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C9An=>:<R9;>½QTN6®ÅÏ½QC�69ÀNK�Mà69Ç�67RDA�846®8�ÀN67R�RD:QWQAÑ:FK�K�½FÀGTrR®R9MNAn69A�:*Á-:<;>=>:QËG=>AP;¬TrR9AnCSÅ :FK�A`6�ÂBÃ�MG;>6
6SA`K~R9;>½QT�;>TFRDC9½�E�À K�An6�:QTNE�K�½Q8«¾N:QC9A`6�6S½F8jA�¾N:QCD:Q8«A�R9AnC9;>ê�A`E®;>TrR9A�CD½Q¾»A�C�:<ËN;¬=>;\R7Ç4CDA�=L:-RD;¬½FTN6nÂ
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ÎªTGA�½<Å.RDMGA,À 6SA`EPK�½QTGÅÏ½QCD8«:QTNK�A,C9An=>:<R9;>½QTN6�;L6�R9MGA�C9An=>:<R9;>½QT

ioconf
Â 5�R¦6SRD:<R9An6UR9MN:<R¦:QT

;¬8«¾G=>A�8«A�TrR�:-R9;>½QT
I
;L64K�½FT�ÅÏ½QCD84:<TrR«R9½Ó;¬RD6®69¾»AnK�;¬¿ Kn:-R9;>½QT

M
;¬Å�:-Å�R9AnC®:ÉR9C�:QK�A�½QÅ

M
H

½QÀ�RD¾GÀ�RD6«½QÅ
I
:<CDA�ÅÏ½QCDAn69A�A�T×;¬T

M
Â Ã�MG;L6jC9An=>:<R9;>½QTl:<=>=¬½-ÐU6�¾N:<C9R9;L:<=�69¾ A`K�;¬¿ K�:<R9;>½QTN6«:<T E

:<=>=¬½-ÐU6B;>8j¾N=¬An8jAnTrRD:-RD;¬½FTN6BR9½®:FEGEYR9MGA�ÀGT E�A�C�6S¾»AnK�;\¿»K�:-RD;¬½FT°Â
� �����2������	M��� !&+2L�T

M N KS> I T L T 5 I 'N),+#-".3?
I
��	6/&	M� �

M =∆ ∀σ ∈ Traces(M) ⇒ Out(I, σ) ⊆ Out(M, σ)
?

Ã@½±K�½Q8«¾N:<CDAjËG;¬T :<CDÇ±C9An=>:<R9;>½QTN6nH%ÐBA4ÀN6SA
v

:<TNE ∼=
Â��@A�R

Rx
:QTNE

Ry
Ë»A4R7ÐB½�ËN;¬TN:QC9Ç

C9An=>:<R9;>½QTN6%½-ÁFA�C
IOLT S

Â
Ry v Rx

;¬Å�ÅÏ½QCA�ÁFA�CDÇ
(I, M) ∈ IOLT S

6SÀNK�M�RDMN:-R
I Rx MR9MGAnT

I Ry M
Â
Rx

∼= Ry
;¬Å
Ry v Rx

:<TNE
Rx v Ry

Â
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Ã�MGA467R�:<C9R9;>TGÆ�¾»½Q;>TrR�ÅÏ½QC�;¬TrRDA�CD½Q¾»A�C�:<ËG;>=¬;¬R7Ç�R9A`67RD;¬TGÆ¢;L6�6S½F8«A�ÆF;¬ÁFA�T�69¾»AnK�;¬¿ Kn:-R9;>½QT 6�H�;>8�Ä
¾G=¬An8«A�TrRD:<R9;>½QTN6¦ÅÏ½FC�R9MGA`6SA®69¾ A`K�;¬¿ K�:<R9;>½QTN6�EGA�¿NTG;>TGÆP69½Q8«A4:*Á*:Q;¬=L:<ËN=¬Aj;¬TrRDA�C9Å :QK�A`6�H°:QTNEÉ:
K�CD;\RDA�CD;¬½FTÓR9MN:<R4;¬8«¾G=>A�8«A�TrR�:-R9;>½QT 6j69MG½FÀG=>EØ69:<R9;L67ÅÏÇFÂ.Ã�MrÀ 6�H.ÃÐ0½É;¬8«¾G=>A�8«AnTFR�:-RD;¬½FTN6j;¬T�Ä
R9A�CD½Q¾»A�C�:-RDA�;¬Å@RDMGA�Ç®K�MGA`K�W«R9MGA¦;>TFRDA�CD½Q¾»A�C�:<ËG;>=>;\R7Ç4K�CD;¬R9A�CD;>½QT°ÂJÃ�MGAªÅÏCD:Q8jAnÐ0½FC9W«¾GCDAn69A�TrRDAnE
MGA�CDAQHF;>6cËN:Q69AnE«½FT«R9MGA¦K�½Q8«¾N:QC9;L69½QTjË A�R7Ð0AnA�T«R9MNA�½QÀGR9¾GÀ�R�6c½QÅ�R9MGA¦6SÇ�6SR9A�8 R9½,Ë A�R9An6SR9A`E
:<TNEªR9MNA�½QÀ�RD¾GÀ�R�6°½<Å�½FTGA�6S¾»AnK�;\¿»K�:-RD;¬½FT°H�8«½�E�ÀG=>½�69½Q8«A.;¬TrRDA�C9Å :QK�A.¾NC9½QÙ7AnK~RD;¬½FT°Â9�°A�R

