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Radon needlet thresholding
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We provide a new algorithm for the treatment of the noisy inversion of the Radon transform
using an appropriate thresholding technique adapted to a well-chosen new localized basis. We
establish minimax results and prove their optimality. In particular, we prove that the procedures
provided here are able to attain minimax bounds for any L, loss. It is important to notice that
most of the minimax bounds obtained here are new to our knowledge. It is also important to
emphasize the adaptation properties of our procedures with respect to the regularity (sparsity) of
the object to recover and to inhomogeneous smoothness. We perform a numerical study that is of
importance since we especially have to discuss the cubature problems and propose an averaging
procedure that is mostly in the spirit of the cycle spinning performed for periodic signals.

Keywords: minimax estimation; second-generation wavelets; statistical inverse problems

1. Introduction

We consider the problem of inverting noisy observations of the d-dimensional Radon
transform. Obviously, the most immediate examples occur for d =2 or 3. However, no
major differences arise from considering the general case.

There is considerable literature on the problem of reconstructing structures from their
Radon transforms, which is a fundamental problem in medical imaging and, more gener-
ally, in tomography. In our approach, we focus on several important points. We produce
a procedure that is efficient from an Ly point of view, since this loss function mimics
quite well in many situations the preferences of the human eye. On the other hand, we
have at the same time the requirement of clearly identifying the local bumps, of being
able to estimate the different level sets well. We also want the procedure to enjoy good
adaptation properties. In addition, we require the procedure to be simple to implement.

At the heart of such a problem, there is a notable conflict between the inversion part —
which, in the presence of noise, creates an instability reasonably handled by a singular
value decomposition (SVD) approach — and the fact that the SVD basis is very rarely
localized and, as a consequence, capable of representing local features of images, which
are especially important to recover.
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Our strategy is to follow the approach started in [11], which utilizes a construction
borrowed from [21] (see also [13]) of localized frames based on orthogonal polynomials
on the ball, which are closely related to the Radon transform SVD basis.

To achieve the goals presented above, and especially adaptation to different regulari-
ties and local inhomogeneous smoothness, we add a fine-tuned subsequent thresholding
process to the estimation performed in [11].

This improves considerably the performances of the algorithm, both from a theoretical
point of view and a numerical point of view. In effect, the new algorithm provides a much
better spatial adaptation, as well as adaptation to the classes of regularity. We prove here
that the bounds obtained by the procedure are minimax over a large class of Besov spaces
and any L, loss: we provide upper bounds for the performance of our algorithm and lower
bounds for the associated minimax rate.

It is important to notice that because we consider different L, losses, we provide rates
of convergence of new types attained by our procedure. Those rates are minimax since
they are confirmed by lower-bound inequalities.

The problem of choosing appropriate spaces of regularity on the ball reflecting the
standard objects analyzed in tomography is a highly non-trivial problem. We decided to
consider the spaces that seem to stay closest to our natural intuition, that is, those that
generalize to the ball the approximation properties by polynomials.

The procedure gives very promising results in the simulation study. We show that
the estimates obtained by thresholding the needlets outperform those obtained either by
thresholding the SVD or by the linear needlet estimate proposed in [11]. An important
issue in the needlet scheme is the choice of the quadrature in the needlet construction.
We discuss the possibilities proposed in the literature and consider a cubature formula
based on the full tensorial grid on the sphere, introducing an averaging close to the
cycle-spinning method.

Among others, one amazing result is that, to attain minimax rates in the L., norm, we
need to modify the estimator. This result is also corroborated by the numerical results:
see Theorem 2 and Figures 4 and 5.

In the first section, we introduce the Radon transform and the associated SVD basis.
The following section summarizes the construction of the localized basis, the needlets.
The procedure is introduced in Section 4, where the main theoretical results are stated for
upper bounds and lower bounds. Section 5 details the simulation study. Section 6 details
important properties of the needlet basis. The proof of the two main results stated in
Section 4 is postponed in the two last sections.

2. Radon transform and white noise model

2.1. Radon transform

Here we recall the definitions and some basic facts about the Radon transform (cf. [10, 14,
19]). Denote by B¢ the unit ball in R?, that is, B¢ = {z = (21, ...,74) € R%: |z| <1} with
|z| = (Zle 22)Y/2 and, by S?7!, the unit sphere in RY. The Lebesgue measure on B?
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will be denoted by dx and the usual surface measure on S*~! by do(x) (sometimes we
will also deal with the surface measure on S¢, which will be denoted by dog). We let |A]
denote the measure [A|= [, dz if AC B and |A| = [, do(x) if AC S

The Radon transform of a function f is defined by

ways):/ Fsb+y)dy,  6esisel-1,1],
séqieyin

where dy is the Lebesgue measure of dimension d — 1 and 0+ = {z € R%: (z,0) = 0}.
With a slight abuse of notation, we will rewrite this integral as

Rf(0.5) = / F(y)dy.

(y,0)=s

By Fubini’s theorem, we have

1
/ Rf(0,s)ds = f(z)daz.
1 Bd
It is easy to see (cf. [19]) that the Radon transform is a bounded linear operator
mapping La(B%, dz) into Lo(S4™1 x [—1,1],du(8, s)), where

ds

2.2. Noisy observation of the Radon transform

We consider observations of the form
dY'(0,s) = Rf(0,s)du(0,s) +edW (0, s),
where the unknown function f belongs to Ly (B¢, dx). The meaning of this equation is

that, for any (0, s) in Lo(S¥! x [~1,1],du(6,s)), one can observe

sz/gp(ﬁ,s)dY(H,s)z/SdIX[_M] RF(0,9)¢(0,9)d4(0.5) + = [ o(6,5)aW (0.5)

=(Rf, ) +eWo.
Here W, = [ p(0,s)dW (6, s) is a Gaussian field of zero mean and covariance

ds

E(W,, Wy) 2/ ¢(978)¢(975)d0(9)m = (@, V)

Sd-1x[-1,1]

The goal is to recover the unknown function f from the observation of Y. Our idea is
to refine the algorithms proposed in [11] using thresholding methods. In [11], estimation
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schemes are derived that combine the stability and computability of SVD decompositions
with the localization and multiscale structure of wavelets. To this end, a specific frame
(essentially following the construction from [13]) is used. It comprises elements of nearly
exponential localization and is, in addition, compatible with the SVD basis of the Radon
transform.

2.3. Singular value decomposition of the Radon transform

The SVD of the Radon transform was first established in [5, 15]. In this regard, we also
refer the reader to [19, 28].

2.3.1. Jacobi and Gegenbauer polynomials

The Radon SVD bases are defined in terms of Jacobi and Gegenbauer polynomials.
The Jacobi polynomials PT(LQ’B ), n > 0, constitute an orthogonal basis for the space
Lo([—1,1],wa 5(t) dt) with weight w, 5(t) = (1 —)*(1 + 1), a, 3> —1. They are stan-

dardly normalized by Pé“’ﬁ)(l) = ("F*) and then [1, 7, 25]
1
/ PP (0) P (B)wa s (t) dt = 6 e b,
-1

where
20+A+1 Fn+a+1I(n+p+1)

plesB) — .
" Cn+a+B+1)T(n+1)I(n+a+8+1)

The Gegenbauer polynomials C;' are a particular case of Jacobi polynomials and are
traditionally defined by
(2A)n

A (A=1/2,A—1/2)
=——"/7_ P —-1/2
Cn (t) ()\ 1/2)n n (t)a A> / )

where, by definition, (a), =a(a+1)---(a+n—1)= F(Fa(j;)") (note that in [25] the Gegen-

bauer polynomial C is denoted by P)). It is readily seen that C}(1) = ("+2>‘71) =

I'(n+2X)) "
Ay and

' - 2! 2>\7( P(TL + 2)\)
A t A t)(1 t2 A=1/2 dt = (Sn mh()\) with h(A) = .

2.8.2. Polynomials on B and S?1

Let II,(R?) be the space of all polynomials in d variables of degree < n. We denote
by P, (R%) the space of all homogeneous polynomials of degree n and by V, (R?) the
space of all polynomials of degree n that are orthogonal to lower-degree polynomials
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with respect to the Lebesgue measure on B?. Of course, Vy(R?) will be the set of all
constants. We have the following orthogonal decomposition:

II,, (R%) = évk (R%).
k=0

Also, denote by H,,(RY) the subspace of all harmonic homogeneous polynomials of
degree n (i.e., Q € H,(RY) if Q € P,,(RY) and AQ = 0) and, by H,,(S*1), the (injective)
restriction of the polynomials from H, (R%) to S?~1. It is well known that

Nacalo) =aim(i, 50 = (") - (MR )

Let II,,(S?~1) be the space of restrictions to S¥~! of polynomials of degree <n on R, It
is also well known that

Hn(Sdfl) — é Hm(Sdfl)
m=0

(the orthogonality is, with respect to the surface measure, do on S?=1). H;(S?~1) is called
the space of spherical harmonics of degree d on the sphere S41.
Let Yim, 1 <m < Ng_1(l), be an orthonormal basis of H; (S?1), that is,

/S V()Y (€) do(€) = b

Then the natural extensions of Y; ,, on B¢ are defined by Yim(z) = |x|lYlm(ﬁ) and

satisfy

1
/ Vi (2) Vi (@) da = / Y () Vi () do(€) dr
B 0 sa-1

T Y, (€) :
:/0 T /Sd—lK,m(ﬁ)Yl,m'(f)dU(f)dr:5m7m'2l——|—d

For more details, we refer the reader to [6].

