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Estimating the order of vanishing at infinity
of Drinfeld quasi-modular forms.

Federico Pellarin

April 5, 2010

Abstract. In this paper we study automorphic properties of certain deformations of
Drinfeld quasi-modular forms (defined in [3]) motivated by the quest of multiplicity
estimates, important tool in transcendence and algebraic independence, in the realm of
analytic functions over algebraically closed, complete fields containing global fields of
positive characteristic.

The main consequence of our results on such deformations is a multiplicity estimate
for Drinfeld quasi-modular forms. Our result seems inaccessible by dealing directly with
iterative higher derivations on Drinfeld quasi-modular forms and requires transcendence
constructions in its proof, unlike classical multiplicity estimates in characteristic zero.
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1 Introduction, results.

Foreword about the classical theory. For w,l non-negative integers, let ZT/[/EI be the
C-vector space generated by the classical quasi-modular forms (for SLy(Z)) which
have weight w and depth <1 (1).

In [19], Kaneko and Koike highlight the following hypothesis; for all w, [ such

that Mgl # (0) the image of the function
Voo : M3\ {0} — Zs,

which associates to every form its order of vanishing at infinity (), is equal to the
interval [0, ..., dime M3 — 1].

Writing 12 (w, 1) = max{ve(f) : f € M=\ {0}}, we obviously get from this
hypothesis:

dime Mg
lim e — 1 1> (0 fixed. (1)
o vz, 1)
Since it can be easily verified that
dime M2 1

lim ———
wee (14 D(w —1) 127

the truth of Kaneko and Koike’s hypothesis would imply, for all [ > 0:

max l 1
im ) L 2)
wooo ([+1)(w—1) 12
The conjectural limit () yields, for w big enough depending on [, a rather
sharp upper bound for v (f), with f € M5!\ {0} confirmed by experimental
evidence.
In [4] it was noticed, for f # 0 a classical quasi-modular form of weight w and
depth <[, that at least,
I+ 1) (w—=1)

vl < 3

The main theorem of the paper is a slightly weaker analog of inequality (3]
in the framework of Drinfeld quasi-modular forms; finding a reasonable substitute
of Kaneko and Koike’s hypothesis in the drinfeldian framework remains an open
problem.

Drinfeldian theory. Let ¢ = p® be a power of a prime number p with e > 0 an
integer, let F, be the finite field with ¢ elements. Let us write A = F,[f] and

LA definition can be found in the paper by Kaneko and Zagier [20].
2Terminology explained, for example, in [4].



K =TF,(0), with 6 an indeterminate over I, and define an absolute value | - | on
K by |a| = ¢%°#0?  a being in K, so that || = ¢q. Let K., := F,((1/0)) be the
completion of K for this absolute value, let K% be an algebraic closure of K,
let C' be the completion of K2* for the unique extension of | - | to K&, and let
K®# be the algebraic closure of K in C.

Following Gekeler in [13], we denote by € the rigid analytic space C'\ K and
write I' for GLy(A), group that acts on Q by homographies. In this setting we
have three functions F, g, h : Q — C, holomorphic in the sense of [I1], Definition

2.2.1], such that, for all v = <Z Z) el and z € Q:

9g(v(2)) = (ez+d)"'g(2),
h(v(2)) = (cz+d)"™ det(y) 'h(2),

BOG) = (et dpaen)™ (BG) - =) ()

where v(2) = (az +b)/(cz + d) and

o0

7= 0(—0)7T [JA—0"") " € Kuo(-0)77) \ Ko,

i=1

a choice of a (¢ — 1)-th root having been made once and for all (3).

The functional equations above tell that g, h are Drinfeld modular forms, of
weights ¢ — 1, ¢ + 1 and types 0,1 respectively. More precisely, the function g
is proportional to a variant of an Eisenstein series (constructed by Goss in [15]),
while h is proportional to a variant of a Poincaré series (constructed by Gekeler in
[13]).

The function F is not a Drinfeld modular form. In [I3], Gekeler calls it “False
Eisenstein series” of weight 2 and type 1; it is often considered as a reasonable
substitute of the normalised (complex) Eisenstein series Ey of weight 2, although
it “vanishes at infinity” (see later), because it provides a good way to compute
quasi-periods of lattices of rank 2 (see [12]).

The C-algebra M= C[FE, g, h] has dimension 3. Weights and types of E, g, h
associated to the functional equations () determine a graduation of M by the
group Z x Z/(q — 1)Z. A degree is a couple of integers (w,m) € Z x Z/(q — 1)Z.
By convention, we identify the class m with its unique representative in the interval
[0, —1[. A polynomial f € M\ {0} is a Drinfeld quasi-modular form of weight w
and type m if it is homogeneous (or isobaric) of degree (w,m).

3See [27), Section 2.1], where the notation 7 is adopted; there is an analogy with the number
27i.



The algebra M is also filtered by the depths. The depth [(f) of a non-zero
polynomial f € M is by definition its degree degy f. By convention, the zero
polynomial of M is a quasi-modular form of weight w, type m and depth [ for all
w,m,l. In all the following, we denote by MElm the finite-dimensional C-vector
space of Drinfeld quasi-modular forms of weight w, type m and depth < [; we
recall that if w # 2m (mod ¢ — 1), then M3 = (0). Obviously, if f # 0 is
quasi-modular, then w(f) > 2I(f).

Let ecar : C — C be the Carlitz exponential function (see below, ([22])) and
let us write u : 2 — C' for the “parameter at infinity” of €2, that is, the function
u(z) = 1/eca(m72).

The C-algebra M embeds in C[[u]] (cf. [13]). If f € M, then, for u = u(2)
with |u| small enough, we have a converging u-expansion

f(z) = Zciui, ¢ €C. (5)
=0
Let us write, with f asin (B]), voo(f) := inf{i such that ¢; # 0} with the convention
inf ) = co. If f # 0, then vy (f) < oc.
The main result of this paper is the following:

Theorem Let w,l,m be integers, with 0 < m < q—1,1>0, let f € ]T/[Elm be a
non-zero Drinfeld quasi-modular form. If

w > 41 (2q(q+ 2)(3 + 29)1 + 3(¢* + 1)), (6)
Then we have the estimate:
Voo f) < 16¢*(3 + 2¢)*Iw. (7)

Our Theorem does not overlap with [4, Theorem 1.4] (joint work with Bosser), a
rather precise estimate which, however, holds for Drinfeld quasi-modular forms of
depth < ¢2 only.

Our methods imply explicit estimates for the order of vanishing of any non-
zero quasi-modular forms, but the unconditional estimates obtained so far are not
as precise as (7). With the same hypotheses on f as the Theorem, but without
assuming ([6]), we will also prove, in the present paper, that:

vaolF) < 60*(4q + 5)*(¢” + DPPw(12 + log, w), ®)

where log, denotes the logarithm in base ¢q. Recently, in collaboration with Bosser,
we have obtained a better (but still not optimal) unconditional estimate whose
proof will appear in another work. In the next subsection we will explain why our
Theorem is not “far away from the truth”.
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1.1 A conjectural upper bound for v

Let w, m, [ be such that Ml%lm # (0). What is the image of the map v : ]T/[:%lm \
{0} = Z and how big can v, (f) be, with f € M<l non-zero?

If Mg; # (0) we write

vt (w,m, 1) = max{v(f): f € M@%lm \ {0}}

and we first look at the case [ = 0. In this case, we write M, ,, = M<0 Let
M = @y mMym = Clg, h] be the graded C-algebra of Drinfeld modular forms of
dimension 2. It is easy to show (the brackets |-| denote the lower integer part)
that if dime M, ,, # 0,

et

q— 1 J = dlm(; Mw,m - 1, (9)

so that, for all f € M, ,, \ {0}, the image of v« on the union U,,M,,,, \ {0} is
equal to the interval [0, ..., [¥7]] and

w

Voo (f) < m, (10)

which also is the best possible bound linear in w (*).

Different phenomena arise in the vector spaces qulm for [ > 0. In this case, it
is unclear how to extend (@) and compute the image of v..

An example and a conjecture. The dimension of M3 ME! ., can be computed inductively
with the formulas of [14, p. 33]; one deduces that for [, m fixed,

dimg M= [+1
lim oo wm L (11)
w—oo W — [ ¢ —1

the limit being taken over the w’s such that w = 2m (mod ¢ — 1). For example,
if ¢ = 2, one gets the explicit formula dimg Mw o= 2] for all w.

We consider more carefully the case of depth < 1. In [4] (see also Section
of the present paper) we have constructed a family of Drinfeld quasi-modular
forms (zy)r>o with x € M FiL \ M eztremal in the sense that it attains, in
the indicated vector space, the biggest possible order of vanishing at infinity; we
have also proved that v (x;) = ¢* for all k. From this construction, one can in

4Riemann-Roch’s Theorem over the rigid analytic curve compactification of I'\§2 also implies

@), see [13, (5.14)].



fact furnish a normalised extremal quasi-modular form f, ,,1 in every non-trivial
vector space My}, (°). If for example ¢ = 5,m = 1, the sequence (fini211)n>0 is:

_"L‘Oa_ﬂa_gﬂ - 4ﬁ - -2 ) -2 7"'7_924 2 R
T T T e Y i
5 te‘r,ms 25 t;;ms

where [i] = 97 — 0 (if w is not of the form 4n + 2, the space M  is trivial).
For general ¢ and m it can be proved, by using the forms x}’s, that the sequences
(ftg=1)nt2m,m1 )n>0 involve quasi-modular forms which are monomials Ag*hbxy, (\ €
C*,a,b, k > 0; see Section [d for details on the normalisations). An accurate study
of these forms (that we skip here), implies that for all ¢, m

dime MgL, dime MgL,
0 < liminf —————— < limsup

— = <
w—oo YA (1 m, 1) wooo VI (w,m, 1) >

the limits being taken in sequences with w such that dim¢ Mqﬂn # 0. This means
that there is no close analog of ([Il) and Kaneko and Koike’s hypothesis in the
Drinfeldian framework.

The infimum limit precisely occurs in the sequence of spaces M3 for

k+1 1
kE > 0. Induction on £ > 0 starting with the equality dim¢ M211 = 1 yields
the computation of the dimensions: if ¢ = 2 a formula quoted above yields

dim¢ M2k+1 = LQ(QZ’“)J and if ¢ # 2 we get

dlmcM prat i qdlmCMk+1 LT
where 1oy = —q + 2 and ro51; = —2¢q + 3. Hence, for all ¢,

- dim¢e M—,ch11 2

koo v (gh £ 11,1) 2 — 1

Combining with (II) we find that for all w big enough with ]f\z%n # (0) and
e ML\ {0}, voolf) <w —1 (that is, < l(w — 1) with [ = 1).
These arguments have been extended with the help of several experiments to

some higher depths and seem to justify the following (cf. [4]):

Conjecture Let g and [ > 0 be fized. For all m, for all w big enough such that
M5!, #(0), and for all f € M3, \ {0},

Voo (f) < l(w —1). (12)

°A formal series Y, ciu’ € L[[u]] (L being a field) with ¢;, # 0 is normalised if its leading
coefficient ¢;, is one.




