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Abstract

We provide a new algorithm for the treatment of the noisy inversion of the radon
transform using an appropriate thresholding technique adapted to a well chosen
new localized basis. We establish minimax results and prove their optimality. In
particular we prove that the procedures provided here are able to attain minimax
bounds for any I, loss. It is important to notice that most of the minimax bounds
obtained here are new to our knowledge. It is also important to emphasize the
adaptation properties of our procedures with respect to the regularity (sparsity) of
the object to recover as well as to inhomogeneous smoothness. We also perform
a numerical study which is of importance since we especially have to discuss the
cubature problems and propose an averaging procedure which is mostly in the spirit
of the cycle spinning performed for periodic signals.

1 Introduction

We consider the problem of inverting noisy observations of the d-dimensional Radon
transform. Obviously the most immediate examples occur for d = 2 or 3. However no
major differences arise from considering the general case.

There is a considerable literature on the problem of reconstructing structures from
their Radon transforms which is a fundamental problem in medical imaging and more
generally in tomography. In our approach, we focus on several important points. We
produce a procedure which is efficient from a L, point of view, since this loss function
mimics quite well in many situations the preferences of the human eye. On the other
hand, we have at the same time the requirement of clearly identifying the local bumps,
of being able to well estimate the different level sets. We also want the procedure to
enjoy good adaptation properties. In addition, we require the procedure to be simple to
implement.

At the heart of such a problem there is a notable conflict between the inversion part
which in presence of noise creates an instability reasonably handled by a Singular Value
Decomposition (SVD) approach and the fact that the SVD basis very rarely is localized
and capable of representing local features of images, which are especially important
to recover. Our strategy is to follow the approach started in |10] which utilizes the



construction borrowed from [20] (see also |12]) of localized frames based on orthogonal
polynomials on the ball, which are closely related to the Radon transform SVD basis.

To achieve the goals presented above, and especially adaptation to different regulari-
ties and local inhomogeneous smoothness, we add a fine tuning subsequent thresholding
process to the estimation performed in [10].

This improves considerably the performances of the algorithm, both from a theoret-
ical point of view and a numerical point of view. In effect, the new algorithm provides
a much better spatial adaptation, as well as adaptation to the classes of regularity. We
prove here that the bounds obtained by the procedure are minimax over a large class of
Besov spaces and any L, losses: we provide upper bounds for the performance of our
algorithm as well as lower bounds for the associated minimax rate.

It is important to notice that especially because we consider different L, losses, we
provide rates of convergence of new types attained by our procedure. Those rates are
minimax since confirmed by lower bounds inequalities.

The problem of choosing appropriate spaces of regularity on the ball reflecting the
standard objects analyzed in tomography is a highly non trivial problem. We decided to
consider the spaces which seems to stay the closest to our natural intuition, those which
generalize to the ball the approximation properties by polynomials.

The procedure gives very promising results in the simulation study. We show that
the estimates obtained by thresholding the needlets outperform those obtained either by
thresholding the SVD or by the linear needlet estimate proposed in [10]. An important
issue in the needlet scheme is the choice of the quadrature in the needlet construction. We
discussed the possibilities proposed in the literature and considered a cubature formula
based on the full tensorial grid on the sphere introducing an averaging which principle
is close to the cycle-spinning method.

Among others, one amazing result is the fact that to attain minimax rates in Lo,
norm, we need in this case to modify the estimator, which is also corroborated by the
numerical results: see Theorem 2 and Figure [4

In the first section, we introduce the Radon transform and the associated SVD basis.
The following section summaries the construction of the localized basis, the needlets.
Section 4 introduces our procedures and states the theoretical results: upper bounds
and lower bounds. Section 5 details the simulation study. Section 6 details important
properties of the needlet basis. The proof of the two main results stated in section 4 are
postponed in the two last sections.

2 Radon transform and white noise model

2.1 Radon transform

Here we recall the definition and some basic facts about the Radon transform (cf. [9],
[17], [13]). Denote by B9 the unit ball in RY, i.e. B4 = {x = (x1,...,%xq) € R4 : x| < 1}
with [x| = (Zid:1 xiz)vz and by S91 the unit sphere in RY. The Lebesgue measure on
B4 will be denoted by dx and the usual surface measure on S4~' by do(x) (sometimes



we will also deal with the surface measure on S¢ which will be denoted by dog). We let
|A| denote the measure [A| = [, dx if A C B4 as well as |A| = Jado(x)if A C sa-T,
The Radon transform of a function f is defined by

Rf(8,s) = f(s0 +y)dy, 0S¥ sel-1,1],

yeo+
s6+ycBd

where dy is the Lebesgue measure of dimension d — 1 and 8+ = {x € R4 : (x,0) = 0}.
With a slight abuse of notation, we will rewrite this integral as

Rf(0,s) :J f(y)dy.
(y,0)=s

By Fubini’s theorem, we have

J11 Rf(0,s)ds = JBd f(x)dx.

It is easy to see (cf. e.g. [17]) that the Radon transform is a bounded linear operator
mapping L?(B4, dx) into L2 (Sdf] x [—1,1], du(@,s)), where

ds
du(e,s) = d(f(e)m'

2.2 Noisy observation of the Radon transform

We consider observations of the form
dY(0,s) = Rf(0,s)du(0,s) + edW(0,s),

where the unknown function f belongs to L%(B9, dx). The meaning of this equation is
that for any ¢(0,s) in LS4 x [—1,1],du(6, s)) one can observe

Yo = [ol0s)av(e,s) = | RA(0,5)0(0,5)du(0,) + ¢ | (0,518,
Sd=1x[-1,1]
= (Rf, @) + eW,,.
Here Wy = [ ¢(0,5)dW(8,s) is a Gaussian field of zero mean and covariance

ds

E(W,, Wy) = | 010,51 (0,5)40(0) -1 = (@,

Sd=1x[-1,1]
The goal is to recover the unknown function f from the observation of Y. Our idea is to
refine the algorithms proposed in [10] using thresholding methods. In [10] it is derived
estimation schemes combining the stability and computability of SVD decompositions
with the localization and multiscale structure of wavelets. To this end a frame was used
(essentially following the construction from [12]) with elements of nearly exponential
localization which is in addition compatible with the SVD basis of the Radon transform.



2.3 Singular Value Decomposition of the Radon transform

The SVD of the Radon transform was first established in [5, [14]. In this regard we also
refer the reader to |17, [24].

2.3.1 Jacobi and Gegenbauer polynomials

The Radon SVD bases are defined in terms of Jacobi and Gegenbauer polynomials.

The Jacobi polynomials P;“’B) , n > 0, constitute an orthogonal basis for the space

L2([—1,1], wap(t)dt) with weight wep(t) = (1 —t)*(1 +t)P, a,B > —1. They are
standardly normalized by P&L“’B)(H = (n:“) and then [1, 7, 22]

1
J PLEB) ()PIEB) () g(£)dt = By b &P,
—1

where
1 (B) 20c+HB+1 Tm+a+1IMm+p+1)

Tt atBENTmM ATt atp 1)

n =

The Gegenbauer polynomials C) are a particular case of Jacobi polynomials and are
traditionally defined by

(2N n S (=1/2,2—1/2)
CMt) = ———P * t), A>-1/2
n() (A‘l‘]/z)nn ()) /)
where by definition (a), = a(la+1)...(a+n—1) = r(ra(j;l) (note that in [22] the
Gegenbauer polynomial C) is denoted by P}). It is readily seen that C)(1) = (“+$f‘_1) =
I'(n+2A) d
nrzy) i

a2 P T(n+2A)
T TN MAANT( T

1
J CAHCA )1 — ) 2dt = 5 mh'Y) with h
—1

2.3.2 Polynomials on B¢ and S4-!

Let TT,.(R4) be the space of all polynomials in d variables of degree < n. We denote
by Pn(R9) the space of all homogeneous polynomials of degree n and by Vi (R9) the
space of all polynomials of degree n which are orthogonal to lower degree polynomials
with respect to the Lebesgue measure on B9, Of course Vo(R9) will be the set of all
constants. We have the following orthogonal decomposition:

n

Ma(RY) = P Vi(RY).
k=0

Also, denote by Hy,(R9) the subspace of all harmonic homogeneous polynomials of

degree n (i.e. Q € Hy(RY) if Q € Pn(RY) and AQ = 0) and by H,(S%") the (injective)



restriction of the polynomials from H,,(R9) to S4-1. Tt is well known that

- () (1) e

Let TT,.(S91) be the space of restrictions to S9! of polynomials of degree < n on R4,

As is well known
Sd.] 6}9 H,, Esd 1
m=0
(the orthogonality is with respect of the surface measure do on Sd-1 ). H(S4) is called

the space of spherical Harmonics of degree d on the sphere S41.
Let Y4, 1 <1< Ng_1(1), be an orthonormal basis of H(S4 ), ie.