The spherical harmonics on S?~! and orthogonal polynomials on B? are naturally
related to Gegenbauer polynomials. Thus, the kernel of the orthogonal projector onto
H,,(S?1) can be written as (see [24]):

Na—1(n)
> Vo OFl0) = e O/ ((6.0)) 1)

m=1

The “ridge” Gegenbauer polynomials c¥/ 2((3:, €)) are orthogonal to IT,,_1(B?) in Ly (B%)
and the kernel L, (z,y) of the orthogonal projector onto V,,(B?) can be written in the
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form (see [22, 28])

Lula) = s [ G0 (0.6 a0(6)

e-

Sy [ GRG0 4o )
Sd—1

24 lca/?)2
The following important identities are valid for “ridge” Gegenbauer polynomials:

p/2)

CI2((&,2))CH2 ((n,x)) dw =

Bd Cd/g(l)cg/2(<£7n>)’ f’negd—l’ (3)

and, for z € B4, n e S%1,

Ch2((6,2))Ca2((€,m)) do (&) = 871 |CA2 (. 2)); (4)

gd—1
see [22]. By (2) and (4)

d
Lnf) = S Ol (o)), gesi

and again by (2)

/Sd_1 Lp(2,6) Ly (y, &) do (&) = (2n+ d) Ly (z,y).

2.8.3. The SVD of the Radon transform

Assume that {Y},,: 1 <m < Ny_1(1)} is an orthonormal basis for H;(S?~1). Then it is
standard and easy to see that the family of polynomials,

Frodan (@) = (2k +d) 2 POV (01212 — 1)y (2),
0<I<kk—1=25,1<i<Ny_y(l),

form an orthonormal basis of Vi, (B?); see [6]. Here, as before, Yi (7)) = |2|'Y] n (z/|7]).
On the other hand, the collection

Gkt (0,8) = [W\Y 272 (1 = )02 26y, (0),  k>0,0120,1<m < Naq(l),

is an orthonormal basis of Lo (S?~! x [~1,1],du(6, s)). Most important, the Radon trans-
form R:ILa(B%) — Lo(S41 x [~1,1],du(6, s)) is a one-to-one mapping and

Rfiim = \eGk,i,ms R*gie.t,m = Mo freim,s
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where

s 2d7Td_1 _ 2d7Td_1
Pk )(k+2) - (k+d—1)  (k+1)g_y
More precisely, we have for any f € Lo (B%)

Rf = Z )\k Z Z <fa fk,l,m>gk,l,m~

k>0  0<i<k,k—I=0 (mod2)1<m<N4z_1(I)

A ~ kT

Furthermore, for f € Ly(B?),

F=Y N > > (Rf.gkrm)ufetm-

k>0 0<I<k,k—1=0 (mod2) 1<m<Ng_1(l)

In the above identities, the convergence is in L.
For the Radon SVD, we refer the reader to [11, 19, 28].

3. Construction of needlets on the ball

In this section, we briefly recall the construction of the needlets on the ball. This con-
struction is due to [21]. Its aim is to build a very well-localized tight frame constructed
using the eigenvectors of the Radon transform. For more precision, we refer the reader
to [11, 12, 21]

Let {fx.1,m} be the orthonormal basis of Vi (B%) defined in Section 2.3.3. Denote by T},
the index set of this basis, that is, T = {(I,m): 0 <1 <k,I=k (mod2),0 <m < Ng_1(])}.
Then the orthogonal projector of Ls(B%) onto Vi (B?) can be written in the form

ka:/Bdf(y)Lk(x,y)dy with Le(2,9) = D fetm (@) ferm ().

I,meTy,

Using (1), Lg(z,y) can be written in the form

Lk(x7y)
0,l4+d/2—1 0,l+d/2—1
= (2k+d) 3 PO 9122 1o PO (212 — 1)yt
1<k,k—I=0 (mod2)
x Yy
(i)
Em: ] 1y]
(2k +d) 0,l+d/2—1 0,1+d/2—1
o=l DI A G ED i LTI

1<k,k—1=0 (mod2)

(e am)ad ()
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Another representation of L (x,y) has already been given in (2). Clearly,

/B Ly ) Lo (2,) A = o L) (5)
and, for f € Ly(BY),
F=Y"Lef and [IfI3= D ILefl3 =D (Laf.f). (6)
k>0 k k

The construction of the needlets is based on the classical Littlewood—Paley decompo-
sition and a subsequent discretization.

Let a € C*°[0,0) be a cut-off function such that 0 <a <1, a(t) =1 for t € [0,1/2] and
suppa C [0, 1]. We next use this function to introduce a sequence of operators on La(B%).
For j > 0, write

@)= a( 55 )1t = [ At sy

27
k>0

with A;(z,y) = Za(%)Lk(ﬂf,y)-

k

Also, we define B f = Aj11f — A, f. Then, setting b(t) = a(t/2) — a(t), we have

5,10 = 32035 ) a0 = [ B )

) k
with Bj(z,y) = Z 6(27) Li(z,y).
k
Obviously, for f € Lo(BY),

it 1) =Y o3 Jloar.f <113

k

An important result from [21] (cf. [13]) asserts that the kernels A;(x,y), B;(x,y) have
nearly exponential localization. Namely, for any M > 0 there exists a constant Cp; > 0
such that

214

T d
(1 —|—2jd(x7y))M Wj(a?) I/Vj(y)7 'y € BY, (7)

145 (@, 9)|,1Bj(z,y)] < Cm

where

d
Wia)=27 + V122, e’ =|2lf=) a? (8)
i=1
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and

d
d(z,y) = Arccos((z,y) + V1 [22V/1-[yl?),  (x,9)= ny

Let us define

cj(x,y):%:,/a(g)mx,z) and Dj(x,y)zzk: b(%)Lk(x,z).

Note that C; and D; have the same localization as the localization of A;, B; in (7)
(cf. [21]). Using (5), we get,

Aj(x’y): B Cj(x,z)Cj(z,y)dz, Bj(x7y): B Dj(x’Z)Dj(Zay)dZ~ 9)

And, obviously, z — Cj(z,2)Cj(z,y) (resp., Dj(x,z)D;(z,y)) are polynomial of degrees
< 20FL

The following proposition follows from results in [21] and [27] and establishes a cubature
formula.

Proposition 1. Let {B(a,p): i €I} be a mazimal family of disjoint spherical caps of
radius p = 1277 with centers on the hemisphere S(fr, Then for sufficiently small 0 <7 <1
the set of points x; = {&: i € I} obtained by projecting the set {&: i € I} on B? is a set
of nodes of a cubature formula that is exact for Ily2(BY): for any P € Ily42(BY),

Plu)du= Y w;¢P(),

d
B §EX;

where, moreover, the coefficients wj¢ of this cubature are positive and satisfy wje ~

W;(€)2794, and the cardinality of the set x; is of order 274,

3.1. Needlets

Going back to identities (9) and applying the cubature formula described in Proposition 1,
we get

Aan) = [ Can0 )= 3wl @O0 (8) and

§EX;

Bj(v,y) = BdDj(ﬂ?,Z)Dj(%y) dz= Y wjeD;(z,€)D;(y,&).
£EX;

We define the father needlets, ¢; ¢, and the mother needlets, ¥ ¢, by

pje(r) =wjeCi(x,§) and ¥j¢(x) = w;eDj(z,§),  £€x;,j>0.
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We also set ¥_1,9= |1§§‘ and y_1 = {0}. From above, it follows that

Z%i )@y Z%E x)hje(y

£EX; §EX;

Therefore,

Aif(e)= | Ay f)dy= > (f.05e)p5e= Y evie,  aje=(f05¢)

Be §EX; EEX,
and
Bif@) = [ Bilewnf)dy= Y (fisvne= Y Bictse  Bic=Fibie)
B¢ §EX; £eEX;

It is easy to prove (see [21]) that

lesellz<1.
From (6) and the fact that >_ b(t279) =1 for t € [1,00), it readily follows that
F=Y Y (fedbie,  feLa(BY,
JZ—1E8ex;

and, taking the inner product with f, it leads to

IAE=D D 1(f w8

J EEX;

In turn, this shows that the family {1/, ¢} is a tight frame for Lo(B%).

4. Needlet inversion of a noisy Radon transform and
minimax performances

Our estimator is based on an appropriate thresholding of a needlet expansion as follows.
f can be decomposed using the frame above:

F=Y" > (fviehse.