This upper bound cannot be improved, as the choice of f varying in the family
(z) indicates (for k& > 0), with the x;’s the functions introduced in [4]. Other
evidences of the truth of this conjecture appear in this paper, notably in relation

with reduced forms as defined in Section 5.3 (see Remark 27]).

1.2 Methods of proof

Inequality ([B]) is a very simple multiplicity estimate. Multiplicity estimates are
important tools in transcendence and algebraic independence techniques. A much
deeper result was obtained by Nesterenko [24, Chapter 10, Theorem 1.3|, and was
the key tool in his theorem on the algebraic independence of values of normalised
Eisenstein series and the function e?™*. The theory of multiplicity estimates in
differential polynomial algebras gave general results when the base field is alge-
braically closed of zero characteristic; see for example [5] (6], 23].

A sketch of proof of inequality (B) is given in the introduction of [4]. If
[ € C[Ey, Ey4, Eg) is a non-zero (classical) quasi-modular form (°), Ramanujan’s
differential system implies that (d/dz)f is again a non-zero quasi-modular form.
The bound follows easily remarking that if f and (d/dz)f are coprime, then the
resultant

ReSE2 <f7 (d/dZ)f) (13>

of the polynomials f,(d/dz)f € C|E,, E4, Eg] with respect to Fs is a non-zero
modular form whose weight is controlled by elementary considerations and whose
order of vanishing at infinity is controlled by the well known suitable analog of
(0.
If f and (d/dz)f are not coprime, one combines the resultant argument with
a variant of the separation property of Brownawell and Masser [5, Lemma, p. 212]
which holds in this case thanks to existence of the parabolic form A = e*™* 4 ...
of weight 12, non-vanishing on the upper-half plane (see Nesterenko’s Lemma 5.2
of [24, Chapter 10]).

Reasonable analogues in positive characteristic of differential algebras are the
so-called iterative differential, or hyperdifferential algebras (cf. [22]); very little
is known on multiplicity estimates in this framework; something which is really
missing in this context is a suitable variant of the separation property. .

In a joint paper with Bosser, we proved [3, Theorem 2] that the algebra M is
hyperdifferential, endowed with a hyperdifferential structure D, that is, a collection
of C-linear operators D = (D,),>¢ satisfying certain properties among which
Leibniz’s formula. For this hyperdifferential algebra (M , D), there is not a suitable
separation property analog (see [4]).

6The Ey;’s denote normalisations of classical Eisenstein series of weights 2i.
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To overcome the above-mentioned difficulties and to prove our Theorem, the
main idea of this paper is to work with certain deformations of Drinfeld quasi-
modular forms, that we call almost A-quasi-modular forms (7), introduced in
this paper with an underlying connection to Anderson’s t-motives, also called
A-motives.

In Section 2l we review and develop tools which have essentially been introduced
by Anderson in [1], concerning rigid analytic trivialisations of A-motives associated
to rank 2 Drinfeld A-modules. We use the exposition in [27] as a basis to build
the necessary background to proceed further.

While spaces of Drinfeld quasi-modular forms embed in C[[u]] and are spanned
by forms with coefficients in F,[f], the spaces of almost A-quasi-modular forms we
are interested in embed in C[[t,u]], with ¢ a new indeterminate and are spanned
by forms with coefficients in F,[t, 6] (*). When it makes sense, replacing ¢ by 6
in an almost A-quasi-modular form gives a Drinfeld quasi-modular form (care is
required to check convergence of our series).

In particular, we will construct a particular almost A-quasi-modular form E €
F,[t, 0][[u]] such that, replacing ¢ by 6, it specialises to the quasi-modular form FE.
This and several crucial properties of E will be described in Section [3|

The F,-linear Frobenius map F : C[[t,u]] — C|[t,u]] (defined by F(z) = z? for
all x € C[[t,u]]) splits as

F=71x=XxT,

where 7 is Anderson’s IF[[t]]-linear map defined by

T g ot u" = E ch t"ut"

m,n>0 m,n>0

the ¢,,n’s being in C, and x is Mahler’s C[[z]]-linear map, defined by

X g Cmnt"u" = E Cm U,

m,n>0 m,n>0

with analogous ¢y, »’s.

The C[[t]]-algebra of almost A-quasi-modular forms embeds in C[[¢, u]] but is
not stable under the action of 7 and x. At least, it contains “large” sub-algebras
which are stable under the action of 7. Thanks to the results of Section Bl we will
construct, in Section @] one of them; a four dimensional sub-algebra M of almost
A-quasi-modular forms which is at once:

"The reader might find this terminology rather heavy. It has been chosen because in forth-
coming works, we will also need to deal with A-quasi-modular forms and A-modular forms.
8These forms do not seem to have a counterpart in the classical framework yet.



— Graded by the group Z* x Z/(q — 1)Z (a degree will be a triple (i, v, m), with
(i, v) the weight, m the type).

— Stable under the action of 7, in a way which is compatible with the graduation.

— Endowed with a set of generators contained in F,[t, 8][[u]], whose coefficients ¢,
of their u-expansions have the property that the degrees in t grow “slowly”
as n increases, unlike the degrees in 6.

The Theorem will be proved in Section Bl by using the properties above, avoiding
resultants such as (I[3)), in two steps. The first step is made by a multiplicity
estimate in M itself (Proposition 24)), with the use of resultants like

Resg(f,7f), (14)

with f € M, which essentially land in C[[t]][g, h], after rescaling by a well con-
trolled A-quasi-modular form. The required variant of Brownawell and Masser’s
separation property is easy to obtain, and the use of the grading by Z*> xZ/(q—1)Z
is essential at this stage.

The second step will use transcendental techniques (°). With a variant of
Siegel’s lemma we construct a collection of non-trivial auxiliary forms f, ., € M
of weight (u,v) and type m with certain technical conditions on p,v € Z and
m € Z/(q — 1)Z. These forms vanish with high order at infinity, but we can
bound from above this order by Proposition Let f be a non-modular Drinfeld
quasi-modular form. The proof of our Theorem ends with the study of a second

resultant which lands in Drinfeld modular forms:

Resp(f, (T fm)):

making good choice of the parameters u, v, m. Here, we also need to choose k
not too big; this choice will be made possible by the crucial property highlighted
above, that the u-expansions of the generators of M have their coefficients whose
degrees in t grow slowly as the index increases.

The paper ends with Sections [0 and [7l which are independent. In Section
we describe a link to extremal quasi-modular forms as defined in [4]. To motivate
Section [7, we point out that after having discovered the benefits of the graduation
by Z%x7/(q—1)7Z of M, we have, for a while, searched for similar structures above
classical quasi-modular forms. We believe that this theme should be investigated
in the sequel. The reader might be interested in the collection of fragments of
result we know in this domain, appearing there.

9This explains the presence of the log, factor in (&) and the condition (@).
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2 Anderson’s functions

In this section we recall some tools introduced in [13] Section 2], [1, 2] and described
in [27, Section 2 and Section 4.2].

As A-lattice of rank r > 0 we mean a free sub-A-module of C of rank r, discrete
in the sense that, given a compact subset of C', only finitely many elements of it
lie in. Let A C C be an A-lattice of rank r and let us consider, for ( € C, the
exponential function associated to A, defined by the product:

e =¢ I (1—%), (15)

weA\{0}

which converges for all ¢ € C. For A € C*, the product expansion (3] implies:

exn(C) = Aea(A710). (16)

There exist elements 1 = ag(A), a1 (A), az(A),. .. € C, depending on A only, such

that:
er(() = 3 an(A)CT, (17

n>0

the series having infinite radius of convergence (cf. [13], [16]).

The construction of the exponential function by (IH) is the main tool to prove
that the category whose objects are homothecy classes of A-lattices of rank r and
morphisms are inclusions, is dually equivalent to the category whose objects are
isomorphism classes of Drinfeld A-modules of rank r and morphisms are isogenies
(see [I3 Section (2.6)] or [27, Section 2]). For A as above, there is a Drinfeld
A-module ¢, such that

Pa(a)en(C) = ea(ad) (18)

(for all ¢ € C and a € A), which is uniquely determined by its value ¢,(0) €
Endg, iy, (G,(C)) in 6. This value is a polynomial of degree r in 7, which we
recall, is the Frobenius endomorphism 7 : ¢ + ¢?. On the other side, to any
Drinfeld A-module ¢ of rank 7, a lattice A, of rank r can be associated, so that
the functors A — ¢, and ¢ — A, are inverse of each other up to isomorphisms.
Let ¢t be a new indeterminate. With A an A-lattice of rank » > 0 and e, as
in (IH), let us consider w € A\ {0} and introduce, following Anderson in [1], the

formal series: .
w .
SA,w<t) = Z EA (9@'4—1) t.

1=0

For a positive real number r, we denote by T, the sub-C-algebra of C|[t]] whose
elements are formal series } ;. c;t' that converge for any t € C' with [t] < r. We

10



denote by T~ the sub-C-algebra of C|[t]] whose series converge in some open disk
containing 0, and we notice that all the series of T, converge at ¢ = 6. We also
denote by T, the sub-C-algebra of series that converge everywhere in C'.

If ri > ry > 0, we have

T>0 D T<T‘2 D T<T1 D TOO

The Tate algebra of formal series of C[[t]] converging for all ¢ such that |¢| < 1 will
be also denoted by T; it is contained in T.; and contains Ty, for all € > 0.

It is easy to verify that, with A and w € A as above, sy, € T, C T. If
A C K2#, it can be proved that sy ,(t) € K2=[[t]].

We extend the operator 7 from C' to C][t]] as follows:

F=) entt s rfi=> it

n>0 n>0

We will also write f*) for 7%f, k € Z (the operator 7! is well defined). One
checks that 7 sends T., in T.,«. The extension 7 so constructed defines F-
automorphisms of T<g, T and T,.

We write A = F[t], K = F,(t). If a = a(f) € A we also write @ = a(t) € A. If
A is an A-lattice of rank r and if ¢, is the Drinfeld A-module of rank r in (I§]),
then, for all a,a, € A and wy,ws € A,

(bA(al)SA,wl + ¢A<a2)5A,wz = SAa1witagwe — aISA,wl + a2SA,wg- (19>

These identities, which hold in T, are proved in [27, Section 4.2.2].
From (I6]) it immediately follows that, for A € C'*,

S)\A)\w(t) = )\SAM(t)- (20)
We also have the series expansion (cf. [27, Section 4.2.2])

2 a (A)w?”
sao(t) =y S 21
ol = 30 ot (21)
n=0
uniformly convergent in every compact subset of C'\ {6,609, ...}, and s (t) —
w/(8 —t) extends to a rigid holomorphic function for |t| < ¢?. We will then often
say that s, has a simple pole of residue —w in t = 6. Notice that other poles

occur at t = 09,07 ..., but we will never need to focus on them in this paper.