I(i)
Ë»A

:<Tj;¬8«¾G=>A�8«A�TrR�:-R9;>½QT«½QÅNR9MNAU6S¾»AnK�;\¿ Kn:-RD;¬½FT
M(i)

Ð�;\RDM
i ∈ {1, 2}

H*:<TNE
X ⊂ P M1 ∪P M2Ë A�:QT�;>TrR9A�C9Å :QK�A�6SA�RnÂS"ÉA�C9A`K�:Q=¬=»R9M :-R

M1‖XM2

;>6
M1‖M2 visibleX

Â

� �����2������	M���W!
interop

X
(I1, I2)

4
= ∀σ ∈ trace(M1‖XM2)

4 ⇒
OutΣI1 (I1‖XI2, σ) ⊂ ∪σ′∈PM1‖M2

(σ,X)OutΣM1/X (M1, σ
′
/ΣM1

)

Ã�MGA�¿NC�67R�CDA�=L:-R9;>½QT¢E�A�¿NTGAnE�;L6BR9MGA�CDA�=L:-RD;¬½FT
interopX

ÂG5�R�6SRD:<R9An6BRDMN:-R�EGÀGC9;>TGÆjR9MNA�;¬T�Ä
R9A�C�:QK�R9;>½QT�Ë»A�R7ÐBA�AnT

I1
:QTNE

I2
H*Ð�MGA�Tj:URDCD:FK�A

σ
½<Å

M1‖XM2
;>6�;>T-Ù7AnK�R9A`E�RD½�RDMGAB69Ç�67RDA�8

R9½YË»A�RDAn6SR9A`E%H»R9MGA�½QËN69A�CDÁ-:<ËG=>A�Ë»A�MN:*ÁJ;>½QC�6�½<Å.RDMGA�69Ç�67RDA�83¾GCD½<Ù7AnK�R9A`E¢½QTPRDMGA�:*Á-:<;>=L:<ËG=>A
;¬TrR9AnCSÅ :FK�A`6�½<Å

I1
;L6�ÅÏ½FC9A`6SAnA�TÓ;>TÓR9MNAYÀGTG;>½QT×½<ÅU½QË 6SAnC9Á-:<ËN=¬A®Ë»A�M :*Ár;>½QC�6.= ¾GC9½QÙ7AnK�R9AnE#½FT

R9MGA4:*Á-:<;>=>:QËG=>A,;>TFRDA�C9Å :QK�An6�>U½QÅ
M1

H�Ð�MG;>=>A«:Q¾G¾G=>ÇJ;¬TGÆ�R9MNAj¾NC9½QÙ7AnK~RD;¬½FT°H»½QT±RDMGA4:<=>¾GMN:QË A�R
½<Å

M1
HG½QÅ�A`:QK�M�R9C�:QK�A

σ′ ∈ Traces(M1‖M2)
=
σ′ K�½Q;>TNK�;LE�A`6�Ð�;\RDM σ

½FT�RDMGA�;>TrR9A�C9Å :QK�A
6SA�R

X
>~Â

�°A�R
Y = P M1 ∩ P M2

Ë A�RDMGA�K�½F8j8�ÀGT¢;¬TrRDA�C9Å :QK�A`6B½<Å
M1

:<TNE
M2

Â
� �����2������	M��� !

intercomX(I1, I2)
4
= ∀σ ∈ trace(M1‖XM2)

4 ∀σ′ ∈ PM1‖M2
(σ, X) 4

σ′
/Y 6= ε ⇒ OutΣI1 (I1‖XI2, σ) ⊂ ∪σ′∈PM1‖M2

(σ,X)OutΣM1/X (M1, σ
′
/ΣM1

)



intercomX

;>6�69;>8j;>=L:<C.RD½
interopX

H<ËNÀ�Rc½QTN=¬Ç�;>TJÁQ½FWQAn6	;>TrR9AnCSÄxK�½F8j¾»½QTNA�TrR�K�½Q8«8�ÀGTG;¬Ä
K�:-RD;¬½FTN6nÂ��¦AnTGA�C�:<=>=>ÇQH*K�½Q8«¾»½QTGAnTrRD6	:<CDA�RDAn6SR9AnE�R9½�K�½FT�ÅÏ½QCD84:<TNK�AQH*:<TNE�R9MJÀN6nH

intercomX:*ÁQ½Q;LEG60R9MNA�K�½QTGÅÏ½QCD8«:QTNK�AªR9A`67RD;¬TNÆNH�ËGÀ�Rª½QTG=>Ç4R9A`67R�6BR9MGA�;>TrR9AnCSÄxK�½F8j8�ÀGTG;LK�:<R9;>½QTY¾ :<C9RnÂ

ÚUTG½QR9MGAnCBK�C9;¬R9AnC9;>½QT«;L6�RD½�E�A�¿NTGAª:,6SA�R
A ⊆ ΣM1 ∪ΣM2

RD½,Ë»AªK�½-ÁQA�CDAnE°Â
intercoverXK�½-ÁQAnCD6�:<=>=JR9C�:<T 6S;¬R9;>½QTN6�Ð�MG;LK�Mj¾N:Q6D6	ËJÇ,:¦ÆQ;>ÁQA�T�A�ÁFA�TrR.½<Å

A
Â
intercover′

X

K�½-ÁQAnCD6�69½Q8«A
R9C�:<TN69;\RD;¬½FTN6	Ð�MG;LK�M�¾ :Q6D6	ËrÇj:¦ÆQ;>ÁQA�TjA�ÁFA�TrR.½<Å

A
ÂQÃ�MGA�RDCD:FK�A`6�R9MN:<R.R9MGA`6SA�CDA�=L:-R9;>½QT 6.K�½QTGÄ

6S;LE�A�CUKn:<T�Ë A�6984:<=>=¬AnCUK�½F8j¾ :<CD;¬TGÆ�R9½
intercomX

:QTNE
interopX

Â

� �����2������	M���W!
intercoverX(I1, I2)