Jz—18ex;

Our estimation procedure will be defined by the following steps
=N 1
et = - /gk,l,m dy, (10)

BJf Z’Ykzmaklm (11)

k,l,m
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with
VS = (Gham s
and
J. R
f: Z Z ﬁj}&l{\ﬁj,g|2,.;2.7‘ucs}¢j,£ (12)
Jj=—1&ex;

with

v=(d—1)/2. (13)

Hence, our procedure has three steps: the first one (10) corresponds to the inversion of
the operator in the SVD basis, the second one (11) projects on the needlet basis and the
third one (12) ends up the procedure with a final thresholding. The tuning parameters
of this estimator are

e The range J. of resolution levels will be taken such that

9Je(d-1/2) < (e /—10g1/5)71 < 9(Je+1)(d=1/2)

e The threshold constant  is an important tuning of our method. The theoretical point
of view asserts that, for k above a constant (for which our evaluation is probably not
optimal), the minimax properties hold. Evaluations of x from the simulation point
of view are also given.

e ¢. is a constant depending on the noise level. We shall see that the following choice
is appropriate:

c. =ev/logl/e.

e Notice that the threshold function for each coefficient contains 27¥. This is due to
the inversion of the Radon operator and the concentration relative to the g ;s of
the needlets.

e It is important to remark here that, unlike the (linear) procedures proposed in [11],
this one does not require the knowledge of the regularity while, as will be seen in the
sequel, it attains bounds that are as good as the linear ones and even better since
they are handling much wider ranges for the parameters of the Besov spaces.

We will consider the minimax properties of this estimator on the Besov bodies con-
structed on the needlet basis. In [13], it is proved that these spaces can also be described
as approximation spaces, so they have a genuine meaning and can be compared to stan-
dard Sobolev spaces.

We define here the Besov body, By ., as the space of functions f =3, Z&G)@ B¢
such that

] r/m
22”(2(Iﬁj,gllle,slw)”> <oo

J £EX;
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(with the obvious modifications for the cases m or r =oc) and B; (M), the ball of
radius M of this space.

Theorem 1. For 0 <r <oo, m>1, 1 <p < oo, there exist some constant c, =
cp(s,m,r, M), ko such that if k> ko, s> (d+ 1)(% — %)4_ and, in addition, if ™ <p,
d+1 _ 1.
s> -

T 2°

1) If 3 < 3%,

sup  (E[lf — fII5)"7
feBs (M)

< cp(log1/e)P/?
« (EM)(8*(d+1)(1/W*1/P))/(S+d*(d+1)/W)AS/(S+d*1/2)A(S*2(1/W*1/P))/(8+d*2/77).

(2) Ifd;ilgé and d>2 orp>1,

oS (EIf = £ < 1o 1/e)"/?(ey/log1]e)™/ - em /N2t mn/twd=2/m),
€B; .

(3) Ifd=2 and p=1,

sup  (E||f - fll1) < er(log1/e) /2 (ey/log1/e)*/ 2712,

feB; (M)

Remark 1. Up to logarithmic terms, the rates observed here are minimax, as will appear
in the following theorem. It is known that in this kind of estimation, full adaptation yields
unavoidable extra logarithmic terms. The rates of the logarithmic terms obtained in these
theorems are, most of the time, suboptimal (for instance, for obvious reasons, the case
p =2 yields fewer logarithmic terms). A more detailed study could lead to optimized
rates, which we decided not to include here for the sake of simplicity.

The cumbersome comparisons of the different rates of convergence are summarized
in Figures 1 and 2 for the case 0 < % < #‘ll. These figures illustrate and highlight the

differences between the cases p >4 and p < 4. We put L as the horizontal axis and the
regularity s as the vertical axis. As explained later, after the lower-bound results, zones I
and II correspond to two different types of the so called “dense” case, whereas zone III
corresponds to the “sparse” case.

For the case of an L, loss function, we have a slightly different result since the threshol-
ding depends on the L., norm of the local needlet. Let us consider the following estimate:

Je
Foo= 3 D Biely, cilugc o nite y Vi

J=—18€x;

27ed — (6\/10g1/5)71.
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s s(3)=an(2-1)
JOEE=1CEDR
| 11
s(3)=@+1(:-1)
I
0 37 1
s 5—2 %—l s—(d+1) %—l
I: Td-T II: ﬁ%(d_;) II7: —S+d_(d$”)

Figure 1. The three different minimax rate type zones are shown with respect to the Besov
space parameters s and 7 for a fixed loss norm LP with 0 < % < i.

Then, for this estimate, we have the following results:

Theorem 2. For 0 <r < oo, m>1, s> %, there exist some constants coo =
Coo(s,m,7, M) such that if k* > 47, where To :=sup; ¢ 2794 D214h ¢l oo

. Bsup(M)EHfDO - fHoo < coole /log1/5)(S—(d+1)/ﬂ)/(s+d—(d+1)/‘”).
€B; (M

The following theorem states lower bounds for the minimax rates over Besov spaces in

this model.

S
I Iy —aey
(=Y
S E
g gy e
I.m I].W I]I.w

Figure 2. The three different minimax rate type zones are shown with respect to the Besov
space parameters s and 7 for a fixed loss norm p with i < % < diH.
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Theorem 3. Let £ be the set of all estimators, for 0 <r <oco, m>1, s> %.

(a) There ezists some constant Coo = Coo(s,m, 7, M) such that,

inf  sup  E|f* = flloo = Cooler /1Og1/8)(S—(d+1)/Tr)/(s+d—(d+1)/7r).
["€ reB; (M)

(b) For 1 <p < oo, there exists some constant Cp, = Cp(s,m,r, M) such that if s >
(w _ w)
P

T )

W) If 5 <7t

inf  sup (E|f*— f|2)V/P
f*egferm,(M)( | 13)

> Cpg(sf(d+1)(1/7f*1/1)))/(S+d*(d+1)/W)AS/(S+d*1/2)A(S*2(1/W*1/p))/(8+d*2/7f).

(2) [fﬁg% and d>2 orp>1
inf sup (B[ f*— pr)l/p > CPES/(SH—1/2)A(s—2(1/7r—1/p))/(s+d—2/7r).
1*€€ fepy (M) S

(3) Ifd=2 andp=1

inf  sup (B[ f*— fll)) > Cpe®/5T21/2),
fr€€reps (M)

Remark 2. A careful look at the proof shows that the different rates observed in the
two preceding theorems can be “explained” by geometrical considerations. In fact, de-
pending on the cubature points around which they are centered, the needlets do not
behave the same way. In particular, their IL, norms differ. This leads us to consider
two different regions on the sphere, one near the pole and one closer to the equator. In
these two regions, we considered dense and sparse cases in the usual way. This yielded
four rates. Then it appeared that one of them (sparse) is always dominated by the oth-
ers.

5. Applications to the fan beam tomography

5.1. The 2D case: Fan beam tomography

When d = 2, the Radon transform studied in this paper is the fan beam Radon transform
used in a computed axial tomography (CAT) scan. The geometry of such a device is
illustrated in Figure 3. An object is placed in the middle of the scanner and X-rays are
sent from a pointwise source, S(#;), making an angle 6; with a reference direction. Rays
go through the object and the energy decay between the source and an array of receptors
is measured. As the log decay along the ray is proportional to the integral of the density f
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Receptors

Figure 3. Simplified CAT device.

of the object along the same ray, the measurements are

Rf(01,6) =/ flx)dX

€0, +Ae(o, —0y) EB?

with ep = (cos,sinf). This is equivalent to the classical Radon transform

Rf(a,s>=/ Jsb+y)dy,  BeS'sel-1,1],
yeot,

s60+yeB2

for 6 =60, — 03 and s =sinfs. The ray source is then rotated to a different angle and the
measurement process is repeated. In our Gaussian white noise model, we measure the
continuous function Rf(0,s) through the process dY = Rf(6,s) dﬁﬁ +edW (0, s).
The measure dﬁﬁ corresponds to the uniform measure df; dfs by the change of the
variable that maps (61,63) into (6, s). Our goal is to recover the unknown function, f,
from the observation of Y using the needlet thresholding mechanism described in the
previous sections.

In our implementation, we exploit the tensorial structure of the SVD basis of the disk
in polar coordinates:

Foaam(r,0) = 2k +2)2POV Q2 = D)lrVim(0), 0<I<kk—1=2j,1<m<2,

where Pjp’l is the corresponding Jacobi polynomial, and Y7 1(0) = ¢; cos(10) and Y; 2(0) =
¢ sin(10) with ¢p = ﬁ and ¢ = ﬁ, otherwise. The basis of S? x [~1,1] has a similar
tensorial structure as it is given by

Gram (0, 8) =[] 7V2(1 = s2)V2CL(5) Y1 (), k>0,10>0,1<m<2,

where C} is the Gegenbauer of parameter 1 and degree k. We recall that the correspond-
ing eigenvalues are

2y

A = .
PR+
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5.2. SVD, needlet and cubature

In our numerical studies, we compare four different type of estimators: linear SVD esti-
mators, thresholded SVD estimators, linear needlet estimators and thresholded needlet
estimators. They are defined from the measurement of the values of the Gaussian field
on the SVD basis function Yy, , = and the following linear estimates of, respectively, the
SVD basis coefficients (f, fi,i,m) and the needlet coefficients (f,1;¢),

N 1 1
Ok,l,m = A—kng,z,m = > /Qk,l,m dYy

and

Bie=aie > Vok/2) > gim )k m-
k l,m

The estimators we consider are respectively defined as:

linear SVD estimates ALI]“S = Z Zak,l,mfk,l,m,
k<27 I,m

linear needlet estimates Aij = Z Z Bj,gwj,g,
i<J €

thresholded SVD estimates A}:S = Z Zka. (Qk,1,m) Fret,m s
k<27 I,m

thresholded needlet estimates fAN = Z Z PT; ¢ (Bj,g)%‘,gy
Ji<J €

where pp(-) is the hard threshold function with threshold 7™

() = x, if x| > T,
pTAT) = 0, otherwise.