Example: rank one case. For A = 7A (rank 1), the exponential function (I7) is:

ecar(C) =Y Cdi, (22)

n=0 n

11



where dy := 1 and d; := [i][i — 1]7---[1]9" ", recalling that [i] = ¢ — @ if i > 0.
The relations (I8) become, for all a € A,

(bCar(a)eCar(C) = eCar<aC>7

where ¢c,, is Carlitz’s module defined by
(bcar(e) = 97’0 + 7 € End]Fq_lin,(Ga)

(see Section 4 of [13]).

We will write scar = szaz The function sc,, has a simple pole in 6 with
residue —7.

By (I9) (cf. [27, Section 4.2.5]), the following 7-difference equation holds:

Sga)xr(t) = (t - e)SCar- (23)

After [11, Theorem 2.2.9], T is a principal ideal domain. This property can
be used to verify that the subfield of constants L™ := {l € L, 7] = [}, where L is
the fraction field of T, is equal to K := F,(t) (see also [25, Lemma 3.3.2]). We
deduce, just as in the proof of [25] Lemma 3.3.5], that the 7-difference equation
fO = (t — 0)f has, as a complete set of solutions in L, the F,(t)-vector space
F,(t)scar- In fact, for all a = a(f) € A, we have s34 0z = Scar-

Comparing with (22)) we also point out, for further references in this paper,
that (2I) becomes in this case:

~aT
7Tq

&m@yzggazﬁ;jg,\ﬂ<q. (24)

2.1 Anderson’s functions for elliptic Drinfeld modules

We recall and deepen some tools described in [27, Section 4.2.5] (see also [8] 25]).
Let z be in €2, and consider the A-lattice A = A, = A + zA of rank 2, with
associated exponential function e, = e,. Let us consider the Drinfeld module ¢,

defined by

b, 0 ¢.(0) =070 + G(2)T" + A(2)72, (25)
where §(z) = 77 1g(2), A(z) = 7 1A(z), with A = —h?~L. Then,
gbz(a)ez(C) = ez(ag) (26)

for all a € A and ¢ € C ([13], Section 5], [27, Section 4.2.5], see also [25]).
We can write, for ¢ € C,

e(C) = Zaz‘(Z)(qi, (27)



for functions «; : Q — C with oy = 1. By (26]) we deduce, with the initial values
ag = 1,a_1 = 0, the recursive relations
L A a4 ~
a;, = —=(gaj_| + Aa) ), i>0. (28)

[

This implies that the function «;(z) is a modular form of weight ¢* — 1 and type
0 for all ¢ > 0. There exist elements c; ,, € C such that

OéZ(Z) - Z Ci,muma 'L Z 07 (29)

m>0

with convergence for z € € such that |u| is small enough. The following lemma
tells that a non-zero disk of convergence can be chosen independently on 4.

Lemma 1 We have

1.
Ci,O = E'ﬂ'q _1, 1 Z 07 (30)
and ,
|Cim| < ¢ B™, (i,m > 0). (31)

Proof. Let us write g = > .. ~ut and A = > is0 Siu' with Av’,,gl € C. The
recursive relations (28)) imply, for i > 1, m > 0 and 7, k non-negative integers:

1 - ~ 2
CLm:m Z Vit Z i€l o | »

from which we deduce at once (B0) because 7y = 7! and go =0.

We now need to provide upper bounds for the |¢;,,|’s, with explicit dependence
on ¢, m.

Looking at [I3, Definition (5.7), (iii)], there exists B > ¢ such that, for all
i >0, max{|7i, %]} < B". We know that ap = 1 and that |c1m| < ¢~ ?B™. Now,

After induction and the equality |[i]| = ¢¢ (i > 0), we deduce (BI)) from these
identities. n

In all the following, we shall write:

s1(z,t) = sa, (), sa2(z,t) = sa, 1(1).

These are functions Q2 x B, — C, where, for > 0, B, is the set {t € C, |t| < r}.
In fact the definition of the functions s, ,, tells that s1, s2 € Hol(€2)[[t]], where
Hol($2) denotes the C-algebra of rigid holomorphic functions Q2 — C. After (27)
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and (2I)) we see that, for any couple (z,t) € Q x B,, the following convergent series
expansions hold:

sl(z,t) _ Zai(.z)zq

SQ(Z, t) =

Our notations stress the dependence on two variables z € Q,¢ € B,. For these
functions, we will also write, occasionally, s1(z), 82(2), to stress the dependence
on z € Q). We can also fix z € Q and study the functions s;(z,-), s2(z, -), or look
at the functions s;(-, ), s2(+,t) : @ — T, with formal series as values. In the next
section, we provide the necessary analysis of the functions s1(z, ), s2(z, ). Hence,
we fix now z € Q.

2.1.1 The s;’s as functions of the variable ¢, with z fixed.

At 6, the functions s;(z,-) have simple poles. Their respective residues are, ac-
cording to Section 2l —z for the function s1(z,-) and —1 for ss(z,-). Moreover,
we have sgl)(z, 0) = n and sgl)(z, 0) = 1, where 11,19 are the quasi-periods of A,
(see [27, Section 4.2.4] and [12, Section 7]).

Let us consider the matrix function:

$(e.t) ( s1(201)  sa(z) )

Sgl)(zat) S (Zat)

By [27, Section 4.2.3] (see in particular equation (15)), we have:

~ ~ ~ ~ 0 1
Uz, )V =0(2) - W(z,t), whereO(z)=| 10 3 |, (32)
A(z) A(2)

yielding the following 7-difference linear equation of order 2:

Sy = —= 82_Z82. (33)

Remark 2 By [I], there is a fully faithful contravariant functor from the category
of Drinfeld A-modules over K*# to the category of Anderson’s A-motives over K= .
Part of this association is sketched in [27, Section 4.2.2], where the definition of
A-motive is given and discussed (see also []]); it is based precisely on Anderson’s
functions s, .. In the language introduced by Anderson, T is a rigid analytic
trivialisation of the A-motive associated to the Drinfeld module ¢ = ¢,.
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We will also use the following fundamental lemma, whose proof depends on
Gekeler’s paper [12].

Lemma 3 (“Deformation of Legendre’s identity”) We have, for all z € )
andt € Tey:

det(W) = 7 9h(2) " s cu(t). (34)

Proof. Let f(z,t) be the function det(\/I\l(z,t))h(z)?qu, for € Qand t € B;. We
have:

FO ) = —(t— OA(2) " det(V(z, 1)) h(2)I7HT = (t — 0)f(z,1).

For fixed z € (2, we know that sgk)(z,-) € T_,» C Tforall £ > 0. Hence,

f(z,-) € T for all z € Q. By arguments used in the remark on the K-vector space
structure of the set of solutions of [23)), f(z,t) is equal to A(z,t)scar(t), for some
A(z,t) € A; the matter is now to compute A, which does not depend on z € Q
as follows easily by fixing ¢t = ¢y € B, transcendental over F, and observing that
f(z,to) is holomorphic over 2 with values in a discrete set.

Now, for z fixed as t — 0,

lim\/I\l( t) — “Ta ) o (*
v m n ) \0 0)’

n1, M2 being the quasi-periods (periods of second kind) of the lattice Aw; + Aws (re-
spectively associated to wy and ws) [12], Section 7, Equations (7.1)], with generators
w1 = z,wy = 1, where the asterisks denote continuous functions of the variable
z. Hence, we have lim;_,o(t — 6) det(¥(z,t)) = —zn2 + m1. By [12, Theorem 6.2],
—ZNo + M = —%_qh(z)_l.

At once:

~

t —0)det(¥(z,t))
7 h(2) T lim(t — 0)sca(t)

t—0

= AO)F Th(2),

Il
>~
—~
>
— N— —

which implies that A = A\(f) = 1 (6 is transcendental over F,). Our Lemma follows.
0

In the next section, we study the functions s;, sy as functions 2 — T.,.
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2.1.2 The s;’s as functions (2 — T_,.

We observe, by the definitions of si, s9, and by the fact, remarked in (28]), that a;
is a modular form of weight ¢ — 1 and type 0 for all 4, and by (I9), that for all

a b
7—(6 d)EF.

sa2(y(2),t) = Z(Cz+d)qi_1£ji(j)t

= (cz+d) sp. eara(?) B
= (cz+d) " (@s1(z,t) + dsa(z, 1)).

Similarly,

s1(v(2),t) = Z(cz+d)q"—1%

= (;Z+d)_15Az,az+b(z) _
= (cz+d) ' (@si(z,t) + bsy(z,1)).

S0 = (30)

Z ) e I, and for all z € Q, we have the following

Let us write

We have proved:

Lemma 4 For all v = ( Z
identity of series in T<g:

Y(y(2),t) = (cz +d)'y - B(2, 1), (35)

where 7 is the matriz ( (_cl é ) el

2.1.3 Behaviour of s, at the infinity cusp and u-expansion

We use the results of the previous subsections to see how the function s behaves
for z approaching the cusp at infinity of the rigid analytic space I'\€2. Here we
will prove two lemmas.

Lemma 5 There exists a real number r > 0 such that for all (z,t) € Q x C with
lu| = |u(2)| < r|t] <r, we have:

$2(2,t) =7 'scar(t) + ) Km(Hu™, (36)

m>1
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where form > 1,

CA
fm(t) = o
= 01 —t

- Z w Z Ci7m9—qi(1+j) € Ty,

>0 i>1

the c; s being the coefficients in the expansions (29).

Proof. For z € Q such that |u| < B~! with B as in (31]), and for [¢{| < ¢, 2]
yields:

1 a;(z)
0—t £=fa —1t
i>1

1 1
= ot 2 gy

sa(z,t) =

i>1 m>0
1 1 m Ciom
- m+izzlc"°9qi—t+z>lu ; ¢

= %—1 d@q _t+Z/{m

= 7 'scalt) + Z Km(t)u™,

m>1

where, in the second equality we have substituted the u-expansions of the a;’s in
our formulas, in the third we have separately considered constant terms, in the
fourth equality, we have used (30), in the fifth we have recognised the shape of
Scar (24), and we have noticed, by using (31), that for all ¢ € C' such that [¢t| < g,
k()] < B™q ™ O

Later, we will need to do some arithmetic with the u-expansion (36@]). To this
purpose, it is advantageous to set:

d(z,t) == Tsca(t) 'sa(2, 1),
function for which (B3]) becomes:
d=(t—0)Ad? + gdV. (37)
We will need part of the following lemma.
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Lemma 6 We have

d= 3" et € 14w ft, 0)[[ut ) (38)

More precisely,
d=1+(0—t)u?D 4 (0 — t)u @D Lo 14 (8 — 0)ut 't 0)[[ut Y]],

where the dots - - - stand for terms of higher order in u.
Let i be a positive integer, let k; be the unique integer such that ¢** < i < ¢**.
Then,

—o0 < deg,c; < k; < long 1,

where log 2 is the logarithm in base q?, with the convention deg, 0 = —oco.

