability
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskFitness 
loudPredi
tion of evolution (CEC 2003)
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral �tness lands
apes
Neutral sets : set of solutions with same �tness
→ no stru
tureFitness 
loud : neighborhood relation between neutral setsIntrodu
tion of neighborhood stru
ture in the neutral sets
→ Neutral Networks
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral networks (S
huster 1994 [25℄)
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDe�nitionsA test of neutrality is a predi
ateisNeutral : S × S → {true, false}For example, isNeutral(s1, s2) is true if :f (s1) = f (s2).
|f (s1)− f (s2)| ≤ 1/M with M is the sear
h population size.
|f (s1)− f (s2)| is under the evaluation error.The neutral neighborhood of s is the set of neighbors whi
hhave the same �tness f (s)

Vneut(s) = {s ′ ∈ V(s) | isNeutral(s, s ′)}The neutral degree of a solution is the number of its neutralneighbors nDeg(s) = ♯(Vneut (s)− {s}).Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDe�nitionsA neutral walk : Wneut = (s0, s1, . . . , sm)for all i ∈ [0,m − 1], si+1 ∈ V(si )for all (i , j) ∈ [0,m]2 , isNeutral(si , sj) is true.A Neutral Network : graph G = (N,E )N ⊂ S : for all s and s ′ from V , there is a neutral walkbelonging to V from s to s ′ ,Two verti
es are 
onne
ted by an edge of E if they are neutralneighbors. A �tness lands
ape is neutralif there are many solutions with high neutral degree.Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskMeasures on neutral �tness lands
apesTo introdu
e measure of neutrality,we will use two possible families of neutral �tness lands
apes :based on NK �tness lands
apes :
S : bit strings of length N,f (x) = 1N ∑Ni=1 fi(xi , xj1 , . . . , xjK )
orresponding to two possible ways to introdu
e redundan
e inadditive �tness fun
tionstwo parameters :one for non-linearity (epsistasis K), one for neutralitythe measures 
ould be analysed with the parameters andsupposed di�
ultySébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral NK �tness lands
apesNK (Kau�man 1993)f (s) = 1N ( 0.02 + 0.31 + 0.91 + . . . + 0.20 )NKq (Newmann et al 1998 [19℄) : q values for the termsf (s) = 1N(q−1) ( 1 + 3 + 3 + . . . + 0 )NKp (Barnett 1998 [1℄) : prob. p to have 0f (s) = 1N ( 0.0 + 0.31 + 0.0 + . . . + 0.20 )Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskIntra network MeasuresClassi
al measures of graph to des
ribe NN :1 the size : number of nodes of NN,2 neutral degree distribution :measure of the quantity of "neutrality"3 Auto
orrelation of neutral degree during neutral random walk(Bastolla 03 [3℄) :
omparaison with random graph,measure of the 
orrelation stru
ture of NN
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskIntra network MeasuresSizeClassi
al measures of graph to des
ribe NN :1 The size : number of nodes of NN,rank-size of NN in log-log :
 1

 10

 100

 1000

 10000

 1  10  100  1000  10000

S
iz

e 
(lo

g)

Rank (log)Frequen
y of apparition of a word in a text (Zi� law 1960)Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskSize of neutral networks
10^2

10

1

10^410^310^2101

ta
ille

 (l
og

)

rang (log)

moyenne par abscisse

10^3

10^2

10

1
10^310^2101

ta
ille

 (l
og

)

rang (log)

moyenne par abscisseK = 1 q = 10 K = 1 p = 0.8
10^2

10

1

10^410^310^2101

ta
ille

 (l
og

)

rang (log)

moyenne par abscisse

10^3

10^2

10

1
10^310^2101

ta
ille

 (l
og

)

rang (log)

moyenne par abscisseK = 2 q = 4 K = 2 p = 0.9
10^4

10^3

10^2

10

1

10^310^2101

ta
ille

 (l
og

)

rang (log)

moyenne par abscisse

10^2

10

1
10^310^2101

ta
ille

 (l
og

)

rang (log)

moyenne par abscisseK = 5 q = 2 K = 5 p = 0.95Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskSize of neutral networks
Existen
e of few and large neutral networks :maybe, 
ould be proved with per
olation theory...
−→ important information to design sear
h algorithmsThe power-law is approa
hed only when epistasis andneutrality are lowWhen epistasis and neutrality in
rease,the random variation of distribution of size de
reases