A more precise description is given in Table 1. In our experiments, the values of Yy, , .
have been obtained from an initial approximation of (f, fx i m) computed with a very
fine cubature to which a Gaussian i.i.d. sequence is added.

We have used, in our numerical experiments, thresholds of the form

Tk:ig logl/e and Tj¢=rojecr/logl/e,

where 0 ¢ is the standard deviation of the noisy needlet coefficients when f =0 and € = 1:

or e =wie > b(k/2)> grim(€).
k l,m
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Table 1. Algorithmic description of the considered estimators

Linear SVD Thresh. SVD Linear needlet Thresh. needlet
fus s FUN FN
. o ds

Observation dY =Rfdé T +edW

SVD Dec Yig,, =Y, gki,m) = (Rf, Gkt,m) + €,tym = ke (fs frtm) + €ktm

Inv. Radon Qk,l,m = i(Y7 Gk tm) = (f, fem) + ﬁgk,l,m

Needlet Bj.e = MZk \ b(g%)

transf. X Zl,m Jr,1,m (§)Qk,1,m

~SL ~ ~ST ~ ANL ) ANT )
Coeff. mod. @y = Li<hmax Ok lm Ok 1m = P13 (Qietym) Bjie’ = Lj<jmax Bive Bie = P15 (Bie)

Needlet Qe tom = Z]- b(%)
nv. X Zgng \/@fk,l,mg)ﬂjts
SVD rec. f* = Zk,l,m Ak 1m Jrlm

Note that, while the needlet threshold is different than in Theorem 1, as ;¢ is of or-
der 277, its conclusions remain valid.

An important issue in the needlet scheme is the choice of the cubature in the needlet
construction. Proposition 1 ensures the existence of a suitable cubature ; for every level j
based on a cubature &; on the sphere but gives neither an explicit construction of the
points on the sphere nor an explicit formula for the weights w;¢. Those ingredients are,
nevertheless, central in the numerical scheme and should be specified.

Three possibilities have been considered: a numerical cubature deduced from an almost
uniform cubature of the half sphere available, an approximate cubature deduced from
the Healpix cubature on the sphere and a cubature obtained by subsampling a tensorial
cubature associated to the latitude and longitude coordinates on the sphere. The first
strategy has been considered by Baldi et al. [2] in a slightly different context; there is,
however, a strong limitation on the maximum degree of the cubature available and, thus,
this solution has been abandoned. The Healpix strategy, also considered by Baldi et al. in
another paper [3], is easily implementable but, as it is based on an approximate cubature,
fails to be precise enough in our numerical experiments. The last strategy relies on the
subsampling on a tensorial grid on the sphere. While such a strategy provides a simple
way to construct an admissible cubature, the computation of the cubature weights is
becoming an issue as no closed form is available.

To overcome those issues, we have considered a cubature formula based on the full
tensorial grid appearing as proposed by [16]. This cubature does not satisfy the condi-
tion of Proposition 1, but its weights can be computed explicitly. Furthermore, we argue
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that, using our modified threshold, we can still control the risk of the estimator. Indeed,
note first that the modified threshold is such that the thresholding of a needlet depends
only on its scale parameter j and on its center £ and not on the corresponding cubature
weight w; ¢. Assume now that we have a collection of K cubature, each satisfying condi-

tions of Proposition 1 and thus defining a suitable estimate, fk. We can use the “average”
cubature obtained by adding all the cubature points and averaging the cubature weights.
This new cubature defines a new estimate, f, satisfying

o1 K
f:Eka
k=1

By convexity, for any p>1,

P

. 1 & 1 E A
||f—f|§=Hf—?ka SFZHf—ka;’;
k=1 k=1

p

and, thus, this average estimator is as efficient as the worst estimator in the family fj. The
full tensorial cubature is an average of suitable cubatures. The corresponding estimator
satisfies the error bounds of Theorems 1 and 2. Note that this principle is quite close to the
cycle-spinning method introduced by Donoho et al. Indeed, the same kind of numerical
gain is obtained with this method. The numerical comparison of the Healpix cubature
and our tensorial cubature is largely in favor of our scheme. Furthermore, as already
noticed by [16], the tensorial structure of the cubature leads to some simplification in
the numerical implementation of the needlet estimator. The resulting scheme is almost
as fast as the Healpix-based one.

5.3. Numerical results

In this section, we compare five “estimators” (linear SVD with best scale, linear needlet
with best scale, thresholded SVD with best x, thresholded needlet with best x and thresh-
olded needlet with x = 3) for seven different norms (L1, Lo, Ly, Lg, L7, Lg, L1g and L)
and seven noise levels £ (2¥/1000 for &k in 0,1,...,6). Each subfigure of Figures 4 and 5
plots the logarithm of the estimation error for a specific norm against the opposite of the
logarithm of the noise level. Note that the subfigure overall aspect is explained by the
error decay when the noise level diminishes. The good theoretical behavior of the thresh-
olded needlet estimator is confirmed numerically: the thresholded needlet estimator with
an optimized k appears as the best estimator for every norm while a fixed  yields a very
good estimator, except for the L., case, as expected by our theoretical results. These
results are confirmed visually by the reconstructions of Figure 6. In the needlet ones,
errors are smaller and much more localized than in their SVD counterparts. Observe also
how the fine structures are much more preserved with the thresholded needlet estimate
than with any other methods.
We conclude this paper with some sections devoted to the proofs of our results.
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—— Best Lin. SVD ‘ ‘ ‘ ‘ ‘ " [—BestLin. SVD
= Best Th. SVD = Best Th. SVD
1.2k = Best Lin. Need. = Best Lin. Need.
= Best Th. Need = Best Th. Need
- Fixed Th. Need = Fixed Th. Need
14t 1
-1.6 -1.5
=8l >
uw w
g 2r 2
221 -2
241
26}
-2‘85 55 6 6.5 7 7.5 8 8.5 9 9.5 -2'55 55 6 6 7 75 8 8.5 9 95
-log( ) -log( €)
]L] ]LZ
-0.9 T T T T T T -0.7 T T T T T T
= Best Lin. SVD = Best Lin. SVD
= Best Th. SVD = Best Th. SVD
-1 F —— Best Lin. Need. 0.8 —— Best Lin. Need.
= Best Th. Need = Best Th. Need
PR - Fixed Th. Need = Fixed Th. Need
1.2f
_ 13t
=
P
=3
o
151
-1.61
1.7
-1.81
1.9 -1.6
55 6 6.5 7 7.5 8 8.5 9 9.5 55 6 6.5 7 75 8 8.5 9 95
-log( €) -log(¢)
La Le

Figure 4. Estimation results in log L, norm. Each figure shows the decay of the logarithm of
the error against the logarithm of the noise parameter for the specified norm.

6. Needlet properties

6.1. Key inequalities

The following inequalities are true (and proved in [13, 17, 18, 20]) and will be fundamental
in the sequel. In the following lines, g; ¢ will stand either for ;¢ or 1; ¢:

VieN, Véey;  0<c<lgell3 <1, (14)
VieN, ey, VeeX > gielilgiela) < C <o, (15)
£eEx;
2jd/2
|95.¢(7)| < Cnr (16)

VW) (1 +27d(x, )M
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-0.6 T T T T T T -0.5 T T T T T T
= Best Lin. SVD = Best Lin. SVD
~——Best Th. SVD ~— Best Th. SVD
07 = Best Lin. Need. 06 = Best Lin. Need.
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= E
£ o4 & oosf
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0.1

= Best Lin. SVD
= Best Th. SVD
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log(lIf-FIl )

8.5 9 9.5

7 7.5
-log(e)
Loo

Figure 5. Estimation results in log L, norm. Each figure shows the decay of the logarithm of
the error against the logarithm of the noise parameter for the specified norm.