Proof. For simplicity, we write v = u9~!. It is clear, looking at Lemma [, that d
is a series in T [[v]]. We have the series expansions (cf. [I3, Section 10]):

g = 1—] nynv € Alfv
A = —v(l—v""t+ Zév € uAl[v]],

We deduce, from (B7), that

(=07 > 6+ > el (39)

i+q2j=m i+qj=m

which yields inductively that ¢; belongs to F,[t, 0], because the coefficients of the
u-expansions of A and g are A-integral. The statement on the degrees of the

coefficients of the ¢;’s, is also a simple inductive consequence of (B9) and the
(k)

following two facts: that deg, d;, deg,v; < 0, and that deg, c;
(t is T-invariant).

The explicit formula for the coefficients ¢; with ¢ < ¢ — g+ 1 is an exercice that
we leave to the reader, which needs [I3], Corollaries (10.3), (10.11)]. The explicit
computation can be pushed easily to coefficients of higher order, but we skip it
as we will not need these explicit formulas at all in this paper. The fact that the
coefficients ¢; belong to the ideal generated by ¢t — 6 for ¢« > 1 follows from the

computation of the residues in 2.1.11 0

= deg, ¢; for all 7,k

18



3 The function FE

The function of the title is defined, for z € {2 and t € By, by:

E(z,t) = —h(2)dW (2, 1) = —(t — 0)"'Fh(2)sch. () s (2, 1),
with d the function of Lemmal6l This section is entirely devoted to the description
of its main properties. Three Propositions will be proved here.

In Proposition [ we use the arguments of 2.T.T] to show that, just as d, E satis-
fies a linear 7-difference equation of order 2 with coefficients isobaric in C/[[t]][g, h]
(19).

In Proposition 8] where we use this time the arguments developed in 2.1.2]
we analyse the functional equations relating the values of E at z and ~y(z), where

v = (Z Z) € I'; they involve the factors of automorphy:

Jy(z) =cz+d, J,(z)=c¢C

with values convergent in C/[[t]].

Proposition [ follows from what we did in and describes the third im-
portant feature of the function E; the existence of a u-expansion in F,[t, 8][[u]].
For Drinfeld quasi-modular forms, the degree in 6 of the n-th coefficient of the u-
expansion grows pretty rapidly with n in contrast of the classical framework. The
function E does not make exception to this principle. However, the degree in t of
the n-th coefficient grows slowly, and this property is used crucially in the proof
of the multiplicity estimate. Another important property studied in this section is
that E(z,0) is a well defined function 2 — C and is equal to Gekeler’s function
E.

3.1 linear 7-difference equations

Proposition 7 For all z € Q, the function E(z,-) can be developed as a series of
T.4a. Moreover, The following linear T-difference equation holds in T4, for all
z e

1
E® = e (AE+ g EW). (40)

Proof. After having chosen a (¢—1)-th root of —6, let us write, following Anderson,
Brownawell, and Papanikolas in [2 Section 3.1.2],

00)i= (07 I (1= 500 ) € (T 1 Kl (=020 W)\ K™

n=1

10T his phenomenon holds with more generality and should be compared with a result of Stiller
in [28].
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It is plain that
QY@ = (1 —0)Q(1).

Thanks to the remark on the K-vector space structure of the set of solutions of
[23)) and after the computation of the constant of proportionality, we get

SCar(t) = (41)

QD)

At once, we obtain that the function sc,, has no zeros in the domain C'\ {6, 67, ...}
from which it follows that ((f —6)scar) ' € T<ga. Moreover, for all z € €, we have
sy € T, so that sgl) € T.,. Multiplying the factors that define the function F,
we then get, for all z € , that E(z,-) € T.,, which gives the first part of the
proposition (and in fact, it can be proved that d, E(z,-) € Ty, for all z € Q, but
we skip on this property since it will not be needed in the present paper).

In order to prove the second part of the proposition, we remark, from (37) (or
what is the same, ([B3), that

t— 64 g° 1
s =T gV~ g—sg), or equivalently, d® = ————(dV — g7d®).

Ad Ad (t — 07°) A

By the definition of E and the 7-difference equation (23)) we find the relation:

E® = —(t—6") 1 —6"") (k=) R R sl sY Y,

g (42)

for £ > 0. Substituting the above expression for d® in it, we get what we expected.
[l

3.2 Factors of automorphy, modularity

In the next proposition, the function E is viewed as a function 2 — T (it can
be proved that it defines, in fact, a function Q2 — T.). In order to state the
proposition, we first need a preliminary discussion.

If w ¢ OA, ep(w/0) # 0 and sp () € TZ, (group of units of T+y), so that, for
every z fixed, s5(z,-)"' € TZ, (*!). Hence, we have a well defined map

£:Q—>T§O

Sl(zvt)
z = s2(z,t)

" The radius of convergence, in principle depending on z, seems difficult to compute.
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and we can consider the map
(v, 2) = ((Z Z) ,z) el x Qs J,(2) =& +d € Tsy.

Since ¢, d are relatively prime, we have cz + d & @A, implying that ¢s; + ds, =
SA.co+d € TZo. Therefore, for all vy € ' and z € Q, J,, € TZ,,.
Moreover, by (B5) we have, for all v € I and z € ,

£(v(2)) =7(&(2)) € C((1)), (43)
so that, for v,0 € I" and z € Q,
T5(2) = T, (6(2)T5(2). (44)

the map J : I' x Q — TZ, is our “new” factor of automorphy, to be considered
together with the more familiar factor of automorphy

Jy(2) =cz+d.
. a b
Let us also write, for v = ( e d ) el
c
(=) = cz+d
c

L z — —
,Y( cs1 + d82

We remark that for all v € I', L., (z) belongs to T~ because s2J,(2) € TZ,. More-
over, the functions J. and (§ —t)~'L., are deformations of .J, and L., respectively,
for all v € T". Indeed, we recall that (t — 0)ss(z,t) — —1 and (t — 0)s;1(2,t) = —=2
as t — 0. Hence, lim;_. z—; = z. This implies that

lim J,(2) = J, (=), (45)
In a similar way we see that

lim(t — 0)"'L,(z) = — L, (2). (46)

t—0

We further define the sequence of functions (g;)r>o0 by:

k—1

* * * * * k-2 * k-1
g1 = 07 9o = 17 g1 =9, 9k = (t - eq )gk72Aq + gk:flgq ) k Z 27

so that for all £ > 0, we have the identity g;(z,6) = gr(z), the function introduced
in [I3, Equation (6.8)].
We have:
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Proposition 8 For all z € Q, v € I' and k > 0 the following identity of formal
series of Tso holds:

E®(y(2),t) = det(y)7"J,(2)7 T, (2) x (47)

k QZ(Z)
<E( R o T Ty e 9q'“>L”<Z)) '

From the deformation of Legendre’s identity (34]) we deduce that

1 ~
sgl) = s_<818§1) — T s ). (48)
2

Let v = <CCL Z) € I'. Applying 7 on both left and right hand sides of

s2(7(2)) = J; Ty 82(2) = J 7 (Es1(2) + dsa(2)), (49)
consequence of Lemma (4], we see that
53/ (v(2) = J;"(es) + dsy”).
We now eliminate sgl) from this identity and (48]]), getting identities in T~:

Esgl) + Esgl) =

_ S£<sls;1> — 7 R(2) T sem(t)) + dstY
2

2
_S1 | 5 (1) _ =1~ -1 ‘
_ = 4d — 7h arll) =———=— ],
(ng " ) <82 " () s ()581+d32)
that is,
B T s ca(t
Sgl)(’}/(z)) _ J7 qJﬂ/ (Sgl)(z) _ T;)OLW) . (50)

This functional equation is equivalent to the following functional equation for d¥
(in Tso):

1
dY = J7J, (dY(2) - ————L, ). 51
(7(’2)) J’y Y < (Z) %(t _ H)h(z) Y ( )
This already implies, by the definition of E and the modularity of h:

B0 () = det(3) 0,0, (B + =L
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which is our proposition for k = 0.
We point out that (B5]) implies the functional equation, for all v € T":

d(v(2)) = J; ' J,d(2). (52)

The joint application of (52), (49), (1) and ([B2) and induction on k imply, for all
k >0 and v € I', the functional equation in T+:

_g B G
U (d(k)(z) Fh(z) 7 (t = 0)(t — 67) - - (t — eqk‘l)L”> Y

where we have also used the functional equation (23). By (42), we end the proof
of the proposition. O

3.3 wu-expansions

Proposition 9 We have

E(zt) =u) _ cy(t)u " € uF, [0, t][[u"]),

n>0

where the formal series on the right-hand side converges for all t,u with |t| < q
and |u| small. The terms of order < q(q — 1) of the u-expansion of E are:

E=u(l+uY — (t—0)ulea4...), (54)
Moreover, for all n > 0, we have the following inequality for the degree in t of

cn(t):
deg; c, < log,n,

where log,, denotes the logarithm in base q and where we have adopted the conven-
tion deg, 0 = —oo.

Proof. This is a simple consequence of Lemma [0l and the definition of E. m
Remark 10 Let us introduce the function
p= %l’qsgl)/sg € C[[t,u”"]].

By ([B2), p satisfies the non-linear 7-difference equation:




Hence, u = (t — O)A~ (u™ + g/A)~'. Although not needed in this paper, we
point out that this functional equation gives the following continued fraction de-
velopment, which turns out to be convergent for the u-adic topology:

he g EFlALL (55)
g+ 5
a6
I N 2 AqQ (t - qu)
g7+ ———

This property should be compared with the connection of Atkin’s polynomials
with certain continued fraction developments in [20], Section 4, 5], or the continued
fraction developments described after [18, Theorem 2].

4 Bi-weighted automorphic functions

In this section we define almost A-quasi-modular forms. We will see that they
generate a Tsg-algebra M with natural embedding in C|[[t, u]. Thanks to the two
kinds of factor of automorphy described below, M is also graded by the group
7Z?x7/)(q—1)Z.

Presently, we do not have full structure information on M; but we will show,
with the help of the results of Section [ that g, h, E,F € M with F = 7E. It
will be proved that for this graduation, the degrees (in Z? x Z/(q — 1)Z) of these
functions are respectively (¢ —1,0,0),(¢+1,1,0),(1,1,1) and (¢, 1,1) and we will
show from this that they are algebraically independent over C'((¢)) (also E belongs
to M , but we will not use it). Since they take values in T, we will study with
some detail the four dimensional T, -algebra

M' :=T_.lg, h, E, F).