[ MaemEase) = s,

Then the natural extensions of Yy ; on B¢ are defined by Yii(x) = |x|lYu(‘7"|) and satisfy

1

J, st VB = |

0

pd J Yoi(rE) Vi (rE) do(£) dr
Sd—l

! 1
d+21-1 V.. (£)
= Yii(&)Yri/(&)do(E)dr = 8 4 z—.
JO Jgdl 1,1(5») 1i (Ev) (E») i1 21+d

For more details we refer the reader to [6].

The spherical harmonics on S9! and orthogonal polynomials on BY are naturally
related to Gegenbauer polynomials. Thus the kernel of the orthogonal projector onto
H,(SY ") can be written as (see e.g. [21]):

2 d—2
Z M O e )

The “ridge” Gegenbauer polynomials Cﬁ/2(<x, £)) are orthogonal to TT,,_1(B9) in L?(B9)
and the kernel L, (x,y) of the orthogonal projector onto Vn(B9) can be written in the
form (see e.g. [18, 24])

Lnlx,y) = fsﬁ‘i J OV, 8)CR (v, &)dotE) (2)

B (n+nd_1j CY((x, £))CY?((y, &)
T 2dpdT oy HCS/ZHZ

do(&).

The following important identities are valid for “ridge” Gegenbauer polynomials:

a2 d/2 nid/2) a2
| edremeyinmec= St em), enestt, @
Bd Cn (1)



and, for x € B4, n e S41,
Ld OV ) CR (e ) do(e) = 1897ICR (X)), (4)

see e.g. [18]. By @) and ()

2
Laix,8) = D e g)), st

and again by (2))
JL, | Lo Lty £)do(e) = 20+ ALty

2.3.3 The SVD of the Radon transform
Assume that {Y;:1 <1 < Ng_q(1)} is an orthonormal basis for H(S4 ). Then it is
standard and easy to see that the family of polynomials

fioni(x) = (2k+d) 2P YD 2 1) Yi(x), 0<1<k, k—1=2), 1 <i<Naq(l),

form an orthonormal basis of Vi (B%), see e.g. [6]. Here as before Yiilx) = |x|1Y1yi(x/|x|).
On the other hand the collection

gra(0,s) = MY217172(1 = §2)( @126y, 1(0), k>0,1>0, 1<i<Ng (1),

is apparently an orthonormal basis of L2(S91 x [—1, 1], du(, s)). Most importantly, the
Radon transform R : L#(B4) — L2(S41 x [—1,1],du(6,s)) is a one-to-one mapping and
Rfi1i =AMk i, R'gk1i =Mfiri, where
7\2 _ Zdﬂfd_1 _ zd,nd—1
KTk (k+2) . (k+d=T1)  (k+1)q
More precisely, we have: For any f € L?(B9)

Rf =3 A > > (o

k>0  0<I<k,k—1=0 (mod 2) 1<i<Ng_1 (1)

- k*d-}-]

Furthermore, for f € L2(B9Y)

f= Z A Z Z (R, gx,14) nfi Li-

k>0 0<1<k, k—1=0 (mod 2) 1<i<Ng_1 (1)

In the above identities the convergence is in L2
For the Radon SVD we refer the reader to [17] and [24] and [10].



3 Construction of needlets on the ball

In this section we briefly recall the construction of the needlets on the ball. This con-
struction is due to [20]. Its aim is essentially to build a very well localized tight frame
constructed using the eigenvectors of the Radon transform. For more precision we refer
to [20], [11], [10]

Let {fy i} be the orthonormal basis of Vi(B9) defined in §2.3.31 Denote by Ty the
index set of this basis, i.e. Ty ={(1,1): 0 <1<k, 1=k (mod2),0 <1< Ng_1(V)}L
Then the orthogonal projector of L2(B4) onto Vi(B4) can be written in the form

L= | fluxwdy with Liou) = 3 fua®fiaily)
B Lie T

Using (1)) Lx(x,y) can be written in the form

Lk(X,y)
= (2k+d) Y POEYEURNE P 2y — 1yl
1<k, k—1=0 (mod 2)
x Y
X Yi:l—)Yq7: [ =
; ()il
(Zk +d) 0,1+d/2—1 0,1+d/2-1
=D N R e s I T

1<k, k—1=0 (mod 2)

<(1+ az=)e ™ ()

Another representation of Ly(x,y) has already be given in (2)). Clearly

||| 2Ltz )z = S, @
B
and for f € L*(B9)
f=) Lif and [fl3=) ILfl5=) (L f). (6)
k>0 k k

The construction of the needlets is based on the classical Littlewood-Paley decom-
position and a subsequent discretization.

Let a € C*[0,00) be a cut-off function such that 0 < a <1, a(t)=1for t € [0,1/2]
and supp a C [0,1]. We next use this function to introduce a sequence of operators on
L?(BY). For j > 0 write

Asf(x) = Z a(%)ka(x) = Jgd Aj(x,y)f(y)dy  with Aj(x,y) = Z a<%>Lk(x,y)‘
k>0 k



Also, we define B;f = Aj1f — A;f. Then setting b(t) = a(t/2) — a(t) we have

Bif(x) = Y b(%)ka(x) = Ld Bj(x,y)f(y)dy  with Bjx,y)=Y_ b(%)Lk(x,y).
k k

Obviously, for f € LZ(B4)

A1) = 3 a5 ) Lk, 1) < 113
k

An important result from [20] (see also [12]) asserts that the kernels Aj(x,y), Bj(x,y)
have nearly exponential localization, namely, for any M > 0 there exists a constant
Cm > 0 such that

2id

(1+21d (%, y))My/W;(x] W (y)’
d

Wilx) =27 +4/T—x2, kP=KG=) xi, (8)
i=1

IA;(x,9)l,1Bj(x,y)] < Cm xy €BY, (7

where

and

d
d(x,y) = Arceos((x,y) + /1 K2 /T- ), (y) =Y xs
i=1

Let us define

Cj(x,y):Z\/a(%)Lk(x,z)) and Dj(x,y):Z\/b<%)Lk(x,z).
k k

Note that C; and Dj have the same localization as the localization of Aj, Bj in () (cf.
[20]). Using (H), we get,

Axy) = |

i, Cj(x,2)Cj(z,y)dz, Bj(x,y) —J Dj(x,z)Dj(z,y)dz. 9)

Bd
And, obviously z — Cj(x,z)Cj(z,y) (resp. Dj(x,z)Dj(z,y)) are polynomial of degrees
< 2+,

The following proposition follows from results in [20] and [23] and establishes a
cubature formula.

Proposition 1. Let {B(&;,p) : i € I} be a maximal family of disjoint spherical caps of
radius p = 1277 with centers on the hemisphere Si. Then for sufficiently small 0 < T <1
the set of points x; = {&; : 1 € I} obtained by projecting the set {z ;i€ 1} on Bdis a set
of nodes of a cubature formula which is exact for TT.2(B%): for any P € TT.2(B9),

JBd Plwdu= )Y w;jP(£)

&e Xj

where, moreover, the coefficients wj ¢ of this cubature are positive and satisfy wj g ~
W;(£)274) and the cardinality of the set x; is of order 274,



3.0.4 Needlets

Going back to identities (@) and applying the cubature formula described in Proposi-
tion [ we get

Aixy) = | Cilx )Gz uldz = Y wieGix EICi(u, &) and

Bd &e Xj
Biley) = | | DifxzIDjlz,v)dz = 3 w;,Dy(x £ (v, ).
Bd &e Xj

We define the father needlets @; ¢ and the mother needlets ;¢ by
@j,e(x) = /W;:C5(x, &) and  P;e(x) = /w;eD5(x, &), &£€X;,j=>0.

We also set P10 = % and x_1 = {0}. From above it follows that

Aiy) =D @5e(e5eu), Bilxu) =Y Wje(x)bye(y).

£exj £€Xj
Therefore,

Ajf(x) :J A ufY)dy = ) (Fe50)@56= ) %5056 %6 = (F,95¢).
Bd
EEX; £EX;

Bjf(x) :J B, u)f(y)dy = D (fbjedbie =) Bjebie Bie=(fbe).

d
B £ExX; £exs

It is easy to prove (see [20]) that

@j,ell2 < 1.

From (6) and the fact that ijob(tzfj) =1 for t € [1,00), it readily follows that

f=2 > (b feL(BY,

i>—1&ex;

and taking inner product with f this leads to

IF15=>" D> I(f, ;)%

j &y

which in turn shows that the family {\; ¢} is a tight frame for L2(B9Y).



