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Abstract

We consider the generalized Korteweg-de Vries equation
Ou+ O3u+0,(uP) =0, (t,z) € R?,

in the supercritical case p > 5, and we are interested in solutions which converge to a soliton in
large time in H'. In the subcritical case (p < 5), such solutions are forced to be exactly solitons
by variational characterization [l|, l9], but no such result exists in the supercritical case. In
this paper, we first construct a ”special solution” in this case by a compactness argument, i.e.
a solution which converges to a soliton without being a soliton. Secondly, using a description
of the spectrum of the linearized operator around a soliton [@], we construct a one parameter
family of special solutions which characterizes all such special solutions.

1 Introduction

1.1 The generalized Korteweg-de Vries equation

We consider the generalized Korteweg-de Vries equation:

{&u + O2u+ 0, (uP) =0

u(0) = uo € H'(R) (eKdV)

where (t,z) € R? and p > 2 is integer. The following quantities are formally conserved for solutions

of (EKAV):
/ﬁ(t) - /u2(0) (mass), (1.1)

— 1 2 1 p+1 _
mwm—2/%m — [ = B@(©) (enersy). (1.2)

Kenig, Ponce and Vega [E] have shown that the local Cauchy problem for ) is well posed
in H'(R): for ug € H'(R), there exist 7 > 0 and a solution u € C°([0,T], H'(R)) of (gKdV])
satisfying u(0) = uo which is unique in some class Y7 C C°([0,7], H'(R)). Moreover, if T* > T
is the maximal time of existence of u, then either T* = 400 which means that u(t) is a global
solution, or T* < 400 and then |[u(t)||;: — 400 ast T T* (u(t) is a finite time blow up solution).
Throughout this paper, when referring to an H! solution of (), we mean a solution in the
above sense. Finally, if ug € H*(R) for some s > 1, then u(t) € H*(R) for all t € [0,T).

In the case where 2 < p < 5, it is standard that all solutions in H! are global and uniformly
bounded by the energy and mass conservations and the following Gagliardo-Nirenberg inequality:

p—1 p+3

wen®, [l <cam)([2) () (13)



with optimal constant Cgn(p) > 0. In the case p = 5, the existence of finite time blow up solutions
was proved by Merle and Martel and Merle [@] Therefore p = 5 is the critical exponent for
the long time behavior of solutions of () For p > 5, the existence of blow up solutions is an
open problem.

We recall that a fundamental property of equations () is the existence of a family of
explicit traveling wave solutions. Let @ be the only solution (up to translations) of

_1_

1 T
Q>0 QeH'®), Q' +Q =Q e Q=2 ]
2 cosh? (B )
Note that @ is the unique minimizer of the Gagliardo-Nirenberg inequality ([.J) (see [}f] for the

case p = 5 for example), i.e. for v € H'(R):

p=1l  pt3
[|v] Iz'ﬁl = Caon@)|lvzll; 3 llvll;3 <= F(Xo,a0,b0) € R xR xR :v(x) = apQ(Xox + o). (1.4)

For all ¢g > 0 and 29 € R, Rey a0 (t, 2) = Qe (2 — 0 — cot) is a solution of (EKdW), where

1

Qe (x) = ¢§ 7" Q(/eow).

We call solitons these solutions though they are known to be solitons only for p = 2,3 (in the
sense that they are stable by interaction).

It is well known that solitons are orbitally stable (see definition @) for p < 5 and unstable
for p > 5. An important fact used by Weinstein in @] to prove their orbital stability when
p < 5 is the following variational characterization of Qc,: if u is a solution of (EKdV]) such that
E(u) = E(Qc,) and [u? = [ Q2 for some ¢ > 0, then there exists zg € R such that u = Re, 4,
As a direct consequence, if now u(t) is a solution such that

Jiminf Ju(t) = Qe = 9l 1) =0 (1.5)
(i.e. u converges to Q., in the suitable sense), then u = R, 4,. For p = 5, the same is true for
similar reasons (see [0]).

In the present paper, we focus on the supercritical case p > 5. Some asymptotic results
around solitons have been proved: orbital instability of solitons by Bona et al. [fl] (see also [f])
and asymptotic stability (in some sense) by Martel and Merle 15 for example. But available
variational arguments do not allow to classify all solutions of () satisfying (|L.§). In fact,
in section JJ, we construct a solution of () satisfying ([.5) which is not a soliton (we call
special solution such a solution). In section f], by another method, we construct a whole family of
such solutions, and we completely characterize solutions satisfying (IE) This method is strongly
inspired of arguments developed by Duyckaerts and Roudenko in [B], themselves an adaptation of
arguments developed by Duyckaerts and Merle in M] For reader’s convenience, we recall in the
next section the results in [§] related to our paper.

1.2 The Non-Linear Schrédinger equation case

We recall Duyckaerts and Roudenko’s results for (NLY). They consider in [fj] the 3d focusing cubic
non-linear Schrodinger equation:

{i@tu +Au+ [ufu=0, (2,t)€R>xR, (NLS)

U = uo € H*(R?).

This equation is H*'/2_critical, and so L2-supercritical like (EKd VI) for p > 5, while [@] is devoted
to the H'-critical equation. Similarly to (gKdV]), (NLY) is locally well posed in H!, and solutions




of (NL9) satisfy the following conservation laws:
1 1
Exuslul(t) = 5 / Ve, ) de — / lua, )] dx = Exvs[u](0),
Muws[u](t) = / lu(z, 8)[2 do = Muws[u](0).

Moreover, if @ is the unique (in a suitable sense) solution of the non-linear elliptic equation
—Q+AQ +|Q|*Q =0, then ¢ Q(x) is a soliton solution of (NLS).

Theorem 2 in [[f] states the existence of two radial solutions Q% (¢) and Q~(t) of (NLJ) such that
Myis[QT] = Myis[Q7] = Mais[Q), Enis[QF] = Exts[Q7] = Enis[@Q) [0, +00) is in the time
domain of definition of Q*(t), and there exists ey > 0 such that: V£ >0, || Q*(t) — e"Q||,, <
Ce~“t. Moreover, Q (t) is globally defined and scatters for negative time, and the negative time
of existence of QT (t) is finite.

They also prove the following classification theorem [E, theorem 3]:

Theorem ([ff]). Let u be a solution of (NLY) satisfying Exts[u]lMnis[u] = Exvs[Q]Mrs[Q)-
(a) If |Vuol| 2 ]|uol| 2 < V@] 12|@Q]| 12, then either u scatters or u = @~ up to the symmetries.

(b) If |[Vuo|| plluoll 2 = [VQIl12]| @]l 12, then u = €@ up to the symmetries.

(c) If [[Vuo|2lluoll 2 > IVQI2]|@Qll 2 and ug is radial or of finite variance, then either the
interval of existence of u is of finite length or uw = QT up to the symmetries.

In particular, if limy— 4o ||u(t) — eitQHH1 =0, then u = ¥ Q, QT or @~ up to the symmetries.
Among the various ingredients used to prove results above, one of the most important is a sharp
analysis of the spectrum o(Lnrs) of the linearized Schrodinger operator around the ground state
solution e, due to Grillakis [[j] and Weinstein [L§]. They prove that o(Lxr.s)NR = {—e0,0,+¢o}
with ey > 0, and moreover that eg and —eq are simple eigenvalues of Lnps with eigenfunctions
YIS and YNLS = YNLS This structure, which is similar for (EKdV)) according to Pego and
Weinstein [[[7], will also be crucial to prove our main result (exposed in the next section).

1.3 Main result and outline of the paper

In this paper, we consider similar questions for the () equation in the supercritical case p > 5.
Recall that similarly to the () case, Pego and Weinstein have determined in [IE] the spectrum
of the linearized operator £ around the soliton Q(z —t): o(£) NR = {—ep, 0, +eo} with eg > 0,
and moreover ey and —eq are simple eigenvalues of £ with eigenfunctions )4 and Y_ which are
exponentially decaying (see proposition @ and corollary Q) We now state precisely our main
result:

Theorem 1.1. Let p > 5.

1. (Existence of a family of special solutions). There exists a one-parameter family (U4) ACR

of solutions of (EKdV]) such that
. A .
Jim (U +1) = Q| =0,
Moreover, for all A € R, there exists tg = tp(A4) € R such that for all s € R, there exists
C > 0 such that

Vt>to, ||UAE-+t) —Q— Ae 'Yy ||, < Ce 2"
2. (Classification of special solutions). If u is a solution of (EKdV]) such that

Jim inf fJu(t) = QC =)l =0,

then there exist A € R, ¢y € R and o € R such that u(t) = UA(t,- — ) for t > to.



Remark 1.2. From theorem E, there are actually only three different special solutions U4 up to
translations in time and in space: U', U~ and Q(- — t) (see proposition ) This is of course
related to the three solutions of (NLY) constructed in [{fl: Q*(¢), @ (¢) and €*Q.

From section [L.5, we can chose the normalization of Yz so that for A <0, [|0.U*| ., < [|Q’[|
Then U~1(t) is global, i.e. defined for all t+ € R. It would be interesting to investigate in more
details its behavior as t — —oo. On the other hand, the behavior of U'(¢) is not known for ¢ < t.

Remark 1.3. By scaling, theorem extends to Q. for all ¢ > 0 (see corollary at the end of
the paper).

The paper is organized as follows. In the next section we recall some properties of the solitons,
and in particular we recall the proof of their orbital instability when p > 5. This result is well
known @], but our proof with an explicit initial data is useful to introduce some suitable tools to
the study of solitons of () (as modulation, Weinstein’s functional, monotonicity, linearized
equation, etc.). Moreover, it is the first step to construct one special solution in section E by
compactness, similarly as Martel and Merle [% This proof does not use the precise analysis of
the spectrum of £ due to Pego and Weinstein [[L7], and so can be hopefully adapted to equations
for which the spectrum of the linearized operator is not well known. To fully prove theorem
EI (existence and uniqueness of a family of special solutions, section @), we rely on the method
introduced in [ff] and [{].

Acknowledgements. The author would like to thank Nikolay Tzvetkov for suggesting the problem
studied in this work, and for pointing out to him reference [E] He would also like to thank Luc
Robbiano and Yvan Martel for their constructive remarks.

2 Preliminary results

We recall here some well known properties of the solitons and some results of stability around
the solitons. We begin by recalling notation and simple facts on the functions Q(z) and Q.(z) =

T Q(y/cx) defined in section [L.1].
Notation. They are available in the whole paper.

(a) (-,-) denotes the L?(R) scalar product, and | the orthogonality with respect to (-, ).

(b) The Sobolev space H*® is defined by H*(R) = {u € D'(R) | (1 +§2)S/2&(§) € L*(R)}, and in
particular H'(R) = {u € L*(R) | |ull7: = [[ul|7> + [[w'[[7> < 400} — L¥(R).

(c) We denote %v = 0yv = v, the partial derivative of v with respect to x, and 97 = 0° the
s-order partial derivative with respect to x when no confusion is possible.

(d) All numbers C, K appearing in inequalities are real constants (with respect to the context)
strictly positive, which may change in each step of an inequality.

Claim 2.1. For all ¢ > 0, one has:
(i) Qc >0, Q. is even, Q. is C*°, and Q.(z) < 0 for all z > 0.
(ii) There exist K7, K2 > 0 such that: Vz € R, KieVelzl Q.(z) < Koe~Velel,
(ili) There exists C}, > 0 such that for all j > 0, QY (2) ~ Cpe= Vel when |z| — +o0.
In particular, for all j > 1, there exists C; > 0 such that: Va € R, |ng)(x)| < CjeVelel,

(iv) The following identities hold:

Jaz=cit [@r o [t =at o (2.1)



2.1  Weinstein’s functional linearized around @)

We introduce here the Weinstein’s functional F' and give an expression of F(Q + a) for a small
which will be very useful in the rest of the paper. We recall first that the energy of a function
¢ € H' is defined by E(p) = 3 [(0x¢)* pﬁfcpp"’l.

Definition 2.2. Weinstein’s functional is defined for ¢ € H' by F(p) = E(¢) + % [ %

Claim 2.3. If ug € H' and u(t) solves (gKdV)) with u(0) = ug, then for all t € [0,7%), F(u(t)) =
F(up). Tt is an immediate consequence of ([L.1]) and ([.9).

Lemma 2.4 (Weinstein’s functional linearized around Q). For all C' > 0, there exists C’ > 0 such
that, for all a € H' verifying |a||;: < C,

1

—(La,a) + K(a) (2.2)

F(Q+a)=F(@Q)+
where La = —92a + a — pQP~'a, and K : H' — R satisfies |K (a)| < C'||al|%:.
Proof. Let a € H' be such that ||a||;;; < C. Then we have

BQ+a) = [(@+00’ - [@+ar™
—E<Q>+1/<aza>2+/c2’~aza—#/[<p+1>c2pa+(“” Q@ + Rla)

5@+ foar et [

since Q" 4+ QP = Q, and where R(a) = ZT; pH)Q”“ ka*. Since [la||, < Cllal|y: < C, then
|R(a)| < Clal* < Cllallal?, and so K(a) = p+1 J R(a) verifies | K (a)] < C’||a|\?;11. Moreover,
we have more simply: [ (Q + a)® = fQ2 + [a*+2 [ Qa. Finally we have

F(Q+a)= /a+/6a—/Q”12 (a). O

Claim 2.5 (Properties of L). The operator L defined in lemma @ is self-adjoint and satisfies the
following properties:

(i) First eigenfunction: LQ™> = — Q" where \g = 1(p—1)(p+3)>0.
(ii) Second eigenfunction: LQ' =0, and ker L = {\Q’ ; A € R}.

o then S(z) = p—ilQ(x) + 22Q’'(z) and LS = —Q.