Proposition [7 implies that 7 acts on M': If £ € M' is homogeneous of degree
(1, v,m) then 7f is also homogeneous of degree (qu, v, m).
We will see that if £ € M is homogeneous of degree (u,v, m), the function

Q — C
e(f): 2 = f(2)|i=0

is a well defined Drinfeld quasi-modular form of weight p + v, type m and depth
< v. An example is given by Lemma[[3} ¢(FE) = E.
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4.1 Preliminaries on the functions J, and L,

Let us consider three matrices in I

A=(20) 5=(29) c=an=(C 1)er o)

Lemma 11 We have the following identities in Tg:

La(B(2) = det(B)'Js(2)*(Le(2) — Ls(2)),
Lu(B(z)) = det(B) ' Js(2)J5(2)(Le(z) — Lp(2)).

Proof. We begin by proving the first formula, observing that ¢ = det(B) ! (xd—y~):

J5(2)*(Le(2) — Ls(2)) =

_ 2 r 7
= (249) <$Z+y 72+5)

c(0+v2)
= det(B
M) ot dn)e + (BT &)
c
- det(B) (catdy)z+(cB+dy)
o+vz
= det(B)———
o az+pB
CW + d
= det(B)La(B(z)).
As for the second formula, we set
~ c S1
Ly = =, = —
A c€+d ¢ S2

By using (@3) and the obvious identity det(B) = det(B), we compute in a similar
way:

I5(2)*(Le(z) - EB(f)) =
= @z+®2( . ! )

TE+T FE+O

— C
= det(B)i
—ag+p
C s +d
det(B)La(B(2)).

Hence,

La(B(2)) = det(B) " T5(2)*(Le(2) — Ls(2))-
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But

L(z) = s2(2) L a(2),
so that

La(B(2)) = s2(B(2))La(B(2))
(7s1(2) + 0s2(2)) La(B(2))
= 53(2)J5(2) " I5(2) La(B(2)),

where s1, sy are considered as functions 2 — T.,, from which we deduce the
expected identity. 0

4.2 Almost A-quasi-modular forms.

We recall that for all z € 2 and v € I', we have J,,J, Ly, L, € T.
Let r be a positive real number and f : 2 — T_, a map. We will say that f
is regular if the following properties hold.

1. There exists € > 0 such that, for all ty € C, |to| < €, the map z — f(z,to) is
holomorphic on €2.

2. For all a € A, f(z+ a) = f(z). Moreover, there exists ¢ > 0 such that for
all z € Q with |u(2)| < ¢ and t with |t| < ¢, there is a convergent expansion

where ¢, ., € C.

Definition 12 (Almost A-quasi-modular forms) Let f be a regular function
Q — T.,, for r a positive real number. We say that f is an almost-A-quasi-
modular form of weight (u,v), type m and depth < [ if there exist regular functions
Jij Q@ — T, 0<i+j <, such that for all v € I' and 2 € 2 the following
functional equation holds in T<:

F((2),t) = det(y) " JLTY ( > f”L;L;) . (57)

i+y<l

The radius of convergence p(f) of an almost A-quasi-modular form f : Q —
T is the infimum of the set of the real numbers r such that the maps f, f; ;
appearing in (57)) simultaneously are well defined maps 2 — T_,..

We will say that p = pu(f),v = v(f),m = m(f) are respectively the first
weight, the second weight and the type of f.
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4.2.1 Some remarks.

It is obvious that in (B7), f = f,, (use v = identity matrix).

If A € T.q, then the map z — A trivially is an almost A-quasi-modular form
of weight (0,0), type 0, depth < 0. The radius p()) is then just the radius of
convergence of the series \.

Examples of almost A-quasi-modular forms are Drinfeld quasi-modular forms.
To any Drinfeld quasi-modular form of weight w, type m, depth <[ is associated
an almost A-quasi-modular form of weight (w, 0), type m, depth < [ whose radius
is infinite.

The Ts-algebra Tso[g, h] is graded by the couples (w,m) € Z x Z/(q — 1)Z of
weights and types, and the isobaric elements are all almost A-quasi-modular forms
with the second weight 0.

The function ss is, by Lemmas 4l and B, an almost A-quasi-modular form of
weight (—1, 1), depth 0, type 0. The radius is ¢, by the results of Section 211

If fis an almost A-quasi-modular form of weight (u,v), type m, depth < I
and radius of convergence > ¢, then e(f) := f|i—¢ is a well defined holomorphic
function @ — C. It results from (H) and (@) that ¢(f) is a Drinfeld quasi-
modular form of weight p + v, type m and depth < [.

The function f := sy is not well defined at ¢ = 6 because its radius of con-
vergence is ¢, and we know from (36]) that there is divergence at 6. However, the
function f := (t — 0)s,, which is an almost A-quasi-modular of same weight, type
and depth as s, has convergence radius ¢?. Therefore, e(f) is well defined, and is
the constant function —1 by the results of Subsection ZT1l From (B0]) we see that

the function sgl) is not an almost A-quasi-modular form. The non-zero function

z—:(sgl)) is well defined and we have already mentioned the results of Gekeler in [12]

that allow to compute z—:(sgl)).

Let us write ¢ = (E), which corresponds to a well defined series of uC/[[u?!]]

by (B4). We obtain, by using (47), (45) and ({6) with k& = 0, that

6(1(2)) = det(y) " (ez + d)* (¢<z> —E d) '

This is the collection of functional equations of the Drinfeld quasi-modular form
E @), whose u-expansion begins with the term u. Applying [3, Theorem 1] we
obtain:

Lemma 13 We have, for all z € Q):
e(E)=E(z,0) = E(z).
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It is easy to verify, as a confirmation of this result, that the first coefficients of
the u-expansion of E given in (B54]) agree, substituting ¢ by 6, with the u-expansion
of E that we know already after [I3, Corollary (10.5)]:

E=u(l+0o" 4.0

More generally, Propositions [ B and @ imply that for all & > 0, E® is
an almost A-quasi-modular form of weight (¢*,1) type 1 and depth < 1 with
convergence radius > ¢?, so that 5(E(k)) is well defined, and is a Drinfeld quasi-
modular form of weight ¢* + 1, type 1 and depth < 1. The computation of s(E(”“)),
not needed for the proof of our Theorem, is made in Proposition [34l

4.2.2 Grading by the weights, filtering by the depths.

For p,v € Z,m € Z/(q — 1)Z, | € Zsg, we denote by M=!  the T o-module of

v,

almost A-quasi-modular forms of weight (u, ), type m and depth < [. We have

ML MSE, M

It
Hyv,m L]

<i+U
ptp’ s vtvtmtm!

We also denote by M the T.¢-algebra generated by all the almost A-quasi-modular
forms. We prove below that this algebra is graded by the group Z? x Z/(q — 1)Z,
filtered by the depths (Proposition [I8]), and contains five algebraically independent
functions F, g, h, E, F (Proposition [I9)).

Let K be any field extension of F,(t,0). The key result of this section is the
following elementary lemma.

Lemma 14 The subset © = {(d,d),d € A} C A*(K) is Zariski dense.

Proof. Let us assume by contradiction that the lemma is false and let © be the
Zariski closure of ©. Then, we can write

6:U@ZUU(§],

i€l JjeET

where the ©,’s are irreducible closed subsets of A*(K) of dimension 1, the (:jj’s are
isolated points of A%(K), and Z, J are finite sets.

From © = © + (d,d) for all d € A we deduce © = © + (d, d). The translations
of A%(K) by points such as (d, d) being bijective, they induce permutations of the
sets {©,} and {éj}, from which we easily deduce that J = (). Therefore, the ideal
of polynomials R € K[X,Y] such that R(©) C {0} is principal, generated by a
non-zero polynomial P.
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Now, if b € A, my(6) C O, where my(x,y) := (bx, by). Hence, P(my(X,Y)) €
(P) and there exists x;, € K* such that

P(bX,bY) = ki, P(X,Y).

Let us write:
P(X,Y)=) capXY?,
a7ﬁ
and choose b € F,. If c, 3 # 0, then ;, = b=e% . If P is not a monomial, we

have, for (o, 8) # (¢/,8'), CapsCoarpr # 0, so that by’ = b_o‘lgfﬁ, yielding a
contradiction, because b & F,.
If P is a monomial, however, it cannot vanish at (1,1) € ©; contradiction.

Lemma 15 Let us suppose that for elements 1,5 € C((t)) and for a certain
element z € Q) we have an identity:

> tap st =0, (58)
a,p
in C((t)), for ally = (11 Z) € I' with determinant 1, the sum being finite. Then,

Ya,p =0 for all o, B.

Proof. Let us suppose by contradiction the existence of a non-trivial relation (58]).
We have, with the hypothesis on v, J, = 2 +d,J, =& +d € C((t)), so that the
relation of the lemma implies the existence of a relation:

S lapdid =0, de A

o,
with £, 5 € K = C((t)) not all zero, and all, but finitely many, vanishing. Lemma
[[4] yields a contradiction. 0

Another useful lemma is the following. The proof is again a simple application
of Lemma [I4] and will be left to the reader.

Lemma 16 If the finite collection of functions f;; : 2 — T is such that for all
2z € Q and for all v € T,

Z f%](Z)L;LZ/ = 0,
0,

then the functions f; ; are all identically zero.
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Lemma 17 Let f be an almost A-quasi-modular form of type m with 0 < m <
q—1. Then, with v = u™"!,

f(z)=u™ Z ci(t)v'.

>0

Proof. Tt follows the same ideas of the remark on p. 23 of [14]. Let us consider
v = (3 ?) € I' with A € FY. We have v(z) = Az, det(y) = A, J, = J, =1,
L, =L, =0,sothat f(Az) = A" f(2), forall z € Q. Now, if f = >, ¢;(¢)u’, since
ecar 18 F-linear, we get u(Az) = A" 'u(z) and if ¢; # 0, then i = m (mod ¢ — 1).0

Proposition 18 The T<g-algebra generated by the almost A-quasi-modular forms
is graded by weights and types, hence by the group Z* x Z/(q—1)Z, and filtered by
the depths:

o

M= & UM

2 Z =0
(p,v,ym)EZ2 X Y

Proof. We begin by proving the property concerning the grading by the group
7> x Z/(q — 1)Z. Let us consider distinct triples (u;, v;, m;) € Z* X Z/(q — 1)Z,
t=1,...,s, non-negative integers [y, ..., [; and non-zero elements f, € ./T/lJillyzml
Then, we claim that Y, f, # 0. To see this, we assume by contradiction that

for some forms f, as in the proposition, we have the identity in T~:
> fi=0. (59)
i=1

Recalling Definition [I2] (identity (57))), we have, for alli =1,...,s, v = (a b) €

I, ze
Fi(v(2).t) = det(y) ™ T N fy(z )L LE,
Jj+E<I

for certain functions f; ;. : @ — Txo.