4 Needlet inversion of a noisy Radon transform and minimax per-
formances

Our estimator is based on an appropriate thresholding of a needlet expansion as follows.
f can be decomposed using the frame above:

f=> Y (v,

j2—1&ex

Our estimation procedure will be defined by the following steps

R 1
Lt =5 J gx,1,1dY, (10)
Bie=) VTG (11)
k,Li
with YRT: = (GLn b e)
Je
and T= Z Z ija]{lgj,é‘ZszVCE}lbj’a (12)
j=—1&€ex;
with
v=(d—1)/2. (13)

Hence our procedure has 3 steps: the first one (I0) corresponds to the inversion of the
operator in the SVD basis, the second one (IIl) projects on the needlet basis, the third
one ([I2)) ends up the procedure with a final thresholding. The tuning parameters of this
estimator are

e The range J. of resolution levels will be taken such that

Qa1 o <£ /rg]/zz)" < U1

e The threshold constant k is an important tuning of our method. The theoretical
point of view asserts that for k above a constant (for which our evaluation is
probably not optimal) the minimax properties hold. Evaluations of k from the
simulations points of view are also given.

e C. is a constant depending on the noise level. We shall see that the following choice

is appropriate
ce = ¢e+/log1/e.

e Notice that the threshold function for each coefficient contains 23V, This is due to
the inversion of the Radon operator, and the concentration relative to the gy 1i’s
of the needlets.

10



e It is important to remark here that unlike the (linear) procedures proposed in |10],
this one does not require the knowledge of the regularity, while as will be seen in
the sequel, it attains bounds which are as good as the linear ones and even better
since handling much wider ranges for the parameters of the Besov spaces.

We will consider the minimax properties of this estimator on the Besov bodies con-
structed on the needlet basis. In [12], it is proved that these spaces can also be described
as approximation spaces, so they have a genuine meaning, and can be compared to stan-
dard Sobolev spaces.

We define here the Besov body B, .. as the space of functions f =3 ;5 Z&Xi RERAUING
such that

T/

D2 DBl | <oo

j &exj
(with the obvious modifications for the cases 7 or T = c0) as well as B5, (M) the ball of
radius M of this space.

Theorem 1. For 0 < v < oo, m > 1, 1 < p < oo there exist some constant ¢, =

cp(s,m,p, M), Ko such that if k > ko, s > (d + 1)(71T — %)+, in addition with if T < p,
d+1 1
$> "% 72
1 d

s—(d+ 1) (1 /m—1/p) A AS—20/m—1/p)

7 1 s — T s i s —-2/7
o (BIF=fR)” < cp (log1/e)F (e/logT/e) = T e
€Bs,

9]

d—1

d
d+1

ol=
N

s=2(1/n—1/p)

s A
<c¢p (log]/s)% <£ log]/e) shazl/2in swd=2/m

o=

sup (EHf — f||g)
feBs, . (M)

5d—1 1

T =

<c¢p (10g1/5)% (sm>m

sup (EH{‘\— fHE)
feBy (M)

Remark 1. Up to logarithmic terms, the rates observed here are minimax, as will appear
in the following theorem. It is known that in this kind of estimation, full adaptation
yields unavoidable extra logarithmic terms. The rates of the logarithmic terms obtained
in these theorems are, most of the time, suboptimal (for instance, for obvious reasons
the case p = 2 yields much less logarithmic terms). A more detailed study could lead to
optimized rates, which we decided not to include here for a sake of simplicity.

11



11 117

1
o T

s 5—2 %—% s—(d+1) %—%
Ileﬂg_i) 1[1:S+f%3)

's+d—%

Figure 1: The three different minimax rate type zones are shown with respect to the
Besov space parameters s and 7 for a fixed loss norm LP with 0 < % < ‘l‘ .

I
s(5) =@+ (:-3)
0 i 11
—2(1-1 —(d+1)(2-1
[ i 11’;35H2_ip) IIT Ss+d_g:1p)

Figure 2: The three different minimax rate type zones are shown with respect to the
Besov space parameters s and 7t for a fixed loss norm p with % < % < d;i].
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The cumbersome comparisons of the different rates of convergence are summarized
in Figures [l and 2l for the case 0 < % < d;i]'

For the case of a Ly, loss function, we have a slightly different result since the
thresholding is here depending on the Ly, norm of the local needlet: Let us consider the
following estimate :

Je
foo = Z Z Bj»‘ﬂ{Ifgj,a\llll)j,aﬂooZKZijs}wj"i

j=—1&€ex;
2ed <£\/log 1/5) -

Then for this estimate, we have the following results :

Theorem 2. For 0 <t < oo, m>1, s > 4

There exist some constants o = Coo (S, 7T, 7, M) such that if k? > 47, where To =
(A1

supj e 277 [ el

s—(d+1)/m

sup EH?OO —flloo < Coo <E 10g1/s)m

fEBs, , (M)

The following theorem states lower bounds for the minimax rates over Besov spaces
in this model.

Theorem 3. Let £ be the set of all estimators, for 0 <r<oo,m>1,5s > dTH,
a) There exists some constant Co, such ,

s—(d+1)/m

inf  sup  E[f —flloo > Coo <£\/log1/£) Sl

€€ feBy (M)

b) For 1 <p < oo there exists some constant Cy, such that if s > (d—;r[] — de])Jr,

1 d

1 s— (A4 (/7 1/P) A s As=200/n-1/p)
inf  sup (EH‘C*_fHB)p > CMe std-(ar1)/m “Ys¥a—1/2"" s+d-2/n
€€ feBs. . (M)

d 1 5d—1
2. I g5 <5 <3Zam
. " 1 s As=20/m—1/p)
inf  sup (EHf —f||g)v > CMesta 1727Y sida-2/n
€€ feBs . (M)
5d—1 1
I =5

1 s
inf  sup (E|f*—f||B)r > CMesta 12
€€ ey (M) ( 2

13



Ray source

Receptors

Figure 3: Simplified CAT device

5 Applications to the Fan Beam tomography

5.1 The 2D case: Fan beam tomography

When d = 2, the Radon transform studied in this paper is the fan beam Radon transform
used in Computed Axial Tomography scanner (CAT scan). The geometry of such a
device is illustrated in Figure Bl An object is placed in the middle of the scanner and X
rays are sent from a pointwise source $(87) making an angle 87 with a reference direction.
Rays go through the object and the energy decay between the source and an array of
receptor is measured. As the log decay along the ray is proportional to the integral of
the density f of the object along the same ray, the measurements are

Rf(61,02) = f(x)dA

Jee] +7\e(e]762)€32

with eg = (cos 0,sin 0) or equivalently the classical Radon transform

Rf(0,s) = f(s0+y)dy, 0€S' sel-1,1],

yeot

s0+yeB?
for 8 = 07 — 0, and s = sin0,. The ray source is then rotated to a different angle and
the measurement process is repeated. In our Gaussian white noise model, we measure
the continuous function Rf(0, s) through the process dY = Rf(0, s)d@% +edW(0,s),
where the measure deﬁ corresponds to the uniform measure d97d6, by the change
of variable that maps (01,02) into (0,s). Our goal is to recover the unknown function
f from the observation of Y using the needlet thresholding mechanism described in the
previous sections.

14



In our implementation, we exploit the tensorial structure of the SVD basis of the
disk in polar coordinates:

fiua(r,0) = (2k +2)"2PO V2R — Dir'Y3(0), 0 <1<k k—1=2j, 1<i<2,

where P]Q’l is the corresponding Jacobi polynomial, and Y1 1(0) = cycos(10) and Y1 ,(0) =

c1sin(10) with co = \/%71 and ¢y = %{ otherwise. The basis of $% x [—1,1] has a similar

tensorial structure as it is given by
oki(6,8) = i 1/2(1 = s%)2Ch(s)V13(0), k>0,120,1<1<2,

where C]L is the Gegenbauer of parameter 1 and degree k. We recall that the correspond-
ing eigenvalues are
_2ym

Ap = .
T kT

5.2 SVD, Needlet and cubature

In our numerical studies, we compare four different type of estimators: linear SVD esti-
mators, thresholded SVD estimators, linear needlet estimators and thresholded needlet
estimators. They are defined from the measurement of the values of the Gaussian field
on the SVD basis function Yy, |, and the following linear estimates of respectively the
SVD basis coefficients (f, fy i) and the needlet coefficients (f,;¢),

1 1

CORRES A—kng,L,i abw J gk,11dY and

Bie=@icy \/bk/2)Y grrilf)durs
K Li

The estimators we consider are respectively defined as:

linear SVD estimates ?]LS = Z Z &k,l,ifk,l,i
k<2 1i
linear needlet estimates ﬂ‘ N — Z Z Bj,all)j,a
i<l &
thresholded SVD estimates @TS = Z Z PT (Xi1i) Ti
thresholded needlet estimates ﬂ_‘\l = Z Z PT; & <ﬁj,a> Vs ¢
i<J &

where pt(-) is the hard threshold function with threshold T:

%) x ifx>T
X =
oT 0 otherwise

15



Linear SVD ‘ Thresh. SVD ‘ Linear Needlet ‘ Thresh. Needlet

ds

Observation dY = Rfdei + EdW
V1—s2
SVD Dec Yher: = (M oki) = (R, giei) + exi = mdf, fion) + exgLa
Inv. Radon ak,l,l = _<Y? gk,1,1> = <f) fk,l,1> + _Ek,l,l
Hic M
~ k ~
Needlet transf. B])E' kY w])a Z b <5> X Z fk,l,i(a)cxk,l,i
k 1i

Coeff. mod. &ﬁ&‘l - 1k§kmax&k‘l»i a]S;IL-L - ka (ak,l,l) B]\‘g_ = 1j<jmax BJ,& ‘ B}\,’g— = ij,g <B]7£>

~ [ [k =~
Needlet inv. (Xi,l,"t — Z b <5> Z V (’U],E,fk,l,l(a) [3;&

j &exj
SVD rec. f* = Z &‘{;,Lifki»i
L
s frs T e N
Linear SVD ‘ Thresh. SVD Linear Needlet ‘ Thresh. Needlet

Table 1: Algorithmic description of the considered estimators

A more precise description is given in Table[Il In our experiments, the values of Y,
have been obtained from an initial approximation of (f, fy 11) computed with a very fine
cubature to which a Gaussian i.i.d. sequence is added.