AdQc
dc

(iii) Scaling: If we denote S =

(iv) Coercivity: There exists og > 0 such that for all u € H'(R) verifying (u, Q") = (u, QPH)
one has (Lu,u) > opl|ul/?..

Proof. The first three properties follow from straightforward computation, except for ker L which
can be determined by ODE techniques, see [@, proposition 2.8]. The property of coercivity follows
easily from (i), (ii) and classical results on self-adjoint operators and Sturm-Liouville theory. O

Lemma 2.6. There exist K1, Ko > 0 such that for all e € H! verifying e L Q":

2
o= [ [ p [@rie s Kl - [2)

Proof. By claim E we already know that there exists o¢ > 0 such that for all € satisfying e LQ "z e
and e 1Q’, we have (Le,e) > oylle||3. The first step is to replace the L2 norm by the H' one 1n

this last inequality, which is easy if we choose o¢ small enough. If we do not suppose e L Q"2 3 ,
we write € = &1 + aQ"% with a = (f EQPTH)(f Q”“)_l such that e, LQ"%" for the L? scalar

product, but also for the bilinear form (L-,-) since QPTH is an eigenvector for L. Since QPTHJ_Q’,
we obtain easily the desired inequality from the previous step. o



2.2 Orbital stability and decomposition of a solution around )

In this paper, we consider only solutions which stay close to a soliton. So it is important to define
properly this notion, and the invariance by translation leads us to consider for € > 0 the ”tube”

Ue={ueH"| inf u—Qcl-—y)lly <<}
yeR

Definition 2.7. The solitary wave Q.. is (orbitally) stable if and only if for every € > 0, there exists
0 > 0 such that if ug € Uy, then the associated solution u(t) € U, for all ¢ € R. The solitary wave
Q. is unstable if Q). is not stable.

Theorem 2.8. Q. is stable if and only if p < 5.

Remark 2.9. 1. This theorem is proved by Bona et al. ] for p # 5 and by Martel and Merle
[@] for p = 5. Nevertheless, we give an explicit proof of the instability of @ when p > 5 (i.e.
we exhibit an explicit sequence of initial data which contradicts the stability) which will be
useful to construct the special solution by the compactness method (section E)

2. An important ingredient to prove this theorem is the following lemma of modulation close
to Q. Its proof is based on the implicit function theorem (see for example [m, lemma 4.1] for
details). The orthogonality to Q' obtained by this lemma will be of course useful to exploit
the coercivity of the bilinear form (L-,-). Finally, we conclude this section by a simple but
useful lemma which describes the effect of small translations on Q.

Lemma 2.10 (Modulation close to Q). There exist £g > 0, C > 0 and a unique C' map «
U, — R such that for every u € Uy, € = u(- + a(u)) — Q verifies

(6,Q) =0 and el < C inf flu—QC =yl < Ceo.
Lemma 2.11. There exist hg > 0, Ag > 0 and 3 > 0 such that:
(i) if |B] < ho then B2 < [|Q — Q(- + h)|3 < 48h2,
(ii) if [k > ho then [|Q — Q(- 4 )|[31 > Ao.
Proof. Tt is a simple application of Taylor’s theorem to f defined by f(a) = ||Q — Q(- + a)||§{1. O

2.3 Instability of @ for p > 5

In this section, we construct an explicit sequence (ugn)n>1 of initial data which contradicts the
stability of Q:

Proposition 2.12. Let ugn(z) = AnQ(A2x) with A, =1+ < for n > 1. Then

[uha=[@ .\ B <EQ ad Jun-Qlp —m0  @3)

Proof. The first and the last facts are obvious thanks to substitutlons and the doprplnated conver-
gence theorem. For the energy inequality, we compute E(ug,) = f Q2 — 2= _ [ QP+, But

2[Q%= Fen ) L [ QP*! by Pohozaev identities, and so

Blun) - Q) = |2 < 0 =) — 0t =) [
1
nk

:lé{%l(i)—(p?)} DSl (P K ey

To conclude, it is enough to show that (pgl) > %(i) for k € {2,3,4}, which is equivalent to

show that (z:f) = p%l(p;l) > %(:) = (kil)’ which is right since p > 5 and k > 1. O




Remark 2.13. We do not really need to know the explicit expression of ug_ 5, to prove the instability
of Q: initial data satisfying conditions (@) and decay in space would fit. For example, we could
have chosen A, = 1 — 1, so that conditions (£.3) hold for n large (in fact E(uon) — E(Q) ~

% J QP % < 0asn— 4oo in this case).

Theorem 2.14. Let u,, be the solution associated to ug , defined in proposition . Then
36 > 0,Vn > 1,37, € R, such that ig% [lun(Th) — Q- —y)| gr > 6. (2.4)
Yy

e We prove this theorem by contradiction, i.e. we suppose:

Ve > 0,3ng > 1,Vt € Ry, ig%”uno(t) - QG =Yy e
y

and we apply this assumption to g¢ given by lemma . Dropping ng for a while, the situation
amounts in:

/ u2 = / @, B(ug) < BE(Q) and Vt € Ry, inf u(t) — Q( — 9)ll 1 < co-
yeR

The last fact implies that u(t) € Ug, for all t € R, so lemma applies and we can define z(t) =
o(u(t)) which is C* by standard arguments (see [LJ] for example), and (¢, 2) = u(t, z+z(t))—Q(x)
which verifies (¢(t), Q") = 0 and ||e(t)| g1 < Cep for all t € Ry. Note that z(t) is usually called
the center of mass of u(t). Before continuing the proof, we give the equation verified by ¢ and an
interesting consequence on x’.

Proposition 2.15. There exists C' > 0 such that
et — (Le)a = (' (t) = 1)(Q + )a + R(e),
where |R(g(t))]| ;1 < CHa(t)H?{l. As a consequence, one has: |z'(t) — 1| < Clle(t)]| g -
Proof. Since u(t,z) = Q(z — x(t)) + &(t,z — x(t)) by definition of ¢ and —d,u = d2u + 9, (uP), we
obtain
' ()(Q +€)a — € = Quaa + €awa + (Q")z +P(Q7'e)a + R(e)
where
R(E) — g i p prkak _ i p [(p _ k)Q/prkflgk + kaka Ekfl}
Oz k k ’ '
k=2 k=2
As |le]l, < Cllellgn < Cep, we have |R(e)| < Clef> + C’|e,e|, and so R(e) is such as expected.
Moreover, since La = —ag, + a — pQP 'a and Q" + QP = Q, we get
—&t — Exxx — p(Qp_la)m = mem + (Qp)z - xl(t)(Q + E)I + R(E)

and so —¢; + (Le)y = Qr — ' (#)(Q + €)z + €2 + R(g).
To obtain the estimate on z’, we multiply the equation previously found by @’ and integrate.
Since (g4, Q") = (¢,Q"); = 0, it gives with an integration by parts:

Jwae =@ -1 [@ +e)+ [ REQ.

Since L is self-adjoint, we can write (z/ — 1) [(Q"? +€,Q") = [(LQ")e — [ R(¢)Q’. Now, from
|[€2Q'| < lleall 2 1Q |12 < el g |Q' Nl 12 < Ceol|Q']| 2, We choose g small enough so that the
last quantity is smaller than 3 [ Q'%; and so we have

- 11< 1 (| [ +|[ rere

As LQ" € L*(R) and Q' € L*(R), then following the estimate on R(g), we obtain the desired
inequality by the Cauchy-Schwarz inequality. O




e Return to the proof of theorem and now consider

o= [ (sw)+s" % W) ay

— 00

for z € R, where S is defined in claim P.J and 3 will be chosen later. We recall that S(z) =
ﬁ@(m) + 22Q'(z) verifies LS = —@Q, and in particular S(z) = o(e~|*!/2) when |z| — +o0, since
Q(z), Q' (z) ~ Cpe~ 17l (see claim P.J). By integration, we have ((z) = o(e®/?) when z — —oo,
and ¢ is bounded on R.

Now, the main idea of the proof is to consider the functional, defined for t € Ry,

J(t) = /s(t,:v)g(x) dx.

The first step is to show that J is defined and bounded in time thanks to the following proposition
of decay properties of the solutions, and the second one is to show that |J’| has a strictly positive
lower bound, which will reach the desired contradiction. Firstly, if we choose £¢ small enough, we
obtain the following proposition.

Proposition 2.16. There exists C' > 0 such that for all ¢ > 0 and z¢ > 0,
/ (W2 + 12)(t,z + 2(t)) dz < Cem0/4, (2.5)
r>xT0

Remark 2.17. Inequality ) holds for all solution u, of (gKdV]) associated to the initial data
Ug,, defined in proposition , with C' > 0 independent of n. Indeed, we have u = u,,,, for some
ng = 1, but the following proof shows that the final constant C' does not depend of nyg.

Proof. It is based on the exponential decay of the initial data, and on monotonicity results that the
reader can find in [Q, lemma 3]. We recall here their notation and their lemma of monotonicity.

o Let ¢(x) = 2 arctan(exp(z/4)), so that ¢ is increasing, lim_ o ¢ = 0, ¥(0) = 3, limy o ¢ =
1, ¢(—x) = 1—(z) for all z € R, and () ~ Ce*/* when 2 — —oco. Now let 2o > 0, tg > 0
and define for 0 < ¢ < to: ¥o(t, ) = ¥(z — z(to) + 2(to — t) — x0) and

Lo to (t) = /u2 (t, x)o(t, ) dz,

Jao.te(t) = /(ui +u?— I%upﬂ)(t,x)z/}o(t, x)dx.

Then, if we choose ¢y small enough, there exists K > 0 such that for all ¢ € [0, ¢], we have
Lo
Ly t0(t0) = o (t) < K exp (22,

€T
Jﬂﬂoio (tO) - Jzo,to(t) < Kexp (_ZO) .

© Now, let us prove how this result can preserve the decay of the initial data to the solution
for all time, on the right (which means for > zq for all zp > 0). If we apply it to t =0
and replace tg by ¢, we obtain for all ¢ > 0:

/(ui +u?)(t, x4+ z(t)Y(x — x0) dz

¢ /(“31 +ug) (@) (r — x(t) + %t — o) da + K'em /%,



But by proposition P14, we have |2 — 1| < Clle|| g1 < Ceo, thus if we choose gy small
enough, we have |2/ — 1| < 1, and so we obtain by the mean value inequality (notice that
z(0) = a(uon,) = 0): |a(t ) —t| < it. We deduce that —xz(t) + it < 0, and since ¢ is
increasing, we obtain

/(ui +u?)(t, x4 (b)) (x — 20) C/ (u2, + ul)(z)p(x — x20) do + Ke™™0/4,

o Now we explicit exponential decay of ug. In fact, we have clearly (u2, +u2)(z) ~ Ce=23Iel <
Ce~2#l when & — 4o00. Moreover, since 9(x) < Ce®/* for all z € R, we have

[+ et ear < 0 [d, + )@ a

e 10/4/% +uf)(@)e/ ! do < Clem /1,

¢ Finally, we have more simply

/(ui +u?)(t,x + 2(t)Y(x — x0) dr > 3 /x>x0 (u? 4+ u?)(t, x + 2(t)) dz,

and so the desired inequality. O
e Now this proposition is proved, we can easily show the first step of the proof of theorem .

1st step: We bound |J(¢)| independently of time by writing

J(t) = /a(t,:z:)((a:) dx = />Oa(t,I)C($) dx + /<05(t,x)C(a:) dz,

TOI< Kl [ Q)+ fult.o +a() o + \/ | et dx\/ | cwa

<ClaallQlzy + 1Ko U + @ 2V,

so that

where:

1) [le(t)l 2 < llell g < Co < +00,

i) V2= [ _,¢*(z)dr < 400 since ¢(*(z) = o(e”) when z — —oo,
iii) thanks to (R.5), we finally conclude the first step with:

U:/m> lu(t, z + x(t |dx—+zoo/ u(t,x + x(t ))|dac<+ZOO(/ﬂa>nu2(7§,:1c—|—ac(t))dac)1/2

n=0

1/2 +0o0
< lult, - + z(1)| 12 + Z (/ u?(t, @ + w(t))dw) <Ceo+ Q2 +C Y e™™® < foo.
n=1 z>n

n=1

2nd step: We evaluate J' by using proposition and by integrating by parts:

= [ac= [aaucr @ -1 Qo -1 [act / R(e)C
/EL x—l/QC—x—l/EQ—i—/

= _/E(Ls+gLQT)—(;c'—1)/Q(S+ﬁQT)—(:v'—l)/sc’+/R(€)<



Now we take 8 = — ff 93 so that the second integral is null. Note that by (iv) of claim @,
Q

£ farea otk - () forco

since p > 5, and so by taking ¢ = 1 we remark that 8 > 0. Moreover, since QPT+1 is an eigenvector
for L for an eigenvalue —\g with Ao > 0 (see claim P.9), we deduce

V== [e-@-ma ) - @ - 1) [¢'+ [ R

:mo/sQ”T“+/Qs—(x’—1)/ac’+/3(s)<.