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskIntra network MeasuresClassi
al measures of graph to des
ribe NN :1 the size : number of nodes of NN,2 neutral degree distribution :measure of the quantity of "neutrality"3 Auto
orrelation of neutral degree during random neutral walk(Bastolla 03 [3℄) :
omparaison with random graph,measure of the 
orrelation stru
ture of NN
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDistribution of neutral degrees (N = 16, K = 2, q = 4)
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDistribution of neutral degrees (N = 16, K = 2)
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDistribution of neutral degrees
Barnett (98) gives the probability of neutral mutation forNKp-lands
apespneutr = p2(1− KN − 1 (1− p2)N−1) ≈ p2e−K(1−p2)For NKq lands
apes the distribution is nearly a binomialdistribution
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskIntra network MeasuresClassi
al measures of graph to des
ribe NN :1 the size : number of nodes of NN,2 neutral degree distribution :measure of the quantity of "neutrality"3 Auto
orrelation of neutral degree during neutral walk (Bastolla03 [3℄) :
omparaison with random graph,measure of the 
orrelation stru
ture of NN
Sébastien Verel Fitness lands
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskAuto
orrelation of neutral degrees
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskAuto
orrelation of neutral degrees
Neutral networks should be not random graphepistasis parameter (K ) has more in�uen
e on the stru
ture ofneutral networks than neutrality parameter
−→ important to design sear
h algorithm

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskInter networks measures
Reseau de Neutralite

Performance

Marche neutre aleatoire

S0
S3S2

S1

1 rate of innovation(Huynen 96 [13℄) :The number of newa

essible stru
tures(�tness) per mutation2 Auto
orrelation ofevolvability [32℄ :auto
orrelation of thesequen
e
(evol(s0), evol(s1), . . .).Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskRate of innovation on neutral NK lands
apes
The number of new a

essible stru
tures (�tness) per mutationNo information on neutral NK �tness lands
apes :No link with the parametersdi�
ult to estimate for the whole �tness lands
ape
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskAuto
orrelation of maximal evolvability (Verel 06 [32℄)Evolvability : ability to evolve (�tness distribution in theneighborhood)De�nitionAuto
orrelation of evolvability is the auto
orrelation fun
tion of theserie (evol(s0), evol(s1), evol(s2), . . .) where (s0, s1, s2, . . .) isneutral random walk on a neutral network and evol is a measure ofevolvability of a solution.Measure of evolvability :Probability to have �tter solution in the neighborhoodmaximum evolvability : the �tness of best solution in theneighborhood Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskAuto
orrelation of maximal evolvability (Ge

o 06 [32℄)
if 
orrelation is high, then the neutral networks are notrandomly distributed over the �tness lands
apes.The problem is easier to optimize than...if the 
orrelation is low, the neutral networks are randomlydistributed over the �tness lands
apes

−→ and this information 
ould be introdu
ed into a sear
halgorithm
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskAuto
orrelation of maximal evolvability (Verel 06 [32℄)maximal evolvability auto
orrelation fun
tion for N = 16, K = 2
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskAuto
orrelation of maximal evolvability
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskAuto
orrelation of maximal evolvability
Neutral networks are not randomly distributedEpistasis parameter (K ) has more impa
t than the parameterof neutrality

−→ Take 
are of neutrality to design e�
ient sear
h algorithm !
Sébastien Verel Fitness lands
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskSynthesisMeasuresneutral degrees distribution :�How neutral is the �tness lands
ape ?�Auto
orrelation of neutral degrees : network �stru
ture�
High

0.20.0 0.35 0.6 1.0

Middle strongLowrank-size of NN in log-log :well adapted representation (
omplex systems, per
olation)rate of innovation :low information for 
ombinatorial optimizationAuto
orrelation of maximal evolvability :information on the links between NNSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskPresentationmajority or density task : two-state 
ellular automata (CA)Goal : Find the set of rules whi
h 
lassi�ed the initial 
on�gurationa

ording density of 1s

ρ0 < 0.5 ρ0 > 0.5
Di�
ult problem : 
oordinationamong the automataParadigm of the phenomenon ofemergen
e in 
omplex systems.Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDe�nitionCellular Automata :two states : 0 and 1radius : r = 3
⇒ 223×2+1

