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Structure Invariance for Uncertain Nonlinear Systems

R. Castro-Linares and C. H. Moog

Abstract— A unified study of three control problems associated to multi-
input multi-output nonlinear systems with uncertainties is presented,
namely, input-state linearization by static state feedback, input-output
decoupling by static state feedback and input: put decoupling by
dynamic compensation. For each of these problems, geometric conditions
which describe intrinsic structural invariance properties are given.

I. INTRODUCTION

During the last two decades, nonlinear control theory was very
actively developed (see e.g., [14], [16], [20] and the references
therein). In particular, geometric and algebraic methods have received
considerable attention in the literature. Exact control problems such
as linearization and decoupling of the closed-loop system have been
studied in various ways, e.g., linearization of the closed-loop state
equations [13], [15], linearization of the closed-loop input—output map
[14], and input—output decoupling of the closed-loop system [9], [12].

A major question arises when the model of the system contains
uncertain elements such as constant or varying parameters that are
not known or imperfectly known. Under such imperfect knowledge
of the model, one tries to design a control such that the model can
still achieve the desired closed-loop behavior.

The matter of robustness of such control methods is often argued in
some case studies. The idea for studying some classes of uncertainties
in the system model is growing in the current literature since it aims
to develop a general theory for robustness. To deal with uncertain
nonlinear systems, two main approaches have been proposed in the
literature: adaptive control and Lyapunov-based control. The first
one is applied to systems with parameterized uncertainties (see e.g.,
[22]), while the second allows nonparameterized uncertainties. The
Lyapunov-based approach relies on an explicit construction of a
Lyapunov function from which a state feedback control is synthesized
assuming bounds on the uncertainties. To obtain either stabilization
or tracking, however, some assumptions were introduced regarding
the structure of the uncertainties. That is to say that the uncertainties
have to enter into the state equation in a certain way; such conditions
are often referred to as matching conditions.

Some studies have been carried out on the stability analysis of
uncertain dynamical systems not satisfying matching conditions. In
[21], it is pointed out that mismatched uncertainty may affect robust
stability when the feedback linearizing method is applied. Such
systems which contain mismatched uncertainties are not considered
in the rest of this paper.

In addition, several authors have contributed to the robust tracking
problem for nonlinear systems with uncertainties. A multivariable
tracking problem is studied in [10], using a measurement of the
tracking error which is a general function of the system’s state and
input; the resulting controller is robust in the sense that the tracking
error is ultimately bounded in the presence of modeling errors which
satisfy the matching conditions. A similar result is obtained in the
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work of [1] where the so-called generalized matching condition
for a class of nonlinear systems is introduced. More recently, the
robust output tracking problem was addressed in [18] for a class
of single-input single-output (SISO) nonlinear systems, of which the
uncertainties may not satisfy the conventional matching condition.
using a Lyapunov-based approach.

In this note, we consider a multi-input multi-output (MIMO)
nonlinear system in the presence of uncertainties, referred to as the
uncertain system, described by

= {' = f(a) + Af(x) + (g(x) + Agla))u.

v = hix) o

where x € R" is the state vector, u € R? is the input vector, y € R?
is the output vector, f(x) and the p columns g;(x).- -+, gp(z) of the
matrix g(x) are meromorphic vector fields of x. and the p components
hi(x),-+ . hp(x) of the vector h(x) are meromorphic functions of
z. Af(x) and the p columns Ag, (&), --,Agp(x) of the matrix
Ag(x) are also meromorphic vector fields of » which represent the
disturbance and model uncertainties.

The corresponding nonlinear system without uncertainty, called the
nominal system, is then defined as

5. {I = f(z)+ g(x)u, ?)

y=h(z)

ie, Af(r) =0 and Ag(z) =0 in (1). In the rest of the paper, dim

D denotes the generic dimension of a meromorphic distribution D.
i.e., its constant dimension on a suitable dense submanifold of R".

The goal of the note is to give a unified geometric study for
three control problems associated to the uncertain nonlinear system
P input-state linearization by static state feedback, static state
feedback decoupling, and decoupling under dynamic compensation.
In particular, some geometric intrinsic conditions on the uncertainties
are given for each problem. These conditions are innovative in the
sense that they describe intrinsic structural invariance properties from
the nominal system to the uncertain system. Under these conditions,
robust trajectory tracking is studied in [3] when dynamic decoupling
is considered. Equivalent results for input-state linearization and
input-output decoupling by static state feedback can be found in
the literature (see, for example, [1], [16], [18], [23]).