But for the last three terms, we remark that:
a) the mass conservation [u?(t) = [ud implies that [Q?+2 [eQ+ [e? = [ Q% and so | [ Qe| <
1 2 1 2
3 )& <5llellan
b) thanks to proposition P18, we have |—(a/ — 1) [¢’| < |2" — 1[|lell 2 I 12 < CllellFm
c) still thanks to this proposition, we have | [ R(¢)¢| < [[<I| IR ()l 1 < Cllel3: -
We have finally
J' = BXo / eQ" + K(e) (2.6)

where K (g) verifies |K (g)| < C||£||ip. We now use identity (.9) which claims
1
F(u(t)) = Fuo) = F(Q) + 5(Le,e) + K'(e)

with |K'(¢e)| < C||5||§Il. In other words, we have (Le,e)+2K'(e) = 2[F(ug) — F(Q)] = 2[F (uo,ny) —
F(Q)] = —no with 74,y > 0, since [[ug n,|l ;> = |Q|l 2 and E(ugn,) < E(Q) by construction of
U0,ne- TO estimate the term (Le, ), we use lemma E, so that if we denote a(t) = fEQPTH, we

obtain
K,

Ky

2
lelzn +=K"(e)-
Ky

2 1 _ /yn() Kl
lelli = 5 (Leve) = o2+ 72

a’(t) >
Since |K'(e)| < C’||a||§{1 and [[e]| g1 < Ceo, then if we take £9 small enough, we have
2 2
a”(t) = Kl + fing

with K, k,, > 0. In particular, a®(t) > k,, > 0, thus a keeps a constant sign, say positive. Then

we have
K K
2 n
a(t) =\ Klell g + fing =1/ S el + /=5 = K'lellm + 0,

But from (R.6), we also have J'(t) = BAoa(t) + K (¢) with |K (¢)| < C||£||§{1, and so:

J'(t) = BAK'||e]| g1 + BAokly, — Cllell7n = BAokly, = Ony > 0

if we choose as previously gp small enough. But it implies that J(¢t) > 6,,t + J(0) — 400 as
t — 400, which contradicts the first step and concludes the proof of the theorem. Note that if
a(t) <0, it is easy to show by the same arguments that J'(t) < 0;, <0, so limy_, ;o J(t) = —00
and then the same conclusion.
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3 Construction of a special solution by compactness

In this section, we prove the existence of a special solution by a compactness method. This result
is of course weaker than theorem E, but it does not require the existence of Vi proved in [@]

3.1 Construction of the initial data

Now theorem is proved, we can change T}, obtained in (@) in the first time which realizes
this. In other words:

infyep [[un(Th) — Q= )l =6

36 > 0,Vn > 1,3T,, € R, such that .
{Vt € [0, 7], infyer [lun(t) — Q- —y)llyn <0

Remark 3.1. We have T,, — +o00. Indeed we would have T;, < Ty for all n otherwise (after
passing to a subsequence). But by Lipschitz continuous dependence on the initial data (see [97
corollary 2.18]), we would have for n large enough

sup |un(t) = Q(- = t)l[ g1 < KlJuo,n — Qll -
t€[0,7To)

But since |[ugn — Q|| ;1 —— 0 by (R.3), we would have infyep [[un(t) = Q(- — y)| ;0 < § for n
large enough and for all ¢ € [0, Tp], which is wrong for ¢t = T;, € [0, Tp).

Now we can take § smaller than eg, so that w,(t) € U, for all t € [0,7,,] and so lemma
applies: we can define z,(t) = a(u,(t)) (notice that z,(0) = a(up,,) = 0) such that e,(t) =
Un(t, - + 2, (1)) — Q verifies

(en(t), Q') =0
vie 0.1 { len®)lm < Cinfyes [lun(t) — Q( — 1)l < €3

Moreover, for t = T,,, we have more precisely
5 < llea(Tu)l i < C5. (3.1)
In particular, {&,(T},)} is bounded in H!, and so by passing to a subsequence, we can define
en(T) = €00 in H' (weakly) and vy = e + Q.

Remark 3.2. 1. As announced in the introduction, one of the most important points in this
section is to prove that we have constructed a non trivial object, i.e. vy is not a soliton
(proposition B.4). This fact is quite natural since vy is the weak limit of wu,(Ty, - + 2, (T},))
which contains a persisting defect €, (T,).

2. Since the proof of proposition @ is mainly based on evaluating L? norms, the following
lemma will be useful.

Lemma 3.3. There exists Cy > 0 such that, for n large enough, ||&,,(T},)| 2 = Coé.

Proof. It comes from the conservation of the Weinstein’s functional F' in time. In fact, we can
write F(Q +e,(Th)) = F(Q + £,(0)) where £,(0) = ug,, — Q verifies ||,,(0)|| ;u —— 0 by (R.3).

Then by (R-2)
F(Q) + 5 (Len(Ta),en(Tu)) + K (ealTa) = F(Q) + 5 (Len(0),a(0)) + K (=0 (0))

where | K (a)| < Cy|a]|?:. Tt comes

[ [(@cen(m)? + 221 = p@r12(T)] < ClenlOlfn + K (£0(0) ~ K(en(T2)

11



and so
llen(To)ll7 < O/Ei(Tn) + Cllen(0)[ 71 + Crllen(0) I3 + Chllen(T) [

Since ||n(0)]| ;1 — 0, then by (B.1]) we have for n large enough

52
len(u)ln <€ [ (T + CrOBlenTli + -
But if we choose ¢ small enough so that C;Cd < %, we obtain
2 1 9 5?2
S <l <C [+ T
and finally [e2(T,) > %. O

Proposition 3.4. For all ¢ > 0, vy # Q..

Proof. We proceed by contradiction: suppose that v, := un(Th, -+ 20 (Th)) = 10 = € + Q = Q¢
weakly in H! for some ¢ > 0. We recall that it implies in particular that v, — Q. strongly in
L? on compacts as n — +00.

e Decomposition of v,: Let ¢ € C°(R,R) equals to 0 on (—oo,—1] and 1 on [0, +00). Now
let A > 1 to fix later and define @4 () = p(z+ A), so that pa(z) =0if x < —A—1and 1 if

x> —A. Wealso define h,, = (1—94)vn, Q2 = Qepa and 2z, = YAV, —PAQc = ©A(Vn—Q.),
so that

Un:(1_SDA)Un+(pA’Un:hn+Zn+Q?'

e Estimation of ||zy]| .:

/ z = / (n — Qe)*¢% < [ Tll (vn — Qc)* + / o (v — Qc)*

A+1
g/ (vn—Qc)2—|—2/ v;i+2/ Q*=I1+J+K.
—A-1 z>A+1 z>A+1

Notice that I —— 0 since v, —— Q. in L? on compacts. Moreover, thanks to exponen-

n—oo n—oo

tial decay of Q., we have K < Ce~2V¢4, Finally, we have J < Ce~4/* with C independent
of n by remark R.13. In summary, there exists p > 0 such that [22 < Ce P if n > n(A).

e Mass balance: On one hand, we have by (.3) and mass conservation [v2 = [u3 , = [ Q>
On the other hand, we can calculate

/’UZZ/h,Ql-f—/(Q?+Zn)2+2/AA1U,2190A(1—SDA).

But since v,, — Q. on compacts, we have Qf:;;tl v2pa(l—pa) —— 2 f::A Q%pa(l—
n—oo

@a) < Ce P4, Consequently,

/QQZ/hi+/(Q?)2+2/Q?Zn+/22+aﬁ

where a2 > 0 verifies a! < Ce P4 for n > n(A). Thanks to the previous estimation of
|zn|l ;2 and the Cauchy-Schwarz inequality, we deduce that

Q*= [ 2+ QA2+Q/A
[ [is [ @+

12



1A

where a2 verifies |a/4| < Ce™?4 for n > n(A). But

/ /Q”“"/Q§+/Q5(@i‘1></¢?i+/z<AQ§</Q§+06M

and [ Q% = ¢P [ Q? with 3 > 0 since p > 5 (see claim P.1). In conclusion, we have the
mass balance
(1= QI = a7z + ar (32)

where a/’4 still verifies |a”/4| < Ce P4 for n > n(A).

Upper bound of ||hy || 2: We remark that for n > n(A), ||hn||;2 < C1d. Indeed, thanks to
(B.1)), we have

Iz < 1= )@l 2 + lea(Tu) 2 < Ce™#4 + C5 < Cr6

if we definitively fix A large enough so that e=?4 < 6% (the power 3 will be useful later in
the proof).

Upper bound of |¢ — 1|: Thanks to the previous point and mass balance (B.9), we have
|1 — ¢ P| < C4%. We deduce that c is close to 1, and so by Taylor’s theorem that |c — 1| <
K1 —c 8 <08

Lower bound of ||hy||;.: We now prove that for n > n(A), ||hn|| 2 = C26. Firstly, we have
by lemma :

Cod < llen(T)ll 2 = llvn = Qllze = [hn + Q2 + 20 — Q| 1
hallpe + lzall e + | QF = Qel| 12 +11Qc = QU2 = [hnllzz + 1Qe = Qllzz + b3y
where b7 = ||z + ||Q2 — QCHL2 > 0 verifies b2 < Ce™ P4 for n > n(A). Moreover, if
we denote f(c) = Qe — Q|3 for ¢ > 0, then f is C* and f(c) = 0 = f(1), hence 1 is a

minimum of f, f'(1) = 0 and so by Taylor’s theorem: f(c) < C(c—1)%, ie. [|Q. — Qll 2 <
Clc — 1|. Thanks to the previous point, we deduce that

NN

8 < a2 + K6 + bf} < bl +C62.
Finally, if we choose § small enough so that C'd < =2, we reach the desired inequality.

Energy balance: We now use the conservation of Weinstein’s functional and (@) to write
1
F(uo) = F(vn) = F(Q + en(Tn)) = F(Q) + 5 (Lea(Tn), en(Tn)) + K (en(Tn))
where |K (en(T)))] < C||5n(Tn)||§{1 < C8% by (B.1). Now we decompose ¢,,(T},) in
5"(Tn):vn_Q:hn‘an"'Q?_Q:(Qc_Q) (QA Qc) + (zn + ha)

in order to expand

(Lgn(Tn)v EH(TH)) = (L(Qc - Q)v Qc - Q) + (L(Zn + hn)7 Zn + hn)
+ (L(QF — Qo). QF — Qc) +2(L(Qc — Q) 2n + )
2(L(Qc — Q), Q — Q) + 2(L(QY — Q). 2n + ).

We recall that (La,b) = — [a”b+ [ab—p [ QP~'ab, and so by the Cauchy-Schwarz inequal-
ity: |(La,b)| < (||@"||L2 + Cllall 2)[bll 2. Since we have [|zn + hnll 2 < [lznll g2 + |hnll 2 <
Ce P4 4+ (016 < C§, we can estimate

(L(Qe = Q) 2n + )l < (1QF = Q"N 2 + CllQc = Qllp2)llz + hnll 12 < Cle—1]-C8 < CF°.
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Similarly, we have

(L(QY — Qc)s zn + )| < (|€4Qcl 12 + 2104 Q0l 12 + 104 — QY| 2
+C||Q = Qcl| L) llzn + hnll 2
< Ce P .05 <088,

Moreover, we have by integrating by parts (La,b) = [a'/ + [ab — p [ QP tab, and so
|(La,b)| < Cllall ;1 |bll 2. It implics that

(L(Qe — Q), Qe — Q)| < C||Qe — QI3 < Cle—1)* < C¥°,
(L@QF — Qc). Q2 — Q) < C[| Q2 — Qe 3 < Ce™4 < €6,
|(L(Qc - Q)uQ? QC)' < CHQC - QHHl HQ? - QCHHl < C|C— 1| ’ Ce_pA < 0637

thanks to the estimate on |c — 1| previously found. For the last term, we have
(Lt + 2n)s o+ 20) = [hn + 2020 — p/prl(hn T z0)?
and
[t vz < former @i <z [a-pare i+ 2l [ 2
<z renQr [
z<—A

But [[vn] < Cllonllgn < Clllen(T)ll g + Q) < CKS + [|1Qllpn) = K, and so
Joea Q2 <C [, Q"' < Ce P4, As [ 22 < Ce P4, we have

1 1
F(uo) = F(Q) + 5l + 2nllipn +dpt > F(Q) + 5 llhn + 2z + dy
where |d4| < C83 for n > n(A). Moreover we have

o+ 20l 72 = [all 72 < lzallZe + 2llzall 2 lnll e < Ce™4 +2Ce™4 - C18 < C5°.

Finally, energy balance provides us, for some N large enough,
1
F(ug) > F(Q) + g llhw 32 +d'

with |d/| < C83.

e Conclusion: Since F'(ug) < F(Q) by hypothesis, we obtain ||hN||iz < C83. But we also have

by the lower bound of ||| ;2: ||hnl|72 > C26%. Gathering both information, we obtain

2
% < §, which is clearly a contradiction if we choose § small enough, and so concludes the

proof of proposition @ O

3.2 Weak continuity of the flow

The main idea to obtain the special solution is to reverse the weak convergence of v, to vy in time
and in space, using the fact that u(t,z) is a solution of (EKdW) if and only if u(—t, —z) is also a
solution. More precisely, we define wy = 6y € H!(R), i.e. for all z € R, wo(x) = vo(—z).

Remark 3.5. For all ¢ > 0 and all zg € R, we have

wo # Qc( + :EO)'
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In fact, otherwise and since Q. is even, we would have vg(z) = Q.(x — x¢). But v, — Q = ,(T},)
and (e,(T}), Q") = (v,, Q") = 0, so by weak convergence in H, (vg, Q') = 0. Thus we would have
J Qc(z—20)Q’ (z) dz = 0, and if we show that 29 = 0, we shall reach the desired contradiction since
we have vy # Q. for all ¢ > 0 by proposition .4 To show this, consider f(a) = [ Qc(z—a)Q'(z) dx
for a € R, which is odd since Q. is even and @’ odd. In particular, f(0) = 0, and it is enough to
show that f(a) < 0 for a > 0 to conclude (because we shall have f(a) > 0 for a < 0 by parity).
But using again the parity of Q. and Q’, we have

a —+oo
f@) = [ [@ca =)~ Qla+ 2] Q@)+ [ 1Qule — a) - Qulo + @)@/ (w) e

0 a
Since Q' is negative and Q. is strictly decreasing on R, , both integrals are negative, and so
f(a) <0 for a > 0, as we desired.