We have used in our numerical experiments thresholds of the form
Tk:)\—is\/long and T5 e = koj.£ en/log1/¢

where 0j ¢ is the standard deviation of the noisy needlet coefficients when f = 0 and

e=1:
ofg =wje > bk/2) ) grrilé)?
K i

Note that while the needlet threshold is different than in Theorem [, as oj ¢ is of order
21V its conclusions remain valid.

An important issue in the needlet scheme is the choice of the cubature in the needlet
construction. Proposition [Ilensures the existence of a suitable cubature &; for every level
j based on a cubature Ej on the sphere but does not give an explicit construction of the
points on the sphere nor an explicit formula for the weights wj . Those ingredients are
nevertheless central in the numerical scheme and should be specified. Three possibilities
have been considered: a numerical cubature deduced from an almost uniform cubature
of the half sphere available, an approximate cubature deduced from the Healpix cubature
on the sphere and a cubature obtained by subsampling a tensorial cubature associated
to the latitude and longitude coordinates on the sphere. The first strategy has been
considered by Baldi et al|2] in a slightly different context, there is however a strong
limitation on the maximum degree of the cubature available and thus this solution has

16



been abandoned. The Healpix strategy, also considered by Baldi et al. in an other
paper[3], is easily implementable but, as it is based on an approximate cubature, fails
to be precise enough. The last strategy relies on the subsampling on a tensorial grid
on the sphere. While such a strategy provides a simple way to construct an admissible
cubature, the computation of the cubature weights is becoming an issue as not closed
form are available.

To overcome those issues, we have considered a cubature formula based on the full
tensorial grid appearing in the third strategy. While this cubature does not satisfy the
condition of Proposition [I its weights can be computed explicitly and we argue that,
using our modified threshold, we can still control the risk of the estimator. Indeed, note
first that the modified threshold is such that the thresholding of a needlet depends only
on its scale parameter j and on its center & and not on the corresponding cubature weight
wj ¢. Assume now that we have a collection of K cubature, each satisfying conditions of
Proposition [[] and thus defining a suitable estimate 1/:\k, the “average” cubature obtained
by adding all the cubature points and using their average cubature weight defines a new
estimate satisfying:

By convexity, for any p > 1,

K K
1 A 1 ~
=A== Y i< o > I —Ful?
k=1 k=1

and thus this average estimator is as efficient as the worst estimator in the family .
We argue that the full tensorial cubature is an average of suitable cubature and thus
that the corresponding estimator satisfies the conclusion of Theorems [I] and 2l Remark
the proximity of this principle with the cycle-spinning method introduced by Donoho
et al., we claim that the same kind of numerical gain are obtained with this method.
The numerical comparison of the Healpix cubature and our tensorial cubature is largely
in favor of our scheme. Furthermore, the tensorial structure of the cubature leads to
some simplification in the numerical implementation of the needlet estimator so that
this scheme is almost as fast as the simplest Healpix based one.

5.3  Numerical results

In this section, we compare 5 “estimators” (linear SVD with best scale, linear needlet
with best scale, thresholded SVD with best k, thresholded needlet with best k and
thresholded needlet with k = 3) for 7 different norms (L1, L, L4, Lg, L7, Ls, Lo and
Loo) and 7 noise levels & (2%/1000 for kin 0,1,...,6). Each subfigure of Figure@ plots the
logarithm of the estimation error for a specific norm against the opposite of the logarithm
of the noise level. Remark that the subfigure overall aspect is explained by the errors
decay when the noise level diminishes. The good theoretical behavior of the thresholded
needlet estimator is confirmed numerically: the thresholded needlet estimator with an
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optimized k appears as the best estimator for every norm while a fixed k yields a very
good estimator except for the L., case, as expected by our theoretical results. This
results are confirmed visually by the reconstructions of Figure Bl In the needlet ones,
errors are smaller and much more localized than in their SVD counterparts. Observe also
how the fine structures are much more preserved with the thresholded needlet estimate
than with any other methods.

We conclude this paper with some sections devoted to the proofs of our results.

6 Needlet properties

6.1 Key inequalities

The following inequalities are true (and proved in [16],[15], [19], [12]) and will be funda-
mental in the sequel: In the following lines , gj ¢ will stand either for @; ¢ or ¢,

Vj € N,VE € x;, 0<c<|gyell3<1 (14)
VieNLex;, ¥xeX, > gellgex)l<C<oo (15)
EEXj
zjd/z

9160811 < O (16)

(recall that Wj(x) has been defined in (8))). From these inequalities, one can deduce the
following ones (see [11]): For all T <p < oo,

1/p
Y g 0Ploell| < cll, i
EEXs
1/p
C 2
1Y Meoel < () | X eosell i
&exs &EX;

6.2 Besov embeddings

It is a key point to clarify how the Besov bodies spaces defined above may be included
in each others. As will be seen, the embeddings will parallel the standard embeddings
of usual Besov spaces, but with important differences which in particular yield new
minimax rates of convergence as detailed above.

We begin with an evaluation of the different L, norms of the needlets. More precisely,
in |12] it is shown that for 0 < p < co

Zjd 1/2—-1/p

Wl ~ 93l ~ (75
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Figure 4: Estimation results in log L, norm. Each figure shows the decay of the logarithm
of the error against the logarithm of the noise parameter for the specified norm.
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Figure 5: Visual comparison for the original Logan Shepp phantom with ¢ = 8/1000.
Errors are much more localized in the needlet based estimates compared to the fully
delocalized errors of the SVD based estimates. Fine structures are much more restored
in the thresholded needlet estimate than in the other estimates.
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The following inequalities are proved in [10]

D lgsellf < 2P ip p £ 4, (20)
EEXj
D llgielp < cj2®/? it p=4, (21)
EEXj

We are now able to state the embeddings results (see [11] ).
Theorem 4. L1<p<n<oo=Br.CB.

2.
c0>p>m>0, s>(d+1)(1/m—1/p), = BL,C By ¢TNI//P

7 Proof of the upper bounds

A important tool for the proof of the upper bounds which clarifies the thresholding
procedure is the following lemma.

Lemma 1. For all j > —1, & € xj, ﬁj,a has a Gaussian distribution with mean ;¢ and
variance Ui £, With

o2 j(d=1).2
]£< c2) €

Proof of the lemma As we can write

—~ £ €
B],E_ZYLHJ'B ffklldX+ZYkll)\ Zy1i

ki kLi
=Pjet L
Here the summation is over {(k,1,i) : 0 < k< 2,0 <1<k, 1=k( mod2),1 <i<
Ng—1(1)}. Since the Zy14i’s are independent N(0, 1) random variables, Z; ; ~ N(O, Gia)
we have
2 (2) a1 (a-1),2
ofe=e) i’ T[d—12dk S @iyd S c2 (22)

k,Li

with ¢ = (d/ 2m)9-1. Here we used that {fk,11} is an orthonormal basis for L2 and hence

anh/kn Hq)J,EHZ <1
Let us now begin with the second theorem which proof is slightly simpler.