Cll Z) with ad — b = 1. We recall
that sy(2)~! € TZ, for all z. Therefore, for all z € Q, (59) becomes the identity of
formal series in T+ :

Let us suppose first that v is of the form (

ZS: Z Fiins2 "z + a7 (E+d) i =0. (60)

i=1 j+k<l;
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By Lemma [15] (60)) is equivalent to the relations:

> ik =0, forall (a,p) € Z’ (61)
gk
where ¢; ;5 = fi’MsQ_k and the sum runs over the triples (i, j, k) withi € {1,...,s}

and j, k such that y; — j = a and v; — k = 3, with obvious vanishing conventions
on some of the ¢; ;;’s.

Let u be the maximum value of the y;’s, and let us look at the relations (1)
for a = p. Since for all p; < p we get « = p > p; — 7 for all 7 > 0, for such a
choice of a we get:

> dior=0, foralgez, (62)
i,k

where the sum is over the couples (i, 7) with i such that p; = g and v; — k = .
Now, let £ be the set of indices i such that p; = p and write v for the maximum
of the v; with ¢ € £. If j is such that pu; = p, and if v # v;, then for all £ > 0,
v > v; — k, so that for § = v, (62]) becomes

Z ¢i,0,0 =0

where the sum runs this time over the 4’s such that (u;, ;) = (u,v). But ¢;00 =
Jioo = fifori=1,... s Since the types of the f,’s with same weights are
distinct by hypothesis, Lemma [I7] implies that for all 7 such that (u;,v;) = (u,v),
f; = 0. This contradicts our initial assumptions and proves our initial claim.
Combining with Lemma [I6, we end the proof of the proposition. 0

Proposition 19 The functions
Eg,h 82,82 Q—>T>0
are algebraically independent over the fraction field of T~g.

Proof. Assume by contradiction that the statement of the proposition is false.
Since E, g, h, so, sgl) € M are almost A-quasi-modular forms, by Proposition [I8]
there exist (u,v), m € Z, and a non-trivial relation (where the sum is finite):

ZP EisiNi =,

1,7>0

with P, ; € Tso[g, h, SQ]HMM 9itqjw—jm—i (forsomel > 0). By Proposition I8, any
vector space of almost A-quasi-modular forms of given weight and depth is filtered
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by the depths. Comparing with the functional equations (B0) and [3, Functional
equation (11)], and applying Lemma [I6] we see that all the forms P, ; vanish.
There are three integers o, m,n and a non trivial polynomial relation P among
g, h, s, with coefficients in T~ q:

> Q.5 =0,
s=0

where Q, € Tsolg,h] N MG\ o, (s =0,...,n), and for some s, ()s is non-zero.
Since v(Qs) = 0 for all s such that Qs # 0 and v(sy) = 1, The polynomial P,
evaluated at the functions E, g, h, 8o, sgl) is equal to @s§ for @ € Twq[g, h] \ {0}
and s € Z, quantity that cannot vanish because g, h are algebraically independent
over T.gq: contradiction. O

<l

5 Estimating the multiplicity

We prove our Theorem in this section.

5.1 Preliminaries

Let us denote by M the T.-algebra T (g, h, E, F], where F := EW:; its di-
mension is 4, according to Proposition [[9 and Proposition 8 By Proposition [1§]
this algebra is graded by the group Z* x Z/(q — 1)Z:

MT = @ ML,u,ma

(v),;m

where M = M v MM

nv,m
The operator 7 acts on M' by Proposition [ More precisely, we have the

homomorphism of F,[t]-modules

M — M

,v,m qu,y,m*
Let us write h = Thsg, 82 = hd.
Lemma 20 The formula h = (t — 07)F — gE holds, so that h € I\\/JI;L1 and
MT = T<qq[gvha Ev h]
Proof. From the definition of E and (37), we find:
(t—09)F — gE =
—(t — 01)h1d® + ghdV
= (=h)!(=h) 7 (d - gd") + ghd )
= hd=h.
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This makes it clear that h belongs to M;Ll and that M = T_.[g, h, E, h). O

We denote by €, ., or again € the map which sends an almost A-quasi-modular
form f of weight (u,v), type m, with radius > ¢ to the Drinfeld quasi-modular
form e(f) of weight p+v, type m. This map is clearly a C-algebra homomorphism.

Lemma 21 We have ¢(h) = h.

Proof. This follows from the limit lim;_, S(_jirSQ = 7! and the definition of d.
More generally, we have the following result.

Proposition 22 For all (1, v), m, the map

e Mf — MY

wv,m lu‘JrV’m

is well defined and the inverse image of 0 is the T—z-module (t — 6)M?

Hov,m”

Proof. Let f be an element of M Then, by Lemma 20,

ovm”
f=) ohE,
=0

where ¢; € M,,_qyi(g—1),m—v @c Tega. Since limy g S(_jirSQ =71 wehavee(h) =h
by Lemma 21l Moreover, by Lemma [I3] e(E) = F, and

v

e(f) = Y elg)hE,

=0

so that (f) = 0 if and only if (¢;) = 0 for all . But for all 7, ¢; is a polynomial
in g,h with coefficients in T.,. If (¢;) = 0, then ¢, is a linear combination
> Capg®h? with ¢, € Toye such that ¢, () = 0. Since T, C T, it is a principal
ideal domain and the last condition is equivalent to ¢; € (t—6)(M&¢ T.4a). Hence,
e(f) = 0if and only if, for all i, ¢; € (t —0)(M ®¢ T—4q). The proposition follows.
O

5.2 Multiplicity estimate in M’
By Proposition[@, E = u + - -+ € ulF,[t, 0][[u?"]]. Hence,

E(k) — qu + R uqk]Fq[ta 0][[u(q_1)qk”7 k Z 07
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and there is an embedding M — T_[[u]]. It will be sometimes useful to fix an
embedding of T, in K, an algebraic closure of C'((¢)); we will then often consider
elements of M as formal series if C[[u]] (especially in this subsection). Anderson’s
operator 7 : C((t)) — C((t)) extends in a natural way to an [F (¢)-linear operator
7: K — K (we will keep using the notation 7% f = f®). If f = D nsny Calt)u™ is
a formal series of KC[[u]], then, Anderson’s operator further extends as follows:

=3B, kel (63)
n>ng

Let f =35, ca(t)u™ be in K[[u]], with ¢,, # 0. We write v (f) := ng. We
also set v5(0) := 0o. Obviously, ve(f®) = ¢*v(f) for all k > 0. We recall

that veo(9) = 0,Ve(h) = Vo(E) = 1 and voo(F') = q. Since vo(s2) = 0, we
also get vy(h) = 1. In the following, we will write Mi,, (K) = M, ®1_,

)
K and My ,n(K) = My, ®c K. Tt is evident that the K-algebra M'(K) =
> pwm M, (K) is again graded by the group Z* x Z/(q — 1)Z; similarly for
the algebra M(K) =3 Muwm(K).
We begin with a rather elementary estimate, for f € M of weight (yu,0).

Lemma 23 If f € MHOm(IC) is non-zero, then voo(f) < 5.

Proof. A weight inspection shows that MuOm(lC) = Klg, hlym. We can write

f = h=Eb, with b € K[g, k] and h not dividing b. Therefore, vy (f) < 50O

In the next proposition, we study the case of f of weight (u,r) with v > 0.

Proposition 24 Let f be a non-zero element of M, | (K) with v # 0. Then,

Voo (f) < pv.

It is not difficult to show that the statement of this proposition cannot be improved
(this can be checked with the functions E*)).
Before proving the proposition, we need to state and prove a lemma.

w,v,m

Lemma 25 Let f € Mi, (K), f' € Mu v (K). By Lemma 20, f, f can be
written in an unique way as polynomials in IC[g, h,E h]. Letl,l' be the degrees in
E of f, f' respectively. Then,

¢ :=Resp(f. f) = """ ey,
where g € My = (KC), with

w =pl + L= —ql' + V110, m* :=ml'+m'l—l'+1).
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Proof. With an application of an obvious variant of [26, Lemme 6.1] ('*) we see
that

¢ < MLl’+;/l—ll/,ul’-i—u’l—ll/,ml/—f—m’l—ll’ ().
At the same time, ¢ € Klg, h, h]. Since v(g) = v(h) = 0 and v(h) = 1, we have
by == ¢/h"" T ¢ M(K). The computation of the weight and type of ¢ is
obvious, knowing that u(h) = q. O
Proof of Proposition [2J. Let f be in M, (K), with v > 0. Assume first that

KV,

f, as a polynomial in g, h, E, h, is irreducible. If f belongs to K[g, h, h] then
f = o¢h” with ¢ € M,_40m—(K) and

Voo(f) < voo(9) +vvss(h)

< M—CJVJFV
q+1

< BTV
q+1

< uv.

We now suppose that f & K[g, h, h]; there are two cases left.
Case (i). We suppose that f divides fV e M (K) as a polynomial in

qp,v,m
g,h, E,h. For weight reasons, f%¥ = af with a € M, g-1)0(K) and a # 0.
We also have v (FV) = quao(f) by (B3), so that, by Lemma 23, (¢ — 1)vso(f) =

Vso(a) < (q—1)(qg+ 1)"'u. Hence, in this case, we get the stronger inequality (13)

L
Voo (f) < P

Case (ii). In this case, f and F1) are coprime. Since f is irreducible, degp(f) =
[ =v >0, so that f, f(l) depend on F, and their resultant ¢ with respect to FE is
non-zero. We apply Lemma 25 with f' = £, finding

¢ = h" ¢y,

with ¢g € Mgt 1)u(u-v)m=(K), for a certain m* that can be computed with Lemma
25l By Lemma 23] again, vy (¢o) < v(u —v). Since voo(h) = 1, ve(@p) < v(p —

12The first formula after the statemement of the above cited lemma, mistakenly typed, must
be replaced with

P(R) = p(F) degx, (G) + p(G) degx, (F) — p(Xo) degx, (F) degx, (G).

131t can be proved that f is, in this case, a modular form multiplied by an element of K, but
we do not need this information here.
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v) + v? = pv. Now, the number v (@) is an upper bound for v (f) by Bézout

identity for the resultant.
We have proved the proposition if f € MLWM(IC) is irreducible. If f is not
irreducible, we can write f = [[i_, f; with f, € I\\/[[Lmo,mo(/C), fieM . (K)

irreducible for all ¢ > 0 with v; > 0, and Y, p; = p, Y .v; = v,y . m; = m
(mod ¢ — 1). Since voo(f) = >, Voo(f;), We get, applying Lemma 23]

Ho
Voo(f) < + E Wiy < .
q+1 i>0

5.3 Reduced forms

Let f be in M. Since e(f) € M C C[[u]], it is legitimate to compare the quantities
Voo (f) and voo(e(f)). We have the inequality:

Voo (f) < Ve (e(f)), (64)

but the equality is not guaranteed in general, because the leading term of the
u-expansion of f can vanish at ¢t = 6.