The note is organized as follows. In Section II, we recall the input-
state linearization problem by static state feedback and give geometric
conditions so that the uncertain system in closed-loop form has a
particular representation in a new set of coordinates. The same is
done in Sections III and IV for the input-output decoupling problem
by static state feedback and by dynamic compensation, respectively.
Finally, a conclusion is offered in Section V.

II. INPUT-STATE LINEARIZATION BY STATIC-STATE FEEDBACK

Through this section we consider an uncertain system &7 and a
nominal system ¥ without outputs, i.e., each system is just defined
by the corresponding state equation.

Given the vector fields f and the matrix g. the input-state lineariza-
tion problem we address here consists in supposing the existence
of a state-space coordinate transformation and a regular static state
feedback defined on R", such that the nominal nonlinear system %
is equivalent to a linear controllable system

=46+ Bu €)
with A and B constant matrices of dimension n X n and n X m,
respectively, and v = col(vi,---,v,) a new input. It is well known

0018-9286/94$04.00 © 1994 IEEE
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that the sequence of distributions Dy = g+ --- + ad’;g, 0< k<
n —2 where D denotes the involutive closure of a distribution D, lies
in the heart of the input-state linearization problem by regular static
state feedback since the cardinality ¢; of the controllability indexes
equal to k associated to the linearized system is given by [19]

. D . D¢

e = dim—*— — dim kel
D Dt

k1 k42

k=n

So the system T is fully linearizable if and only if >, _] kcx = n.
Let the coordinate transformation

£ =®(r) “4)
and the regular static state feedback
u=alr)+ 3(x)e (&)

with o(x) a p x 1 vector and J(x) a p X p invertible matrix
both defined on R" be a solution of the input-state linearization
problem for the nominal system T. It is well known [14], [20]
that if such a solution exists there are p real-valued meromorphic
functions of . o;(w). { = 1l.---.p which have relative degrees
ry.-+.rp. With ry 4+ - <471, = n. and the decoupling matrix 4(r) is
invertible. Thus, we can set the state-space coordinate transformation
(4) to be £ = col(&,.---.&p) where § = col(&ir.---.& ;) with
&ij = L_’floz[.r). i =1.---.p. j = 1.---.r;. Let us also define
the sequence of distributions DY associated to the uncertain system
SPasDf =g+ Ag+-+adi (g +Ag). 0< k<n—2
We then have the following result.

Proposition 2.1: Assume that the nominal system ¥ without out-
puts is input-state linearizable by regular static state feedback and
state diffeomorphism €. Then the uncertain system ©F s input-state
linearizable by regular static state feedback in the state coordinates
with unchanged controllability indexes, if and only if

Dy =D[. fork >0. (6)

Proof (Sufficiency): If (6) is fulfilled, then the relative degree
of any meromorphic function () is invariant under the considered
uncertainties. Moreover, the strong accessibility distribution remains
unchanged. Assume that (3) is given under a Brunovsky canonical
form which consists of p blocks of dimension r;, for i = 1,---.p.
Then, the uncertain system ©7 fed back with (5) takes the following
form in the coordinates &

E= A+ bivi + vi(E) + 6i(E) 4+ (6. i=1o-.p (D)

with

0 1 0 0
i = : b; = 8
0 0 1 0 ®

0 0 0 1

v (€) 0

vil€) = : aig) = :

Ui (€) AdE)a(€)
0
3:(6) = : )
ALE)B(E)

where v,(€) = LayLi ' 0,(a) [oma-1(e Ai(€) = La L}
0i(T) |r=a-1(c) -
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(Necessity): The necessity of (6) follows from the fact that the
coordinates for the Brunovsky canonical form are unchanged as well
as the controllability indexes.

O

Remark 2.2: Note that the system’s property described in Propo-
sition 2.1 is stronger than just input-state linearizability. The full
characterization of the latter is not a structural problem as can be
easily understood from the following example

= flz)+g(x)u+ Af(x) + Ag(x)u

0 10 o -1 0
=|as |+ [0 Oju+|—a3 |+ |1 Oju
0 0 1 0 0 0

where the nominal linear system switches to the uncertain system
which has a different structure though input-state linearity is main-
tained.

Remark 2.3: Note that the standard matching condition [1], [4],
[10] implies &(x) = 0 and 3(x) = 0. thus (dv..r,—1. g+ Ag) = 0.
and d&; L g+Ag+---+ (u‘l;‘:Alf(g + Ag). which is stronger
than (6). The invariance of the relative degree r; has also been
considered in [1] for a nonlinear system which has a single output.