7.1 Proof of Theorem

We have, if we denote

=3 > Brabse

i>] &gx;
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1foo = flloo < IIfoo — Aj(F)loo + [A(F) = flloo
< oo — A3(F)lloo + Coo rllfll s, , 27411/

We have used as BS  C Boo rdH) ,

1
1A~ flloo < Coo el flls, , 2771+,

Moreover

s—(d+1)/m s—(d+1)/m

2= J(s—(d+1)/m) < <E, /10g1/€)_ d < (sdlog]/e)ni(dﬂ)/md

as § > d+1

We have using (I8])

o= Ao < 3 1Y (Bred 1o srrieyie) — B ) Wil

<] &&x

< Z (H Z ((Bj,a— Bjya)lpj’a]{(gi,alllibi,allooZszdE\/m}> o

i<J £EXj

+1 ) <Bj’£¢j’a]{lrsj,aluwj,alloo<K2“‘€\/W}> HOO)

EEXs

< ¢ sup (IB; 1
=0 Zj<1 rep P 2 1By, by lloo > 1206y log 176}
T(a .
+§2};< *® {Iﬁj,alllﬂ)j,aﬂoo<K2’d8\/10g1/8}))

We decompose the first term of the last inequality,
sup (IB; ¢ — B; ; T4 )
&e}?; <|BJ»5 Bs,elllbs,elloo {Bj,alllil)i.a”wZKz’da\/W})
= sup | Bje—
E.GX]‘

‘| .
x ( {1852l e lloo > gzms\/logm} {Bj,alllﬂ)j.alloo<§2’d€\/10gVﬁ}))

V18 c o 222 B 172,

< sup (1Bje — BicllliellooTy s .
< sup <|[5;,a Bielllbs elloo {Hsj,a_(g].,a||1|,j,a||oo2%2)dsw/log1/s}>

+ s ... . 1 .
ag}l()] (HSJ,E, BJ»E.|||11)]»£||00 {Hsj,a||1I)j,£||00>%2]d£‘/10g1/5}>
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and the second one

sup

. . ] N )
fex; <|BJ»E|H1\[)J,£HOO {‘Bj,a”|1l)j,a||oo<'<2]d5 /10g1/8}>

= sup

. . 1/ 4 )
an]- <|[3]»E.|||11)],£||00 {‘Bj,a‘||1l)j,&||00<'<2]d5 /10g1/a}

1 . 1 | )
. < {18y < 103 elloo 226208 ey/log 172} {185 iy, oo <2 er/Iog 172} )
< sup <|Bj,£|

E.GX]‘

N)J',a”oo‘l {\@j,g*ﬁj,ﬂ”ﬂ%.&”m >k2idey/log 1/&})
+ sup <|f5j,<i|H1|)i,£

E.GX]‘

1 )
o0 {Iﬁj,allllbj,alloo<K2’d€\/10g 1/8})

Now we will bound each of the four terms coming from the last two inequalities. Since
for X ~ N(0, 02), we have

2 2 2 2 2
E(]Y]1 ) = G—J eV /2qy = e N/? < e N2,
{IYI>Ac} o \ Y Yy = —27-[

Noticing that the standard deviation of (B; ¢~ Bj.£)||[Ws.elco is smaller than To, 219 (using
lemma [[] and (I6)), we have:

E(su Biz—Bs T4 o >
% rex ('BJ@ Bl oo{|f5i,aBj,aIIH)j,allooEZZ’dE\/lOg1/8})

<> YE (lﬁj,g— B elllbs e

1 | )
0 - . 0o >X2id log 1
S5 {1B1.e—Bi.e Iy lloo > 524 e log 1/}
—1
< Ce¥'/2% 1 flog1/e < Cery/log1/e

if k2 > 4’(%0, where we have used Card x; < c2'4. This proves that this term will be of
the right order.

For the second term, let us observe that we have, using theorem [

1Bj.el

so only the j’s indexes such that j < j; will verify this inequality

s e

< CZIdEKZ /272,

[Wielloo < Coomllfllis 2704V,

1
: 2Cx nl/f||Bs T rd—(a+n
PALIRN <—"ﬂ Is:... <£\/log1/£)> :

On the other side, using Pisier Lemma

E <Sup (IBj.e — fsj,a|\|¢j‘a\|oo)> < T 29ey/210g 2¢234.

&e Xj
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So

> E <zup (IB; £

1<H1

)

- 1. _s—(dtT)m s—(dtl)/m_
<o Y 2%/210g 2628 < Cej 24 C (|flmy,,) 7T (e4/log/e) T T

i<

This proves that this term will be of the right order. Concerning the first term of the
second inequality,

E { sup (
EEXj

ol
< Coollfllz;, > P (u%

1B e =By e /Dy & lloo >k21de \/log1/a}>>
> KZjdE\/logVE)

£EX;
but
_ (k Zjdsx/log]/c) 5 5
A 3 —1)/2
P (1B Byellibyellee > <2 log1/c) < e T TSI < (/2%
So

E sup < >
% (& \/log1/s} )
—(d+1)/m

< Coonllflley , Je /2% < C||f|lps <€ log1/s)m

if k2/2 > Tgo. This proves that this term will be of the right order. Concerning the
second term of the second inequality,

rex, ( °°1{Iﬁj,alllﬂ)j,alloo<2K2id8\/10g1/8})
< 2k24¢ V1og1/e AN Cq,

2 j(s—(d+1)/m)

let us again take

2 (eogi7e)
Z sup (

j<] 5%

00 1{|f3i,£|||1l)i,£||oo <2k2idelog 1/6})

(d+l)/7‘r

< Clffllps, | elogl/e Y 244 ¥ 27ls-(@n/m 5C|rfus;r(\/log1/)”d e

i<h j1<9<)

This ends the proof of Theorem
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7.2 Proof of Theorem [II

As in the previous proof we begin with the same decomposition,
Ife =I5 < 2P~ |1fe = A ()R + A5 (F) — fI
But
- S s B 1 Tt Z 1%
1A (F) = I} < ClIflIg, 27 if
and
A5 (f) = f[Ib < C||f|%. 2T (s—(a+1)(1/m=1/p))p i n<p

if we use the fact that for 7t > p, B, C B}, , and for m < p, B3, C B;T;d+1)‘1/"“/p).
sp

p,00°
sp sp

We have 2775 < (slog1/s)d’% < (s\/10g1/s)d’% < (ss/10g1/e)s+d’%. Obviously,

this term has the right rate for 7t > p. For m < p,

(s—(d+1)(1/m—1/p)) s o
2N/ < (e log 1 /e) a1t < (elog1/e) sratara

thanks to s > (d+1)/m—1/2. This gives the right rate for dp > d+1. For dp < d+1, we
have (again as s > (d+1)/n—1/2), S—(d—l—])(%—%) > d—%, so: 27 (s=(d+N(1/7=1/p)) <
(s—(d+1)(1/m=1/p)) s
(elog1/¢) =3 < (elog 1/e)s 42, Finally this proves that the bias term
above always has the right rate.
Let us now investigate the stochastic term:

~ —1 o n
E|f— AR <CcP 'Y B> <Bj,a1{|gj,a|2m£\/k,g—1/g} - Bxa) Wiellp

i<J £ex;

But

P
P

Iy (Bj,a‘{@j’dz,(zm\/bg—vg} - Bj,a> Wig
E.GX]‘

< C(H > <(fA5i,a— Bj,a)ﬂ)j,a‘{@j,aszwgm}) 5

E.GX]‘
b .
+ Z <B]>£¢J,£1{@jya<l<2jvs\/log—1/s}> Hp>
E.GX]‘
< C( D (Bse— Bl 31{‘@%&\2.@”5@}
EEXj
i Z |Bjya|p”1\bjya||g]{|f§j,a<|<ziv£\/10g—1/g}>

EEXj
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In turn,
B.. —B. P
”31»5 BJ,?J ]{\ﬁj,g\Zsz"’Sw/log]/ﬁ}

—Bs: — B c|P
= Bie =Bl ]{|ﬁj,a|szwa\/1og1/a} <]{Bj,a|2§2”€\/10g1/6} * ]{B;,a|<§2”8\/10g1/8}>
Bir—BisP A _@a..p
S HSLE» BJ,&| ]{lﬁj,a_ﬁi,é‘252jva qu]/E} + |[3]»Ew BJ,&| ]{lﬁj,£|>%2jd£ /10g1/£}
and

. [P —R: P
|B]’£| 1{|[A5j,g<|<2jd£\/log1/g} 7|BJ»£| 1{|[A5j,£<|<2jd£w/log1/£}

% <]{fsj,azszida\/W} + ]{lﬁj,a|<l<2jd€\/m}>
. |P . [P
< |B]>£| 1{|/Bj,£*(5j,£‘>'<2jd5 /log‘]/g} + |B]>£| 1{|f5j,g|<'<zjd£ /log1/£}
We now have the following bounds: Using Pisier lemma
PN . p—1 >
.. R..|P . ) < pv.pP K= /2
E <|[3J,£ Bj.el 1{Bj,gﬁj,g|2§23%\/log—1/s}> < Cp2'PYe <K\/log1/s) €

Hence,
P! Z Z E([Bje — Bi‘é|p||1bi,£”g]{ng,a_ﬁj,a‘zﬁzjva\/m})

i<) &ex5
< cyp-! ng( 1og1/a) - eKZ/ZZ I[s,2 1P

i<] &exg
< C+/log 1/€p7] eP <|< log 1/8) P s"z /2 Z 2PV ildp/2+(p/2-2)+
i<J

< CeP

if k > /2p is large enough (we have used (I9)).
Using the forthcoming inequality (24)),

> E((Bse— Bjel

E.GX]‘

B1{\Bj,a\>%2j“’ eq/log 1/5})

P {1By el>5 27V ey/log /¢

&e Xj

< CeP (2 \/W)
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Hence,

]p—1 Z Z E(|6]’,£ - Bi,£|pH1|)i,<EHB1{|Bj,£|>§2ivg, /1Og1/5})

i<J &ex
< VBRe " (3) evBae)
<C (sdlog]/e)p_q (log 1/€)P/?