Definition 26 A function f in M' is reduced if v (f) = voo(e(f)), that is, if the
leading coefficient of the u-expansion of f does not vanish at ¢t = 6.

Remark 27 If f € ZT/[/glm is a Drinfeld quasi-modular form which is not a modular

form, and if there exists f € M, ,,,, reduced with f = e(f) and w = p+v,l = v,
then (I2)) holds applying Proposition 241

The next lemma provides a tool to construct reduced almost A-quasi-modular
forms, useful in the sequel.

Lemma 28 Let f € M, be such that f = 3, -, byu", with b, € F[t, 0] for
all n and by, # 0. Then, for all k > log,(deg, by, ), the function F® s reduced.

Proof. We have bg?(@) = b, (07 ") = 0 if and only if t — 6%/7" divides the
polynomial b,,(¢) in K*#[t]. This polynomial having coefficients in K, we have
bk) () = 0 if and only if the irreducible polynomial t7° — @ divides by, (). However,
this is impossible if & > log, (deg; by, ). O
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5.4 Construction of the auxiliary forms.
We recall the u-expansion of E whose existence is proved in Proposition
E=u Z ci(t)',
i>0
where ¢ = 1, ¢; € F,[t, 0] for all i > 0 and v = u?™".

Proposition 29 The following properties hold.

(i) Let o, B,7,0 be non-negative integers and let us write f = g*hPE'F° €
M withp=a(qg—1)+ g+ 1) +v+q, v=v+d and B+~v+I=m

wyv,m?

(mod ¢ — 1), m € {0,...,q—2}. Let us write

f=u" Z a,(t)o"™

n>0

with a, € F,[t,0] (this is possible after Proposition[9 and the integrality of
the coefficients of the u-expansions of g, h). Then, for alln >0,

deg; a,(t) < vlog, max{1,n}.

(ii) Let X be a positive real number. Let f, ..., f, be a basis of monic monomials
in g,h, E, F of the K-vector space M (K). Let x1,..., 2, be polynomials

K,V

of F,[t, 0] with maxo<;<, deg, x; < A. Then, writing
f= infi =u" Z by, (t)v"™
i=1 n>0
with by, € Fy[t, 0] with 0 < m < q— 2, we have, for alln > 0:

deg; b, < A + vlog, max{1,n}.

Proof. Since by definition F = EV | we have

F =1 Zc,&l)vq" = uZdrvr,

n>0 r>0

where d, =0if gtr—1and d, = 08)71)/(; otherwise. Now, the operator 7 leaves

the degree in ¢ invariant. Therefore, by Propositiond deg, d, < log, max{1,r/q} <
log, max{1,7}.
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Let us consider the u-expansions:

g = anofynv”, E = uznzocnvn,
h = uznzopnv", F = uznzodnv",

with v, pn € A, ¢n, d,, € F,[t, 0] for all n, we can write:

/
f=u" Z Kn V",

n>0
where m’ = 8+ + ¢ and for all n, k, = >[I, 7. [, pj, [ L, cx. I 1. dv., the sum
being over the vectors of Z;Jorﬁ 10 6f the form

(’il,...,ia7j1,...,jﬁ,kl,...7]{}7,7“17...,7“5)

whose sum of entries is n, and with the four products running over x =0, ..., «,
y=20,...,8,s=0,...,vand z = 0,...,0 respectively. Since the coefficients of
the u-expansions of g, h do not depend on ¢t and v + § = v, we obtain deg, k, <
vlog, max{1,n}.

If m"=m+k(qg—1) with £ > 0 integer, and 0 < m < ¢ — 1. We can write

_,m /oo, m n
f=u E c, V" =u E V",
n>0 n>0

where ¢, = ¢/,_,, with the assumption that ¢,_, = 0 if the index is negative. The
inequalities deg, ¢, < vlog, max{1,n} for n > 0 imply that deg, c, is submitted
to the same bound, proving the first part of the proposition. The second part is a
direct application of the first and ultrametric inequality. 0

5.4.1 Dimensions of spaces

Lemma 30 We have, for all m and p,v € Z such that > (¢ + 1)v > 0,

o(p,v) —v—1<dimeM'  (K)<o(p,v)+v+1,

L, vym
where

(v+1) (,u — —"(qgl))
Therefore, if p > @ + ¢*> — 1, we have dimg M/, ,, . (K) > 0.

Proof. By [14, p. 33], we know that
: k :
5<l€, m) = dimg Mk,m = \‘ﬁJ + dimg Mk*,m;
q J—
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where k* is the remainder of the euclidean division of k by ¢ — 1. In the same
reference, it is also proved that dime My« ,,, = 0 unless k* > m(q + 1), case where

dime M+, = 1, so that, in all cases, 0 < dimg M-, < 1.
A basis of ML »m(K) is given by:
(bk)kil,...dimML,u,m(’C) - (gbi’ShSEViS)S:O 7777 v,i=1,..,0(s)s (65)

with, for all s, (¢is)i=1,..0(s) & basis of M,_sg—1)-v,m—v (hence o(s) = d(pu —s(q —
1) —v,m —v)). We have (taking into account the hypothesis on p which implies
p—s(g—1)—v>0forall0<s<v):

dimM!  (K) = ZcS(,u—y—s(q—l),m—l/)

w,v,m

- s(g—1)—v )
= Z { 21 J + dime My —s(g-1))* m—v

But

[ q—l —v
Z =o(p,v).

Moreover, p > (qﬂ) +q? —1if and only if o(y,v) > v+ 1, from which we deduce

the lemma easﬂy 0

5.4.2 Applying a variant of Siegel’s Lemma

We now prove the following:

Proposition 31 Let i, v € Z>o be such that

p>(q+ v +2(¢* —1) (66)
with v > 1, let m be an integer in {0,...,q — 2}. There ezists an integer r > 0
such that
r <Aqulog,(u+v+q¢ —1)+v (67)
and, in Mfﬁl, a quasi-modular form f, ., such that
1
muvz log, (4 v+ " = 1) < Voo (fruwam) < dqur?log,(u+v +¢* —1). (68)

We will need the following variant of Siegel’s Lemma whose proof can be found,
for example, in |21, Lemma 1] (see also [7]).
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Lemma 32 Let U,V be positive integers, with U < V. Consider a system (69) of
U equations with V' indeterminates:

|4
> aywi=0, (1<j<U) (69)
i=1

where the coefficients a; ; are elements of K[t]. Let d be a non-negative integer such
that deg, a; ; < d for each (i,j). Then, (69) has a non-zero solution (x;)1<i<v €
(K[t])V with deg, z; < Ud/(V —U) for eachi=1,...,V.
Proof of Proposition[31. We apply Lemmal[32 with the parameters V' = dim ML,um(’C)’
U = |V/2]|. We know that V' > 0 because of (66]) and Lemma

If f =b; as in (65), Writing

bi=u"Y a0, a; € Al] (70)
j=0

with 0 < m < ¢ — 1, Proposition 29 says that for all + and for all 7 > 0,

deg, a; ; < vlog, max{1, j}. (71)
Lemma B2 yields polynomials z1, ..., xy € K|[t], not all zero, such that if we write
f:inbi:umanv", 0<m<qg-—1 (72)

7 n>ng

with b, € K[t] for all n and b,, # 0, we have the following properties. The first
property is the last inequality below:

m+(q—1ng =veo(f) = m+(¢—1U
> (= 1)(o(pv)—v—1)/2-1
L -t o)
- 2(g+1)
> 4(q1+1)(1/+1)u—1, (73)
where we have applied Lemma B0 and (6€]). The second property is that, in (72)),
deg, b, < 2v(log, (1 + v+ ¢* — 1) + log, max{1,n}), n >0, (74)

which follows from the following inequalities, with d = vlog, max{1, U}
ud/(V —U)

vlog, max{1,U}

viog,((o(p,v) +v+1)/2)

v(log,(v + 1) + log,(u + ¢* — 1) — log,(¢° — 1))
2wlog,(u+v+q¢*—1),

deg, z;

VAN VAN VAN VAN VAN
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and Proposition 29
By Proposition 24] we have m + (¢ — 1)ng = veo(f) < pv so that ng < q"T”l,
where ng is defined in (72)). Hence, by (74),

deg, by, < 4vlog,(p+v+q> —1). (75)
Lemma 2§ implies that for every integer k such that
k > log,(4v) + log, log,(n+ v+ ¢* — 1), (76)

the function fi = e(f®) satisfies voo(fr) = voo(f®) = ¢*vae(f). Let k be
satisfying (7€). We have, by (73]), Proposition 24] and (G3):

1. fk € MSV

pgk+v,m’

v+1 k
2. ((Jql’f’f - 1) < Voo (fr) < pvg".
Let us define the function
k(s v) = [log,(4v) +log log,(u+v +¢* = 1)| + 1

and write: fu,m = fe(uy). This Drinfeld quasi-modular form satisfies the prop-
erties announced in the proposition. 0

5.5 Proof of the Theorem

Let f be a Drinfeld quasi-modular form of weight w and depth [. We can assume,
without loss of generality, that f, as a polynomial in E, g, h with coefficients in
C, it is an irreducible polynomial. We can also assume, by (I0) and, [4, Theorem
1.4], that [ > q.

Let W be a real number > 1 and let « be the function of a real variable defined,
for 1 >0, by a(u) = pllog,(pn+ Wi+ ¢* —1); we have a(p + 1) < 2a(p). Since
(the dash " is the derivative) o/(u) > llog,(Wi+¢*> —1) > 1 for all [ > ¢ and
p >0, for all w > 0 integer, there exist u € Zs( such that

a(p) <w <a(p+1), (77)

and we choose one of them, for example the biggest one. Let us suppose that (@)

holds and, at once, set
v=WI,

with
W =q(2+4(qg+1)) =2¢(3 + 2q).
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We define 3(1) to be the right hand side of (@), as a function of [ > ¢. Condition
(@) implies
B0
2llog, (p+Wi+q¢*—1)
Since log,(z) < 2z'/? for all # > 1 and ¢ > 2, we get

s B0
DT

=

(n+ Wi+ ¢

that is,

41

But replacing 3(1) by its value yields i > (g+1)v+2(¢*—1), which is the condition
(66]) needed to apply Proposition 311
Let us write £ := log, (1 + v+ ¢* — 1) so that o(u) = plL. By Proposition 311

there exists a form f,,,,, € Z\A/[/E;,’L such that I(f,,,,) < v and

2/3
> (@) —Wl—¢*+1.