= 2128 sets of rules
ρ0 be the fra
tion of 1s in the Initial Con�guration (IC) (N = 149).If ρ0 > 1/2 then the CA must relax to (1)NIf ρ0 < 1/2 then the CA must relax to (0)Nafter M = 2N time steps
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDe�nitionCellular Automata :two states : 0 and 1radius : r = 3
⇒ 223×2+1

= 2128 sets of rules
ρ0 be the fra
tion of 1s in the Initial Con�guration (IC) (N = 149).If ρ0 > 1/2 then the CA must relax to (1)NIf ρ0 < 1/2 then the CA must relax to (0)Nafter M = 2N time stepsStandard performan
e (�tness fun
tion) :fra
tion of 
orre
t 
lassi�
ations over n = 104 randomly 
hosen ICs.Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskBest Rules KnownNo CA 
an perform the task perfe
tly [Land 95℄Finding a good CA is a hard Problem
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskBest Rules KnownNo CA 
an perform the task perfe
tly [Land 95℄Finding a good CA is a hard ProblemBest rules knowed (till 2005) :GKL (1978), By hand, 0.815 Das (1996), By hand, 0.823005F005F005F005F005FFF5F005FFF5F 009F038F001FBF1F002FFB5F001FFF1FDavis (1996), By hand, 0.818 ABK (1996), Gen. Prog, 0.824070007FF0F000FFF0F0007FF0F310FFF 050055050500550555FF55FF55FF55FFCoe1 (1998), 
oevol GA, 0.851 Coe2 (1998), 
oevol GA, 0.860011430D7110F395705B4FF17F13DF957 1451305C0050CE5F1711FF5F0F53CF5F
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskBest Rules KnownNo CA 
an perform the task perfe
tly [Land 95℄Finding a good CA is a hard ProblemBest rules knowed (till 2005) :GKL (1978), By hand, 0.815 Das (1996), By hand, 0.823005F005F005F005F005FFF5F005FFF5F 009F038F001FBF1F002FFB5F001FFF1FDavis (1996), By hand, 0.818 ABK (1996), Gen. Prog, 0.824070007FF0F000FFF0F0007FF0F310FFF 050055050500550555FF55FF55FF55FFCoe1 (1998), 
oevol GA, 0.851 Coe2 (1998), 
oevol GA, 0.860011430D7110F395705B4FF17F13DF957 1451305C0050CE5F1711FF5F0F53CF5FNo investigations of the di�
ulty of this �tness lands
ape
=⇒ One goal : To statisti
ally quantify the degree of di�
ultySébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutrality in Majority ProblemStandard performan
e : error of evaluation due to random variationof samples of ICs.ICs are 
hosen independently,�tness value f follows a normal law N (f ,√ f (1−f )n )
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isNeutral(s, s ′) is trueif t-test a

epts the hypothesis ofequality of f (s) and f (s ′) with95% of 
on�den
e.Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDe�nition of Olympus Lands
apeTwo symmetries that do not 
hange performan
e :0/1 symmetry and right/left symmetry.Symmetries of blok whi
h maximize the number of joint bitsGKL′ = GKL, Das′ = Das, Davis′ = S01(Davis),ABK′ = S01(ABK), Coe1′ = Coe1 Coe2′ = Srl(Coe2).Olympus Lands
ape, subspa
e of dimension 77 :000*0*0* 0****1** 0***00** **0**1** 000***** 0*0**1** ******** 0*0**1*10*0***** *****1** 111111** **0**111 ******** 0**1*1*1 11111**1 0*01*111Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskWhole lands
ape or Olympus Lands
ape ?Comparaison of hardnessIs it easier to sear
h in the Whole lands
ape or in the Olympuslands
ape ?No dire
t mathemati
al de�nition of the �tness fun
tion : bla
k-boxoptimisation
⇒ Analysis of the 2 �tness lands
apes to 
ompare their di�
ultySébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDensity Of States Sampling method
% of null �tness value Random Metropolis-HastingWhole lands
ape 99.9% 4.4%Olympus lands
ape 28.6% 0.3%
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FitnessOlympus lands
apeFrom DOS : Olympus lands
ape is easierSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskFitness 
loudSampled with Metropolis-Hasting
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FitnessOlympus lands
apeExpe
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apeFrom �tness 
loud : Olympus lands
ape is easierSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskAuto-
orrelation analysisImpossible for whole lands
ape (only null �tness value)
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ρ(1) = 0.838
High auto-
orrelation :similar to NK lands
ape withN = 100 and K = 7relative "smooth" lands
ape