The closed-loop representation (7) can be written in a more concise
form as

€= AE+ Bv+¥(€) + a (&) + &) (10)
with
41 0 by 0
A= : B= . (11)
0 Ay 0 by
1 (€) G1(8) 3(€)
()= ag) =1 : o= ¢ |. (12
Up(€) ap(€) 3p(€)

The stabilization of nonlinear systems having the form (10) has been
considered in the literature. For example, in [16] a Lyapunov analysis
is made to study the effects of the perturbation terms which satisfy
the matching conditions by means of an additional feedback control
v(x). More recently, a methodology has been suggested in
[23] to tackle this problem without requiring matching assumptions.
There, single-input nonlinear systems without uncertainties in the
input vector g are studied using a combination of sliding control ideas
together with the recursive construction of a closed-loop Lyapunov
function.

o=

III. INPUT-OUTPUT DECOUPLING BY STATIC-STATE FEEDBACK

Let us now examine an uncertain system =P (1) and a nominal
system ¥ (2) with outputs. We consider the existence of a regular
static state feedback (5) such that the nominal feedback modified

dynamics
s {F
Y

with f(2) = f(x)+g(x)a(z) and §(x) = g(x)3(z). is input—output
decoupled, i.e., the ith input v; only affects the ith output y; and not
the other outputs y;, j # 7, possibly after a relabeling of the input
V1, , Un. Such a problem is known as the input—output decoupling
problem by regular static state feedback.

fla) + gla)u.
h(x)
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Assume that each output of the nominal system T has relative
degree r;. i = 1.---.p, and that the decoupling matrix

Ly, L hy(x) L L hi(a)

Alx) = (13)

Lo L7 hy(a) Ly L hy(x)
is right invertible. Then, the nominal system is input—output decou-
plable by a standard decoupling feedback which has the form (5) (see,
for example [14], [20]) A]so, the set of functions &; = L’_lh (x),
i=1,--.p.j=1.- . define a partial state-space coordmate
transformation and we set, as in Section II, £ = col(§;.---.&,) with
& = col(&1,-+ &)y and 7 = 11 + -+ + rp. In addition, let
E(r)bean (n — r) vector of meromorphic functions of x such that
(=(&8 = ) forms a local change of coordinates.

In the rest of the paper, the derivative of order & of the output y;
along the trajectories of ¥ is denoted y,(k) whereas its derivative of

order k along the trajectories of ¥ is denoted y[k]. Thus, we define

yE = span{dyi, - - -.dyfk)}.
YEP = span{dy,,-- . dyl*"}

for 0 < k < r; — 1 while D", D*F are the largest controlled
invariant distributions contained in ker{dh;.---.dh,} for ¥ and
TP, respectively. Also, D} and D;¥ denote the largest controlled
invariant distributions contained in ker{dh.}. for the nominal and
uncertain systems. Let $P denote the uncertain dynamics obtained
after decoupling the nominal system. Then we have
Proposition 3.1: Suppose the nominal system ¥ is input—output
decouplable by regular static state feedback. Assume
yE=wr

for0<k<r,—1.1<i<p (14)

and
D =DF. (15)
Then

i) the decoupling matrix of ©F is right invertible, and

ii) with respect to the coordinates ¢ = (. €). the uncertain
dynamics ©7 is
(&= A b (6 ) F 86 D+ BiE D
7 JE=FE D +7(E € v),
Yyi =&, t=1L1---,p
(16)

with the pairs (A, b;) in the Brunovsky canonical form (8),

and v, &; and 3; given by
Wit (&its i)
Vi€, 6) = :
Vi —1(&ins Lo Giry)
i (€ €)
- 0 -
Q/(Es E) = _0 )
LA (€. Ea(E, §) ]
_ 0 -
T E '
(€. = _0
£, )3(E. )
where (£, €) = LAfL'}‘lh,l(.l') l,—g-1c7 and

A6, ) = LagLi ' hil@) |ca-1(e ) -

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 39, NO. 10, OCTOBER 1994

The conditions given in Proposition 3.1 are also necessary; these
can be verified by standard computations. The special case where
vy; =0, for 1 < j < r; — 1, can be found in [17]. The necessary
and sufficient condition then becomes

Af +span{Ag} € D".
Proof of Proposition 3.1: Since the nominal system & can be

decoupled, then D* = ND}. Also ¥ = D;* and Y7 = D;"*. On
the other hand, assumptions (14) and (15) yield

i=p
P *P
=(|D;
=1

and the system T remains decouplable.
Since &1 = y: = hi(x), fori =1, -+, p. and from thejnvariance
of Y} = span{dyi, dy:} (i.e, Y! = Yi¥) one gets, for &