4
= ∀a ∈ A 4 ∀σ ∈ trace(M1‖XM2)

4 ∀σ′ ∈
PM1‖M2

(σ, X) 4 σ′
/a 6= ε ⇒

OutΣI1 (I1‖XI2, σ) ⊂ ∪σ′∈PM1‖M2
(σ,X)OutΣM1/X (M1, σ

′
/ΣM1

)

� �����2������	M���W!
intercover′

X
(I1, I2)

4
= ∀a ∈ A 4 ∃σ ∈ trace(M1‖XM2)

4 ∀σ′ ∈
PM1‖M2

(σ, X) 4 σ′
/a 6= ε ⇒

OutΣI1 (I1‖XI2, σ) ⊂ ∪σ′∈PM1‖M2
(σ,X)OutΣM1/X

(M1, σ
′
/ΣM1

)

Ã�MGAUÅÏ½FÀGC0CDA�=L:-RD;¬½FTN6�E�A�¿NTGA`E®MGAnC9A�:QC9Aª6SÀG;¬RD:QËG=>AUÅÏ½QC�:<TJÇ�R9A`67R�:<C�K�MG;\RDAnK�R9ÀGCDAQÂrÃ�MGAªK�MG½F;>K�A
½<Å.:�CDA�=L:-RD;¬½FT�EGA�¾»A�TNEG6U½QT�R9MGA�K�½QT�¿ EGA�TNK�AªRDMN:-RUÐBA�MN:*ÁFAª;>TP:<T¢;¬8«¾G=>A�8«AnTFR�:-RD;¬½FT�:QTNE
:<=L6S½«½QT�R9MNA�6S;>ê�A�½<Å.K�½F8«¾ ½FTGA�TrRD60RD½4Ë A�;>TJÁQ½QWFAnE%Â
Ú�6%CDAn69ÀG=¬RnH�RDMGA.TGA�[rR@R9MGAn½QCDA�8ã69MG½-ÐU6»RDMGA�AnÌrÀG;>Á-:<=>A�TNK�A	Ë A�R7Ð0AnA�T

interopX

:QTNE
ioconf

$

B 02�3	��
� � � !&+6LPT
M1
4 M2

4 I1
N KS> I2

T L�<�I*/�8�'N)#+,- . ?�^ L N R�R /�M L T 6 N T M1
4 M2

4
I1

N K3> I2
N 8 L Q KN0S/�T E INM�032 L�T L 4 ΣM1

o ∩ΣM2

o = ∅ 4 ΣM1

o ∩ΣI2
o = ∅ 4 ΣI1

o ∩ΣM2

o = ∅ 4N KS> ΣI1
o ∩ ΣI2

o = ∅
?�- 6 LPKS:

interopX(I1, I2) ∧ interopX(I2, I1) ∼= I1‖XI2 ioconf M1‖XM2

ÚUT�;¬TrR9AnC9A`67RD;¬TNÆ�K�:F6SAª;>6BÐ�MGAnTYRDMGA¦Ð�MG½Q=>Aª;>TrR9AnCSÅ :FK�An6B:<CDAª:*Á-:Q;¬=L:<ËG=>A&$
X = P M1 ∪ P M2

Â
5xT±R9MN;>6�Kn:Q69AQH ÅÏ½QC

σ ∈ M1‖M2
H�Ð0A�MN:*ÁQA

PM1‖M2
(σ, P M1 ∪ P M2) = {σ}

Â%Ã�MGAnC9A�ÅÏ½QCDAQH
R9MGAªC9An=>:<R9;>½QTN6

interopX

:<T E
intercomX

K�:QT4Ë AªÐ�C9;¬RSRDA�T®:F6.ÅÏ½Q=>=>½-ÐU6 =�RDMGAª69ÀGËN6DK�CD;¬¾GR
X
Ð�;¬=>=°Ë»A�½Q8«;¬RSR9A`E�>U$

interop(I1, I2)
4
= ∀σ ∈ trace(M1‖M2) ⇒ OutΣI1 (I1‖I2, σ) ⊂ Out(M1, σ/ΣM1 )

Â
intercom(I1, I2)

4
= ∀σ ∈ trace(M1‖M2) σ/Y 6= ε ⇒ OutΣI1 (I1‖I2, σ) ⊂ Out(M1, σ/ΣM1 )

�
Ã�MGA0¾ :<¾»A�CBä +<ç�EGA�¿NTGA`E�TG;>TGAB;¬TrRDA�CD½Q¾»A�C�:<ËG;>=¬;¬R7Ç¦C9An=>:<R9;>½QTN6ËN:Q69AnE�½QT�:�=>:*ÇFA�C�:<C�K�MG;\RDAnK�R9ÀGCDA
ÅÏ½QC.:Q69ÇJTNK�MGCD½QTG½FÀN6°AnTrÁJ;>C9½FTG8«A�TrRnÂ*Ã�MGA`6SABC9An=>:<R9;>½QTN6�:<CDA0EGAnK�½F8«¾ ½r6SA`E�;>TFRD½�RDMGCDA�A�K�=L:Q6D6SA`6
E�A�¾»A�TNEG;¬TGÆ,½QT4Ð�MG;LK�M«;¬TrR9AnCSÅ :FK�A`6.½<Å�R9MNAU;¬8«¾G=>A�8«AnTFR�:-RD;¬½FTN6.RDMGA�Ç,ÅÏ½JK�ÀN6�½FT°ÂFÃ�MNAn69A�C9An=>:<Ä
R9;>½QTN6BK�:QT®Ë Aª½QË�R�:<;>TGAnE4ÅÏC9½F8