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskFitness distan
e 
orrelationFDC from best lo
al optimaknowed Whole OlympusGLK -0.1072 -0.19399Davis -0.0809 -0.15103Das -0.0112 -0.18476ABK -0.1448 -0.23128Coe1 -0.1076 0.077606Coe2 -0.1105 -0.17320nearest -0.20798Centroid -0.33612
For Olympus lands
ape :
orrelation over 0.15From FDC : Olympuslands
ape is easierFor Olympus lands
ape :�tness leads to the 
entroid

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral Degree : Sampling MethodSampling method :Solutions < 0.5 : randomly 
hosen in Olympus.Solutions > 0.5 : from 2 runs of a GA during 103 generations.AG used :Based on GA de�ned by M. Mit
hellOperators : restri
ted to Olympus subspa
eSele
tion : tournament sele
tion taking into a

ount theneutrality. Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral Degree
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apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskStudy of Neutral NetworksStudy of two important large neutral networks (NN) :NN0.5 : �tness around 0.5Automata that solve the problem on only half of ICs,5 neutral walks.NN0.76 : �tness around 0.765Solutions near a CA found by M. Mit
hell (GA),19 neutral walks.Neutral walks :Same starting point on ea
h NNStri
tly in
reasing the Hamming distan
e from the startingsolution,Stops when there is no neutral step that in
reases distan
e.Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskDiameterAverage length of neutral walks (max 128) :NN0.5 108.2NN0.76 33.1Result on diameter :Diameter of NN0.5 > Diameter of NN0.76.Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskNeutral Degree DistributionDistribution of neutral degree 
olle
ted along all neutral walks.NN0.5 NN0.76
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lose to normal,NN0.5 : skewed and approximately bimodalSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskAuto
orrelation of Neutral DegreeNN0.5 NN0.76
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ρ(1) = 0.85 ρ(1) = 0.49Correlation is not nullCorrelation for NN0.5 > Correlation for NN0.76Graphs of Neutral Networks are not random graphsVariation of neutral degree is smooth on NN
=⇒ important 
onsequen
e on metaheuristi
 designSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskComparison of lands
apesFrom DOS : Olympus > WholeFrom Fitness 
loud : Olympus > WholeFrom FDC : Olympus > Wholeauto
orrelation stru
ture is relative favorable for Olympuslands
apeImportant neutrality, and in parti
ular in 0 and 0.5Neutral networks studies are not random graphsFitness lands
ape of Majority Problem is hardResult of the analysisChoose Olympus lands
ape !Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networks Neutral setsNeutral NetworksFitness lands
ape of the Majority TaskResult with simple GA103 generations and 50 independent runsGA Average Std Deviation Bestsimple GA in Olympus 0.8315 0.01928 0.8450Simple GA in Olympus 0.8323 0.00556 0.8472with neutrality"With neutrality" :Tournament sele
tion taking into a

ount the neutrality inevaluation Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksMotivation and general ideaFitnes lands
apes analysis :study links between neighborhood and �tnessLarge sear
h spa
e :estimation of statisti
al measures are di�
ulty unless somehypothesis on �tness lands
apes (isotropi
)sampling the solutions exploring by the meta-heuristi

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksMotivation and general ideaFitnes lands
apes analysis :study links between neighborhood and �tnessLarge sear
h spa
e :estimation of statisti
al measures are di�
ulty unless somehypothesis on �tness lands
apes (isotropi
)sampling the solutions exploring by the meta-heuristi
One possibilityUse an intermediate level of des
ription of FL : lo
al optimanetwork Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksHow?
Mapping �tness lands
ape to a network :Smaller network with "good" properties
ondu
t network analysisRelate (and exploit ?) network features to sear
h operators

