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Modelling dengue epidemics with autoregressive switching Markov models (AR-HMM) ⋆

In this work, autoregressive switching-Markov models (AR-HMM) are applied to the dengue fever epidemics (DF) in La Havana (Cuba). This technique allows to model time series which are controlled by some unobserved process and finite time lags. A first experiment with real data of dengue is performed in order to obtain the characterization of different stages of the epidemics. The aim of this work is to present a method which can give valuable information about how an efficient control strategy can be performed.

Introduction

Since the eighteen century, mathematical models of infectious diseases have been developed and used for providing information to health authorities [START_REF] Blower | An attempt at a new analysis of the mortality caused by smallpox and of the advantages of inoculation to prevent it: 1766[END_REF]. During the 60s, the improvements in the prevention programs turned the research interests in the industrialized countries to other diseases. However, during the last few years dengue fever (DF) has become a major health problem affecting tropical and sub-tropical regions around the world, especially urban and suburban areas [2]. Thus, the question of modelling infectious diseases arose again. For health authorities, a well fitted mathematical model may help in figuring out new strategies for an efficient fight against the epidemics.

In this paper, a method based on hidden Markov models is described. For vector-borne diseases, this is a very suitable technique since it enables characterization of unknown processes. The method presented herein allows to take into account finite-time feedback as well. This is an interesting feature since incubation and transmission rates may be considered. The rest of the paper is organized as follows: in section 2, the autoregresive switching-Markov model (AR-HMM) is described. Section 3 presents the features of dengue fever epidemics. In section 4, AR-HMM is applied to real data of dengue fever epidemics. Finally, in section 5, conclusions and future work are proposed.

Autoregresive Switching-Markov models

In some cases, time series may be explained not only by their past values, but also by some unknown, random process. Typical examples are economic cycles (recession and growth periods) or DNA identification (coding and non-coding regions). For these examples, the observed series will depend on the "state" or the "regime" of the unknown, hidden process. Usually, the hidden process is supposed to have a finite and fixed number of regimes, corresponding to the expected states of the phenomena to be modelled (for example, recession versus growth periods)

Notations and definitions

Let us start by introducing hidden Markov chains (HMC) and recall the definition.

A bivariate process (X t , Y t ) t∈Z is a hidden Markov chain if:

-(X t ) is a homogeneous Markov chain valued in a finite state space E = {e 1 , ..., e N }, N ∈ N ⋆ , with transition matrix A = (a ij ) i,j=1,...,N ,

a ij = P (X t+1 = e j | X t = e i ) -(Y t ) valued in R d , d ≥ 1, conditionally independent w.r.t. (X t ) and L (Y t | X t = e i ) ≡ L i .
The hidden Markov chain is described in Figure 1.

a . . . . . . . . . . . . Y 1 2 Y X2 X1 X t-1 Yt-1 Y t Xt X X t-1 t

Fig. 1. Representation of Hidden Markov chains (HMC)

Hidden Markov models were introduced by [START_REF] Baum | Statistical inference for probabilistic functions of finite state Markov chains[END_REF] in 1966. They soon became essential tools in speech-recognition ( [START_REF] Rabiner | A tutorial on hidden Markov models and selected applications in speech recognition[END_REF], [START_REF] Bourlard | Connectionist speech recognition: a hybrid approach[END_REF]), bioinformatics and analysis of biological sequences ( [START_REF] Durbin | Biological sequence analyses: probabilistic models of proteins and nucleic acids[END_REF]). Hidden Markov models have been already used for modelling epidemics data, with promising results ( [START_REF] Rath | Automated Detection of Influenza Epidemics with Hidden Markov Models[END_REF]).

Hidden Markov chains may be generalized by letting Y t depend on its past values and on X t . This new class of models may be defined as an autoregresive switching-Markov model (AR-HMM). AR-HMM were initially proposed in [START_REF] Hamilton | A New Approach to the Economic Analysis of Nonstationary Time Series and the Business Cycle[END_REF] and were extensively used in the sequel for modelling financial and economic time series. However, to our knowledge, there are no current applications for epidemics data.

