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The chromatic number of sparse colored mixed graphs

Introduction

Our general aim is to study homomorphisms of (n, m)-colored mixed graphs, which are graphs with both arcs and edges colored with n and m colors, respectively. This notion was introduced by Nešetřil and Raspaud [START_REF] Nešetřil | Colored homomorphisms of colored mixed graphs[END_REF] as a common generalization of the notion of edge-colored graphs, obtained by taking (n, m) = (0, m), and the notion of oriented colorings, which arises when (n, m) = (1, 0), (see e.g. [START_REF] Alon | Homomorphisms of edge-colored graphs and coxeter groups[END_REF] and [START_REF] Sopena | Oriented graph coloring[END_REF] respectively).

A mixed graph is obtained from a simple graph, by assigning to some edges one of the two possible orientations; hence, a mixed graph G is usually denoted by an ordered triple G = (V, A, E). An (n, m)-colored mixed graph is a mixed graph G = (V, A, E), together with partitions

A = A 1 ∪• • •∪A n and E = E 1 ∪• • •∪E m where A i (resp. E i )
consists of the set of arcs (resp. edges) colored by color i. Hence, a (1, 1)-colored mixed graph is just a mixed graph, a (0, 1)-colored mixed graph is a simple graph, and a (1, 0)-colored mixed graph is an oriented graph.

Let G and H be two (n, m)-colored mixed graphs. A colored homomorphism from G to H is a mapping h : V (G) → V (H) that maps edges to edges and arcs to arcs preserving the orientation and the colors, i.e. (h(u), h(v)) ∈ A i (H) whenever (u, v) ∈ A i (G) (for every i ∈ {1, . . ., n}), and h(u)h(v) ∈ E j (H) whenever uv ∈ E j (G) (for every j ∈ {1, . . . , m}).

We say that G is H-colorable if there exists a colored homomorphism from G to H; hence, the vertices of H will be called the colors. For a colored mixed graph G, the smallest number of vertices of a colored mixed graph H such that G is H-colorable is the colored mixed chromatic number. For a simple graph G, the (n, m)-colored mixed chromatic number, denoted by χ (n,m) (G), is defined as the maximum of the colored mixed chromatic numbers taken over all the possible (n, m)-colored mixed graphs having G as underlying undirected graph. Note that χ (0,1) (G) is the ordinary chromatic number, and χ (1,0) (G) is the oriented chromatic number. Given a (finite or infinite) family of simple graphs F , the (n, m)-colored mixed chromatic number of F , denoted by χ (n,m) (F ), is the maximum of χ (n,m) (G) taken over all members in F .

The most natural question to consider in this framework is whether or not a given family of graphs has finite (n, m)-colored mixed chromatic number. In this paper we study the (n, m)-colored mixed chromatic number of the following three particular classes of graphs (the girth of a graph is the length of a shortest cycle): P g (planar graphs with girth at least g), T 2 g (partial 2-trees with girth at least g), and O g (outerplanar graphs with girth at least g). Let us denote P = P 3 , T 2 = T 2 3 and

O = O 3 ). Theorem 1.1 [2,4,5] (i) (2n + m) 3 + ε(2n + m) 2 + (2n + m) + ε ≤ χ (n,m) (P ) ≤ 5(2n + m) 4 (ii) (2n + m) 2 + ε(2n + m) + 1 ≤ χ (n,m) (T 2 ) ≤ 3(2n + m) 2 (iii) (2n + m) 2 + ε(2n + m) + 1 ≤ χ (n,m) (O) ≤ 3(2n + m) 2
where ε = 1 for m odd or m = 0, and ε = 2 for m > 0 even.

Observe that, for the class of planar graphs, the main term in the lower bound is (2n + m) 3 while the main term in the upper bound is (2n + m) 4 ; concerning partial 2-trees and outerplanar graphs, the main term in both lower and upper bounds is (2n + m) 2 .

Motivated by the 4-color Theorem (simple planar graphs are 4-colorable) and Grötzsch Theorem (simple triangle-free planar graphs are 3-colorable), Nešetřil, Raspaud and Sopena [START_REF] Nešetřil | Colorings and girth of oriented planar graphs[END_REF] studied the same kind of problem in the oriented case ((1, 0)-colored mixed graphs), i.e. they bound the oriented chromatic number of oriented planar graphs with given girth.

Concerning the class of (0, 2)-colored mixed graphs, the authors in [START_REF] Montejano | Homomorphisms of 2edge colored graphs[END_REF] recently bounded the (0, 2)-colored mixed chromatic number of P g , T 2 g and O g .