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksEnergie surfa
e and inherent networks (Doye [7℄ [8℄)a Model of 2D energy surfa
eb Contour plot, partition ofthe 
on�guration spa
e intobasins of attra
tionsurrounding minima
 lands
ape as a networkInherent network :nodes : energy minimaedges : two nodes are 
onne
ted if the energy barrierseparating them is su�
iently low (transition state)Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksBasins of attra
tion in 
ombinatorial optimisationClassi
al representations :
genotypes space

Fitness

Very smooth representation as in real optimisationNeutral lands
apes : not true (see previous des
ription)Rugged lands
apes : not true (see the following...)Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksBasins of attra
tion in 
ombinatorial optimisationExample of small NK lands
ape with N = 6 and K = 2
Bit strings of length N = 626 = 64 solutionsone point = one solution

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksBasins of attra
tion in 
ombinatorial optimisationExample of small NK lands
ape with N = 6 and K = 2Bit strings of length N = 6Neighborhood size = 6Line between points =solutions are neighborsHamming distan
es betweensolutions are saved (ex
eptfor at the border of the
ube)Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksBasins of attra
tion in 
ombinatorial optimisationExample of small NK lands
ape with N = 6 and K = 2
Color represent �tness valuered = the �tness is highblue = the �tness is low

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksBasins of attra
tion in 
ombinatorial optimisationExample of small NK lands
ape with N = 6 and K = 2Color represent �tness valueRed arrow = toward thesolution with the highest�tness in the neighborhood(if better)remember that the size ofthe neighborhood is 6Why not make a Hill-Climbingwalk on it ?Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksBasins of attra
tion in 
ombinatorial optimisationExample of small NK lands
ape with N = 6 and K = 2
Ea
h 
olor 
orrespond to onebasin of attra
tionBasins of attra
tion are veryimbri
ateBasins have no "interior"

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksBasins of attra
tion in 
ombinatorial optimisationExample of small NK lands
ape with N = 6 and K = 2

L. Opt.

G. Opt.

L. Opt.

Basin of attra
tion are very imbri
ateA lot of neighor's solution outside the basinSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksLo
al optima network
0.76

0.185

0.65

0.29

0.270.4

0.55 0.05

0.33

Nodes : lo
al optimaWeighted edges : probabilityto pass from randomsolution of one basin toanother
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksLo
al optimaLo
al optima s∗ :no neighbor solution with higher �tness value
∀s ∈ V(s∗), f (s) < f (s∗)

Search space

Fitness

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksBasin of attra
tionHill-Climbing (HC) algorithmChoose initial solution s ∈ Srepeat
hoose s ′ ∈ V(s) su
h that f (s ′) = maxx∈V(s) f (x)if f (s) < f (s ′) thens ← s ′end ifuntil s is a Lo
al optimumBasin of attra
tion of s∗ :
{s ∈ S | HillClimbing(s) = s∗}.Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima Networkslo
al optima networkLo
al optima networkNodes : set of lo
al optima S∗Edges : notion of 
onne
tivity between basins of attra
tioneij between i and j if there is at least a pair of neighbours siand sj ∈ V(si ) su
h that si ∈ bi and sj ∈ bj (GECCO 2008[21℄)weights wij is atta
hed to the edges, a

ount for transitionprobabilities between basins (ALIFE 2008 [33℄, Phys. Rev. E2008 [30℄)
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksWeights of edgesFrom ea
h s and s ′ , p(s → s ′) = P(s ′ = op(s)) theprobability to pass from s to s ′For example, S = {0, 1}N and bit-�ip operatorif s ′

∈ V(s) , p(s → s ′

) = 1Nif s ′

6∈ V(s) , p(s → s ′

) = 0
Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksWeights of edgesFrom ea
h s and s ′ , p(s → s ′) = P(s ′ = op(s)) theprobability to pass from s to s ′For example, S = {0, 1}N and bit-�ip operatorif s ′

∈ V(s) , p(s → s ′

) = 1Nif s ′

6∈ V(s) , p(s → s ′

) = 0Probability that a 
on�guration s ∈ S has a neighbor in abasin bj p(s → bj) =
∑s′∈bj p(s → s ′)

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksWeights of edgesFrom ea
h s and s ′ , p(s → s ′) = P(s ′ = op(s)) theprobability to pass from s to s ′For example, S = {0, 1}N and bit-�ip operatorif s ′