Remark 3.6. 1. Now, wy being constructed, we show that the associated solution w(t) is defined
for all ¢ positive, and can be seen as a weak limit (proposition ) in order to prove the
convergence of w(t) to a soliton.

2. The main ingredient of the proof of proposition @ is the following lemma of weak continuity
of the flow, whose proof is inspired by E, theorem 5]. This proof is long and technical, and
thus is not completely written in this paper.

Lemma 3.7. Suppose that zp, — 2 in H', and that there exist T > 0 and K > 0 such that the
solution 2, (t) corresponding to initial data zo,, exists for ¢ € [0, 7] and sup,¢jo 7y |20 ()] 52 < K.
Then for all ¢ € [0, 7], the solution z(t) such that z(0) = 2o exists, and z,(T) — z(T) in H'.

Sketch of the proof. Let T% = T*(||zo||H%) > 0 be the maximum time of existence of the solution
z(t) associated to z, well defined by [, corollary 2.18] since s = 3 > 2&—7_51) = 5c(p). We

distinguish two cases, whether T < T or not, and we show that this last case is in fact impossible.

1st case: Suppose that T < T*. As z(t) exists for t € [0,7] by hypothesis, it is enough to
show that z,(T) — z(T) in H'. But since C§° is dense in H ™' and ||z, (T) — 2(T)|| ;. <
lzn (D) g + [|12(T)]| g < K, it is enough to show that z,(T") — 2(T") in D'(R). It is the
end of this case, very similar to the proof in [E] (but using a H? regularization and so using
some arguments like in [[L1} section 3.4]), which is technical and not written in this paper
consequently.

2nd case: Suppose that T* < T and let us show that it implies a contradiction. Indeed, there
would exist 77 < T™* such that ||2(T')||H% > 2K (where K is the same constant as in
the hypothesis of the lemma). But we can apply the first case with T” instead of T, so
that z,(7") = 2(T”) in H', and since ||z,(T")||;: < K, we obtain by weak convergence
Hz(T’)HH% < |[2(T")|| 2 < K, and so the desired contradiction. O

Proposition 3.8. The solution w(t) of (EKdV]) such that w(0) = wy is defined for all ¢ > 0, and
un(Ty — t, 2 (Ty) — ) — w(t) in HL.

Proof. As the assumption is clear for ¢ = 0, we fix T" > 0 and we show it for this 7. Since
lim,,— oo T, = 400 by remark @, then for n > ng, we have T, > T. As a consequence, for
n > ng and for ¢t € [0,T], z,(t) = un (T, — t,2,(T},) — ) is well defined, solves (EKdV]), and has
for initial data

20 (0) = U (T, 0 (T}p) — ) = 0 — T = wo  in H.

s%

Moreover, we have

Hzn(t)”Hl = lun(Tn — t, 2,(T) — )”Hl
< len(To =t 20 (Tn) — 2n(Th — t) — ')HHI +H1Q(@n(Th) — 2n(Th — 1) — ')HHI
<len(@n = Ol + 1Rl g < Co+[1Ql g = K.

By lemma B.7, we deduce that w exists on [0, 7], and 2, (T) — w(T) in H. O
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3.3 Exponential decay on the left of w

The goal of this section is to prove an exponential decay on the ”left” of w, using the exponential
decay of u, on the right. Indeed, since ,(T, —t) = un(T — t,- + (T, — t)) — Q verifies
(en(Th —t),Q") = 0 and ||en (T, — t)|| 2 < C6 for all t € [0,T},], then u, (T} — t) is in the same
situation as the situation of v summed up just before proposition , with ¢ instead of ¢q for
the small parameter. In particular, by remark , inequality (E) holds for w, (T}, — t) with C
independent of n if we choose ¢ small enough. In other words, we have for all ¢ > 0 and xg > 0
(and n large enough):

/ (W2, +u2) (T, —t,x + 2, (T), —t)) dz < Ce /4, (3.3)
>x0
But before passing to the limit, we have to define the ”left” of w, i.e. the center of mass x,,(t) of
w(t).
Lemma 3.9. There exists C' > 0 such that, for all ¢t > 0, infyer |w(t) — Q(- — y)| g < C0.
Proof. Fix t > 0 and ng > 0 such that for n > ng, T,, > t. Since @ is even, we have

En(Tn - taxn(Tn) - xn(Tn - t) - ) = un(Tn - taxn(Tn) - ) - Q( - xn(Tn) + mn(Tn - t))
Now if we denote wy, (t) = un (T, — t, 2, (Th) — -) and yn () = 20 (Ty) —

lwn(t) = Q( = yn(O)ll g1 = llen(Tn = Dl g < C6.

But following the remark done at the beginning of this section, proposition @ is still valid, and
so |a7,(t) = 1| < Od for t € [0,T,]. We deduce that yn(t) = [,", 2 (s)ds = [ (x},(s) = 1) ds+t
verifies |y, (t)| < Cot+t = Ct. By passing to a subsequence we can suppose that hmnﬂoo yn(t) =
y(t). But now we can write

lwn () = Q- = y()ll g < C+1Q = Q(+ (yn(t) =yl n < C'0

for n > N(t,6) by lemma P.11]. Finally, since w,(t) — w(t) in H' by proposition B.§, we obtain
by weak convergence ||w(t) — Q(- — y(t))| ;1 < C’d, and the result follows. O

Zn (T, — t), we have

We can now choose § small enough so that Cé < g, and so we can define z,,(t) = a(w(t)) by
lemma R.10, with notably [w(t,- 4 @, (t)) — Q|l;n < Cd. But to exploit (B.3), we have to show
first that y,,(t) = 2, (Th) — 2n (T — t) is close to z, () for all .

Lemma 3.10. There exists C' > 0 such that: Vt > 0,3ng = 0,Vn > ng, |24 (t) — yn(t)] < C6.
Proof. Let ¢t > 0 and n large enough such that T;, > ¢t. We keep notation w,,(t) and y,(t) of the

previous proof , where we have already remarked that |y, (t)] < Ct. For the same reason, we have
2w (t) — yn(t)] < Q. Now choose A(t) > 1 such that |Q[| 124> a¢)—ar < 0- Since wy(t) = w(t)
in H!, then for n > ng, we have |jw, (t) — W)l p2(jz)<aqry) < 6. Moreover,

[w(t) = Q( —zw(®)]gn <CI and  Jlwn(t) = Q( = ya (V)| g1 < C9,

and so by the triangle inequality: [|Q(- — zw () — Q(- = yn ()l L2(jzj< )y < CF. We deduce that
for n = ng:

1Q = Q-+ zw(t) = yn())l 12 < V2IQ — Q- + () = Yn () L2 (1w i< a0r))
+V2(Q — Q- + ww(t) — Yn ()l L2121 At
<06+ \/§”Q“L2(|z|2A(t)) +V2)Q( + zw(t) — Yn ()l L2101 At
<06+ 2\/§HQHL2(\1\2A(1€)—QI€) < Co.

We conclude by choosing § small enough so that C'd < Ag, where Ay is defined in lemma , and
we apply this lemma to reach the desired inequality (note that the lemma holds of course with
the L? norm instead of the H! one). O
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If we choose ¢ small enough so that Co < 1 (for example) in lemma , we can now prove
the following proposition.

Proposition 3.11. There exists C' > 0 such that, for all ¢ > 0 and all g > 0,
/ (w2 + w?)(t, @ + 2 (t)) do < Ce™0/4,
r<—xzo—1

Proof. Let t > 0, 2o > 0 and n > ng where ng is defined in lemma B.10. From (B.3) and the
substitution y = x,(Ty,) — o (Th, — t) — = yn(t) — x, we obtain

/ (U2 + un) (T — t, 20 (Ty) — @) dw < Ce™™/%,
@ <yn(t)—wo
If we still denote wy, (t) = un (T, — t, 2, (1) — -), we deduce by lemma that
/ (w2, +w?)(t, z) de < Ce /4,
r<—xzo—14+zyw(t)

But wy,(t) — w(t) in HY, so w,(t) = w(t) and wy,,(t) = w,(t) in L2 Moreover, since ¢ =
L(—oo,—zo—1+aw() € L™, then w,(t)Y — w(t)y and wp, ()Y — we(t)y) in L?, thus by weak
convergence fm<_$0_1+mw(t) w?(t,z) dz < Ce~*0/* and the same inequality for w,, so the result
follows by sum. O

3.4 Asymptotic stability and conclusion

The final ingredient to prove that w(t) is a special solution is the theorem of asymptotic stability
proved by Martel and Merle in @] Indeed, thanks to lemma @, we can apply this theorem with
¢o = 1 if we choose ¢ small enough such that C§ < ag. We obtain ¢y > 0 and ¢ — p(t) € R such
that

”w(t) - Qc+(' - p(t))||H1(m>t/10) m) 0. (3'4)

Remark 3.12. As usual, p(¢) and c4 are defined in by a lemma of modulation close to @,
which gives the estimations: ||w(t) — Qc, (- — p(t))HH1 <o, |p'(t) —1] < C6 and e — 1| < CO0.
We deduce that
1Q = Q( +p(t) = zw(®)ll g = [|QC = p(t) = Q( — 2w (D)) 1
< HQ - QC+||H1 + Hw(t) = Qey (- — p(t))HH1
+ llw(®) = QC = ww ()l g
< Kley —1|+C5+C'6 < C76.

Now if we choose § small enough, then C”6 < Ay and lemma gives |z, (t) — p(t)| < Co < 1.
Finally, proposition becomes

Vt > 0,Vxo > 2, / (w2 +w?)(t,z + p(t)) de < C'e™ "0/, (3.5)
r<—xo

We are now able to prove the main result of this section.

Theorem 3.13 (Existence of one special solution). There exist w(t) solution of (gKdV]) defined for
all t >0, c; > 0 and t — p(t) such that:
) 10(t) = Qe (- = PO 1y —— 0,

t——+oo

(ii) Ve > 0,Vzg € R,w(0) # Q.(- + ).
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Proof. By remark B.g, it is enough to prove (i). We have by the triangle inequality

o) = Qe (- = PN gy < I0®) = Qe (= PO 1 (a50/20) + 2B i ey
+2(|Qes - = P 5 (et 10y = T+ TT+IIL

Since |p/(t) — 1| < €8 < 75 if we choose § small enough, then |p(t) — ¢ — p(0)| < ¢, and so if we
denote py = p(0) € R, we have 15 — p(t) < —2t — po. We can now estimate:

10
° ITOby (@)

e For ¢ large enough, we have % + po > 2, and so (@) gives

1
—II = / (w? +w?)(t,z) de = / (w} + w?)(t, z + p(t)) da
2 2<t/10 w<t/10—p(t)

t——+oo

< / (w? + w?)(t,z + p(t)) dz < Ce /> —— 0.
x<—4t/5—po

e Finally, since (Q7 + Q7 )(z) < Ce®>VeH? for all z € R (see claim R.1), we have

1
= [ (QF @) vy~ | (@2 +@Q2,)() do
x<t/10 x<t/10—p(t)
</ (Q’i+@§+)(x>dw<c/ VT < Ce™ BVF ——— 0
x<—4t/5—po x<—4t/5—po t—+o0
which achieves the proof of theorem B.13. O

Corollary 3.14. For all ¢ > 0, there exist w,(t) solution of (gKdV]) defined for all ¢ > 0 and
t — pc(t) such that:

(1) ch(tv'—’—pc(t))_QC”Hl(R) t—400 0’

(i) V¢ > 0,Vzo € R,we(0, - + pe(0)) # Qe (- + z0).

Proof. Tt is based on the scaling invariance of the (EKdV]) equation: if u(t, ) is a solution, then
for all A > 0, A7-1 u(A3t, A\z) is also a solution. For ¢ > 0 given, we thus define w,. by we(t) =

2 2
ATTw(A3t, Ae) with A, = | /&=, where w and ¢ are defined above. Since Q.(x) = AT Qe, (Ne),
then we have by substitution

2 27:? 3 2
Je) = Qe - = O] 2 = A (awelt/ 2, + p0)/20) - Qe
1 2
+ 5 lloalwetE -+ p)/3) - Q7).
We deduce that

p—>5
A Jwe(t/22, -+ p(t)/Ae) = Q|57 i Ae <1
i)~ Qes =)o > 4 o] i ,
Ae P lwe(t/AL, -+ p(8)/Ae) = Qel| g i A =1
and so limy_, 4o ch(t//\g, “Fp(t)/Ae) — QCHHl = 0 in both cases by theorem B.13. We finally

obtain (i) if we take p.(t) = p(i—gt). For (ii), if we suppose that there exist ¢ > 0 and o € R such
that we(0,- + pc(0)) = Qe (- + o), then we get

wo = Qc'i ( + (\/Eﬂco —po>)
c Cyq

which is a contradiction with remark B.3. |
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4  Construction and uniqueness of a family of special solutions via
the contraction principle

In this section, we prove theorem . The proof is an extension to () of the method by
fixed point developed in [f], fl. To adapt the method to () we use first information on the
spectrum of the linearized operator around Q(- — t) due to [[I'7] (see proposition @ in the present
paper). Secondly, we rely on the Cauchy theory for (gKdV) developed in [{, [Ld]. Indeed, one of the
main difficulties is the lack of a derivative due to the equation, but compensated by a smoothing
effect already used in [}, [L0].