(recall that T;(z) has been defined in (8)). From these inequalities, one can deduce the
following ones (see [12]): for all 1 <p < oo,

1/p
(Z |<f,gj,s>|”||gj,s||£) </l (a7)

§EX
C 2 1/p
<(9) (X measeli) (18)

£EX;

D Aegiel)

£EX;

p

6.2. Besov embeddings

It is a key point to clarify how the Besov spaces defined above may be included in each
of the others. As will be seen, the embeddings will parallel the standard embeddings
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Original (f) Inversion (1)

Figure 6. Visual comparison for the original Logan—-Shepp phantom with e = 8/1000. Errors
are much more localized in the needlet-based estimates compared to the fully delocalized errors
of the SVD based estimates. Fine structures are much more restored in the thresholded needlet
estimate than in the other estimates.
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of usual Besov spaces, but with important differences, which, in particular, yield new
minimax rates of convergence as detailed above.

We begin with an evaluation of the different I, norms of the needlets. More precisely,
in [13] it is shown that, for 0 < p < oo,

9jd \1/2=1/p
p (W) . LEx; (19)
The following inequalities are proved in [11]:

> llgjellp < @@= i p gt g, (20)

3591
giell? < cj2i /2 if p=4. 21

]75 P
359}

We are now able to state the embedding results (see [12]).

Theorem 4. (1) 1<p<n<oco= B}, CB;,

T™,T —

(2)c0>p>m>0,5>(d+1)(1/m—1/p), :>Bf”,§Bg (d+1)A/m=1/p)

7. Proof of the upper bounds

A important tool for the proof of the upper bounds that clarifies the thresholding pro-
cedure is the following lemma.

Lemma 1. For all j > —1, £ € x5, Bj,g has a Gaussian distribution with mean B;¢ and
variance ‘732‘,@ with,

0275 < c27(d=1) 2

Proof. As we can write

Bje = klm/ fszmdx—FZWklm/\ Zrlm
klm k,l,m
= 5]75 + Zjvg'
Here the summation is over {(k,l,m): 0 <k <2/,0<1<k,l=k (mod2),1 <m <
Ng—1(1)}. Since the Zj ;s are independent N (0, 1) random variables, Z; ¢ ~ N(O o7 e)s

we have

_ .2 (k)d (2‘)d 1 j(d—1) .2
=2 Y il I S s T <2/ e (22)
k,l,m
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with ¢ = (d/2m)%~!. Here, we used that { fi ;. } is an orthonormal basis for Ly and hence
Skt il = Isell3 < 1. O

Let us now begin with the second theorem, the proof of which is slightly simpler.

7.1. Proof of Theorem 2

In this proof, as well as in the other one, C' will denote any constant in the sense of
Theorems 1-3; we assume that f belongs to the Besov ball B} (M) and measure the
loss in L, norm (here, p=00). Then C denotes a generic quantity that depends only
on s, r, p and M. Note that the exact value denoted by C may vary from one line to
another.

We have, if we denote

A1) =300 Bievie,

J>JEEX;
1o = Fllso < oo = A loe + 145(F) ~ fll
< lfso = As(Hllso + C| fll s 277~ @D/,

We have used, as B . C Big lni/r

|Asf = flloo < Cll fllps 27757 (DY),

Moreover,
9—J(s=(d+1)/7) < (Em)*(%(dﬂ)/ﬂ/d < (8\/log—l/g)*(S*(d+1)/7r)/(8*(d+1)/7f+d)
as s > 4L

We haTve, using (18),

[foo = As(F)lloe < Z Z (Bj,El{\EMHWM||mzﬁgjdsm1, — Bjie)ie

’ oo

J<JEex;
= Z( 2 (Bie @vf)wﬂ?fl{B_j,gnwj,suoomzfde\/m})H
J<J Mgex; >
N Z(Bﬂfd’jvﬁl{ﬁj.g||w,-.g|x<n2jds\/log1/s})Hoo>

§EX;

C -
< = 5 e . . - )
e Z(bgg(m“ BiellbsellooL i3, o, el znzsneyogizey)

i<J

+§§f~(|ﬁj’5”|w“||°°1{Bj.g||wj.g|x<n2jds\/W}))'
J



24 G. Kerkyacharian, E. Le Pennec and D. Picard
We decompose the first term of the last inequality
Sup (1B = BiellVicllool s, i1, el znosieyiogire))

= sup (|Bj.¢ — Bjel ija"f”001{‘5].’5‘||1Z,J.’E||(X,Z,€21‘dg1 flog1/<}

§EX;

x (1{\ﬂj,s\||¢j,s||oo2(ﬁ/2)2jd€\/10g 1/e} + 1{\ﬂj,sll\wj,s||oo<(n/2)2jd€\/10g 1/6}))

= 5822('5“ ~Biellvielloolp, g, el clloe>(n/2)20elog 172}
*5&2('@’5 = Bielllselloo s, i clloes /202002 Jiog 172
and the second one
f’éﬁg('ﬂj’f'||¢J?f||°°1{\5j,f|nwj,s||w<nzjd6\/m})
= &Sélg(|ﬁj’5|”wj’gH‘X’l{lﬁj,glej.gnacmwe\/m}

X (L5, 111 oo 2202500 I 172} T 1418, iy lloo <n2itey/log172})
- Esélf-(|Bj’€|”d}j’g||Ool{|Ej,£*ﬁj,£||Wj,£||oo>“2jd5\/m})
J

"o (Bsellivselloct s, oy, ¢l <rrneyfrozirey)
J

Now we will bound each of the four terms coming from the last two inequalities. Since
for X ~ N(0,0?), we have

2 0 2 2 2 2
E(|Y |Liysroy) = 0—ae | ye ¥ /2dy=e ¥ /22 <omX'/2,
(Y [lfyisaey) =0 ,_27'[/,\ Yy y e <

Noticing that the standard deviation of (@ﬁg —Bj.e) ¢l o is smaller than 7,,27% (using
Lemma 1 and (16)), we have

2 E(Sup (1Bs = Piel ”wj’f”wl{@,fﬂj,f||wj,f|m><n/2>2fde\/m})>

i<J €Xj
7. A ) R Jd 14,2/27'50
<D D EWBie = Bicllicllool iz, —p, i1y el zn/2i00e iogirey) S 27

JSJEEX;
—1
< e /%1, flog 1/e < Cey/logl/e

if k2 > 472, where we have used Card x; < ¢2/¢. This proves that this term will be of
the right order.
For the second term, let us observe that we have, using Theorem 4,

1B.ell¥selloe < CllfllBs 2777 (HD/M),
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so only the j’s index such that j < j; will verify this inequality:

> —1/(s+d—(d+1)m)

991 (%K”B?r(g, flog1/¢)

On the other side, using the Pisier lemma [23],

E(sup (Bre — m,gnm,gnm)) < 1..27%e\/2Tog 2071,

EEX;
So
> B(sup (se = Brcllvselld s, o, snw><n/2>2jde\/W}))
i<i1 EXy B B
<Too . 279e\/210g2c27 < Cejy /22714
i<i1

< C(”f”Biw)(sf(d+1)7r)/(s+d7(d+1)/7r)(E\/W)(3—(d+1)/"f)/(8+d—(d+1)/ﬂ').

This proves that this term will be of the right order. Concerning the first term of the
second inequality,

E(?gfq&’f'||¢j’€||°°1{\ﬁj,f*ﬁj,s\Iij,fHoo>H2jd6\/log1/6}))
J

B Y P(IBre — Bielltyelloo > 27%\/log1/e)

§EX;

<Cl7l

but
P(|B;.c =B ellglloc > 27 log1/e) < o (W2 eVioa /&Y (DRI el < gr/2me,

So

ZE(SUP (|6j’§|||wj’§”°°1{Bg‘{—ﬂjflle,&lm>n21dem}))

G<J €Xj
Bfrm(cf /log1/5)(87(d+1)/7‘r)/(s+d7(d+1)/ﬂ')

if K2/2 > 72 . This proves that this term will be of the right order. Concerning the second
term of the second inequality,

2 2
< C|lfllp;, Je* ™= < C| /]

ssélfmj’f'”Wﬁ||°°1{\ﬂj,f|nwj,s||oo<2nzfde\/log1/e})
J

< 2k29%/log 1/ A C||f|

e 9-ile—(d+1)/m).
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let us again take

2j1 N (gm)fl/(erdf(dJrl)w)

> sup (1B5elllvselloo 118, 16y el <2027 10g 1/2})

jSJiéx.i
B;T(Elogl/ez 274 4 Z 2j(s(d+1)/”)>
J<i1 J1<j<J

B (gm)(sf(d+1)/7r)/(s+d7(d+1)/7r)'

This ends the proof of Theorem 2.

<Cl7l

SClF

7.2. Proof of Theorem 1

As in the previous proof, we begin with the decomposition,

1fe = FII5 <277 (1 fe = As (DG + 1145 (F) = FIIB)-

Using the fact that, for 7 >p, B; . C B, ., and for 7 <p,B; . C B;;c(,d"’l)(l/”_l/p),
we obtain

1A () = FIE < Clf e 277 ifwzp
and

||AJ(f) _ ng < CHfH%:‘rm27J(S*(d+1)(1/7771/10))10 if 7 <p.