interopX

ËJÇ«E�A�¿NTN;¬TGÆ«:�69ÀG;¬RD:<ËN=¬Aª;¬TrR9AnCSÅ :FK�A¦6SA�R
X
ÂJXG½FC

A�[G:<8«¾G=>AQH»R9MNA�CDA�=L:-RD;¬½FT
interop

K�½QCDC9A`6S¾»½QT EG6�RD½�è�TG;¬=L:-RDA�C�:<=.Ã½<RD:Q=	5xTFRDA�CD½Q¾»A�C�:<ËG;>=>;\R7Ç
I�A�=L:-RD;¬½FT�E�A�¿NTGA`E�;>T#ä +<ç¡Â
Ã@½4K�½FTNK�=>ÀNE�AFHNK�½F8«¾N:<CD;>69½QTYË A�R7Ð0AnA�T¢C9An=>:<R9;>½QTN6B;L6�ÆQ;>ÁQAnTYË»A�=>=¬½-Ð $

interopX(I1, I2) ∧ interopX(I2, I1) ∼= I1‖XI2 ioconf M1‖XM2

intercomX(I1, I2) v interopX(I1, I2)
Â

intercover′
X

(I1, I2) v intercoverX(I1, I2) v interopX(I1, I2)
Â
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5xT4R9MG;L6�6SA`K~RD;¬½FT°HQÐBA�¾GCD½Q¾»½F69A�:QT®:<¾G¾GCD½F:FK�MjR9½�K�MNAnK�W�R9MGA¦C9An=>:<R9;>½QT
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ÂJÝ�AnK~RD;¬½FT
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T T L N 2 Q K�L N 8#'*),+#-". 4 N K3> X ′ ⊆ P T N R / T RPLPT

I=< Q K�T L@8D< NUE L�R IC< T
?
Comp(T, X ′) Q R T 6 L&2 Q KML N 8 'N),+#-". >&L A K�LW> T9Y :

� q
Comp(T,X′)
0 = qT

0 �
� ΣComp(T,X′) ⊆ P T × AT �
� QComp(T,X′) � →Comp(T,X′)

�����
� ΣComp(T,X′) ��������� �!��"#�$���%� &'�)(*��+,��-#-.��/0"#�213�546-7�98,:
;
� µ 6∈ ΣT/X′ � q µ

→T q′ ⇒ q, q′ ∈ QComp(T,X′) � µ ∈ ΣComp(T,X′) �<���
� q
µ
→Comp(T,X′)

q′ �=
� p!a ∈ ΣT/X′ � q p!a

→T q′
p?a
→T q′′ ⇒ q, q′q,′′ ∈ QComp(T,X′) � p!a, p?a ∈ ΣComp(T,X′) �

���
� q
p!a
→Comp(T,X′) q′

p?a
→Comp(T,X′) q′′

>
� p!a ∈ ΣT/X′ � q p!a

→T q′ � q′
p?a

6→T ⇒ q, q′q,′′ ∈ QComp(T,X′) � p!a, p?a ∈ ΣComp(T,X′) �
���
� q

p!a
→Comp(T,X′) q′′

p?a
→Comp(T,X′) q′ �

?
� p?a ∈ ΣT/X′ � q

p!a

6→T q′ � q′
p?a
→T q′′ ⇒ q′q,′′ q′′′ ∈ QComp(T,X′) � p!a, p?a ∈

ΣComp(T,X′) �@���<� q′
p!a
→Comp(T,X′) q′′′

p?a
→Comp(T,X′) q′′ �

5xTNE�A�A`E%H
Comp(T, X ′)

;L6
T

ËJÇÒÅÏ½F=¬=>½-Ð�;¬TNÆÓAn:QK�MlA�8«;L6969;>½QT°H�½-ÁFA�C
X ′ ;¬TrRDA�C9Å :QK�A`6�H.ËJÇR9MGA®6D:<8«AjC9A`K�A�¾GR9;>½QT�:QTNE�C9A`K�;>¾GC9½�Kn:<=>=¬ÇFÂ»5xT#X�;¬Æ Â ' Â¬åFH

T1
CDA�¾GCDAn69A�TrRD6¦:�=¬;>TGA`:<C�5=��Î¦ÃUÝ�Â

5�R,K�½QT 6S;L67R�6�½QTÉR9MNA4A�8«;>6D69;¬½FTÉ½QÅ
start

R9MNC9½FÀGÆQMÉ¾ ½FCSR
C1

:QTNE�R9MGA4CDAnK�A�¾�RD;¬½FT�½QÅ
ackR9MGCD½QÀGÆFM±¾»½QC9R

C2
Â�Ã�MGA«K�½F8j¾N=¬An8jAnTrR9;>½QT±½QÅ

T1
:FK�K�½QC�E�;¬TNÆ4R9½�¾ ½FCSR�6

X ′ = {C1, C2};>6�RDMGA�=¬;>TGA`:<C�59Î���ÃUÝ
T2

=
T2 = Comp(T1, {C1, C2})