4.1 Preliminary estimates for the Cauchy problem

Theorem 3.5 of [E] and proposition 2.3 of [@] are summed up and adapted to our situation in
proposition [L.1] below. We note W (£) the semigroup associated to the linear equation d;u+d3u = 0.

Notation. Let I C R be an interval, 1 < p,q < oo and ¢g: R x I — R. Then define

+o0 p/a 1/p +00 a/p N\ 4
l9llLprs = (/ (/I|9($at)|th> dCC) s lgllpare = </I (/ |g(x,t)|pd:c) dt)

and LPLY = {g | ||gHLqu < +oo}and LILP = {g | ||gHLqu < +o0o}. Finally, denote LPL{ = LP L
and LILP = Lq LP.

Proposition 4.1. There exists C' > 0 such that for all g € LLL? and all T € R,

H S Wt )g(e, )yt < Cllgllps e (4.1)
co [T, 40 )
LE 4oy L2
3 | -ttty ar < Clglls s, (12)
LELEP oo o

Proof. (i) Inequality (f.])) comes from the dual inequality of (3.6) in [{], i.e

g [t
o [ Wty < Clals
T L2 x 7t
Let t > T, we get for g(z,t') = 1 yo0)(t")g(z,t):
a oo ! ! / oo
o [ Wt nar| = |2 [ werse ] <Claly,

and so the desired inequality since W is unitary on L2.

(i) Inequality ([£3) comes from inequalities (2.6) and (2.8) of [L]] with the admissible triples
(p1,q1,21) = (5,10,0) and (p2, g2, @2) = (00,2,1). In fact, if we combine (2.6) cut in time
with [0, +00) and (2.8), we get

< Cllgllp -

3 | W=ttty ar
LYLP

If we apply it to g(x,t') = Li1 100 (t')g(x,t"), we reach the desired inequality since

o | W= or)ar

H S W - et d

LILE | L5 L0
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4.2 Preliminary results on the linearized equation

4.2.1 Linearized equation

The linearized equation appears if one considers a solution of (EFKdV) close to the soliton Q(x —t).
More precisely, if u(t, ) = Q(x —t) + h(t,x — t) verifies (gKdV]), then h verifies

Oth + Lh = R(h) (4.3)
where La = —(La)y, La = —0%a + a — pQP~'a is defined in section P.J, and
R(h) = —0, (zp: (p) Qp_’“h’“> .
i\

The spectrum of £ has been calculated by Pego and Weinstein in [@], their results are summed
up here for reader’s convenience.

Proposition 4.2 ([L7]). Let o(£) be the spectrum of the operator £ defined on L2(R) and let
Oess(L) be its essential spectrum. Then

Oess(L) = iR and o(L)NR = {—ep,0,e0} with eg > 0.
Furthermore, ey and —eg are simple eigenvalues of £ with eigenfunctions YV, and J_ = J7+ which
have an exponential decay at infinity, and the null space of £ is spanned by Q’.
4.2.2 Exponential decay

Exponential decay of ), has been proved in @]7 but a generalization of this fact to a larger family
of functions will be necessary in the proof of proposition @ For A > 0, consider the operator Ay
defined on L? by Ayu = u" — «' — Au, and the characteristic equation of Ayu = 0,

iz) =22z —-X=0.

Note 07, 0, 04 the roots of fy, eventually complex, and sorted by their real part. A simple study
of f shows that o3} is always real, o3 > \%7 and (03),- is increasing. Moreover, we have the
three cases:

A
(a) If A > %, then o7 and o3 are two conjugate roots which verify Reo} = Reoj = —%.
(b) 16 = 522, then o = 0} = — and o3 = 2.

(c) A< %, then o7\, 03 are real and: o7 € (—\/g, —%) ;05 € (—%,O). Moreover, (03),

is decreasing, and in particular o3 0 when A\, 0.

This analysis allows us to define

min (o3, —Re oy, ep, 1) > 0
0

1
M_4)\2e

and
H={feH®R)|Vj>03C; >0,Vz R, |fD(x) < Cjet.
Lemma 4.3. If u € L? and f € H verify " —u' — Au = f with A > eg, then u € H.

Proof. First notice that u € H*°(R) by a simple bootstrap argument. Moreover, the method of
variation of constants gives us

x x

A +o0 A A A A A
u(z) = Ae3” / e 98°f(s)ds + Be?2” / e~ 2% f(s)ds + Ce”1” / e~ 1% f(s)ds

— 00 — 00
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with A, B, C € C, if we suppose that A # f We can also notice that u’ has the same form as u,

except for three terms in f(z) which appear, and which have the expected decay by hypothesis,
and so on for (%) for j > 2. Hence we only have to check exponential decay for u:

x

+oo
()] < Aled / e8| f(s)| ds + BeReode / e Reods | f(s)| ds

_i_c/eRccrf‘z/ echai‘slf(S)ldS'

By changing x in —z and by the definition of u, it is enough to show that if
xr
v(x) = ef‘””/ e®eHlsl ds
— 00

with a > 2u, then v(z) < e M=l Notice that one half could also have replaced one quarter in
the definition of u, but this gain of 2 allows us to treat the case A\ = % (not written here for

brevity), which makes appear a polynomial in front of the exponential in the last two terms of the
expression of u. Finally, we conclude in both cases, since a — > p > 0:

o If z <0, then v(z) < e % f e5ehs g = Cle= 9% . glatm) — Clgh® — (o=l
o If x >0, then v(z) < e ** f 05— HS g = (e . pla—p)r — Clo=ha — (e—Hlz|
The case A\ = 3 f is treated similarly. O

Corollary 4.4. Y,,Y_ € H.

Proof. Since J)_ = Y., it is enough to show that }); € H. But by definition of }; in [@], we
have LY, = eoYy with Y, € L2, i.e.

Vi =Yy — eV = —pdo(QP7'Vy) = —p(p — DQ'QP 2V, — pQP ™Y,

By a bootstrap argument, we have Yy € H*(R), and in particular y(” € L*(R) for all j > 0. If
we denote f(z) = —p(p—1)Q'QP 2V —pQP~ 'Y, then by exponential decay of QY for all j >0
and by definition of p, we have |fU)(z)| < Ce~®P=Dlzl < Ce~#I#l and so f € H. Tt is enough to
apply lemma E with A = eg to conclude. O

4.3 Existence of special solutions
We now prove the following result, which is the first part of theorem EI
Proposition 4.5. Let A € R. If t5 = to(A) is large enough, then there exists a solution U4 €

C> ([to, +00), H*®) of (EKdV)) such that
Vs €R,3C > 0,Vt > to, [[UA(t,-+1t) —Q— Ae” @'Y | ,,. < Ce . (4.4)

4.3.1 A family of approximate solutions

The following proposition is similar to [E, proposition 3.4], except for the functional space, which
is not the Schwartz space but the space H described above.

Proposition 4.6. Let A € R. There exists a sequence (Z]A)j>1 of functions of H such that Z{* =
AV, andif k> 1 and Vit = 325 e79°0t 24 then

Jj=

BtV,? + EV,;4 = R(V{f) + E;?(t), where Ek Z e Je"tng, gfk eH, (4.5)
j=k+1

and R is defined in ([.3).
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Proof. The proof is very similar to the one in [E}, and we write it there for reader’s convenience.

We prove this proposition by induction, and for brevity, we omit the superscript A.
Define Z; := AY, and V; := e~%!Z;. Then by the explicit definition of R in (),

p
OVi + LVi — R(Vy) = —R(V1) = —R(Ae~“'y;) = Y edeot A7 <§’> 0,[QP V]

=2

which yields (@) for k =1, since Y4, Q € ‘H by corollary Q and claim @
Let £ > 1 and assume that Zy,..., Z; are known with the corresponding Vj, satisfying (@)
Now let Uyr41 = gr+1.x € H, so that

pk
Vi + LV = R(Vy) +€_(k+1)€°tuk+1 + Z e—jeoth€7
j=k+2

and define Z11 := —(L — (k + 1)60)_1Uk+1. Note that Zj1 is well defined since (k + 1)eg is not
in the spectrum of £ by proposition @, and moreover Zjy1 € H. Indeed, we have
2l = 2 — (k4 DeoZpsr = —Uppr —pp— DQ'QP 2k —pQP ' 21, €H
by exponential decay of Q) for all j > 0 and since Z,gr)l € H>(R) by a bootstrap argument.
Hence Z11 € H by lemma applied with A = (k + 1)eg > eo.
Then we have

pk
o, (Vk + 6_(k+1)60tzk+1> +L (Vk + e—(k+1)€0tZk+1) =R(Vy) + Z e_jeotgj,k-

j=k+2
Denote Vi1 := Vj + e~ (FtDeot 1 Thus we have
pk
OiVis1 + LVks1 — RVir1) = R(Vi) = RVen) + Y e 7%0lg .
j=k+2
We conclude the proof by evaluating
R(Vk) — R(Vk+1) = R(Vk) — R(Vk + 67(k+1)8°t2k+1)
p ) ) ) p(k+1) ‘
= ax <p> QP—] ((Vk; + 6_(k+1)eotZk+1)J — V/z:) = Z e—]&otgj.’k,
= N j=k+2
which yields (i.g) for k + 1, and thus completes the proof. O

4.3.2 Construction of special solutions

We now prove proposition @, following the same three steps as in [E] The main difference comes
from step 2, because of the derivative in the error term which forces us to use the sharp smoothing
effect developed in [[]. Let A € R and s > 1 integer. Write

UA(t,z +t) = Q(z) + hA(t, x).

First, by a fixed point argument, we construct a solution h € C°([ty, +00), H*) of ([.3) for k
and t; large and such that

VT > tg, [[(h* = Vi)(T)| e < e T2, (4.6)

Next, the same arguments like in [E] show that h** does not depend on s and k. For brevity, we
omit the superscript A.
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Step 1. Reduction to a fixed point problem. If we set iL(t, x) = h(t,z — t), equation (@) can
be written as

Oih +92h = —S(h), S(h) = a% [ZP: <p> QP % (x — t)ﬁk] : (4.7)

Moreover, we have by (L), ex(t) = 0: Vi + 03V — 0. Vi + 05 %p Qp JVJ] Now let v(t, x) =

(h — Vi)(t,z — t) and subtract the previous equation from so that

O + 02v = —S[v + Vi(t,x — )] + S[Vi(t,x — t)] — ex(t,x — t).

For notation simplicity, we drop the space argument (x — t) for the moment. The equation can
then be written as

+o00
v(t) = M(v)(t) := Wt —t)[SWe(') + o) = SWk(t")) + ex(t)] dt’. (4.8)

t
Note that ([L.g) is equivalent to [|v(T)| ;. < e ~(k+32)e0T for T > ¢;. In other words, defining

Ni(v) = sup BT |y(T)
T>ty
S
No(v) = sup e
2( ) £T>tk =T, 4 o00)

A(v) = Ay ks (v) = max(Ny (v), Na(v)),

||H87

k+%)egT”85’

it is enough to show that M is a contraction on B defined by
B = B(t, k,s) = {v c CO([tk,+oo),HS) | A(v) < 1}.

Remark 4.7. The choice of the two norms N7 and N> is related to the fact that global well
posedness of supercritical () with initial data small in H' can be proved with the two norms

Np(v) = sup,cg |[[v(t)| 5. and Ny(v) = rspwo + ||81U||L3L}o, following [[Ld]. We could also have
used other norms from [

Step 2. Contraction argument. We show that M is a contraction on B for s > 1 and k, tg
sufficiently large. Throughout this proof, we denote by C' a constant depending only on s, and Cj
a constant depending on s and k. To estimate N1 (M (v)) and Na(M(v)), we have to explicit

SV, +v) = S(Vx) = 86 li (1;) Q" ((Vk +v)' — Wv)

0 P P - AN
- p—1 p—i,, i—1,1—1
oz Q") + 51 Z;(z)@ ”;(JV’C” ]
ana
= p— + Z C.. By By
B,y
where I = QP v and I, 5., = Q*V v, with: v > 1, B+ > 2, a+ 4+~ =p > 6. We can now
write
S oo ! 6 S ! oo ! a s /!
P M) =p W(t—t)——[0°M] dt' + Y Copy W(t —t) = [0°(Iap.)] dt
¢ ox o ’ p ox ’
—+o0
+ Wt —t)0%ex(t") dt'.

t
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By ([£]) and ([.2), we obtain
ma (10° M)l g3 10" M) sy ) < CIO ellyze  +CIDllgys,

+ Z C a,f, V”aS(IIaﬁ’Y)HLlLQ o) (4'9)
a,B,y

We treat the terms ey, I, Iy 5,4 for « =p—2,8 =~ =1, and for « = 8 = 0,y = p. All other
terms can be treated similarly: for example, IIy 1,1 can be treated like I1, 5 ; 1, etc.