We have 27757 < (e4/log1/e)*P/(4=1/2) < (g,/log1/e)*P/(s+4=1/2)  Obviously, this term
has the right rate for = > p. For 7 < p,

9=/ (s=(d+1)(1/7~1/p)) < (5log1/5)(S_(d“)(l/”_l/p))/(d_l/Q)
< (glog1/6)(87(d+1)(1/7r71/p))/(s+d7(d+1)/7r),

thanks to s > (d+1)/m — 1/2. This gives the right rate for dp > d+ 1. For dp < d+ 1, we
have (again as s > (d+1)/m—1/2), s—(d+1)(% — %) >d—3,s0 2~ J(s=(d+D)(1/7=1/p)) <
(elog1/e)(s=(d+DA/m=1/p)/(d=1/2) < (clog1/e)*/(s+4=1/2) Finally, this proves that the
bias term above always has the right rate.

Let us now investigate the stochastic term

p
E|f-As(NIE<CI ' Y E

j<J

D Brelyjs, s warwefiogie) — i) bre

X P
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But
R P
D Brelyjs, s wasmefiogie) — Pre)ie
§EX; P
R P
-1
<C2P ( Z ((Bj,& - 5j,€)¢j,51{|§m|2,.;21u5, /log 1/5})
§EX; P
P
+ Z (5j’5¢j’€1{|37‘,5\<f'62j”€\/ log 1/5}) )
§EX p
< c(z B = BrPI0scl2L 5. some /ity
§EX;
+> |5j7€|p||wjy5||£1{|Ejy£<52jugq/logl/e})'
§EXy
In turn,

1Bje = Biel" L3, el 2mome g1y
— 1B, _B..P]
=185 = Biel 1{\Bj.e|2n2f”s\/log1/6}(1{|ﬁj,a|2(n/2)2j"6\/log1/6} + 1{aj,g|<<n/2>2j'fe\/log1/5})
<1Bje = 5%5|p1{\ﬁj.e—m,g\zm/z)zj'fs\/logl/e} +1Bi.6 — Big |p1{|m\><n/2>2jds\/log1/e}
and
CP1 —13..1P1
1Bi.cl 1{\ﬂj,s<f~”~2jd6\/10g1/€} = 1Bicl 1{\ﬂj,s<f~”~2”6\/10g1/6}
X (L1s, clz2n2ie logiey T 1118, cl<naitey/iog1ey)
P71 P
< 1Bl 1{\ﬂj,£*ﬁj,s\>H2jd€\/10g1/6} +1Bjel l{lﬁj,s\<H2jd€\/10g1/6}'
We now have the following bound using direct computation:
B..,_ 8 . ipv / p—1_k?/2
E(WLE /6]15|p1{‘ﬂj~£_ﬂj~£|Z(H/2)2jVEM}) < CO2PeP(ky/logl/e)" e .

Hence,

—1 o)
T D BB~ Bael l0ielolos, c—p, el 2120 e fiom 7))

JSJTEEX;

<O Y P(wy/log 1) e 2 S el

J<J £EX;
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<C qu 1/81)_161)(,{ /log 1/8)17*1852/2 Z 9ipv9i(dp/2+(p/2-2)+)
isJ
< CeP

if K> +/2p is large enough (we have used (19)).
Using the forthcoming inequality (24),

> E(Bj¢ — BielP el

§EX;

p
PL(18, 1> (n/2)2verflog1/e})

<Ce Y 2 VGslRL s, i ey2r2mer R T}

§EX
—q
< CeP (gsx/log 1/5) .
Hence,

TP TS T E(Bie — Biel el

J<JEEX;

p
PL(18, 1> (x/2)20v e /g 172}

B q
<CJPy/logl/e p(g) (ey/log1/e)"™ 1
and, as J < d7—11/210g1/5—|—1,

< C(ey/log1/e)’ (log1/e)P/?.

This term is thus of the right rate. Let us now turn to

> BI85l llbjel

§EX;

= > 18P IesellbP(1Bic — Bjel > w27 e\/log 1/e).

£EX;

P .
PL(18,e—, c|>n2iver/logi/e})

As the standard deviation of 3; ¢ — ;¢ is smaller than £2i(4=1)/2,

P(|Bj,£ — Bjel > k2e\/log1/e) < o2
So

o ZE(Z B¢ Pllel

i<J §EX

<C|If|I%. TP/ < Oe\/logT]e)”

p1
pl{mj,sﬁj,s>n2j'fe\/log1/e})
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if k2 is large enough (where we have used that B2, C B;:T CL, with ' =5 — (d+

1)(1/7m —1/p)). Hence this term also is of the right order.
Let us turn now to the last one, using (24)

Z |ﬁj7£|prj7§||£1{‘ﬂj‘£‘<2,§2ju5 /log 1/} < (2K€ \% 10g1/5)p_q'
§EX;

Hence,

TP " sup (18;.¢l1P).c

i<J EEX;

<Cl7l

p
P1{|ﬁj,§\<2n2j”s\/log 1/5})

B: JP(e/log /)" < C||fllp: log1/e (e\/log1/e)" .

This proves that all the terms have the proper rate. It remains now to state and prove

the following lemma.

Lemma 2. Let A={(s,7),s>(d+1)(2 = 1)n(s>0)}, and fe B ,,1<m<o00,1<

1
D ™,

p<oo. If Z€€Xj(|ﬁj75||\wj7§||ﬁ)” = pj277°" with p € 1,(N), then, with v = ot

> (24) ey <co

X
where q < p is as follows:

(1) p—q= S+dsfl/2 (¢= (Si_dlf/f}g) in the following domain I:

{(s,m), (s(1/p—1/4) = (d—1/2)(1/m —1/p)) N A}.

Moreover, we have the following slight modification at the frontier: the domain becomes

{(s,m), (s(1/p—1/4) = (d—1/2)(1/m —1/p)) N A}
and the inequality
> (2) ety < ey
§EX;

(2) p—q= W (¢= %) in the following domain I1:

{(s,m)(s>dp(1/m —1/p)) N (s(1/p—1/4) <(d—1/2)(1/m —1/p)) N A}.

dp—(d+1)

(3) p—q= (s=(d+1)(1/m—=1/p))p

pi o A by (q= S+d_(d+1)/w) in the following domain III:

{(s,w), (dp(% —%) >s) NA, for ]1) < %}

This lemma is to be used essentially through the following corollary.
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Corollary 1. Respectively, in the domains I, II, III, we have, for q described in the
lemma and f € By ,,

3" Lyis,ctyom o (27 [sellp)? < CpIAT, (23)
£EX;
> 1(18,.c1/2m <2y BrelP s ellB < Cpiar (24)
EEX,

with an obvious modification for
{(s,m), (s(1/p—1/4) = (d—1/2)(1/m —1/p)) N A}.

Proof. Let us recall that on a measure space (X, ) we have, if h € L,(u) then p(|h| >
A) < ”)\# and, as g < p,

A
/ Ihf? dpe < / (1B A NP dps = / pePp(|h] > ) dx
IRI<A 0

A q
< ey 1 L
0 x4 pP—q

)P and h(¢) = il -

PYiZ

For the corollary, we take X = x;, u(£) = (27

Proof of Lemma 2. Let us fix ¢ (chosen later) and investigate separately the two cases
q>mand g <.
For ¢ > 7, we have, using (19),

ﬁ‘, . . 2jd p/2-1
L(fap) =) |5 o e~ 20 "2 184
§EX; gex;
4 9jd N\ P/2=I\ m/a\ a/7
(2 (e () ) )
35¢1
" Z gjd N\ (P/2=1)m/a\ a/m
(S () )
£EX; Wj(g
da \7/2-1 jd N\ (/@) (p/2=1)=(n/2=1)\ a/~
— o (S (mg) (o) )
£EX; J
] 9jd m/2—1
SQMW)(Z m“'ﬁ(w ~ ) ) i (d+1)(p—a) /2+a(1/7—1/q)
J

£EX;
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. i . o 11y _ _ pd—(d+1)
if we choose ¢ such that (sq+d(p—q)+ (d+1)q(% )) 0 gives ¢ = g—rgr1y7 - Hence,

p—q= %p; q—m= —w% Thus, in domain III,

1 d

—<—)N(s=(d+1)(1/mr—1/p)>0)N(s—pd(1/m—1/p) <0) ¢,
p o d+1

we have 0 < g <p, m <q, deXj|§§f|q|

For ¢ < 7, we have, using (19),

2](1 p/2—1
Lap) = 3 [BE] vy, e ~ 20 ")Zlﬁjsl"( ) ,

X EEX; (5)

Biel®
27

9jd (n/2=1)q/7 9jd (p/2=1)—(7/2-1)q/m
200 Y 15 () (@)

2w W;(©)
9jd T/2—1\ q/m
<20 (Y (mg) )
§EX;
9jd m/(r—q)((p/2—1)—(n/2—=1)q/7)\ 1—q/T
<(Z(wo) )
§EX j(g)
) a/m gjd \ (T(p=a)/(2(7=q))) =1\ 1—q/7
(g (2 () )
gex; éex, \Wild)
. ) 1—q/m
NQMP_Q)( ) (Z s ell 7o Z)) :
EEX; £EX;

Now let us investigate separately the cases % smaller, greater or equal to 4.