Hence this term is of the right rate. Let us now turn to:

Pl L |IP
Z E<|B]‘a| Hl‘b]’aHp]{@j,a—ﬁi,a|>K2iVam}>
EEXj
= Y B3Pl ellBP (1Br.c — Byl > k27er/log /¢

&e Xj

but as the standard deviation of ﬁj,a — Bj,¢ is smaller than g2ild=1)/2

P (|/Bj,a— Bl > KZjVE\/logl/s> < K72

So

Py E< > 1B elPllbs e

i<] EEX;

p] . )

P {\Bj,afﬁj,gbKZWs\/log1/5}
< Clf, 7 e 2 < ¢ (ey/log/e)
< Cliflls,,, < gl/e

if k2 is large enough (where we have used that B, C B]SDI‘T C LP). Hence, this term also
is of the right order.
Let us turn now to the last one: using ( 24)):

P—q
> BreP BT, o ey 1) S (2xe /10 1/¢)

&e Xj

Hence,
p-1 : P £]IPT '
] % 52)1()) (|B]»E,||| ll)]»aHp {‘B]’,&‘<2K2]V5 /10g1/£})
L p—q
< Cliflps,,J” (ev/log1/¢)" " < Clflles,, Viog 17¢" (ev/log1/¢)" .

This proves that all the terms have the proper rate. It remains now to state and prove
the following lemma.
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Lemma 2. LetA:{(s,ﬁ), (d—l—ﬂ(——%) s>0} and f € BY |, 1 §7r
00, 1<p<oo.f= Zj Zgng Bjewje,  Bje = (f,Pje). Suppose that ZéEx (Ip
pr2 s, p € L(N), then, if v = 41

. q .
> (5) (2Vesaly)” < cof

&e Xj

where q < p is as follows:

_ _ (d=1/2)p
Lp—q= s+ds—p1/2 (0= 5577

{(s,m), (s(1/p—1/4)>(d—1/2)(1/m—1/p))NA}.

) in the following domain I:

Moreover we have the following slight modification at the frontier: the domain
becomes

{(s,m), (s(1/p—=1/4)=(d—=1/2)(1/m—1/p))NA}
and the inequality

Bsel N\ /o
> < 2;\/ <2”H¢j,aHp> < Cpfjl-a/m

&e Xj

_ (s=2(1/m—1/p))p _ dp+2
2.p—d=""ga2m - 0= Faam

{(s,m) (s>dp(1/m—=1/p)) N (s(1/p—1/4) <(d—1/2)(1/m—1/p)) NA}.

) in the following domain II:

3. p—q= decp (1d/f1_)1/7/1p) ,(q= 784_(1;:(((&:1))/71) in the following domain III:
1 1 1 d
— =) > f _ — 1
{(s,m), (dp( p)_S)ﬂA, or p<d+1’}

This lemma is to be used essentially through the following corollary:

Corollary 1. Respectively in the domains I, IT, ITI, we have, for q described in the lemma,
and f € B .

> 1{5, il } (27Y[s,llp)P < CpA—d (23)
EEX) 2iv =
D (0 }iﬁj.aipuwj‘aug < Cp{AP~ (24)
EExs v =

with an obvious modification for

{(s,m), (s(1/p—1/4)=(d—1/2)(1/m—1/p))NA}
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Proof of the corollary let us recall that on a measure space (X, i) we have, if h € Lq(n)
then p(lh| > A) < ”NL'“ and, as q < p,

A A
J hPdu < J (IWANPdu = J pxP (R > x)dx < J p
[h|<A 0 0

q q
o IIhIquX _ thHq)\pfq‘
x4 P—dq

For the corollary we take X = x;j, (&) = (27v Ibj.ellp)P and h(&) = lg’,f‘ O
Proof of lemma
Let us fix q (chosen later) and investigate separately the two cases q > mand q < 7.

For q > 7, we have using (19

Bic | 24 \P2
G(h,a.p) = 3 | S| 127l ~ 270 3 gy ( (&))
&ex; &exs
Sja  p2-my e\ VT
<o [ 3 (1g; a|q< >
i W;(&)
' (p/2-1)m/q
— 2iv(p—a) Z”Sj,ﬂﬂ( )
E.GX]‘
2jd \ 21 % (p/2-1)—(r/2—-1)\ V7
— piv(p—q) .
> o (e (w] )
EEXj
. 2"1 /21
< 2ivip—d) T Ja+D (P35 +alr—3)
< > b (v )
EEXj
Choosing g such that (sq+d(p—q)+(d+1)q (__E)) =0 gives q = % Hence
P—q= ST(:)(LT]_J]/mp, q—ﬂ:—ﬁ% Thus in domain III:
1 d
{(1; < d—+1) N(s—(d+N(1/m=1/p)>0)N (s —pd(l/m—1/p) <0)}

q .
I

we have 0 < g <p, m<q, ZE.GX)‘ ‘%
For q < 7, we have using (I9)

L(f,q,p) =)

&e Xj

Bj,e|
23

(275 ¢][B ~ 2ivip—a) Z 1Bs.2] 24 \P ]
belp » W;(&)

&e Xj
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2jd >7T/2—1)Q/7T< 2jd >(D/2—1)—(7T/2—1)Q/7T

2iv(p—q) q
211l (w](z, Wi(E)

&exs

Zld 7t/2—1
<2Wp q) Z B]&W( a))
Eex

q/m . 1—q/m
. - 2] ﬂW*Q)f]
~ 2ivip—a) E 1B e ™[Ws || E ( ) Z(m=a)

q/m 1—q/m

2jd 5 ((p/2-1)—(m/2=1)a/m)
Z (Wj(é)>

£EX5

£€X; &exg
q/m 1—q/m
~ 2V N RS s eI > s, a||ﬂ
£€X; &exg

Now let us investigate separately the cases % <,>, and = 4.

Case TE(T]:__qq]) < 4 Using (19), (20) and (2II), we have

Ij(f, q,p) < CziV(D—Q)quz—isqzid(p—Q)/Z < ijq.

if we put —sq + (p — q)(d — 1/2) = 0, ie. q = 2& ‘{/22, then p— q = <325 > 0.

Som—q=m 2RI 5 0 6 S > (d—1/2)(1/m—1/p).

And Tgquq)) = e <4 ©s(1/p—1/4) > (d—1/2)(1/m—1/p). Hence,
we only need to impose s(1/p —1/4) > (d—1/2)(1/mt— 1/p), describing domain I

{s=(@+N1/m=1/p)>0)N(s>0)}N{s(1/p—1/4) > (d—1/2)(1/m—1/p)}
p(d—1/2)

on which [; (f q,p) < Cp].”df”z.

Case ((ﬂ A >4

Using (19)) , 20) and (21]), we have

I](f)qvp) S CZW(p q) qz JSQZJdD q/22; iy Yol Q)‘

m—q __ _ pd-2 s—2(1/m—1/p)
If we put (p—q)d—sq—274 =06 q = Fizm Tsrd2/m P~

0&s—2(1/m—1/p) >0 and m— q = =BT > 0 &5 5 — dp(1/m—1/p) > 0.

Moreover T2=4 — S 2Dy > 4 & 5(1/p — 1/4) < (d—1/2)(1/m—1/p). Hence,
on the domain

{(0<s)n(s > (d+1)(1/7=1/p)IN(s > dp(1/m=1/p))N(s(1/p—1/4) < (d—1/2)(1/m=1/p))},

we have p — q =

pd—2

we have [;(f, q,q) < ij”dfz/”.
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q)) =4 Using (19), (20) and (2II), we have

(f q,p) < c2iv(p—a) qz qu 1—a/mpjd(p—q)/2 < Cpq 1—q/m

Case T(p:

if (p—q)(d —1/2)—sq—0(:)q—psfd1<2/2 This is realized either if p =4 = 7w and
for s > 0. or if p # 4, 7r7é4an(f10<q—7rp4j1 psidizz/z Moreover q < 7t and < p

S4d<p<m or 4<7t<pand p q =4S s(1/p—1/4)=(d—1/2)(1/t—1/p)}.
Hence on the domain
{(s,m), (s(/p—=1/4)=(d—=1/2)(1/m—1/p))N(s>0)N (s> (d+1)(1/m—1/p))}

p(d—1/2)
we have [;(f, q,p) < CpSer 1/2]S+d 172,

8 Proof of the lower bounds

In this section we prove the lower bounds. ie. for 0 <s < oo, T <mt<o0, 0<71r<
00, 0 <M <ooand B3 (M) the ball of radius M of the space B3, and & is the set
of all estimators we consider

7T,

wp(s, 1T, M, €e) = fl*réf;g feBssup(M)EHf* ng

('UOO(S>7T)T>M,5) = I*Ilf sup EHf*_fHoo
f ngeBs (M]

The main tool will be the classical lemma introduced by Fano in 1952 [8]. We will use
the version of Fano’s lemma introduced in [4]. Let us recall that K(P,Q) denotes the
Kullback information ’distance’ between P and Q.