>~Â
� �����2������	M�$�R�A� B)�
�S�� �������	�� � ����/10�����DB
!S+6LPT

T T L N 2 Q K�L N 8#'*),+#-".3?�^ L N R�R /�M LT 6 N T T Q R 5 Q T 6 IN/�T Q K�T L@8UK N 2 NFE T Q I
K�R�G IT = ∅
JN?3% T\8 N K�R Q T Q I
K M N T E 6 Q K O.Q R N <X/�K E T Q I
K

TM :→T 7→ IN
T 6 N T N R�R Q O KSR T I L@P1L@8 Y T\8 N K�R Q T Q I
K N K N T\/�8 L92 KR/�M T L@8 RX/ E 6 T 6 N TK:C

TM((q, a, q1)) > TM((q2, b, q3)) D + ∃σ ∈ (ΣM )∗ | q
a
→T q1

σ
⇒T q2

b
→T q3 �C

TM((q, a, q1)) = TM((q1, b, q2)) D + a = b �



ÚÜR9C�:<TN69;\RD;¬½FTÈ8«:<RDK�MG;>TGÆß;L6±:ØÅÏÀGTNK~RD;¬½FTÈR9MN:<RÑ:Q6D6S;>ÆQT 6YRD½ÔA�ÁFA�CDÇà=>:QË An=,:lÁ-:<=>ÀGAÒE�A�Ä
¾ AnTNE�;>TGÆÒ½QTØR9MNA±½QC�E�A�C4½QÅ¦;¬RD6Y:<¾G¾»An:QCD:QTNK�A¢½QTlRDMGA±=>;¬TGA`:<C459Î���ÃUÝ�Â0Ã�MGA±6SA�R®½<Å�R9MNA
R9C�:<TN69;\RD;¬½FT¢8«:<RDK�MG;>TGÆ4½-ÁFA�C

T
;>6�TG½<RDAnE

T M(T )
Â»XG½QC�A�[G:<8«¾G=>AQHG;>TÑX�;>ÆNÂ ' Â¬åFH�Ð0A�:Q6D6S½QÄ

K�;L:-R9AjRDMGAjR9C�:<TN69;\RD;¬½FT�84:<RDK�MG;>TGÆ
TM

R9½
T2

R9½¢½QËGRD:<;>T
T3
$
TM((0, C1!start, 1′)) =

TM((1′, C1?start, 1)) = 2
HG:<TNE

TM((1, C2!ack, 2′)) = TM((2′, C2?ack, 2)) = 1
Â

� �����2������	M�$� � !�+2LPT
T N K3> T ′ T L T 5 IB2 Q KML N 8�'N),+#-". 5 Q T 6 I*/�T Q K�T L98UK N 2 NUE T Q I
KSR@? T ′

Q R R N4Q >.T I T L N 0 N T 6 I=< T Q <9:
; QT ′

⊆ QT 4 ΣT ′

⊆ ΣT 4 N K3> →T ′⊆→T
?

; ∀σ ∈ Traces(T ) ⇒ σ/ΣT ′ ∈ Traces(T )
?

L(T )
Ð�;>=¬=E�A�TG½QR9A¦R9MNA�6SA�RU½<Å�:Q=¬=%¾ :-R9M 6

T ′ ½QÅ T
Â

� �����2������	M�$� 	���� �3 P���
��/4�%� ! B�
�S�� �������	M�H� ���%/%0�����D 1!"+6LPT
T T L N 2 Q KML N 8 '*),+#-".

5 Q T 6 I*/�T Q K�T L98UK N 2 NUE T Q I4KSR 4 T ′ ∈ L(T ) T L N 0 N T 6 IC< T 4 N KS> TM ∈ T M(T ) N T\8 N K�R Q��T Q I4K�M N T E 6 Q K O IC< T ?`- 6 L T\8 N K�R Q T Q I4KBM N T E 6 Q K O TM
8 LURUT\8 QLE T LX>@T I T ′ Q R T 6 L M N T E 6 Q K OKMI
T LX>

TM [T/T ′] :→T ′ 7→ IN
>�L A KMLX> T@Y : TM [T/T ′]((q, a, q1)) = TM((q, a, q1))

?
� �����2������	M�$� � ����� �%���`!�� !JB�
�S�2 %���%��	M� � ����/10�����D 
!,+6LPT

T T L N 2 Q KML N 8�'*),+#-".
5 Q T 6 I*/�T Q K�T L98UK N 2 NUE T Q I4KSR 4 T ′ ∈ L(T ) T L N 0 N T 6 I=<

T 4 N KS> TM ∈ T M(T ′) N
T�8 N KSR Q T Q I
K M N T E 6 Q K O I=< T ′ ? ^ L N R�RX/�M L T 6 N T Q < q ∈ QT ′ RX/ E 6 T 6 N T out(q) = ∅ Q K T ′T 6 L�K out(q) = ∅ Q K T

?�% K�LWV�T LPKS>�LX> T\8 N K�R Q T Q I
K M N T E 6 Q K O I=< T ′ T I T Q R T 6 L`<X/�K E T Q I4K
T̃M(T/T ′) :→T 7→ IN

>&L A K�LW> T9Y :
C

gTM(T/T ′)((q, a, q1)) = TM((q, a, q1)) D + (q, a, q1) ∈→T ′ .C
gTM(T/T ′)((q, a, q1)) = TM((q2, b, q3)) D + ∃σ ∈ (ΣT )∗ � σ/ΣT ′ = ε �����<�

q
a
→T q1

σ
⇒T q2

b
→T q3 �

1

0

2

0 0

1

0

2

1

0

1’

1

2’

2

1’

1

2’