Case ’T(Srp:q‘J)) < 4. Using (19)—(21), we have

Li(f,q,p) < ngV(p—q)pgg—jsqgjd(p—q)ﬂ < C’p?.

If we define ¢ such that —sq + (p — ¢)(d — 1/2) = 0, that is, ¢ = I;Sfd_jl/f?), then p —
=275 > 0. So 7w — q = m=U=L2PURTD) 5 0 2 > (d - 1/2)(1/7 — 1/p) and
) o s <A s(1p—1/4) > (d— 1 /2)(1 /7 —1/p). Hence we only
need to impose s(1/p—1/4) > (d—1/2)(1/7 —1/p) and domain I is given by

{(s =(d+ 1)1/ =1/p)>0)N(s>0)} N{s(1/p—1/4) > (d = 1/2)(1/7 —1/p)}

on which I;(f,q,p) < Cpg’(d_l/Q)/(s+d_1/2).




32 G. Kerkyacharian, E. Le Pennec and D. Picard

Case % > 4. Using (19)-(21), we have

I;(f,q,p) < ngV(p—q)pgg—jsqzjd(p—q)/221(@—(1)/2—2(#—(1)/#).

If we put (p—q)d —s¢g—2"=2=0&q= Sf;__;/ﬁ, 78734(_1(1@27/1#/@

s—2(1/m—1/p) >0 and m— q = =LEEZU r > 0« 5 — dp(1/m — 1/p) > 0.

Moreover, Tsrp:qq)) = Ssjjg(ll//frill/fg)p >4es(1/p—1/4)<(d—1/2)(1/7 —1/p). Hence,

on the domain

we have p —q = p>0&

{(0<s)N(s>(d+1)(1/7—1/p))
N(s>dp(1/m—1/p))N(s(1/p—1/4) <(d—1/2)(1/7—1/p))},

we have I;(f,q,q) < Cp{P*=2/Ha=2/m),

Case % =4. Using (19)—(21), we have

I(f,q,p) < ngV(p—q)pgg—jsqjl—q/Trgjd(p—q)ﬂ < Cpgjl_q“
if (p—q)(d—1/2)—s¢g=0&qg= psi;i/fp. This is realized either if p =4 =7 and
for s >0 or if p#4,m# 4 and O<q:7rﬁ;j:p%. Moreover, g < m and ¢ < p
sd<p<mord<m<pand T =4 s(1/p—1/4) = (d—1/2)(1/7—1/p)}. Hence,
on the domain
{(s,m), (s(1/p=1/4)=(d—1/2)(1/m = 1/p)) N (s >0)N (s> (d+1)(1/m —1/p))},

we have I;(f,q,p) < Cpgp(d—l/Q))/(S+d—1/2)js/(s+d71/2). 0

8. Proof of the lower bounds

In this section, we prove the lower bounds: for 0 < s < 00,1 <71 <00,0<7r<00,0< M <
o0, denoting by Bj ,.(M) the ball of radius M of the space Bj . and, by &, the set of all
estimators, we consider

wy(s,m,r, M,e) = fi*nefg fegy?(M)EHf* — fII5,

Woo(s,m,r, M, e) = inf sup  E|lf* — flloo-
fre€reps (M

The main tool will be the classical lemma introduced by Fano in 1952 [8]. We will use
the version of Fano’s lemma introduced in [4]. For details on general lower bound results,
see also [26]. Let us recall that K(P,Q) denotes the Kullback information “distance”
between P and Q.



Radon needlet thresholding 33

Lemma 3. Let A be a sigma algebra on the space ), and A; € A, i € {0,1,...,m}, such
that Vi#j, AinA; =@, P;,i €{0,1,...,m} are m+1 probability measures on (€, A).
Define

m 1
= Pi A? d = inf - K Pl,P 5
p=sup AL and 8= Ry 2 K
1£]
then
1 . 3
p> 3 A (Cv/mexp(—k)) with C'= exp (—g>. (25)

This inequality will be used in the following way: Let H. be the Hilbert space of
measurable functions on Z =S?! x [~1,1] with the scalar product

the=e [ [ c0.0000.9a00) s

It is well known that there exists a (unique) probability measure on (2, A): Q¢ the
density of which, with respect to P, is

dQy _ ecry_ L
o e (WE (D) - 11, )

Let us now choose fo, f1,..., fm in B (M) such that i # j = || f; — f;ll, > 0 and

denote P; = Qr(y,/<2)- Let f* be an arbitrary estimator of f. Obviously, the sets A; =
(Il£* = fllp < ) are disjoint sets and we have, for i # j,

K(PuP) =35 [ IR~ f)Pn

Now
wy(s,m,q,M,e) > inf su Ellf* — fill?
ploma Me) 2 inf s EIf Al
o\? 0
> = inf P il > = ).
- <2> flpEffi,z':SolfR..7m (”f fill = 2)
Likewise,

wm(s,w,q,M@z(ﬁ) nf sup P(||f*—fi|oo>§>.

2) fre€f,i=01,...m 2

Using Fano’s lemma,

swp P17~ fill 2 § ) 2 3 A(CVIexp(-n)

fi,i=0,1,...,m
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with

. 1 1 9
H—j_énfMEZ;@/ZIR(ﬂ—fj)l dp.

Soif, for a given €, we can find fo, fi1,..., fm in Bfr”g(M) such that i # j = || fi— f;llp >
d(e) and C'v/mexp(—x) > 1/2, then we have

for p < oo, wp(s,m,q, M,e) > %5(6)17 and  weo(s,m,q,M,e) > %5(5).

In the sequel, we will choose, as usual, sets of functions containing either two items
(sparse case) or a number of order 27¢ or 2/(4=1) (dense cases). We will consider
sets of functions that are basically linear combinations of needlets at a fixed level
f=2C¢cy, Bietje. Because the needlets have different orders of norms, depending on
whether tﬁey are around the north pole or closer to the equator, we will have to investi-
gate different cases. These differences will precisely yield the different minimax rates.

8.1. Reverse inequality

Because the needlets are not forming an orthonormal system, we cannot pretend that
inequality (18) is an equivalence. Since, precisely in the lower-bound evaluations, we need
to bound both sides of the IL, norm for terms of the form EgeAj Aej e with A; C x;.
The following section is devoted to this problem.

Proposition 2. For A; C x;,

1

5( > <Z /\§¢j,£v¢j7§’>
§reA; MeA;

Proof. Let f= EgeAj Aetpj¢. Clearly, by (18),

1/p
S Aetye sc(Zugwwj,aw) |
P

£EA; £EA;

2 1/p
|wj,e||g) <

D Aethje

EEA;

1/p
sc(z |Ag|p||¢j,g|z) |
p EEA;

and by (17),

P 1/p
(S revietse )| aely) - <c

§EA;

> Aetie

§EA;

(2

§'ex;

)

p

so obviously,

2 1/p
<Z A&%&%&’N |wj,e||§;)

£EA;

1/p

> Al < C(Z |>\5|p|1/1j,5||§) : -
p §EA;

§EA;

(X

§IEA;

<
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In the sequel, we will look for subset A; with equilibrated LL,, norms, that is, such that
there exists

0< Dy, such that V& € A, [|Yj¢llp ~ D;.

(Here and in the rest of this section, aj¢ ~ b; will mean that there exist two absolute
constants ¢; and ¢y — which will not be precised for the sake of simplicity — such that
c1bj < aje < by, for all considered £.) As specified above, D; may have different forms
depending on the regions. Using (19), we have

9jd 1/2—1/p
p~<2j+ 1—|5|2> '

For our purpose, let us precise Proposition 1 by choosing the cubature points in the
following way: We choose in the hemisphere S¢ strips Sk = B(A, (2k + 1)n) \ B(A4, 2kn)
with 1) ~ 555, k €{0,...,27 — 1} (A is the north pole). In each of these strips, we choose

[l

a maximal n-net of points §~, whose cardinality is of order k?~!. Projecting these points
on the ball, we obtain cubature points £ on the ball with coefficients w; ¢ ~ 2*3de &).
As a consequence, we have in the set {z € R? |z| < %}, about 27% points of cubature

for which
Dy~ [y gllp ~ 2790271,

And in the corona {(1 —27% < |z| <1}, we have about 2/(*~1) points of cubature for
which

D~ [[gglly ~ 2D/,

Now let us consider a set A; of cubature points included in one of the two sets con-
sidered just above (either {z € R?,|z| < %} or {(1—27% <|z| <1}). Consider also the
matrix (parametrized by A;)

M(A;) = ()¢, Yje))ecren; xa,-
We have, for any \ € [,,(A;), using Proposition 2,

IM(A;) (M1, (4,) < ClIA, (a5)-
On the other hand, let us observe that, using (14),