Lemma 3. Let A be a sigma algebra on the space Q, and A; € A, i€ {0,1,...,m}
such that Vi #3j, Ai{NA;=0,P; 1€{0,1...,m} be m+ 1 probability measures on
(Q, A). Then if

m
:=sup Py(Af), k:= f K(Py, Pj),
P=sDPAD, k=l Z 1
1 3
P> 5 A (Cy/mexp(—«k)), C =exp - (25)

This inequality will be used, in the following way: Let H. be the Hilbert space of
measurable functions on Z = S4-1 x [—1 , 1] with the scalar product

ds

1
)= | | 0l0sb(e,s1do(0) s

§d—1
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It is well known that there exists a (unique) probability on (Q,.A) : Qf, which density
with respect to P is
dQ+

1
o=t € 0 2
o = exp(We(f) - 5l

Let us now choose fo, f1,...,fm in B3, (M) such that i # j = ||fi—f;||,, > & and denote
Pi = QR( iy Let f* be an arbitrary estimator of f. obviously the sets A; = (||f*—f|| < 3)
2

are disjoiilt sets and we have, for i # j,

1
K(PLPy) = 53 | IRIFi— £

Now

5\P 5
7, q,M, ¢) > inf E||f*—fi® > (=] inf P(If"—fill, > =) .
wyp(s, 7, q, M, €) 2 jnf sup [ —fil[p > <2> duf, Sup <H illp = 2)

Likewise,

5 o
> (2 ) inf P —fillw > = | .
(,UOO(S,T[,q,M,E) - <2> fl*régfi)iszléﬁ_m <”f fl”oo - 2>

Using the previous Fano’s lemma

d 1
sup P (Ilf*—fiup > z) > 3 AN (CVmexp(—))

f;,i=0,1.m

N

with ] ]
it S U R - 12d0
=il 2 | R e
So if for a given & we can find fo, f1,...f;m in BY(M) such that i #j = |[f;—fj|, >
5(e) and Cy/mexp(—k) > 1/2 then we have

1 1
for P < oo, w‘p(S)TE)qu»E) Z zé(ﬁ)p, and Woo (3)7.[>qu»€) Z 26(8)

In the sequel we will choose, as usual, sets of functions containing either 2 items
(sparse case) or a number of order 2/¢ or 23(4=1) (dense cases). We will consider sets
of functions which are basically linear combinations of needlets at a fixed level f =
ZE.GX]‘ Bj,eW;,6.. Because the needlets have different order of norms depending whether
they are around the north pole or closer to the equator, we will have to investigate
different cases. These differences will precisely yield the different minimax rates.

8.1 Reverse inequality

Because the needlets are not forming an orthonormal system, we cannot pretend that
inequality (I8)) is an equivalence. Since precisely in the lower bounds evaluations we
need to bound both sides of L, norm for terms of the form 3 A Mebs e, with Ay C x;,
the following subsection is devoted to this problem.
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Proposition 2. Let us Aj C x;. Then:

1/p 1/p
1
C DD Aeie s en)Pls el <UD Aabhiellp <C L D MelPlbs el
&e Aj EEA; e Aj &e Aj
Proof

Let f =2 s Aej e Clearly, by (18),

1/p
1> Aebiellp <C LY MelPlbs el
EEA EEA;
and by (I7)
1/p
21 A e Plbserllp | < Cl Y Aebselly
gex; ECA EA
so obviously
1/p /P
1
|22 1O Aabse e Pl elp | <UD Aebielle < C [ D IMelPllbsellp
E'CA; EEA; LEA EEA

O
In the sequel we will look for subset A; with the following property: There exists

0 < Dj, such that VE e A5 el ~Dj.

(Here and in all this section, a; ¢ ~ bj will mean that there exists two absolute constants
¢y and c -which will not be precised for a sake of simplicity— such that c1b; < a5 <
cobj, for all considered &.) As precised above, D; may have different forms depending
on the regions: using (I9]), we have

sl )
PRV

For this purpose, let us precise Proposition [0 by choosing the cubature points in the
following way: we choose in the hemisphere Si strips Sy = B(A, (2k + 1)) \ B(A, 2kn)

withn ~ 557, k € {0, ... 2) —1} (A is the north pole). In each of these strips, we choose

a maximal n-net, of points & which cardinal is of order k41, Projecting these points on
the ball we obtain cubature points & on the ball with coefficients wj ¢ ~ Z*Jde(a). As
a consequence, we have in the set {x € R4, |x| < %}, about 294 points of cubature for
which
jd(1/2—1
Dj ~ j el ~ 27421/,
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And in the corona {(1 —27% < |x| < 1}, we have about 2(4~1) points of cubature for
which
Dj ~ [ el ~ 21 FNI/271/P),

Now let us consider a set A; of cubature points included in one of the two sets
considered just above (either {x € RY, |x| < %2} or {(1—=27% < |x| < 1)), and consider
the matrix (parametrized by A;)

M(AJ) = (<1\bj,£’ II)J'»E/>) EETEA; X A;

we have for any A € 1,(A;), using Proposition
IMA My ) < €M )

On the other way, let us observe that using (I4])

0<c<|[sells = (Wjebje) <1

SO
M(A;) = Diag(M(A;)) + M’(A;) = Diag(M(A;))(Id + [Diag(M(A;)]""M’(A;))

where Diag(M(A;)) is the diagonal matrix parametrized by A; extracted from M(A;).
Clearly, each terms of [Diag(I\/JI(Aj)]_1 is bounded by ¢ 7.
So if || Diag(M(A;)] "M’ (Aj) [z, (A) < & < 1, we have

1

. .
IMA) ™ Hley A < € -

Let us prove that we can chose A; large enough and such that such an o« exists. By
Schur lemma

| Diag(M(A)] "M (A5l A <€ T sup D> e b0
ESAS e EleA;

Now using (I6]),
b sl < C%‘/‘Jgd v\]/j(x) (1 —I—Zj(]l(x, gM \/\/ﬁ (1 +zic‘l1(x,£’)de
By triangular inequality
(W6, 5,60 < Cyu J dx < C§ | |Sd_1|J1 rd2dr
PR (4 Ddlg, &M Jpa 25 4+ T2 M+ 2d(g, €)M 0
So

1
(1+2d(g, &/)M

YM, (6, W56 < Cpq (26)
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Now, let us choose Aj as a maximal Kn net in the set x; N {x € R4, x| < %2} (case

1) or as a maximal Kn net in the set x; N {(1 — 272 < x| < 1} (case 2). Recall that
N ~ 5517 and K will be chosen later.
As, in case 1,
Card{f/, d(&/,&) ~K1277} < (K1)
2 2
> e i) < i(m)dc 1 ¢ i(Kl)d 1 _26m
B TIET = & MO +kpM = M (KUM = KM—d =

E/FAEEIEA; 1=1

if M —d > 2, and K is large enough. In case 2, again
Card{e/, d(&',€) ~ K127} < (KD

2 2

X 1 3 1 2C
d—1 d—1 M
Z (W5, 60| < Z(KU CMW < CMZ(KU (KUM < KV <«
EIAEEEA 1=1 1=1
if M —d > 1, and K is large enough.
Hence M(A;) is invertible in both cases and we have:

1/p 1/p

1
Sl LY B WD W R

EEA E'EA; EEA;
1/p 1/p

D RePIbsellB | ST Aebiele S D MelPIbsell

EEA; EEA; EEA;

8.2 Lower bounds associated sparse/dense cases and different choices of A;

Let j be fixed, and choose
f=> Bjeje

&e A]'

f= > Puf)

21 <k<2it1

We have

where Py is the orthogonal projector on Vi(B4). So

IR(OIZ = RR(A,H = > AFPu(f), )
21 <k<2it1
g( sup Ai)ZHPK(f)HchzJ’(d”Znsj,az
2T <k<2i+1 k EEA;
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8.2.1 Sparse choice, case 1
Let fi =veil; e, 1 €{1,2}, ¢4 is +1 or —1, in such a way that
11— f2llp = IYWie, —Ysellp = VIWie, —Wiellp ~YUWi8 |+ W6 llp)
In case 1, [[Wjglly ~ 204(1/271/7) 3o
fi e By, (1) &= y2I1/221/) 938 oy o, 9 (s +d(1/2-1/m0)
§ = ||f1 — fa|p ~y2141/271/P) L p~ilsHd(1/2=1/m)=d(1/2=1/p) — ) =i(s=d(1/m=1/p))
On the other hand

11 11 __ : 11
K(Py,P;) = __2—] d—]]YZ N __22—](d—1]2—2](s+d(1/2—1/7r)] _ 2—2] s+d—1/2—d/mn)
2¢? 2¢ 2¢2

Now by Fano inequality if j is chosen so that e ~ 273(s+d=1/2=d/n)
(under the constraint s > d(1/m— (1 —1/2d)))