2

2

3

4

2

2

1

1

2

1

2

2

1

1

�	��
 �������

����������� ����
 �����

�����������

����
 �����

�����������

����
 �������

�����������

�����������

����
 �  !� 

T1 T2 T3 T4 T5

���"�"�������

����
 �������

�	�����������

�	��
 �������

��#���������$%�

�	��
 �������

����� �%&N� �NvS^nprwxqzy7qt|`pj§�^�y7�S�rqtpr�Q�

� V N M�0S2 L � ?U5xTâX�;¬Æ Õ ' Â¬åFHcÐBA�K�:QTÔC9An84:<CDW×RDMN:-R
T4

;>6�:Ó¾N:<R9Mà½QÅ
T3

HB:<TNEßRDMGAÑCDA�Ä
67RDC9;>AnK�R9AnE±R9C�:<TN69;¬R9;>½QT±½QÅ

TM
R9½

T4
;L6�E�A�¿ TGAnE�ËJÇ

TM [T3/T4]((0, C1!start, 1) = 2
H



TM [T3/T4]((1, C2?ack, 2) = 1
ÂNÚ�=>69½NH

T4
;>6ª:«¾�R9M±½QÅ

T5
HGRDMGA�T¢RDMGA,A�[rRDA�TNEGAnE�R9C�:<TGÄ

6S;¬R9;>½QT�84:-RDK�MN;¬TGÆ«;L6UE�A�¿NTGAnE�ËJÇ�$
T̃M(T5/T4)((0, C1!start, 1)) = 2

H
T̃M(T5/T4)((1, C3?status, 2)) = 1

H
T̃M(T5/T4)((2, C4!init, 3)) = 1

HN:QTNE
T̃M(T5/T4)((3, C2?ack, 4)) = 1

Â
� �����2������	M�$� � � � ���&� � 	��C�)	M %������	���1! +6LPT

T1
N KS> T2

T L T 5 I�2 Q KML N 8 '*),+#-". N KS>
TM1 ∈ T M(T1)

4 TM2 ∈ T M(T2)
?&- 6 L 2 N��9Y E INM�0�I1R Q T Q I
K I=<

T1
N KS> T2

K�I
T LX>
(T1, TM1) LC (T2, TM2)

Q R@T 6 L�'*),+#-". >�L A KMLX> T@Y :
;
� q

a
→T1

q′ � q1
b
→T2

q′1
� a 6∈ ΣT2 � TM1((q, a, q′)) ≥ TM2((q1, bq2)) ⇒ (q, q1)

a
→T1 LC T2

(q′, q1) �=
� q

a
→T1

q′ � q1
a
→T2

q′1 ⇒ (q, q1)
a
→T1 LC T2

(q′, q1) � ? . Y M�M LPT\8 QLE 8 /�2 L I=< �F?
Ã�MGA4ÆQ½r:<=	½<ÅBR9MGA4=L:<ênÇ�K�½Q8«¾ ½r6S;¬R9;>½QTÉ;L6¦R9½±:*ÁQ½F;>E±R9MGA�K�½QT 67RDC9ÀNK�R9;>½QTÉ½<ÅB=¬;>TGAn:QC�59Î���ÃUÝ
¾GC9½�E�À K~RnHNËGÀ�R�R9½«ËGÀN;¬=LE¢:�¾NC9½�E�ÀNK�RUÐ�MG½«¾GCDAn69A�CDÁQAn60RDMGA�A�ÁFA�TrRU:<¾G¾»An:QCD:QTNK�A¦½QC�E�A�C`Â

�6! � X 52� , �2���
	��S/10

Ú Ã@A`67R®VcÀGC9¾»½F69A�= Ã�V#>«;>6Y:#¾GC9½F¾ AnCSR7ÇÒR9MN:<R®½QTGAPÐB½QÀG=LEl=¬;>WQA�RD½Ó½QËN69A�CDÁQA-Ê-K�MGA`K�WÉ½FT
;¬8«¾G=>A�8«A�TrR�:-R9;>½QTjË»A�MN:*ÁJ;>½QC`Ân5�RcE�A�¿NTGA`6.:URDA�8«¾ ½FCD:Q=�6SA`ÌFÀNA�TNK�;¬TGÆ¦½<Å»½QËN69A�CDÁ-:<ËG=>A�:QK~RD;¬½FTN6nÂ
� �����2������	M�$� ��� B�3 ���� 52�1�)	M ��$1!B% T L�RUT�03/�8\0SI
RPL

TP Q R N >&LPT L98 M Q K Q RUT QLECN KS>
NUE@YUE 2 QLE '*),+#-".3? TP Q R N R�R�I EPQ�N T LW> 5 Q T 6 T 5 I�> Q RUT Q K O / Q R 6 LX> K�I
K � L9M�0MT Y RPLPT�R IC< RUT N T LUR
Accept(TP )

N KS>
Incon(TP )

R / E 6 N R Accept(TP ) ⊂ QTP N KS>
Incon(TP ) ⊂ QTP

?
Ã@½¢ÆQAnTGA�C�:-RDAjR9An6SR,K�:F6SAjÅÏ½FC�R9MGA4CDA�=L:-RD;¬½FT

interopX

H°½QÀNC�:<¾G¾GCD½F:FK�MÑ;L6�½QCD;>A�TrR9A`E±RDAn6SR
¾GÀGCD¾ ½r6SAFÂ»X�;>CD6SRnH»Ð0Aj67R�:<C9RUÅÏCD½Q8

σ1
:

M1
R9C�:QK�AQHGRDMGA�T�Ð0Aj6SA`:<C�K�M�R9MGA«K�½FC9CDAn69¾ ½FTNE�;>TGÆ

M1‖M2
RDCD:FK�A`6

σ
6SÀ K�M�:Q6

σ1 = σ/ΣM1

Â°Ã�MGA«69:Q8«A�CDAn:F6S½FTG;¬TNÆ�K�:QTÑË»A4:QE�½F¾�R9A`E±ÅÏ½FC
M2

½QC
M1‖M2

R9C�:QK�An6nÂ

�°A�R�ÀN6�6SÀG¾N¾ ½r6SAFH�R9M :-R
TP

;L6@:UR9A`67R�¾GÀGCD¾ ½r6SA�½QÅ
M1‖M2

� 8j½�E�An=¬A`E�ËJÇ¦:U=¬;>TGAn:QC@59Î���ÃUÝ�H
6SÀNK�MØ:Q6

Incon(TP ) = ∅
:QTNE

∀(q, a) ∈ (QTP , ΣTP )
H
q

a
⇒TP

R9MGAnT
∀q′ ∈ QTP H

q′
a

6⇒TP

Â`�°A�R
Y = P M1 ∩ P M2

Ë»A®RDMGAYK�½F8«8,ÀGTÓ;>TrR9A�C9Å :QK�An6�½QÅ
M1

:<TNE
M2

ÂÃ�MNA
:<=>ÆQ½QCD;¬R9MG8éÅÏ½FC�ÆQA�TNA�C�:-R9;>TGÆj;¬TrRDA�CD½Q¾»A�C�:<ËG;>=¬;¬R7Ç4RDAn6SRD6�;L6UE�An6DK�CD;>Ë A`EY;>T�¿NÆQÀGCDA@FGÂ

X;>C�67R®:É84:-RDK�MN;¬TGÆ#RDCD:QTN69;\RD;¬½FTØ;L646SAn=¬A`K~RDAnEØÅÏ½QC
TP

Â
TP

;>6«RDMGA�TÔK�½Q8«¾G=>A�R9A`Eß:QK~Ä
K�½QC�E�;>TGÆ¢R9½

Y
:<TNEÓE�AnÁJ;>69AnEÉ;>TFRD½PR7ÐB½¢R9An6SR,¾GÀNC9¾»½F69An6�$%R9A`67R�¾GÀGCD¾ ½r6SA

T1
ÅÏ½FC

M1
:QTNE

R9An6SRª¾NÀGC9¾»½F69A
T2

ÅÏ½FC
M2

Â
M1

;>6�R9C�:*ÁQAnCD69AnEYR9½4¿ TNE±:4¾N:<R9M
T3

RDMN:-R¦ÁQAnC9;¬¿NAn6
T1
Â»Ã�MNA

C9A`6SÀG=¬R9;>TGÆ«¾N:<R9M
T3

ËNC9;>TGÆF6�69½Q8«A
M2

A�ÁFA�TrRD6BRDMN:-RU;L6�TG½QRU;¬T
TP

:QTNE�ËJÇYK�½FTN6SA`ÌrÀGA�TNK�A
;>6¦TG½QRª;>T

T2
Â%Ã½�:QENE¢R9MGA`6SAjTGAnÐ A�ÁFA�TrRD6UR9½

T2
H
T3

;>6�¿NC�67R�K�½F8«¾G=¬A�R9A`E±:QKnK�½QC�E�;>TGÆ4RD½
Y
H�RDMGA�T¢¾GCD½<Ù7A`K~R9A`EY½FT

M2
:<=>¾GMN:<Ë»A�R =

T4
:F6�C9A`6SÀN=\RU>~HN:QTNE�¿NTN:<=>=>ÇYK�½F8j¾»½F69AnE�Ð�;¬R9M

T2:QK�K�½QC�E�;>TGÆ¦R9½�R9MNAU=>:Qê�Ç,K�½Q8«¾»½F69;\RD;¬½FT«EGA�¿NTGA`E4:<Ë»½-ÁQAFÂ<Ã�MG;>6cK�½Q8«¾»½F69;\RD;¬½FT4:<;>8';L6	R9½�:FEGE
TGA�Ð

M2
AnÁQA�TrR�6	R9½

T2
Ð�MG;>=>A�¾GC9A`6SAnC9ÁJ;>TGÆ�A�ÁFA�TrRD6.½FCDEGA�C =

T5
:F6	C9A`6SÀN=\RU>~Â

T5
;L6�¾GCD½<Ù7A`K~RDAnE

½QT
ΣM2

Â»5xT±A�ÁFA�CDÇ�6SRD:-RDA,½QÅ
T6
H ÐBA�¾GCD½QMG;>ËG;¬R¦69ÇJTNK�MGCD½QTG;>ên:<R9;>½QT�ÅÏC9½F8

M2
½<RDMGA�C�R9MN:QT

R9MG½r6SA�CDA�¾»½QC9R9AnE�;>T
T6
ÂFÃ�MG;>6	;L6.E�½FTGA�ËrÇ�:QEGE�;>TGÆ

Inconc
6SRD:-RDAn6�RD½

T6
Â
M2

;L6�R9C�:*ÁQAnCD69AnE
�

TP
��|`p-yS^nqtpFwcuDs*u�p-y7w.| � M1

|�v
M2

|nv � |ny7�N�



������� ��� �	�Fv7u�u�b
	�]F��g
M1

�
M2

^npJ}
TP

�
� � � ��� ��� �»u�w�yc�~^�wxu�w � |�v M1‖M2

�
�n�UgQuD�\uD�Dy7qt|`p4| � ^ªyxvS^npFwxqty7qt|np«§�^�y7�S�rqtpr� TM � |nv TP

�
� �Ue�|`§��F�tuDy7qt|`p«| � TP ⇒ Comp(TP, Y )