∈ V(s) , p(s → s ′

) = 1Nif s ′

6∈ V(s) , p(s → s ′

) = 0Probability that a 
on�guration s ∈ S has a neighbor in abasin bj p(s → bj) =
∑s′∈bj p(s → s ′)wij : Total probability of going from basin bi to basin bj is theaverage over all s ∈ bi of the transition prob. to s ′ ∈ bj :p(bi → bj ) =
1

♯bi ∑s∈bi p(s → bj)
⇒ lo
al optima network : weighted oriented graphSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksNK �tness lands
apes : ruggedness and epistasisK from 0 to N − 1, NK lands
apes 
an be tuned from smoothto rugged (easy to di�
ult respe
tively)K = 0 no 
orrelations, f is an additive fun
tion, and there is asingle maximumK = N − 1 lands
ape 
ompletely random, the expe
tednumber of lo
al optima is 2NN+1Intermediate values of K interpolate between these twoextreme 
ases and have a variable degree of epistasis (i.e. geneintera
tion) Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksMethods
Extra
ted and analysed networks for N = 14, 16 and 18,K = 2, 4, . . . ,N − 2,N − 1 (30 random instan
es for ea
h
ase)Measures :Statisti
s on basins sizes and �tness of optimaNetwork features : 
lustering 
oe�
ient, shortest path to theglobal optimum, weight distribution, disparity, boundary ofbasins

Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGlobal optimum basin size versus K
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Trend : the basin shrinksvery qui
kly with in
reasingK.for higher K, more di�
ultfor a sear
h algorithm tolo
ate the basin of attra
tionof the global optimum
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksAnalysis of basins : basin size
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Trend : small number oflarge basin, large number ofsmall basinlog-normal 
umulativedistributionslope of 
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reaseswith Kwhen K large : basin sizesare nearly equalsSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksAnalysis of basins : basin size
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksAnalysis of basins : �tness vs. basin size
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Trend : 
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orrelation between the�tness values of maxima andtheir basins' sizesOn average, the globaloptimum easier to �nd thanone other lo
al optimumBut more di�
ult to �nd, asthe number of lo
al optimain
reases exponentially within
reasing KSébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGeneral network statisti
sWeighted 
lustering 
oe�
ientlo
al density of the network
w (i) =
1si(ki − 1) ∑j ,h wij + wih2 aijajhahiwhere si =

∑j 6=i wij , anm = 1 if wnm > 0, anm = 0 if wnm = 0 andki =
∑j 6=i aij .Disparitydishomogeneity of nodes with a given degreeY2(i) =

∑j 6=i (wijsi )2Sébastien Verel Fitness lands
apes



De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksGeneral network statisti
s N = 16K ♯ nodes ♯ edges C̄w Ȳ d̄2 3315 516358 0.960.0245 0.3260.0579 56144 17833 91292930 0.920.0171 0.1370.0111 12686 46029 417914690 0.790.0154 0.0840.0028 17038 89033 933844394 0.650.0102 0.0620.0011 194210 1, 47034 1621394592 0.530.0070 0.0500.0006 206112 2, 25432 2279122670 0.440.0031 0.0430.0003 207114 3, 26429 2907322056 0.380.0022 0.0400.0003 203115 3, 86833 3212032061 0.350.0022 0.0390.0004 2001Clustering Coe�
ient : For high K, transition between a givenpair of neighboring basins is less likely to o

urDisparity : For high K the transitions to other basins tend tobe
ome equally likely, an indi
ation of the randomness of thelands
ape Sébastien Verel Fitness lands
apes
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apesNeutral �tness lands
apesLo
al Optima NetworksSummary on lo
al optima network
Proposed 
hara
terization of 
ombinatorial lands
apes asnetworksNew �ndings about basin's stru
tureRelated some network features to sear
h di�
ulty
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De�nition of �tness lands
apeMultimodal and rugged �tness lands
apesNeutral �tness lands
apesLo
al Optima NetworksSummary on �tness lands
apesFitness lands
ape is a representation ofnotion of neighborhood�tness of solutionsGoal :lo
al des
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al optima, �tness 
loud, neutral networks, lo
aloptima networks...and to dedu
e global results :Di�
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