2 v * *
(3) i = fup = Pl — fil > 57212 ¢

So necessarily
s—d(1/mt—1/p)
EHf* o f1||B 2 Cép ~ gstd—1/2-d/n

Remark 2. If

1
d(1/m—{1-57)) <s < d(1/m—1/p)
SO necessarlly - <1- —) then

lim wy(s,m,q,M,e) > C >0
e—0

8.2.2 Sparse choice, case 2
In case 2, |[; g ~ 2(4HN0/271/7) g4

fie By, (1) &= Y2 ANA/2=1/7) 9758 ey oy . T (sHdH)(1/2-1/7))
5 = Hf1—fZHp Nyzi(dﬂ)H/Z—Vp) ~ 23 (sH(d+1)(1/2-1/m)—(a+1)(1/2-1/p) _ 9—i(s—(d+1)(1/7—1/p))

On the other hand

11 11 : 11
K(Py Py) — __2 j(d 2 _ 11 5-i(d-1p=2j(s+(a+1)(1/2-1/m) _ 1 1 5=2j(s+d—(d+1)/m)
Now by Fano inequality if e ~ 273(s+d=(d+1)/m)
(under the constraint s > (d + 1)(;[ - d;iﬂ)

2 v * *
(3) i = fup > Pl = fil > 57212 ¢

So necessarily
(s—(d+1)(1/m—1/p))p
EHf* — fiHE >cdP ~g  std(airn/=m
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Remark 3. If

(‘””W”‘d;iﬂ <s<(d+1)(1/m—1/p)

(so necessarily % < d;fﬂ)’

lim wy(s,m,q,M,e) > C >0
e—0

8.2.3 Dense choice, case 1

In this case we take now

fo=v ) eebje  ee=%1, p=(ee)eea
EEA]'

As we are in case 1, we have
Y Y eabselly ~y 2 E N e~y 29072 Card(A;) ~ v 42
EEA EEA

Using Varshamov-Gilbert theorem, we consider a subset A of {—1,4+1}Y such that
Card(A) ~ 25 Card(A) g1 for p£p, pp €A |lp—0plh > %Card(Aj). Let us
now restrict our set to

fo=v ) ecbje, ee==%1, p=(ee)en,, p € A.

EEA]'
1/
foeBs (N <=v| D Ibelr] ~y2¥*~27°
E.GA]‘
So we choose
y ~ 270s+d/2),
Moreover
1/p
8= Ifo—forllp =¥Il Y (ee—ehbjelp~v | D lee—eelPlbsellb
EEA; EEA;
N ,Yzjd(1/2—1/p]Hp _ p/H]/p ~ 2—i(s+d/2)7jd/2 _ 5—js
Let us compute the Kullback distance:
1 : 1 . ) i 1 )
_ —j(d=T)¢ 2 b 55d-19—-2j(s+d/2)9id _ ' 5-2j(s+d/2-1/2)
K(Pp,Pyr) = 2—822 ) 1fo—forll5 2522 ) 2798 2¢ = 2822 s
so by Fano inequality
EIT 15 o g5 A c2d 2 az2 2000212 S

op
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if
¢~ 2-i(s+d=1/2)
So

~ __Sp___
inf E[f—f[] >ces+aT172
feBs S

8.2.4 Dense choice, case 2

Similarly to the previous case, we take now (with a slight abuse of notation since the
subset A obtained using Varshamov-Gilbert theorem is not the same A, as A; has also
changed)

fo=v ) ecbje, ee==%1, p=(ec)en,, p € A.
EEA]'

As we are in case 2, we have
,YrH Z Eaﬂ)j,a\\: N ,eri(d—H)(r/ZfU Z |€£|T N ,yrzj(d—H)(r/Zf]) Card(Aj) N yrzj[(d_H)r/z,z]
EEA EEA

1/

foe B () ey [ X Iyelp|  ~y (Zenptasnmzn) Tyt =t g
EEAj

So we choose

Y~ 22
Moreover

1/p
5=|fo—forllp =7 Y (ee—etbello~v | D lee—eblPIbsell
EEA EEA

<2l 1/2-1/p 1/19 N yzj(dﬂ)u/zq/p)zi(dﬁJ%

llp—o/|
< s =2)5i (5T =) _ y—ils—2(1/n—1/p))

Let us compute the Kullback distance:

T (am 2 T 5(a=1)9—2j(s+951 —2 ) 5(a—1 T gj(sqdtr_2
K(PP’PP’):Z_EZZ i(d )pr_fp’HzN2—822 i(d=1)y=2j(s+55" =7 )7ild ):2—522 j(s+55——%)
so by Fano inequality

E /\_ 1% o _ —2j(s d+17%)
MZVZ/\CZ%ZHd Vema? 7 >1/2
if
€ ~ 2—j(s+d—2/7t]
So

. A p(s—2(1/n—1/p))
inf E[f—f[|p >ce s+a-2/x
feBs, . (1)

Remark 4. The case p = oo can be treated using the same arguments, without difficulties.

38



References

1]

[2]

[12]

[13]

[14]

G. Andew, R. Askey, and R. Roy. Special Functions. Cambridge University Press,
2006.

P. Baldi, G. Kerkyacharian, D. Marinucci, and D. Picard. Adaptive density esti-
mation for directional data using needlets, 2008.

P. Baldi, G. Kerkyacharian, D. Marinucci, and D. Picard. Asymptotics for spherical
needlets. Ann. Statist., 37(3):1150-1171, 2009.

L. Birge. A new look at an old result : Fano’s lemma. Prepublication 632, LPMA.,
2001.

M. Davison. A singular value decomposition for the radon transform in n-
dimensional eucledian space. Numer. Func. Anal. and Optimiz., 3:321-340, 1981.

C. Dunkl and Y. Xu. Orthogonal polynomials of several variables, volume 81 of
Cambridge University Press. Cambridge University Press, New York, 2001.

A. Erdélyi, W. Magnus, F. Oberhettinger, and F. G. Tricomi. Higher Transcendental
Functions, volume 2. McGraw-Hill, New York, 1953.

R. Fano. Class notes for transmission of information, course. 6.574. MIT, Cam-
bridge, MA, 1952.

S. Helgason. The Radon transform. Birkh&user, Basel and Boston, 1980.

G. Kerkyacharian, G. Kyriazis, E. Le Pennec, P. Petrushev, and D. Picard. Inversion
of noisy radon transform by svd based needlets. ACHA, 2009.

G Kerkyacharian and D. Picard. New generation wavelets associated with statistical
problems. In The 8th Workshop on Stochastic Numerics, pages 119-146. Research
Institute for Mathematical Sciences, Kyoto University, Jan. 2009.

G. Kyriazis, P. Petrushev, and Y. Xu. Decomposition of weighted triebel-lizorkin
and besov spaces on the ball. Proc. London Math. Soc., 2008. to appear
(arXiv:math/0703403).

B. Logan and L. Shepp. Optimal reconstruction of a function from its projections.
Duke Math. J., 42(4):645-659, 1975.

A. Louis. Orthogonal function series expansions and the null space of the radon
transform. STAM J. Math. Anal., 15:621-633, 1984.

F. Narcowich, P. Petrushev, and J. Ward. Local tight frames on spheres. SIAM J.
Math. Anal., 2006.

39



[16] F. J. Narcowich, P. Petrushev, and J.M. Ward. Decomposition of besov and triebel-
lizorkin spaces on the sphere. J. Funct. Anal., 2006.

[17] F. Natterer. The mathematics of computerized tomography. Classical in Applied
mathematics, Philadelphia, PA, 2001.

[18] P. Petrushev. Approximation by ridge functions and neural networks. SIAM J.
Math. Anal., 30:155-189, 1999.

[19] P. Petrushev and Y. Xu. Localized polynomial frames on the interval with Jacobi
weights. J. Fourier Anal. Appl., 11(5):557-575, 2005.

[20] P. Petrushev and Y. Xu. Localized polynomials frames on the ball. Constr. Approx.,
27:121-148, 2008.

[21] E. Stein and G. Weiss. Introduction to Fourier Analysis on Euclidian spaces. Prince-
ton University Press, 1971.

[22] G. SzegS. Orthogonal polynomials. American Mathematical Society, Providence,
R.L, 1975.

[23] Y. Xu. Orthogonal polynomials and cubature formulae on spheres and on balls.
STAM J. Math. Anal., 29(3):779-793 (electronic), 1998.

[24] Y. Xu. Reconstruction from radon projections and orthogonal expansion on ball.
2007. (arXiv: 0705.1984v1).

40



	Introduction
	Radon transform and white noise model
	Radon transform
	Noisy observation of the Radon transform
	Singular Value Decomposition of the Radon transform
	Jacobi and Gegenbauer polynomials
	Polynomials on  Bd and Sd-1 
	The SVD of the Radon transform


	Construction of needlets on the ball
	Needlets

	Needlet inversion of a noisy Radon transform and minimax performances
	Applications to the Fan Beam tomography
	The 2D case: Fan beam tomography
	SVD, Needlet and cubature
	Numerical results

	Needlet properties
	Key inequalities 
	Besov embeddings

	Proof of the upper bounds
	Proof of Theorem ??
	Proof of Theorem ??

	Proof of the lower bounds
	Reverse inequality
	Lower bounds associated sparse/dense cases and different choices of Aj
	Sparse choice, case 1
	Sparse choice, case 2
	Dense choice, case 1
	Dense choice, case 2