An autoregressive switching-Markov process is a bivariate process (X t , Y t ) t∈Z such that:

-(X t ) is a homogeneous Markov chain valued in E = {e 1 , ..., e N }, N ∈ N ⋆ , with transition matrix A = (a ij ) i,j=1,...,N , a ij = P (X t+1 = e j | X t = e i ) -Y t = F Xt (Y t-1 , ..., Y t-p ) + σ Xt ε t -F ei is a parametric function (linear or nonlinear) depending on some θ i -σ ei ∈ {σ 1 , ..., σ N } ⊂ R ⋆ + N and (ε t ) is an iid sequence
We will suppose that the noise ǫ t is a standard Gaussian. The parameter to be estimated contains the transition probabilities of the hidden Markov chain, the parameters in the regression functions and the standard deviations for the noise:

Θ = (a ij , θ i , σ i , i, j = 1, ..., q)
The size of the parameter Θ is q(q -1) + dq An autoregresive switching-Markov model is represented in Figure 2. The estimation procedure may be summarized as follows:
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1. First, the user has to set the number of regimes, q, the number of time lags, p (p may be chosen using some AIC/BIC information criteria or by cross-validation) and the type of regression functions (linear, MLP, ...). 2. The parameter Θ is estimated using the EM-algorithm (see [START_REF] Rynkiewicz | Estimation of Hybrid HMM/MLP models[END_REF] for more details). A first characterization of the regimes (stability, influence of the past values,...) will be done using these results. 3. With the estimated values of the parameters, one may compute the posterior probabilities of belonging to each of the regimes, at any moment. These probabilities will allow the a posteriori identification and characterization of the regimes.

Dengue Epidemics

Dengue Fever (DF) and Dengue Haemorragic Fever (DHF) are infectious diseases transmitted to humans by the bites of Aedes mosquitoes. If a mosquitoes bites a Dengue Fever infected, it gets the disease and, after an incubation period, is capable of transmitting the infection to other people. That kind of disease, where an infectious organism that does not cause diseases itself transmits infection by contact among different hosts, is called a vector-borne disease [2] and Aedes mosquito is the vector. The disease of Dengue fever shows a resurgent pattern worldwide in the last years, becoming one of the most important health problems in subtropical countries. WHO estimates [2] there may be 50 million dengue infections every year in the world, and two fifths of the world population are now at risk of Dengue. In the Americas more than 890 000 cases of Dengue fever were reported, of which 26 000 was of Haemorragic Fever.

There is not vaccine against dengue fever. Besides, people who suffer dengue are immune against that dengue strain. For these reasons, Dengue fever is frequently described as an epidemic SIR model for a short or medium-term model (under the assumption that only one strain of the virus exists). In this model the whole population is classified in three groups: susceptible, infected an recovered people. Susceptible people are those who are not immunized against the disease and do not present symptoms. Infected people are who present symptoms of the disease. Recovered are those who got the disease in the past and are immunized against it.

Several models have been proposed for dengue fever which depend on the vector population [START_REF] Esteva | A Model for Dengue Disease with Variable Human Population[END_REF], [START_REF] Coutinho | Threshold Conditions for a Non-Autonomous Epidemic System Describing the Population Dynamics of Dengue[END_REF]. This becomes an important limitation since generally it is not possible to have enough real information about it. On the other hand, dengue fever, as most biological processes, has a feedback which affects the system in a finite time way. This is the case of human and mosquito incubation periods or recovering rate.

The ability to model systems in which the influence of an unknown process appears and with a finite-time feedback make an utoregresive switching-Markov model specially suitable for dengue fever characterization.

A first attempt to model Dengue epidemics using HMM-AR

A first toy model

In order to perform the experiment, a 274-day register of new infections for Dengue Fever in La Havana is aavailable From that database and the known recovering rate of the disease, the time series for the global number of infected people was obtained (Figure 3). In it, the decrease periods are related with the fumigation programs performed by the health authorities. One of the important considerations is the time lags in the experiment. Because of the incubation rate of human and mosquito lags between 8 and 15 days are considered.

For these epidemic data, we shall test three regimes: epidemics, non-epidemics and decrease periods. In all cases, each regime will be characterized a posteriori using these estimated probabilities. In the Figure 4 the probability of every regime is plotted.

From the whole results the obtained regimes can be characterized. The first and third regimes represent the non-epidemic and the epidemic periods respectively. Besides, it is necessary that the epidemics reach a high enough incidence to be removed. The decrease period is represented by the second regime.

Conclusion and future works

In this work the aautoregresiveswitching-Markov model is described. This modelling technique is applied to an epidemiological model of dengue fever. Autoregresive switching-Markov model is specially intended for model it because of its ability to consider both finite feedback and the influence of hidden process. An experiment with a real data-base of the dengue epidemics in La Havana (Cuba) has been made. The results enable the characterization of three different regimes: the epidemic, the no-epidemic and the decrease period. Some ideas can be iinferredform the results, among them, that a high enough value of the epidemic prevalence is necessary in order to reach the non-epidemic state.

Some future works can be proposed. The next step is to test other configurations with different lags of time and different regression functions. The consideration of vertical transmission of dengue, that is, the transmission form the female to the eggs would be interesting as well. On the other hand, another future work line is extracting information from the available data with this technique in order to develop more efficient fumigation strategies. It would allow to perform prevention measures while the prevalence of the disease is still reduced.
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