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Abstract

A colored mixed graph has vertices linked by both colored amd colored edges. The
chromatic number of such a graghis defined as the smallest order of a colored mixed
graphH such that there exists a (arc-color preserving) homomsnplifomG to H. We
study in this paper the colored mixed chromatic number afgayraphs, partial 2-trees
and outerplanar graphs with given girth.
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1 Introduction

Our general aim is to study homomorphismsgmfmn)-colored mixed graphsvhich
are graphs with both arcs and edges colored wdahdm colors, respectively. This
notion was introduced by Nesiétand Raspaudd] as a common generalization
of the notion of edge-colored graphs, obtained by taKimgn) = (0,m), and the
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notion of oriented colorings, which arises whignm) = (1,0), (see e.g.1] and [7]
respectively).

A mixed graphis obtained from a simple graph, by assigning to some edges
one of the two possible orientations; hencejiged graph As usually denoted by
an ordered triplé&c = (V,A E). An (n,m)-colored mixed graplis a mixed graph
G = (V,A E), together with partitiond= A U- - -UA, andE = EyU- - - UEy, where
A (resp. E;) consists of the set of arcs (resp. edges) colored by ¢olldence, a
(1,1)-colored mixed graph is just a mixed graph0al)-colored mixed graph is a
simple graph, and €1, 0)-colored mixed graph is an oriented graph.

Let G andH be two (n,m)-colored mixed graphs. A&olored homomorphism
from G to H is a mappinch: V(G) — V(H) that maps edges to edges and arcs
to arcs preserving the orientation and the colors, ([gu),h(v)) € Ai(H) when-
ever (u,v) € Ai(G) (for everyi € {1,...,n}), andh(u)h(v) € Ej(H) whenever
uve Ej(G) (for everyj € {1,...,m}).

We say thatG is H-colorableif there exists a colored homomorphism from
G to H; hence, the vertices dfl will be called thecolors For a colored mixed
graphG, the smallest number of vertices of a colored mixed greipbuch that
G is H-colorable is thecolored mixed chromatic numheFor a simple grapit,
the (n,m)-colored mixed chromatic numhedenoted byxm (G), is defined as
the maximum of the colored mixed chromatic numbers takem al¢he possible
(n,m)-colored mixed graphs having as underlying undirected graph. Note that
X(0,1)(G) is the ordinary chromatic number, ard o) (G) is the oriented chromatic
number. Given a (finite or infinite) family of simple graplts the (n, m)-colored
mixed chromatic numbef ¥, denoted by nm) (¥ ), is the maximum ok n m) (G)
taken over all members iff .

The most natural question to consider in this framework igtver or not a
given family of graphs has finitén, m)-colored mixed chromatic number. In this
paper we study thén,m)-colored mixed chromatic number of the following three
particular classes of graphs (tbeth of a graph is the length of a shortest cycle):
Py (planar graphs with girth at leag, fléz (partial 2-trees with girth at leagy, and
Oy (outerplanar graphs with girth at leagt Let us denotef = 73, T? = ‘1‘32 and
0= Q).

Theorem 1.1 [2,4,5]
() (2n+m)3+eg(2n+m)2+ (2n+m) +€ < X(pm)(P) < 5(2n+m)*
(i) (2n+m)?+e(2n+m)+1 < Xnm(T?) < 3(2n+m)?

(i) (2n+m)?+e(2n+m) +1 < X(nm(0) < 3(2n+m)?

wheree = 1 for m odd or m= 0, ande = 2 for m> O even.



Observe that, for the class of planar graphs, the main tetheifower bound is
(2n+ m)* while the main term in the upper bound(2n + m)%; concerning partial
2-trees and outerplanar graphs, the main term in both longrupper bounds is
(2n+m)2,

Motivated by the 4—color Theorem (simple planar graphs amirable) and
Grotzsch Theorem (simple triangle—free planar graphs -acel8rable), NeSét,
Raspaud and Sopen€] [studied the same kind of problem in the oriented case
((1,0)-colored mixed graphs), i.e. they bound the oriented chtmnmaimber of
oriented planar graphs with given girth.

Concerning the class ¢0, 2)-colored mixed graphs, the authors 4} fecently
bounded thé0, 2)-colored mixed chromatic number @, 7,2 and 0.