For I, since @ and his derivatives have the same decay, it is enough to estimate the term

= ”QpilaS’UHL;L[ZTY o) < Cllel== t‘asvHL1L2T+ oy

< Clle™™ tasvHLl I +C||et mBSUHLl 5 +Cle*~ tasvHLl
— 00,

2
[T+ 00) 7T x] [T, 400 ) [t+00)

—+o0 +oo —+oo
<C 62”” dx // e~2t(0%v) 2dtds +C e 2rdy // e2t(9%v) 2 dt dx
+oo +oo +oo
+C / e~ dx / / ee=2t(95v)* dt da
T T T

by the Cauchy-Schwarz inequality. Now, by Fubini’s theorem, and since 4z — 2t < 2t in the last
integral, we get

+oo +oo
i < CGTNl (’U)\// e—(2k+1)eot—2t Jt 4 2067TN1 (’U)\// e—(2k+1)eot+2t Jt
T T

—(k+3)eoT~T —(k+3)eoT+T 1
< CeTNl(U); +206_TN1(U); < CNl(U)—e_(k"'%)eOT,
(2k + 1)eg + 2 (2k + 1)eg — 2 vk

Note that since k will be chosen large at the end of the argument, we can suppose (2k 4 1)eg > 2.
For II, o 1,1, we treat similarly the term IL,_5 11 = ||QP~*V,0%0]| 1. L) since Vi and his
z [T, 400

derivatives have the same decay. In fact, we have by Holder inequality

1 —(k+3)eoT
IIp_2’l’1 < C|‘68U||L3L[1'1Q,+co)HVk||L3/4L?'1<,2+oo) < CN2(U)€ ( 2/€0 HV]C||L2/4L?'1/",2+OO)

By the definition of Vj in proposition @, we have by noting e, = %eo and ' = % Ly

_ _ 5/4
IVelrs o < Crlle0te 1ot 500 o/2

[T, +00) [T <)

T +oo +o00 T
< Ck / / efefite—ﬂ’teﬂ’w dt do + Ck / / efefiteﬂ'te_ﬂ’w dt dx
—o0 T T T
+o00 +o0
+ Cy / / e~eote—Hter'T dt do
T T
’ +oo ’ +oo
< Oke%T / e~ (ea+u)t gt + Okef%T / ek —ep)t d¢
T
“+oo
+ Ck e / (o +u)E dt da

< 3C’kef%T since p < eg by definition of p.
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We finally deduce that || Vi s/a 52 < Cre T and so INIP,ZM < CpNay(v)e= (Rt 3)eT
o Lirlco)

For 11y, = vP, first remark that

s—2
% (vP) = pd* (O - P = pdtv - P —l—pz (S ; 1) Ity . 85717}6(1}7”*1)
k=0

where each term of the sum is a product of p terms like 9% v with s; < s — 1. Since H'(R) —
L>(R), we can estimate the first term thanks to Holder’s inequality:

—1 -5 4
0°v - P ||L;L[2Tym) < ||U||i<[>;y+m)Lgo ' ”aSUHLgL[lTO&OO) vl L,

< CePUH3)e0T N ()P0 Ny (v)P.

The other terms in the sum can be treated in the same way, and more simply since we can choose
any (p —5) terms to take out in Lg7 | ) Lg° norm, and any 5 others left in L3Lip | ) norm.

For €, we deduce by a similar calculation like above and by the expression of ¢j, in (@) that

—+oo
HasflakHLl 12 < C’k/ \// e—2(kt+Deote—2ulz—t| gt dy < C,’Ce*(kﬂ)e“T.
z [T, +o00) R T

Summarizing from ([.9), we have shown

Lye, Lye, s
max <e<k+2> TIME)T) s D 20T o |m>

s'=0

. CN _
< Cre 77 4 \;E(w + CpNy(v)e T 4 Ce~ =N +3)e0T Ny (1)P75 Ny ().

Since v € B(ty, k, s), i.e. A(v) <1, then we have

A(M(v)) < Cre™ Tt + <% + Okeeofk) Av) < (% i Cke%m) _

First, choose k so that % < %, then take t; such that C’ke*%)tk < % Then M maps B =

B(tg, k, s) into itself.
It remains to show that M is a contraction on B. If we v, w € B, we have

+o0
M) = M(w) = [ W= )[SOE) +0(t) = SWu(t') + w(t))] at

and

SV +v) = SVi +w) = aﬁ 3 (i’) QI [V + ) = (Vi +w)|

)

j=1
9 p : = , -
~ or Z <j>ij (v—w) Z Vi +0)' (Ve +w)’ ™"
J=1 i=1
9 d
=p5 | @ 0 w)] + 5[0 - w)- ; 5ca,ﬁ,7,5czav,§ww6] .
50,7,

Under this form, a similar calculation like above allows us to conclude: the first term is treated like
I, and each Q‘”V,fv”w‘S can be treated like IT, g - if we systematically take out the term A(v —w)

by Holder’s inequality. Hence we get, since there is no term in ey,

AM(v) = M(w)) < (% + Cke_eot’“> Alv —w).
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1

Choosing if necessary a larger k, then a larger ¢;, we may assume that % < % and Cre cotr 55

showing that M is a contraction on B. Hence, step 2 is complete.

Step 3. End of the proof. By the preceding step with s = 1, there exist kg and tg such that
there exists a unique solution U4 of (EKdV)) satisfying U4 € C°([to, +00), H') and

Ato,ko,l (UA(t,.I) - Q(I - t) - VI?O (ta xr— t)) < 1. (410)

Note that the fixed point argument still holds taking a larger ¢y, and so the uniqueness remains

valid, for any t{ > to, in the class of solutions of (gKdV]) in C°([t), +00), H') satistying ([.10).
Finally, we can show proposition @ Since U4 is a solution of (), it is sufficient to show

that U4 € C%([t, +00), H®) for any s; the smoothness in time will follow from the equation. Let

s > 1: by step 2, if k, is large enough, there exist ¢, and U4 € CO([ts, +00), H®) such that
Neos (T4 (62) = Q@ =) = Vi (bo = 1)) < 1.

Of course, we may choose ks > ko + 1. But by construction of V;;‘ in proposition @, we have
Vi (t,z—t) = Vi (t,x—t) = Z?;koﬂ e it Z4(z—t) where Z/* € H, and so by similar calculation
like in step 2,
g 1
Ats,ko,s(Vﬁ, (t,x—t)— Vi (t,z — t)) < Ce~ Fts < .
for ¢, large enough. Moreover, we have by definition of A (and since ko < ks — 1)
At ko,s(u) < eieotsAts,ks,S(u)-

Thus, if we choose t; large enough such that e=¢0%s < %, we get by triangle inequality

Nevkot (T 2) = Q@ = 1) = Vil (b2 = 1)) < Av, s (T4 (2) = Q(a = 1) = Vi (Lo — 1))
< Ats,ko,s (ﬁA(ta I) - Q(I - t) - VI?S (ta xr— t)) + Ats,ko,s(V}é (ta xr— t) - VI?O (tv'r - t)) < 1.

In particular, UA satisfies () for large ts. By the uniqueness in the fixed point argument, we
have U4 = U4, which shows that U4 € CO([ts, +0o0), H®). By the persistence of regularity of
(EKdV])) equation, U4 € C°([to, +00), H®), where s > 1. In particular, by compactness on [to, ¢,
there exists C' = C(s) such that

Vt>to, ||UA(tx) — Q(z —t) = Vi (t,a —t)|| ;. < Cem(Rotaleat

and so (@) follows, which achieves the proof of proposition @

4.4  Uniqueness

Now, the special solution U4 being constructed, we prove its uniqueness, in the sense of the
following proposition, which implies the second part of theorem DI

Proposition 4.8. Let u be a solution of (FKdV]) such that

inf lu(t) = QC =l s O (4.11)
Then there exist A € R, ty € R and z¢ € R such that u(t) = UA(t, - — x) for all ¢ > to, where U4
is the solution of (EKdV]) defined in proposition 5.

The proof of proposition @ proceeds in four steps: first we improve condition (i.11) into an
exponential convergence and we control the translation parameter, then we improve the exponen-
tial convergence up to any order, and finally we adapt step 3 of [ﬁ] to () to conclude the proof.
A crucial argument for the first and third steps is the coercivity of (L-,-) under orthogonality to
eigenfunctions of the adjoint of £, proved in [E]
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4.4.1 Adjoint of £

We recall that L is defined by La = —9%a + a — pQP~'a and £ by £ = —0, L. In particular, the
adjoint of £ is L0,. Moreover £ has two eigenfunctions V4, with LY+ = H+ep)+ where eg > 0.

Lemma 4.9. Let Z+ = LY.. Then the following properties hold:

(1)
(i)
(i)

(iv)

(v)

Z 4 are two eigenfunctions of L9,: L(0,Z+) = FeoZ+.
V4. Z4)= -, Z-)=0and (Z4,Q") = (Z-,Q") = 0.

There exists o1 > 0 such that, for all v € H! such that (v,Z}) = (v,Z-) = (v,Q’) = 0,
(Lo, ) > o1 o]l

One has (V4,Z-) # 0 and (Q',)!) # 0. Hence one can normalize Y+ and Z to have
Ve Z)= (Voo Zy) =1, (Q,Y,)>0 andstil LYy =Zy.

There exist o3 > 0 and C > 0 such that for all v € H',

(Lv,v) = oo|[v]| 3 — C(v, Z4)? = C(v, Z_)* = C(v, Q')°. (4.12)

Proof. (i) It suffices to apply L to the equality —9, (L)) = +eqV+.

(i)

We have (Y, Z+) = F2-(0:(LY4), LY+) = 0 and (Z1,Q) = (LV+,Q') = (V+,LQ") =0
since LQ' = 0 and L is self-adjoint.

This fact is assertion (7) proved in [g].

If we had (Y4, Z_) = (Z4,Y-) = 0, then by (ii) we would have in fact (V4 +Y_)L1Z,,Z_,Q’
since @’ is odd and Y1 +Y_ is even, and so by (iii): (L(Y4++YV-),V++YV-) = 01| V+ + V- ||i11
But (L(V++Y-), V4 +Y-) = (LV4+, Y1)+ (LY, Y- )+2(LY+, V=) = (Z4, Y4)+(Z-,V-) +
2(Z4+,Y-) =0, and so we would get ||V +V_||;: =0, ie. Y4 = —Y_, which is a contra-
diction with the independence of the family (V4,Y-).

Similarly, if we had (Q',)".) = 0, we would have (Q",),) = 0. Moreover we have (Q,)y) =
—%(Q, (LY4)) = %(LQ’,)&F) =0, and so we would have
(@ Z4) = (Q,LY+) = (LQ, V4) = (-Q" + Q —pQ¥, V) = —p(Q — Q", Y4) = 0.

But we would also have (Q,Z_) = 0 since @ is even and Z_ = Z,. Since (Q,Q’) = 0,
we would finally have (LQ, Q) > 01||QH§{1 by (iii). But a straightforward calculation gives
(LQ,Q) = (1 —p) [ QP! <0, and so a contradiction.

Finally, if we note n = (Y4, Z_) # 0, then the normalization V.= %y,, 7_ = %Z, =LY_
satisfies the required properties if (Q’,)”.) > 0. Otherwise, it suffices to change Y4 and Z4
in —Y1 and —Z4 respectively.

Let v € H', and decompose it as
v=aYy+ Y- +7Q + v
with a = (’U,Z_), ﬁ = (U7Z+)7 Y= ||Q/HZ22[(U7Q/) - a(y+7Ql) - ﬁ(y—uQ/)] and vl or-

thogonal to Z,,Z_, Q" by the previous normalization. We have by straightforward calcula-
tion (Lv,v) = (Lvy,v1) + 2a0, and (Lvg,v)) > ‘71”1&”?{1 by (iii), so we have (Lv,v) >
o1 ||’UJ_||§_11 — a? — 32. Finally, we have by the previous decomposition of v that

2
loll7: < O + 5% + 77 + loLllfn) < C'(@® + 57 + (0,Q)” + llorl7n)

2
and so (Lv,v) > oy HU(IJ# —a?— 32— (v,Q)*| — a? — 32, as desired. O
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4.4.2 Step 1: Improvement of the decay at infinity
We begin the proof of proposition [i.§ here: let u be a solution of (gKdV]) verifying (f.11)).

e By lemma P.1(, we can write (¢, ) = u(t, = + z(t)) — Q(x) for t > to with ¢, large enough,
where ¢ verifies |e(t)||;: — 0 and e(¢)LQ’ for all ¢ > t;. We recall that we have by
proposition :

g, — (Le), = (@' = 1)(Q+¢), + R(e) (4.13)

where |[|R(e)|| . < C’||e||i,1 and |2/ — 1| < Clle|| g -
e Now consider

a+(t):/Z+e(t), a,(t):/z,a(t)

where Zy are defined in lemma [L.g. Since ||e(t)||;: — 0, we have of course a(t) — 0.
The two remaining points will be to show that a4 (t) control ||e(t)|| 51, and have exponential
decay at infinity.

e First, we recall the linearization of Weinstein’s functional (lemma P.4):
1
FQ+¢e)=F(Q)+ §(L5,5)+K(5)

where |K(g)] < C||5||§{1. But F(Q +¢) — F(Q) is a constant which tends to 0 at infinity in
time, and so is null, hence we get |(Le, )| < C|le]|3,:. We now use (1), which gives since
(57 QI) =0:

(Le,2) > oalle(t)llzn — Caf(t) = Cal (1)

and 50 oo |e(t)||5: — Cal(t) — Ca? (t) — C'|le(t)3;: < 0. For to chosen possibly larger, we
conclude that
2
le@®l7r < ClaZ (1) + a2 (1)).

e We have now to obtain exponential decay of a4 to conclude the first step. If we multiply
(E13) by Z4 and integrate, we obtain

o, (1) — eoars (1) = (' — 1)/(Q+5)1Z++/R(5)Z+ _ (x’—l)/amZ++/R(€)Z+

by integrating by parts and using (i) and (i) of lemma [.d. By the controls of |2’ — 1| and
R(e), we get |o/, —epay| < C||5||§{1 < C(a% +a2). Doing similarly with Z_, we have finally
the differential system

o/, —epay| < C(af +a?), (4.14)
| < C(a? +a2). (4.15)

e Now define h(t) = oy (t) — Ma? (t) where M is a large constant to define later. Multiplying
(E18) by |a—| (which can of course be taken less than 1), we get

W (t) = (t) —2Ma_(t)a_(t) > egay — C(ak + o) + 2Mega® — 2CM|a_|(a? +a?)
> eoh + 3Mega® — 2C0h? — 20M3a* — C*a® — ACMA? — ACM®|a_|° — 20 M |a_|?

since o2 = (h+ Mo<2_)2 < 2(h? + M?a*). We now fix M = S—:, so that
h' > eoh — 2Ch? — ACMR? + o® (2Meo —20M2a? — 4CM3|a_|P — 2CM|a_|) .