0<c<[pjelld = Wi, vse) <1

Thus,
M(A;) = Diag(M(4;)) + M’ (A;) = Diag(M(4;))(Id + [Diag(M(A;))] "' M'(4;)),

where Diag(M(A;)) is the diagonal matrix parametrized by A; extracted from M(A;).
Clearly, each of the terms of [Diag(M(A;)]~! is bounded by ¢~
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So if ||[Diag(M(A;)]~ "M (A))ll £, a,)) < @ <1, we have

1

1 1
IM(A;) ™ M 2, a,)) ¢ T o

Let us prove that we can choose A; large enough and such that such an « exists. Using
the Schur lemma (see [9], Appendix 29),

I[Diag(M(A)] ™M (Al epam S ¢ sup D [Wie die)l.
i eea,

Now, using (16),

1 1 1 1
(Wi i) < O /B W) AT 24, O (@) (Lt Dd(a, €))7

and thus, by triangular inequality,

dx

Ci
|<¢J757'¢J7§ >| - +23d(£,fl))M Ba 270 + /1 |z]2 T
ke [
- M+ 20d(E, €)M 0 '

So
1

(1+27d(&,&))M

Now, let us choose A; as a maximal K7 net in the set x; N {z € R, |z| < %} (case 1)

VM [(Pje, 0560 < Ciy

(26)

or as a maximal K7 net in the set x; N{(1—27% <|z| <1} (case 2). Recall that n ~ 557+
and K will be chosen later.
As, in case 1,
Card{¢',d(¢',€) ~ K127/} S (K1),
2.7/K 2‘7/K

1
e < KOy —— < Ki)? < <
5,7&525;64; |<¢J75’¢J75 >| = lz:;( l) Cum (1—|—Kl)M <Cum ;( Z) (KZ)M - KM—d S

if M —d>2and K is large enough. In case 2, again
Card{¢',d(¢',) ~ K127/} S (KI)*™

SO

27 /K 1

Z |<¢j757wj7§’>| < Z (Kl)d_ch (1+ KZ)M
§#ELEA; =1
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2/K a1 1 20
=Cu Z (K1) (KD)M S joiraT =
=1

if M —d>1 and K is large enough.
Hence, M(A4;) is invertible in both cases and we have

Clﬁ(z |>\5|P>1/p < ( > <Z >\5<¢j,£7¢j,5'>

£EA; reA; EeA;

P> 1/p

1/p
< ( S el z) |
p EEA;

and

D Aty

§EA;

1/p
(Z |Ag|p|wj,g|z) <

EEA;

8.2. Lower bounds associated sparse/dense cases and different
choices of A;

Let j be fixed and choose

F=" Bietje.
£EA;
We have
f= > B,

211 < f<2it+1

where P, is the orthogonal projector on Vi (B%). So

IRHIP=(RR(f).fy= > OFP(H).1)

211 << 2i+1

() s ) SR o2 S e
k

271 <k<2i+1 ceA;
8.2.1. Sparse choice, case 1
Let fi =~eitje,, i €{1,2}, &; is +1 or —1, in such a way that
Hfl - f2||;n = ||7¢j7£1 — Y. H;D = 'Yijél — Ve ”p ~ fY(HwJ}El |+ ”wjfz ”p)
In case 1, [|1h; ¢l ~ 209(1/2=1/m) S0

fi€ B (1) = 20007271 (97is e 5~ 7ilsHdA/221/m)

§=f1— fallp ~ 72J’d(1/2*1/17) ~ 9d(sHd(1/2=1/m)=d(1/2=1/p) _ 9—j(s—d(1/m~1/p))
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On the other hand,

11 . 11 . . 11 .
K(Pl,Pg) _ 58_22—j(d—1),y2 ~ §§2—j(d—1)2—2](8-{—(1(1/2—1/71')) _ __2—23(s+d—1/2—d/7r)'

2 g2

Now, by the Fano inequality, if j is chosen so that e ~ 277(std=1/2=d/m) (under the
constraint s > d(1/7 — (1 —1/2d))),

P
(%) Ellf* = fillp > P = fill, > 6/2) > c.

So, necessarily,

E[|f* — fil2 > c8? ~ clo=d0/m=1/p) (std=1/2=d/m)
Remark 3. If
1
d(l/ﬂ'— (1 - ﬁ)) <s<d(l/m—1/p)
(so, necessarily, % <1- ﬁ), then
i >
;gr%]wp(s,w,q,M,s) >C>0.
8.2.2. Sparse choice, case 2
In case 2, ||1h; ¢||, ~ 20(HDA/2=1/1) "5

fi c Bfr,r(]-) — 72j(d+1)(1/271/7r) N27js — 7N27j(8+(d+1)(1/271/7r))7
5= |Lfr = fally 2/ EHDA/271/8) =il (@+1)(1/21/m) ~(@+1)(1/21/p)

— 9—i(s—(d+1)(1/n~1/p))

On the other hand,

11 . 11 . .
K(Py,Py) = __22—J(d—1),72 — __22—3((1—1)2—23(S+(d+1)(1/2—1/77))
2¢ 2¢
L o jtsra—(drry/m
2¢?

Now, by the Fano inequality, if & ~ 277(s+d=(d+D/m) (ynder the constraint s > (d+1)(L —
d
1))

P
(?) E|f* = fills > P(If* = fill, > 6/2) > c.

So, necessarily,

E[|f* — fill2 > co? ~ (= @rDA/m=1/m)p/(s4d=(d+1)/m),
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Remark 4. If

(d+ 1)(1/7r— %) <s<(d+1)(1/r—1/p)

(so, necessarily, % < d;f_l),

lim wy(s,m,q,M,e) > C > 0.
e—0

8.2.3. Dense choice, case 1

In this case, we take

o= Y eete,  ee=%1p=(e)cea,
§EA;

As we are in case 1, we have

Z Eetje

§EA;

T

v ~ 7r2jd(r/271) Z |€£|r ~ ,yrzjd(r/Zfl) Card(Aj) ~ ,yr2jdr/2.

r EEA;

Using the Varshamov—Gilbert theorem (see [26], Chapter 2), we consider a subset A
of {—1,+1}% such that Card(A) ~ 2(1/8)Card(43) and for p# o', p,p' €A, lp— 0|1 >
1 Card(A;). Let us now restrict our set to

fo=7Y_ ectie,  ee=H1,p=(cc)cea, pE A,
§EA;

1/
foeBIL(1) = v(Zuwj,gn:) 22 g,
£EA;

So we choose

o o gilstd/2)

Moreover,

5= \fo—folls="| Y (e —e)vse

§EA;

1/p
!
w(z e —eg|p||wj,5||5)
P

£EA;

~ 72]'(1(1/2—1/10) lp— p/H}/P ~ 9—d(sHd/2)9id/2 _ 9—js

Let us compute the Kullback distance,

L o-2ierdsz-1/2),

1 T o .
K(P,,,pr):2—622 . 1)||fp_fp’||§’\'2—822 =19 23(3"'(1/2)23’1:262
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so, by the Fano inequality,

F_rlp v v
E||f5p TB + 1 19 p 217912 o= 1ot 2200020y

if
o o 9—i(s+d=1/2)
This implies
. 7 sp/(s+d—1/2
(duf E|f = flp z et/ e/,

™,

8.2.4. Dense choice, case 2

Similar to the previous case, we take now (with a slight abuse of notation, since the
subset A obtained using the Varshamov—-Gilbert theorem is not the same A, as A; has
also changed)

fo=7)_ eciece==%1,  p=(ec)eca,,pE A
£EA;

As we are in case 2, we have

,Yr N,yr2j(d+1)(r/271) Z |E§|r
r §EA;

~ ,yr2j(d+1)(r/271) Card(Aj) ~ 7r2j[(d+1)r/272]7

1/7
LB (1) = 7(2”%5”’;) o (29D g+ 1(/2-1)) 1/
EEA;

Z Eetje

§EA;

~ 72—]’((11-1-1)/2—2/#) ~ 9IS
So we choose
o~ 27j(s+(d+1)/272/7r).

Moreover,

d= pr_fp’”p:'y

D (e —ep)ye

§EA;
~ 72]’(Ul+1)(1/2*1/zﬁ) lp— p'”i/P ~ 72J(d+1)(1/2*1/P)2j(d*1)1/17

o 9—i(sH(d+1)/2-2/m) 9i(d+1)/2-2/p) _ 9—i(s=2(1/7~1/p)).

1/p
!
~7<Z e —eg|p||wj,g||z)
P

EEA;

Let us compute the Kullback distance:

1 ae
K(Ppapp’)ZEQ i D”fp‘fp’”%
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o L o—i(d=1)9=2j(sH+(d+1)/2-2/m)9j(d—1) _ L o-2j(s+(a+1)/2-2/m),

2e2 2e2

so, by the Fano inequality,

if

E||f5_p f||§ >1/20 (1/®)210D _1/(2e?)a 2 (1) /2=2/m) >1/2

e~ 2 d(s+d=2/m)

This implies

inf EIF— FlIP > eeP(s=2(1/n=1/p))/(s+d—2/m)
et If = fIIh>ce

Remark 5. The case p = oo can be handled using the same arguments without difficul-

ties.
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