Ea =&+ va i, Ei2)

with ¥y = Laghi(x) and 2 = Lyhi(x). More generally, for any
j < r; — 1, one has
éi,‘ =& 1+ (& Gy i)

where v.; = LAij}_l
component of §; reads

hi(z) and & ;41 = Ljfh,,(.r,). The last

Eiry = vi + Vin (& &) + A€ DalE. ©)
Ai(fv g)d(éﬂ E)‘U

where now

Vi (& &) = LasLi hi(a) |

=@~ 1(£.8)

and

Ai(€ &) = LagLy ™ hi(a) |

r=®-1(£.8)

Finally, by setting

FE8) = Li&(2) ey 1ep TLo&a(0) | ymrie 7y

F(E & v) = Lo€.3(x) | pmrie ) v+ Lar€l@) lmy-10e)

+LAgE-Q(I) |I:¢71(5.2) +LAgE-‘3(17) |z:o‘l(ff) v

the representation (16) follows.

From (16) we can notice that the state vector £ remains completely
unobservable at the output. Thus, for the purposes of stabilization we
need that £ remain bounded for bounded ¢ and v: i.e., we require
that the internal dynamics

£=TFE0+7( &)

be bounded-input bounded-state (BIBS) stable. This question has
received considerable attention during the last few years. For instance,
in [1] BIBS stability is guaranteed for an uncertain SISO nonlinear
system, where £ is chosen so that (¢, £, v) = 0; the MIMO case
is treated in [8] using variable structure control. The same stability
aspect is considered in [18] for the SISO case but taking into account
the term .
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IV. INPUT-OUTPUT DECOUPLING BY DYNAMIC COMPENSATION

In this section we consider again an uncertain system ©¥ and a
nominal system T with outputs, i.e., systems (1) and (2). We now
look at more general control loops associated with the nominal system
¥ to achieve input-output decoupling. More precisely, given the
nominal system we address the problem when there exists a dynamic
compensator with state =

= M(e. )+ N(x, 2)v
u= F(r. z)+ Gz, 2)v a7
where = = col(zy.--+.z,) € RI. M: R — R, N:R""? —
R¥P, F: R"™ — R and G: R" x R? — RP*? are meromorphic
mappings, and © = col(vy.---.vp) represents a new input, such that
[9]
dy*) € span{da. dz. dv,.- N
i=1,---.p,k>1 (18)
and

Ayt & span{dx. dz},  i=1.---,p. 19)

Precisely, (18) represents the noninteraction of the new inputs
vq.--+. v, while (19) represents the output controllability condition.

Next we address the structural invariance properties associated
with the nominal and uncertain nonlinear systems under dynamic
compensation. We first recall, from [5], [9], the definition of some
invariant integers that are of interest to our purpose. Let us denote g
as the time derivative of order  of the output y along the trajectories
of ¥ and y[k] as the same derivative along the trajectories of $F
As before, the relative degree associated to each output y; is denoted
by r; while o is the number of zeros at infinity of order less than
or equal to k, 1 < k < n. The essential order n;. of the output y;
is defined by

n;.e = min{k > 1| dyfk)

¢ span{da. dj. - dy* V. dy'E . dy TV dy™ Yy
A differential (lyfk), dy[ ] as above is said to be essential in
{dz, dj.---.dy™}, respectively {dz, dg.---.dy™}.

Now, we consider a nominal system ¥ which is right invertible. In
this case there exist [12] a so-called Singh compensator (17) which
decouples the nominal system. The decoupled nominal system 4
can be written as

T = felae) + ge(-l'e
y= h(l‘)

&0

d:

——

where . = col(x. z). fe(xe) = col(f(x)+g(x)F(x, 2). M(z, 2))
andgf( E) = col(g(x)G(x, ). N(x. 2)). Since 7:(Sq) = nie(Xa).
1= 2 9 ¢ = (& f) =

d(x. y) defines a local change of
coordmates with & = col(¢ Ep) and 51 = col(&n
where &;; = L;;lh,ua i= Loeeeipoj o= 10 nge,

i)

ne =

nie + -+ + npe, and f isan (n 4+ ¢ — ne) vector of meromorphic
functions of & and z.
Let
X = span{dx}.
V¥ = span{dy.---.dy"®}.
Y*F = span{dy, - -.dym}. fork > 0,
y=> .
k>0
P _ Z YR
k>0

We thus have the following result.
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x