Then for ¢ large enough, the expression in parenthesis is positive, and so

b > egh — cprh®.
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Now take ¢y large enough such that for ¢ > tg, we have cprh? < 2 1h|, and suppose for the
sake of contradiction that there exists t; > to such that h(¢;) > 0. Define T' = sup{t >

t1 | h(t) > 0} and suppose that T < +oo: since h'(t) > eg (h(t) - @) for all t >ty and

of course h(T') = 0, we would have in particular h'(T) > 0, so h increasing near T, and so
h(t) <0 for t € [T — &,T], which would be in contradiction with the definition of T. Hence
we have T' = +o00, and so h(t) > 0 for all ¢ > t;. Consequently, we would have h'(t) > S h(t)

for all t > t1, and so h(t) > CeeTOt, which would be a contradiction with lim;—, 4 h(t) = 0.
Therefore we have h(t) < 0 for all ¢ > ty. Since —a satisfies the same differential system,
we obtain by the same technique: Vt > to, |aq (t)| < MaZ (t).

e Reporting this estimate in ([.15), we obtain
lo_(t) + egar_(t)| < Ca (t) < —|a_(t)]

for ¢ large enough. In other words, we have |(e“a_(t))'| < &le“‘a_(t)|, and so by in-
tegration: |a_(t)] < Ce~10%! By a bootstrap argument we get |o/ () + egar_(£)] <
Ce 1%t o_(t)], and so still by integration, we get |e®ta_(t)] < C for all ¢t > to, i.e.
la_(t)| < Ce~ . By the previous point, we also obtain

s (1)) < G2t (1.16)
and finally [[(t)]|3: < C(a2(t) + a2 (1)) < Ce™ 2o,

For clarity, we summarize the results obtained so far.

Lemma 4.10. If u is a solution of (EKdV]) which verifies inf,cg [[u(t) — Q(- — y)|| z P 0, then
there exist a C' map z :t € R x(t) € R, tg € R and C > 0 such that

vt > to, lu(t, +2(t) — Qg < Cem .

4.4.3 Step 2: Removing modulation

e From the previous point, we have in fact |(e®’a_(t))| < Ce~*t € L1([ty, +0)), and so
there exists
lim e®“'a_(t) = A€R
t——+oo
with |e®ta_(t) — A] < Ce™®! for t > to by integration. Similarly, since |2/(t) — 1| <
Clle@®)|lgn < Ce e, then 3limy—, o0 z(t) — t =: xg € R with |x(t) — t — x| < Ce 0",

e Now consider the special solution U4 constructed in proposition @, defined for a ty chosen
possibly larger, and still write U4(t, 2 +t) = Q(x) + h™(t, ). Let
o(t,z) = ult,z +t+x0) — Q(z) — hA(t,2) = u(t,x +t +x0) — UA(t,z + 1).

So we want to prove v = 0 to complete the proof of proposition @ We first give estimates
on v using the previous estimates on ¢.

e Since v(t,z) = e(t,x — (x(t) —t — x0)) — hA(t,z) + Q(z — (2(t) — t — z0)) — Q(x), then we
simply obtain exponential decay for v for ¢y large enough, by lemma and exponential
decay of h:

le@llgs + IR D] o +1Q = Q- = ((t) = t = 20)) | s
Ce ! + Cla(t) — t — x| < Ce™ "

[0l <
<
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e Moreover, we can write
u(t,z) = Q(z — z(t)) + e(t,x — 2(t)) = Q(x —t — o) + h(t,x —t — ) + v(t,z —t — x0).

Qr—(z(t)—t—x0)) = Q(x) = (x(t) —t —20)Q'(x), we have [w(t)] L <

If we denote w(t, x) =
C(z(t) — t — 20)° < Ce~2¢! by Taylor-Lagrange inequality, and

v(t,z) = (z(t) —t — 20)Q'(x) — A (t, x) + e(t,x — (x(t) —t — x0)) + w(t, ).

Moreover, we have for all x € R and ¢ > tg:

z—(z(t)—t—x0)
le(t, @ — (x(t) — t — 20)) — e(t, )| = / Bue(t, s) ds

< V]e(t) =t — o] - |e®)]| g < Cem 3o

by the Cauchy-Schwarz inequality. We have finally

v(t,z) = (x(t) —t — 20)Q'(x) — hA(t, x) + e(t,z) + w(t, z) (4.17)
where w verifies [|w(t)]| - < Ce™2¢0",
e Following the proof (v) in lemma [£.d, we now decompose
v(t,z) = (Y- (2) + a2 () Vs () + B)Q' () + vi(t, @) (4.18)

with
o) = [ Zeo®). a0 = [ 200, 50 = 1Q12 [ (v10) -~ ad0y- — at(03) Q"
Hence we have (v1,Q") = (vi,Z4) = (vi,Z-) =0, and so by (iii) of lemma [L.9:

(Lvy,v1) > o1ljoL|3 (4.19)

e Multiplying ([EI7) by Z4, we obtain information on af. Indeed, since (Z4,Q’) = 0, then
we have
aff = —(h*, Z1) + ax + (0, Z1).
But |(h*, Z1)| < Ce™?! since (Y4, Z4) = 0, and |ay| < Ce 2! by ([L.14), hence |af| <
Ce~ 2%t Similarly, (Vy,Z_) = 1 implies that |(ghA,Z_) — Ae~®t| < Ce 2! and since
la_ — Ae=®0t| < Ce2%t we also get |a?| < Ce™2%*. To sum up this step, we have (4.1§)
with the following estimates for ¢ > ¢y:

ad (O] < Cem=e0!, - Ja(1)] < Ce3 !, Ju(t) | < Ce ", (4.20)
In (j.2()), it is essential to have obtained estimates better than Ce=®? for a (see next step).

4.4.4 Step 3: Exponential decay at any order

e We want to prove in this section that v decays exponentially at any order to 0. In other
words, we prove:
Vy > 0,30, >0,V > tg, [[v(t)]ln < Cyre ™ (4.21)

It has been proved for v = eg, so that it is enough to prove it by induction on v > eq:
suppose that [[v(¢)]| ;1 < Ce " and let us prove that it implies [[v(¢)]| ;1 < Ol (rtaeo)t,
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e Since u and U# are solutions of (gKdV]), v verifies the following equation:
O — 00+ D+ 0, | (Q+ 14 +0)" = (@Q+ 1] =0. (4.22)
But
(Q+hr*+v)" — (Q+ 1Y)’ =p(Q+hr")" v+Z<>Q+hApkk
=pQP v +wi(t, z)v + walt, z)v?

where wq(t,x) = p (Z (7% 1)Qp_1_k(h‘4)k) and wo(t,z) = > h_, (1) (Q + hA)p_kvk_Q.

Since [|hA(t)|| . < C||hA®)] 0 < Cem" and [Jo(t)]| » < Cllv(t)]l g < C, we have the
estimates
lor (@)l e < Ce™", Jwa (@)l 1~ < C, (4.23)
and ([£.29) can be rewritten
010 4+ Lo 4 Oy [wi (t, £)v] + g [wa(t, 2)v?] = 0. (4.24)

e If we multiply ([.24) by Z4 and integrate, we get af/ —epaf = [wivZ, + [wrv?Z), and
S0

Al A
o = eoatd| < llwr ()l o [0 o | 24| o+ T2 @) o N0 7 | 23] o
< Ce=(Fent L O™t L e~ (rFeo)t,

Consequently, we have |(e~¢ta4)’| < Ce~(+2€0) and since e~*0ta? () P 0 by (E20),
we get by integration |4 ()| < Ce~(rFeolt,

Multiplying (f.24) by Z_, we obtain similarly |a’ 4 ega’| < Ce=(F0)t and so |a?(t)| <
Ce=(rteolt since [eota? (t)| < Ce~ze0t P 0 still by (20).

e We now want to estimate |(Lv,v)|. To do this, we rewrite (f.23) as
O+ 0. [020 — v+ (@ + 1 +0)” — (Q+ )] =0,

multiply this equality by the expression in the brackets and integrate, to obtain [ d;v -
[02v —v+ (Q+h* + U)p - (Q+ hA)p} = 0. In other words, if we define

- %/vi—k%/zﬂ—/ﬁ(@—!—h"‘—l—v)pﬂ—!—/v(hfx—k@)p—!—/ Jlrl(hfw@)erl

wohave: F'(1) =~ [ o [(@+ ht+0)” = (@4 1)~ (@ + 1)

But h? verifies (@) by definition, so 9;h4 = —32hA + 0,h — p.(QP~1hA) + R(hA).
Moreover, by proposition [L.5, there exists C' > 0 such that for all ¢ > t, we have ||h(t)]| a <
Ce~ . We deduce that

loh . < Clam] < CIRAD e < Coe

Therefore |F'(t)] < C|a:n?|__|lv( D)2, < Cem@r+et and so |F(t)] < Ce~(1teot by

integration, since lim; .y F'(t) = 0. Moreover, by developing (Q+ hA +U)p+1 in the
expression of F', we get

-t e ) fanmrs
= (LU v) — 2/w1(t x)v? —/LUQ(t z)v3
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4.4.5

where wy defined above and ws(t,x) = ﬁ SR Y (Q + hA)p+17kyk—3 verify the esti-
mates [|wi(t)]| o < Ce " and [|W3(t)]| ~ < C. Hence we have

[P0 - 5(200)] € Gleallm o1 + 1Ol O

< 067(2'y+eo)t + 0673715 < Oe*(Q’YJFBO)t'

Thus, we finally obtain |(Lv,v)| < Ce™(?7+eo)t,

The previous points allow us to estimate ||v1 || .. Indeed, we have by straightforward cal-
culation from (.1§) the identity

(Lv,v) = (Lvy,vi) + 2ata?,
and so |(Lvi,v1)| < |(Lv,v)| + 2|af| - |a?| < Ce™(2rHeo)t 4 Ce=(2r+2e0)t ¢ Cem(2rFeolt,
But from ([.19), we deduce that 01||UJ_||ip < Ce™@rteo)t and so |Ju ||y < Ce™(Fzeo)t,
To conclude this step, it is now enough to estimate |3(¢)|, since the conclusion will then

immediately follow from decomposition (JL1§). To do this, we first multiply ([.24) by @’
and integrate, so that

|90, Q") + (Lo, Q)| < llwr (W)l o IO 2= 1Q" 11 + w2 (D e 0 (B[ 7 Q" 1 s

Ce~(rten)t 4 ce=27t < Ce—(rteo)t

NN

Moreover, by applying £ to ()7 we get Lv = —eoaﬁy_ +epa Y, + Lv,, and so

1Q'12:25'(t) = (8w — o'V — a2V, Q")
= (0w + Lv,Q’) — (—eoaﬁyf +eoa Yy + oz_‘?ly, + 0/:‘/)4, Q) — (Lvy,Q")
= (0w + L, Q) — (04 — 0o (V- Q) = (02" + eoa®) (V4. Q) + (v, LQ").

Finally, we obtain thanks to all previous estimates:

18'(t)] < (0w + Lo, Q)| + Clat’ — egadd| + Cla? + ega| + Cllv |12

<
< Ce(Fen)t | ge=(rten)t | cg=(rteo)t 4 clo=(r+ze0)t  Ce=(vH3e0)t
and so |8(t)| < Ce~ (720t by integration.

Step 4: Conclusion of uniqueness argument by contraction

The final argument, which corresponds to step 3 in [E], is an argument of contraction in
short time. In other words, we want to reproduce the contraction argument developed in
section on a short interval of time, with suitable norms.

Define w(t, ) = v(t,z — t), so that (.29) can be rewritten
Ow + 03w = —0, [(Q(x —t)+ Atz —t) + w)p - (Q@z—t)+ Atz — t))p} .
If we denote Q,(t,2) = > 7_; (2)(Q(z —t) + h(t,z — t))pikwk(t, x), then the equation on

k
w can be rewritten

ow + 8310 = =0, (Qu).
Moreover, we have by previous steps: Vy > 0,3C, > 0,Vt > to, ||w(t)|| g < Cre 7"
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Now let t1 > to, 7 > 0 to fix later, and I = (¢1,¢1 + 7). Moreover, consider the non-linear
equation in w:

w(ty +7) = w(ty + 7). (4.25)

Note that w is of course a solution of (), associated to a solution u of (gKdV]) in the
sense of [ff].

{ O + W = —0, (),

Then for ¢t € I, we have the following Duhamel’s formula:
t14+71

w(t) = MU@)(t) ;= W(t —t, — T)w(ty +7) + Wt —1)0,[Qa ()] dt'.