In this paper, we studied the (n, m)-colored mixed chromatic number of planar graph, partial 2-trees and outerplanar graphs with given girth and we prove that, if the girth is sufficiently large, the colored mixed chromatic number becomes linear in 2n + m. In Section 2, we define the notion of nice graph which is useful to prove our main theorem and we describe the target graphs that will be used to prove the upper bounds of Theorem 1.2. Due to lack of space, we only give the proof of the upper bound of Theorem 1.2(i) in Section 3 and Section 4 is devoted to the proof of the lower bounds by constructing, for every g ≥ 3, a colored mixed outerplanar graph with girth g and chromatic number 2(2n + m) + 1.

Nice colored mixed graphs

Hell et al. [START_REF] Hell | On nice graphs[END_REF] introduced the concept of nice digraphs and nice edge colored multigraphs. We adapt this concept to the context of colored mixed graphs.

An (n, m)-colored mixed graph G is k-nice (resp. k-quasi-nice) if for every pair of non-necessarily distinct (resp. necessarily distinct) vertices v, w ∈ V (G), and for each (n, m)-colored mixed path P k = u 0 , u 1 , ..., u k of length k, there exists a colored homomorphism h from P k to G such that h(u 0 ) = v and h(u k ) = w.

To prove Theorem 1.2, we will show that each considered graph class admits a colored homomorphism to an (n, m)-colored mixed graph T of order 4n + 2m + 1: T is a complete (n, m)-colored mixed graph, whose underlying graph is the complete graph K 4n+2m+1 . We can decompose the edges of K 4n+2m+1 into 2n + m Hamiltonian cycles C 1 to C 2n+m . For i ∈ {1, . . ., 2n}, the C i 's are circuits colored by color ⌈i/2⌉; for i ∈ {2n + 1, . . ., 2n + m}, C i 's are cycles colored i -2n.

Proposition 2.1 The (n, m)-colored mixed graph T is (4n + 2m)-nice, and (2m -1)-quasi-nice when n = 0.

The upper bounds of Theorem 1.2

We give in this section the general ideas to get the upper bound of Theorem 1.2(i). The two other upper bounds can be obtained using the same techniques. Proposition 3.1 [START_REF] Nešetřil | Colorings and girth of oriented planar graphs[END_REF] Every planar graph with girth g, contains either a vertex of degree one or a path of length g+4 5 whose internal vertices are of degree 2.

Lemma 3.2 . Every graph G ∈ P 5k-4 admits a colored homomorphism to a k-nice colored mixed graph.

Proof (Sketch)

Let H be a k-nice (n, m)-colored mixed graph. We prove that every (n, m)-colored mixed planar graph with girth at least 5k -4 admits a colored homomorphism to H. Note that is sufficient to consider the case g = 5k -4. Let G be a minimal (with respect to the number of vertices) counter-example. One can prove that G contains neither a 1-vertex, nor a path of length k whose internal vertices are of degree 2. We thus get a contradiction by Proposition 3.1. 2 The upper bound of Theorem 1.2(i) is clearly a direct consequence of Proposition 2.1 and Lemma 3.2.

The lower bounds of Theorem 1.2

Let G be the (n, m)-colored mixed outerplanar graph with girth g obtained as follows. We take two copies P, P ′ of each (n, m)-colored mixed path u 0 , . . ., u ⌊ g 2 ⌋ of length ⌊ g 2 ⌋ (there exist (2n + m) ⌊ g 2 ⌋ distinct such paths). We identify all the 2(2n + m) ⌊ g 2 ⌋ u 0 -vertices, and connect (with an edge or an arc of an arbitrary color) the two ends u ⌊ g 2 ⌋ -vertices of each pair of paths. Figure 1 shows this outerplanar colored mixed graph for (n, m) = (1, 1) and g = 5. Proof (Sketch) Let H be any (n, m)-colored mixed graph of order 4n + 2m. Suppose that there exists a colored homomorphism h from G to H and let h(u 0 ) be the color of the central vertex of G. Since each vertex of H has degree at most 4n + 2m -1, one can prove that whatever the color we give to the central vertex of G, there exists a pair of (n, m)-colored mixed paths of G that is not colorable. 2

Since O ⊂ T 2 ⊂ P , this completes the proof of Theorem 1.2. 

Theorem 1. 2 (

 2 i) χ (n,m) (P g ) = 2(2n + m) + 1 for every g ≥ 20n + 10m -4. (ii) χ (n,m) (T 2 g ) = 2(2n + m) + 1 for every g ≥ 8n + 4m -1. (iii) χ (n,m) (O g ) = 2(2n + m) + 1 for every g ≥ 4n + 2m + β, where β = 0 if n = 0,and β = 1 otherwise.

Lemma 4 .

 4 1 χ (n,m) (G) > 4n + 2m.

Figure 1 .

 1 Figure 1. The (1, 1)-colored mixed outerplanar graph with girth 5 and colored mixed chromatic number 7.
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