In this paper, we studied th@, m)-colored mixed chromatic number of planar
graph, partial 2-trees and outerplanar graphs with giveah ghnd we prove that, if
the girth is sufficiently large, the colored mixed chromaticnber becomes linear
in 2n—+m.

Theorem 1.2
() X(nm)(%y) =2(2n+m) + 1 for every g> 20n+ 10m—4.
(i) X(nm)(Zg) = 2(2n+m) + 1 for every g> 8n+4m— 1.

(ii)) X(nm(Og) =2(2n+m) + 1 for every g> 4n+2m+ 3, wheref = 0if n =0,
and = 1 otherwise.

In Section2, we define the notion of nice graph which is useful to prove our
main theorem and we describe the target graphs that will &e tasprove the upper
bounds of Theorert.2 Due to lack of space, we only give the proof of the upper
bound of Theoreni.Xi) in Section3 and Sectiord is devoted to the proof of the
lower bounds by constructing, for evegy> 3, a colored mixed outerplanar graph
with girth g and chromatic number(2n+m) + 1.

2 Nice colored mixed graphs

Hell et al. [3] introduced the concept aficedigraphs anahiceedge colored multi-
graphs. We adapt this concept to the context of colored ngxaphs.

An (n,m)-colored mixed grapks is k-nice(resp.k-quasi-nicg if for every pair
of non-necessarily distinct (resp. necessarily distimetjicesv,w € V(G), and for
each(n,m)-colored mixed pati# = ug, u1, ..., U of lengthk, there exists a colored
homomorphisni from P to G such thah(ug) = v andh(uk) = w.

To prove Theorem..2, we will show that each considered graph class admits
a colored homomorphism to gn, m)-colored mixed grapf of order h+2m+



1: T is a complete(n, m)-colored mixed graph, whose underlying graph is the
complete graptsniomr1. We can decompose the edge¥af om.1 into 2n+m
Hamiltonian cycle$C; to Conim. Fori € {1,...,2n}, theC’s are circuits colored
by color[i/2]; fori € {2n+1,...,2n+m}, C’s are cycles colored— 2n.

Proposition 2.1 The (n,m)-colored mixed graph T i$4n+ 2m)-nice, and(2m—
1)-quasi-nice when &= 0.

3 Theupper boundsof Theorem 1.2

We give in this section the general ideas to get the upperdotimheoreml.(i).
The two other upper bounds can be obtained using the sanmadeels.

Proposition 3.1 [6] Every planar graph with girth g, contains either a vertex of
degree one or a path of IengﬂfgLil whose internal vertices are of degree 2.

Lemma 3.2 . Every graph Ge Ps¢_4 admits a colored homomorphism to a k-nice
colored mixed graph.

Proof (Sketch) LetH be ak-nice (n,m)-colored mixed graph. We prove that every
(n,m)-colored mixed planar graph with girth at leakt-54 admits a colored homo-
morphism toH. Note that is sufficient to consider the cape 5k — 4. LetG be a
minimal (with respect to the number of vertices) countearaple. One can prove
thatG contains neither a 1-vertex, nor a path of lengthlhose internal vertices are
of degree 2. We thus get a contradiction by Proposi8dn
O

The upper bound of Theorein2(i) is clearly a direct consequence of Proposi-

tion2.1and Lemm&3.2

4 Thelower boundsof Theorem 1.2

Let G be the(n, m)-colored mixed outerplanar graph with gigtobtained as fol-
lows. We take two copie®, P’ of each(n, m)-colored mixed patmo,...,uL%J
of length | 3] (there exist(2n+ m)L%J distinct such paths). We identify all the

2(2n+m) 3] Up-vertices, and connect (with an edge or an arc of an arbit@lior)
the two endsuL% J-vertices of each pair of paths.

Figure 1 shows this outerplanar colored mixed graph form) = (1,1) and
g=>5.

Lemma4.l Xnm(G) > 4n+2m.



Figure 1. Thg1,1)-colored mixed outerplanar graph with girth 5 and coloregedichro-
matic number 7.

Proof (Sketch) Let H be any(n,m)-colored mixed graph of ordem4+ 2m. Sup-

pose that there exists a colored homomorphisfrom G to H and leth(ug) be

the color of the central vertex @&. Since each vertex dfi has degree at most

4n+2m—1, one can prove that whatever the color we give to the ceveratx of

G, there exists a pair dih, m)-colored mixed paths db that is not colorable. O
SinceO c 72 ¢ 2, this completes the proof of Theoreh2
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