�
� �Ui«^n¤<qtpr���Qv7|�¡u��Dy7qt|`pFw��

T1 = Comp(TP, Y )/ΣM1

^�pJ}
T2 = Comp(TP, Y )/ΣM2

�
� �Ue�|`§��F�FyS^�y7q\|np«| � ^ªy7u�w�yc�~^nwxu�s`uDv7q �  Qqtpr� T1

qtp
M1 ⇒ T3

�
k-�Ue�|`§��F�tuDy7qt|`p«| � T3 ⇒ Comp(T3, Y )

�
� �Ui«^n¤<qtpr���Qv7|�¡u��Dy7qt|`p��

T4 = Comp(T3, Y )/ΣM2

�
� ��acu~^n�tqt©~^�y7qt|npj| � y7�Fu0�\^n©9 ���|`§���|nwxqzy7q\|np�� (T4, gTM(T4/T1)) LC (T2, TM [T2]) ⇒ T5

�
m<�Ui«^n¤<qtpr���Qv7|�¡u��Dy7qt|`p��

T6 = T5/ΣM2

�
� ���}r}Qqty7qt|npjy7|

T6
�Fq\p4uDs*uDvx ,w�yS^�y7u`�rw� Qpr�S�Fv7|`pFqt©~^�y7qt|`p4uDs*u�p-y7w�pr|nycu�p<s<qtw7^n�nu~}j£�qzy7�

M1qtp
T6
�r�	�ru�wxu�w�yS^�y7u�w0^�v7u��\^ � u��tu~}

Incon
�

�~o<�Ue�|`§��F�FyS^�y7q\|np«| � ^ªy7u�w�yc�~^nwxu�s`uDv7q �  Qqtpr� T6
qtp

M2 ⇒ T7
�

�`�n��acu~^n�tqt©~^�y7qt|np | � y7�ru �\^n©D  ��|`§���|nwxqzy7q\|np��
T8 =

(T7, gTM(T7/T2)) LC (T3, gTM(T3/T1))
�

� � �Ue�|`§��F�FyS^�y7q\|np«| � T8 VisibleX
�

� � ���»u�w�yBg<u��tu��Dy7qt|`pN�

����� ���N� b¨p-y7uDv7|`��uDvS^ � qt�tqzy¡ ��`u�pFuDvS^�y7qt|`p«^n�t�`|�v7qty7�F§«�

R9½�¿NTNEÑ:Y¾N:-RDM
T7

RDMN:-R�ÁQAnC9;¬¿NA`6
T6
Â�5xTPRDMG;>6�Kn:Q69AQH»Ð0Aj:<CDA�69ÀGC9AFHNRDMN:-R�TGAnÐÛA�ÁQAnTrRD6ª½<Å

M1
ËNC9½FÀGÆQMrRcËJÇ

T7
:QC9AªA�TJÁJ;>6D:<ÆFAnE«ËJÇ

T3
Â�Ã�MGA�T�:,=L:<ênÇ«K�½Q8«¾»½F69;\RD;¬½FT®½<Å

T3
:<TNE

T7
;>6

¾ AnCSÅÏ½FC98«AnE�:<T EY¾GCD½<Ù7A`K~RDAnE�½QT
X
Â

� ����0�	"! � 	��C����� �W������!NÃ�MNA¦K�½Q8«¾G=>A�[�;\R7Ç«½QÅ°R9MGA�:Q=¬ÆF½QCD;\RDMG8)E�A�¾»A�TNEN60½FT®RDMGA¦69;>ê�A¦½<Å
R9MGAªR9MGCDA�AªA�TrR9;¬R9;>An6�$

O(size(TP ) ∗ (size(M1) + size(M2)) + size(TP ) ∗ size(TP ))
Â

� L@M N 8�� �F?�5xT«R9MNA�K�:F6SA�Ð�MGAnC9A�RDMGA�RDAn6SRc¾GÀGCD¾ ½r6SA TP
K�½FTrRD:<;>TN6.½FTG=>Ç,A�ÁFA�TrRD6.ÅÏC9½F8'½QTNA

A�TrR9;¬R7ÇQH`ÅÏ½QC	A�[�:Q8«¾G=¬A
M1

HnRDMGA
TP

¾GCD½<Ù7A`K~RD;¬½FT�½QT
M2

;L6�A�8«¾�R7Ç�;>AQÂ
T2 = ∅

Â*5xT�R9MN;>6.Kn:Q69A
T5 = T4

:<TNE�RDMGA,:<=>ÆQ½FC9;¬R9MN8 MG½F=>E%Â»Ã�MGA�;>TFRDA�CDAn6SR�½<Å.½FÀGC�:<¾N¾GC9½r:QK�M�;>6UR9MGA�¾»½F6D69;¬ËG;>=>;\R7Ç
R9½jR9C�:<TN6SÅÏ½QCD8 K�½QT�ÅÏ½FC984:<T K�AªR9An6SR�K�:F6SA`6B;¬TrR9½4;>TrR9AnC9½F¾ AnCD:QËG;¬=>;¬R7Ç«R9An6SRUK�:F6SAFÂ

�6! 	 �����%���
	��)���
����������� � B�3 ������2D 5� ����2D � 	�� � 	�� �����2/�� B�3 �� B#	W	M�� 
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