Proposition 4.1: Suppose the nominal system
decouplable by dynamic compensation. If

is input—output

VE=YF for0<k<ni—11<i<p (20)
and
xXny=xny? (€2
then
i) the structures at infinity of system 5 and system ¥, are the
same, and B
ii) the uncertflin dynamics Ei becomes, in the new coordinates
= (£ &)
L [E A AL UlE O+ 6 6+ GilE .
Ya: (€= F(E 6 +3(E & v).
yi=&n. i=1.---.p
(22)
with A; and b; in the canonical form (8), and ;. F.. and Gy
given by
i (& o)
[GHEN é) = :
Vimge—1(&i1s &i2ve o €iny,)
7»""z.nw(Ev 6)
- 0 l
Fie. &) = .
) 0
LA §F(E €]
0
Gi(¢, &) = :
&€ 0 A
LAi(e. 6)Ge. 6) ]
where (€, €) =  Lap Ly 'hiae) |, e e
and Ai(6.€) = Lag L} 'hi(x.) |I e 1(e.d)
with Afc(z.) = col(Af(z) + Ag(z)F(x, y), 0) and
Age(ze) = col(Ag(x)G(z, ), 0).

The conditions given in Proposition 4.1 are also necessary; these
can be verified by standard computations. For the special case where
¥ =0, for 1 < j < n;e — 1, the necessary and sufficient condition
becomes

Af +span{Ag} L XN Y.

Proqf of Proposition 4.1: From the assumptions X N Y* =
n )‘kp, for & > 0, thus

dimX NY* = dimx N Y’

=p+p—o)+--+(p—ox)

and the first statement follows. Since Y} = }1P one has
5'1'1 = &2 + i1 (&ir. i)

where &2 = Ly hi(x.) and v;y = Lay hi(xc). In a similar vein,
we have, for any ¥ = 2,---,n;e — 1

Eik = Einrr + Vi (Eirse oo Eikgr)
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TABLE 1
GEOMETRIC CONDITIONS IMPOSED ON THE
NOMINAL AND UNCERTAIN NONLINEAR SYSTEMS

Control Problem Invariance Condition

Dy=Df, fork>0

Input-state linearization by
static state feedback

Input-output decoupling by | Y¥ = Y¥F for 0<k<ri—1, 1<i1<p,

static state feedback and
D = DP
Input-output decoupling by VE = y}”, for0<k<n,.—-1 1<t<p,
dynamic compensation and
xXny=xny’?

with & 41 = L5 hi(x.) and vix = Lay, L7 "hi(x.). Finally

&in,;, becomes
=0+ Vi (6 €) + A& EF(E €)
+ A6 OGE. v

fz.n,s

where, as well
Vin, (6 €)= Lag LT hi(ae) |, _g-r(e.d)
and

A €)= Lag L hi(@e) |, —a-re) -
The unobservable dynamics E takes the form

E=f(&, HH+3e v
where now

FE ) =Ly, 2) |y oyma1(ed)
+ L€ F(x, 2) (. sy=0-1e.8)
+ Lé(z, z) l(e.sy=0-16.6)

9(E & 1) = Le&Glx, 2) |pymamr(edy ¥
+ Lajé(z, 2) losy=a-1(6.6)
+ LAgénF(ws z) |(I,z):t1>‘1(£vé)
+ LagéGla, 2) l(zoy=a-1(c.6) ¥
+ Lyné(z, 2) l(e.sy=e—1(c.6) -V

and representation (22) follows.

Remark 4.2: Note that the space X' 1) was first introduced in
[2] for studying minimal dynamic compensation for input—output
decoupling.

Remark 4.3: Proposition 4.1 applies to a most general situation,
the dynamic input-state linearization problem which consists in the
search of so-called linearizing outputs. Assume that the problem has
a solution for ¥, then there exists linearizing outputs i and a dynamic
compensator which decouples 7 and fully linearizes the closed-loop
system [7]. If Tf and X N Y are invariant for & > 0, where
7? = span{dy,. -, dyﬁ")} andY = 3,5, jk, then the uncertain
closed-loop system has the form (22). It is unclear, however, if such
conditions depend or not on the choice of the linearizing outputs;
this remains an open problem.

The study of the effects of the uncertainties to the resultant closed-
loop system when considering an output tracking problem is carried
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out in [3]. This is done by means of a Lyapunov-based approach
recently reported in the literature [1}, {11}, [18].

V. CONCLUSION

In this note, three control problems associated with uncertain
MIMO nonlinear systems were treated: input-state linearization by
static state feedback, input—output decoupling by static state feedback,
and input—output decoupling by dynamic compensation. For each
problem, we give geometric conditions which prove to describe
intrinsic structure invariance properties of the nominal and uncertain
systems; these conditions are summarized in Table 1. A study of
the effects of the uncertainties for which uniform boundedness of
signals is retained for the closed-loop system when using dynamic
compensation may be found in [3] as an applicatic.; of the results
in Section IV.
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