Similarly as in section , we consider
N{ (@) = Sup D) g, N3 (@) = [[@]l 15 pgo + 1025l 5 110,
Al(@) = max(N{ (@), Ny (@),

and we prove that for t; large enough, 7 small enough independently of t;, and K > 1 to
determine, w — M (w) is a contraction on

B={weC%I,H") | (@) <3K|w(ts +7)|| g }-
In other words, we want to estimate AT(M?(@)) in terms of AL(w), and as in section ,
we estimate only the term
t1+71

D MI(W)(t) = W (t —t1 — 7)Opw(ty +7) + a% W (t —t')0,[Qs ()] dt!

in L3°L2 and L5 L1° norms. The term M7 (w)(t) is treated similarly.
Firstly, for the linear term, we have

Wt —t1 —7)0zw(ts +7)|| 12 = [[0zw(ts + 7)1z < lw(ts +7)| g1,
W (t =t = 7)0w(ts + )l s 10 < CllOzw(ts + 7)ll 2 < Cllw(ts + 7)l| o,

since W is unitary on L? and by the linear estimate (2.3) of [Ld): ||W (¢)uol| 5 Lo < Clluol| f2-

For the non linear term, we have to use estimates similar to ({.1]) and ([.9). We obtain easily
by a similar proof that for all g € LLL?,

» < OHQ”[,;[,?-
L3L}

g/tﬁTW(t—t’) (z,t") dt’
6$ t g 3

a t1+7
+ H—/ Wt —t)g(z,t)dt’
L®L2 9z Jy

Hence we get

ﬁftri-T W(t_tl)am[ﬂﬁ,(tl)] At

, SC10:(Qa)ll 1 L2,

ox Jt LL2
ti1+71
’ 6@1 ft 1 W(t — t/)az[Qﬁ,(t/)] dt’ raLis < OHaﬂC(Q@)HL;Lﬁ

We deduce that we only have to estimate ||0,(Q4)|| ;1 L2 There are many terms to estimate,

so as in section [1.3.9, we only treat three typical terms: A = ||d,w - w*
_ -1 . _

10 (B (= ), 30 D = 008 - Q7 = D) 1 -

For A, we have by Hélder’s inequality:

WP g2, B =

||LéL%’

e — - ~ _ ~\D _ ~
A < 1152 106 g 1o B g g0 < om0 N (@)° < C'e™*0 N ().
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Indeed, we have
A (@) < 3K ||w(ty +7)|| jn < Ce™ ™ < 1

for ¢, large enough, by exponential decay of w in H'. In particular, we have NJ(w) < 1 and
H@Hi}‘r’m@ < CON{ (@)’ < Ce=0t since p—5 > 1.

For B, we write similarly
Ay P—5 ~ A 4
B <A ||L;°L;o||azw”LgL}0Hh (t,x— t)HLgL}“'

Moreover, we have by construction of h* (see section [t.3.9), ||hAHZ;5Lw < Ce ®! since
HhA(t)HHl < Ce 0t L Ce ®h fort >t andp—5> 1, and

1Bz = )l g 0 < 1Bt = )] g 10

[t1,+00)
A A A
< H(h - Vko)(tv T — t)"LgL[ltol’+oo) + ”Vko (tv T = t)HLgL[lt01,+:x>)
< Ce_(ko-i-%)eotl + Cle—cot1 < Cle—cot1

Note that the estimate |\Vk‘2(t,:1: —t)]

II,_5 1,1 in section .

For D, we use exponential decay of @) to write

t1
D < c/ /6*2\z*t|(8z1ﬂ)2dtd:c < c/ e /e*Qt(ax@)thdz
R I —00 I
“+o0o
+C e " /62’5(81@)2 dtdx + C/ / (&EE)Q dtdz = Dy + Do + D3.
ti+7 I I I

But by the Cauchy-Schwarz inequality, we get

D; < Cetl\// 6*2’5/ (0,w)° da dt < Ce" Ni (), //ﬂt dt < CTN| (),
I R I
D, < Ce™ (7 \/ / e2t / (0:w)* dwdt < Ce™ M FTIN{ (@), | / e2t dt < C\/TNi(0),
I R I

Ds < C\/F\/ / / (0,)? dz dt < CrN! ().
IJI

< Ce~ %% follows from the paragraph on

5 10
Lo L) +o0)

Hence we obtain D < C\/7N{ (w).
In conclusion, we have shown that there exist K, C7,Cy > 0 such that
MM (@) < K [||w(t1 1) + Cre~ @ AL (@) + czﬁAf(w)] .

1

Now fix 7 = W and t; such that Cre™*" < 5=,

thus we get
~ 2 ~
A MI(@)) < Kffw(ty +7) 2 + AN (@).

We conclude that M! maps B into itself for this choice of ¢;,7, K. We prove similarly that
M! is a contraction on B, and so there exists a unique solution @ € B of ({.23).
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e Now we identify w and @. It is well known for (gKdV)) that for regular solutions (H?2),
uniqueness holds by energy method. Since w and w are both obtained by fixed point, we
get w = w by continuous dependence, persistence of regularity and density. In particular,
w € B, and so

lw(t)]l g < N (w) < A (w) < 3K |w(ty +7)l| -

To conclude the proof, we fix ¢t > t1, and we remark that a simple iteration argument and
the exponential decay at any order of w show that for all n € N, we have

[w®)|| g < BE)"|w(t +n7)|| g < CH(3K)"e™ e = Che " (3Ke )",
We finally choose « large enough so that 3Ke ™7 < % Thus,

C
lw®llm < 57 77 O

i.e. |w(t)|| 5 = 0. This finishes the proof of proposition [£.§.

4.5 Corollaries and remarks
Corollary 4.11. Let ¢ > 0.
1. There exists a one-parameter family (UZ') ;g of solutions of (EKdV) such that

VAER, It € R,Vs € R,3C > 0,V > tg, |[UA(t, -+ ct) — Qe < Ce0¢™,

2. If u, is a solution of (EKdW) such that lim;_, 4« infyer [[uc(t) — Qc(- — y)| ;2 = 0, then there
exist A € R, tp € R and o € R such that u.(t) = UA(t,- — x¢) for t > to.

Proof. The proof, based on the scaling invariance, is very similar to the proof of corollary .
We recall that if u(¢, z) is a solution of (EKdV]), then AT w(A3t, Az) with X\ > 0 is also a solution.

1. We define UA by UA(t,x) = ¢ TUA(c3/?t, \Jex), where U4 is defined in theorem [LJ.
Since UA(c*/2t, \/cx + ¢3/%t) = Q(y/cx) + Ae—6003/2ty+(ﬁx) + 0(6_26003/2t) and Q.(z) =
cﬁQ(\/E:E), then UA satisfies

Uf(t,;v +ct) = Qc(x) + Acp—ile_eocf*/%y_‘r(\/zx) n 0(6_26003/2t),

c3/2

u(t,z) — Qz —y) = T, (63%7 %) _ 7, (w\;zy>

for all y € R, and so like in the proof of corollary B.14,

we (=) . (- L 0
¢ 03/2 ¢ \/E Hi t——+o0

Therefore by theorem @, there exist A € R and zp € R such that u(t,z) = UA(t, T — xp),
and so finally u(t,z) = U2 (t, z— ﬂ)_ -

2. Let u be the solution of (EKdV) defined by u(t,z) = ¢ T, ( ! %) Then we have

of [lu(t) —Q(- — y)||H1 < K(c) inf

i
yER yeR

e

Proposition 4.12. Up to translations in time and in space, there are only three special solutions:
Ul, U=! and Q. More precisely, one has (for ¢ large enough in each case):

(a) If A >0, then UA(t) = U'(t +ta,- +ta) for some t4 € R.
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(b)
()

If A=0, then U°(t) = Q(- — t).

If A <O, then UA(t) = U (t +ta, +t4) for some t4 € R.

Proof. (a) Let A > 0 and denote t4 = —%. Then by proposition @,

(c)

UMt+ta, x+t+ta) = Q(z)+e DY, (2)+0(e ") = Q(z)+ Ae™ 'Y () +0(e "),

In particular, we have lim;_. o infyer ||U1(t +it4)—Q(— y)HH1 = 0, and so by proposition
[£d, there exist A € R and ¢ € R such that U (t+t4) = UA(t,-—z0). But still by proposition

.5, we have UN(t+ta, x4+t +1t4) = UA(t, x4+t +t4 —x0) = Qz+ta—x0) + A=Y, (x4
ta —x0) + O(e=2%%) and so

Q(z+1ta —x0) + Ae Y, (x +ta — x0) + O(e720) = Q(x) + Ae PV (x) + O(e~2).

The first order imposes zo = ta, since ||Q — Q(- +ta — z0)||;n < Ce™ " and so lemma
applies for ¢ large. Similarly, the second order imposes A = A, as expected.

Since infycg |Q(- —t) — Q(- — y)|| ;1 = 0, then proposition [L.§ applies, so there exist A € R
and zo € R such that Q(z —t) = UA(t,z — 2¢). Hence we have by proposition @

UA(tz + 1) = Q(z — x0) = Q(x) + Ae®* Y, (x) + O(e 20",
As in the previous case, it follows first that g = 0, then A = 0, and so the result.

For A < 0, the proof is exactly the same as A > 0, with —A instead of A. O

We conclude this paper by two remarks, based on the following claim. The first one is the fact

that U~1(t) is defined for all ¢ € R, and the second one is the identification of the special solution
w(t) constructed in section E among the family (U#) constructed in section @

Claim 4.13. For all ¢ > 0, HBwU(f‘(t)HiQ - HQéHiQ has the sign of A as long as UA(t) exists.
Proof. e From corollary , we have

3/24

UL (1,2 + ct) = QL) + Ac?tom =0 "ty ((/aw) + O(e 207"

and so

2 pt+1 _e C3/2 _9¢ C3/2
|0:UL D]} — QL7 = 24c7Em emeoc™ ™ / QL(x)Y} (Vex) dx + O(e= 20",

But [QL(z)YV) (Vex)dr = T J Q' (v)V'.(y)dy > 0 by the substitution y = \/cz and the
normalization chosen in lemma 1.9, and so ||0,U2 (lf)Hi2 — |Q4][3 > has the sign of A for ¢
large enough.

e [t remains to show that this fact holds as long as UCA (t) exists. For example, suppose that
A > 0and so ||0,U(t) Hi? - ||Qé||ig > 0 for t > t;, and suppose for the sake of contradiction
that there exists T < t; such that U4(T) is defined and ||8IU¢;“(T)Hi2 = Q... Since

UL, -+ ct) — QCHHl — 0, then by ([.1)) and ([.3), we also have ||U¢;4(T)HL2 = [|Qcll 2
and E(UA(T)) = E(Q.). In other words, we would get by scaling

[UAT)][ 2 = 1R e

|0.UA(T)| 2 = Q]2 and E(UA(T)) = E(Q).

But the two last identities give in particular [ UA(T)]DJr1 = [QP*!, and so by ([4)

+1 p_1 pt3 p_1
IO es = QN7+ = Con®IQNZ 1QlE = Can(®)[[0:UXD)|| 2 [UHD)]

1 p+3
2
2
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Still by ([L4), we get (Ao, a0,b0) € R% x R x R such that UA(T,x) = aoQ(Aoz + bo). But
|[UAT)||,- = QI > and HazUA(T)HLN = ||Q’'|| 2 impose Ao = 1 and ag € {—1,1}. Thus,
by uniqueness in (EKdV)), UA(t,z) = +Q(z —t + T + by) for all t > T. In particular,
||8ng4(t)Hi2 = ||Q’C||2L2 for ¢t > ¢1, which is a contradiction. The cases A =0 and A < 0 are
treated similarly. O

Remark 4.14. Let us now notice that U~! is globally defined, i.e. U~'(t) exists for all t 6 R
By the blow up criterion and the mass conservation, it is enough to remark that Ha U~

2
bounded unlformly on its interval of existence, which is an immediate consequence of clalmE

since ||0,U~ HL2 < ||Q'|| = for all ¢.

Remark 4.15. As noticed in remark .13, we can chose A, = 1 — L'in the definition of ug, in
section E We still call w(t) the special solution obtained by this method for this new initial data.

In this remark, we prove that w = U;l up to translations in time and in space. We do not know

if U can be obtained similarly by a compactness method. We recall that ug ,(z) = A, Q(A2x),
Un(Tny -+ 2n(Tn)) = Wo # Qc, and Hw(t, -+ p(t)) — QC+HH1 — 0.

e First note that [ug, = A} [Q? < [ Q" for n > 2, and let us prove that ||y (un (1))l 2 <
|Q|| .2 for n large enough. Otherwise, there would exist n large and T € [0,7,] such that

102 (un(T))|| 12 = [|Q']| 2 and E(uo,n) < E(Q). But we have by (@),

Bluon) = Bun(T) = 5 [ @uun(@)) = = [uri@) =5 [ @ = — [urni)

p+1

<B@=4 [@ - [an

Hence, as [|un(T)| > = [luonll,2 = [Qll.> by ([LI),

DIt > [y > [ @ = oo Q’2) ( e )
= onto) | @) - (fum) "

which would be a contradiction with the Gagliardo-Nirenberg inequality ()
e Since u, (T, + z,(T})) — o in H', we obtain ||wpl| ;2 < [|Q']| ;2 and [lwol ;- < ||Q]|2 by
weak convergence. But |lw(t,- + p(t)) — Qc, HHl — 0 implies by ([L.1) and (@) that

2 2 2 ol 2 2
lwollz> = lw@®)l 72 = ||Qcs || = <17 7 1IQIL> < QL

2 — 52t
thus ¢y > 1, and so [[wg|7. < Q172 = ¢ *" QL 17, < I1Q, |7, by @).

e Finally, since ||w (t, -+ p(t)) — QC+HH1 — 0, corollary applies, and so there exists
A € R such that w = Ue, 4 up to a translation in space. But the conclusion of the previous

point and claim {4.13 - 1mpose A < 0 (note that A # 0 since wg # Q.. ), i.e. w = Ue, L up to
translations in time and in space by proposition .12 -
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