(qlg+ 1) 'w’L < veo(fuwm) < AquvL
We have two cases.
Case (i). If f|f.m, then
VOO(f) < VOO(fmv,m) < 4q,u’/2£~ (79)

Case (it). If f 1 fuum, then p := Resg(f, fuvm) is a non-zero modular form,
whose weight w(p) and type m(p) can be computed with the help of [4, Lemma
2.5] (we do not need an explicit computation of m(p)):

w(p) = Wt w(fupm)l -
wr + 4l(q + 1);w£ —2lv
v(w+4(g+ 1)pll)
via(p+1) +4(q + 1)plL)
v(2a(p) +4(q + 1)ulL)
(24 4(q+1))vulL. (80)

ANVANRVAN VAR VAN

Let us suppose that v (f) > (q(q + 1)) ur?L. Then, by Bézout identity for
the resultant and (78), vs(p) > (q(q + 1)) 'ur?L. At the same time, by (I0),

Vso(p) < qJ(rl), yielding the inequality W < ¢(2 + 4(q + 1)) which is contradictory

with the definition of W.
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Therefore, in case (ii), we have that v, (f) < 4qur*L. Ultimately, we have
shown that, in both cases (i), (ii),

Voo (f) 4quvL
4quW?PL
A4gW 3w,

which is the estimate (7). O

IN A IA

We now prove the weaker, but unconditional inequality (R]); again, we can
suppose, without loss of generality, that f is an irreducible polynomial in E, g, h.
Let f be in Ml%lm be non-zero and irreducible as a polynomial in F, g, h. Let us
set this time

uw=BWw, v=WI
with 5
B= 5(q2 +1), W=q(4(g+1)+1).
Then, since w > 21,
3(¢ + 1)W1
(g+DWi+2(¢*+ 1)
(g+1)v+2(¢* +1),

vV IV IV

we can apply Proposition 1] again. As before, there exists a form f, ., € ]\ZS,ZL
such that the inequalities (78) hold. Again, we can distinguish two cases, according
with f, if divides or not f,, . If f divides f, ., we get ([9).

Let us assume that f and f,,,, are coprime and form their non-vanishing
resultant p := Resg(f, fu.m), whose weight satisfies (80).

If veo(f) > (q(qg + 1)) tur’L, by Bézout identity for the resultant and (7S],
Voo(p) > (q(q + 1)) 'u®L. At the same time, by (I0), we find the inequality
W < q(4(q + 1) + 1) which is contradictory with the definition of W.

Hence, in all cases,

Voo(f) < Aqu*L
< 4quWPPL
< 4qBW3l2wlogq(,u +v+q¢t—1),
which yields the estimate (&]). O

Remark 33 The dependence on [ in condition ([l can be relaxed, adding condi-
tions on ¢q. For all € > 0 there exists a constant ¢ > 0 such that for all ¢ > c,
assuming that w >, (¢, then, the inequality (7)) holds. We do not report the
proof of this fact here.
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6 Link with extremal quasi-modular forms

Here, we would like to describe some links between the present work and the joint
work [4]. In [4], we have introduced the sequence of Drinfeld quasi-modular forms

(k)k>0 With xy € Mq%u .\ M, defined by zy = —F, x; = —Eg — h and by the
recursion formula

-1 2

T = :L‘k_lqu — [k - ]_]xk‘_QAqk7 . k>2,

where we recall that A = —h97'. In [4, Theorem 1.2], we have showed that for
all k > 0, xy is extremal, in the sense that v, (zy) is the biggest possible value for

Voo f),if f € ]\qugkil \{0}. We also computed the order of vanishing: ve () = ¢*
for all . 7

Proposition 34 For k > 0, we have
E(k)(z,ﬁ) — (_1)“1:@7(2) (81)

where the empty product is 1 by definition.

Proof. By (1) and by the limits (@3]) and #6]) of J., L. that we have computed
earlier, for k > 0, the function ¢y(z) := E™(z,0), is a well defined Drinfeld

quasi-modular form in the space Mq§k1+1,1' By (B4),
E® — " ...,

Hence, ¢ is non-vanishing, and by [4, Theorem 1.2] normalised, extremal, there-
fore proportional to xy for all k. By [4, Proposition 2.3],

vy = () L
where Ly, = [k][k — 1] ---[1] if £ > 0 and Ly = 1. This proves the proposition.

Combining with Proposition [, we also obtain the following corollary, which
gives a proof of the property claimed in [4, Remark 2.4].

Corollary 35 Define, for allk >0, Ej, := ¢y,. Then, Ej, is normalised in Al[u?"]].

Another interesting connection with [4] occurs with the sequence (&)y>o intro-
duced in [4, Identity (8)]. Let us define:

EY E X0
G = det ( o (E(l))q) = det (TIXI 70yt E,
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where x is Mahler’s map, defined in the introduction. It is straightforward to see
that G € F,[t, 0][[u]]. From (54) and a computation we deduce

G = (t —tDuC 1 — o = 1o +---).

For all k > 1, G® € F[t,0][g, h, E, EV] is reduced and vy (G™®) = (¢* + 1)¢*;
moreover, G*) ¢ qu gk t12 for all £ > 0. It even seems that the normalisation
of this formal series is defined over F,[t, 6].

By [4, Theorem 1.3], for all ¥ > 1 and ¢ > 3, e(G™) is proportional to &.
This property seems to hold also for £ = 0 by numerical inspection for some small
values of ¢, but we do not know if G itself belongs to M. It is plausible that it is
at least an almost A-quasi-modular form.

A result of Stiller [28] asserts that, if b is a non-constant meromorphic modular
function for SLo(Z) which generates the field of modular functions and f is a
meromorphic modular form of weight k for SLy(Z), then f, as a function of b,
satisfies a linear differential equation with rational functions of b as coefficients.

Analogously, It is not difficult to show that every non-zero element

f € F,[t,0](g, h, E, EY]

satisfies a non-trivial linear 7-difference equation of order < v(f), with coefficients
in C(t)[g, h] (for example, ([@Q) for E). We were unable to explicitly determine such
an equation for G, leaving open the problem to prove or disprove that G/(t — t?),
normalised, is itself in F,[t, 0][[u]].

7 Observations in the classical theory

Let ‘H be the complex upper-half plane, let A be the lattice w1Z + weZ of C, with
the basis wy = z € H,wy = 1. Let us denote by 7;(2),n2(2) the quasi-periods
n(wq) and n(wq) respectively, with n : A — C the quasi-period map associated to
the Weierstra$ (-function for A. Tt is well known that 7:(2) = —72F5(z)/3, and
that n;(2) is related to ny(2) by Legendre’s formula

zne(2) — m(z) = 2mi. (82)

Let ¢ : H — P1(C) = CU {oo} be the map defined by ¢(z) = m1(z)/m2(z). From
the relation (82) and the basic properties of the quasi-period map, we obtain the
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following identities, for v = (CCL Z) € SLy(Z):

OE) = e+ a2 (m:) - 2 (53)

(cz + d)(ci(z) + d)na(2) (84)

— (@) (o) + 2

where the second and the third functional equation hold for z which is not a
zero of Fy. We have, for all v € SLo(Z), ¢(7(2)) = v(¢(z)). Therefore, the map
t:SLo(Z) x H — P (C) satisfies the cocycle condition of a factor of automorphy.
Although there is no graduation by Z? here, at least, the map 7, can be elusively
considered at once as of “bi-weights (2,0), (1,1) and (0,2)”.

We also notice, from elementary computations, that + sends a certain domain
D, C H contained in the half-plane &(z) > 1.91, invariant by translations in
SL(Z), biholomorphically on . The boundary of D, is a real curve of H which is
close, homotopically equivalent, although not equal to a horocycle with center at oo
(when one draws it, it appears very much as an horizontal line, with small, periodic
nutations). The “compactified” boundary 0 of Dy (union of the boundary and
the cusp at infinity) contains all the z’s such that the lattice Z + z7Z has its quasi-
periods R-linearly dependent and in this locus sits exactly one vanishing point for
12, which is the point at infinity itself. For all v € SLy(Z), the set v(0x) \ 7(c0)
contains exactly one zero of 7, and this shows by the way that every non-empty
vertical strip a < R(z) < b, a,b € R, contains a zero of E, extending a result of
Heins in [I7]. We deduce that ¢ is surjective. Therefore, for v as above, the map
(7,2) = cu(z) + d is not a factor of automorphy over H (a factor of automorphy
is everywhere well defined and never vanishes), although it is one on the domain

U V(Do)

~ESL2(Z) o \SL2(2)

in which points z in the boundary such that the quasi-periods of Z + zZ are
Q-linearly dependent play the role of “cusps” (the union is disjoint, over cosets
representatives of the action of the subgroup SLy(Z). of translations of SLy(Z))
(14,

Now, let us return to our function E, which is a deformation of E. We have

14Zeroes of B have some connection with the vanishing locus of Bergman’s kernel and equi-
librium points of Green’s functions for annuli as pointed out by Falliero and Sebbar in [10].
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already noticed the two equalities, for v = ( ) this time in I":
E(v(2)) = det(y) *(cz+d)(c€ +d) (E H)Lv) (85)
= det(y) ez + d) (@Y + d)E (86)

Replacing ¢ by 6 in these identities yields the analog of (83) and (84) in the
Drinfeldian framework, which legitimate the following loosely question.

Question. Do there exist a deformation of ny and a suitable difference operator
allowing to furnish a proper analog of identities (83) and (88) in the classical
framework?

An answer could come from g-difference operators. Linear g-difference equa-
tions seem to be legitimate analogues in zero characteristic of linear 7-difference
equations. In this direction, Di Vizio has recently studied in [9] the notion of G-
function, ¢-Gevrey function etc. It is perhaps natural to investigate the analogues
(if any) of the functions E and allied, in her theory.

Acknowledgement. The author is indebted with V. Bosser for constructive criticism
and a careful reading of the first versions of this paper.

References

[1] G. Anderson. t-motives, Duke Math. J. 53 (1986), 457-502.

[2] G. Anderson, D. Brownawell & M. Papanikolas, Determination of the alge-
braic relations among special I'-values in positive characteristic, Ann. of Math.

160 (2004), 237-313.

[3] V. Bosser & F. Pellarin. Differential properties of Drinfeld quasi-modular
forms. Int. Math. Res. Notices. Vol. 2008.

[4] V. Bosser & F. Pellarin. On certain families of Drinfeld quasi-modular forms.
to appear in J. Number Theory (2009), doi:10.1016/j.jnt.2009.04.014.

[5] D. Brownawell & D. Masser. Multiplicity estimates for analytic functions I.
J. Reine angew. Math. 314 (1980), pp. 200-216.

(6] D. Brownawell & D. Masser. Multiplicity estimates for analytic functions I1.
Duke Math. J. Volume 47, Number 2 (1980), pp. 273-295.

[7] P. Bundschuh. Transzendenzmaje in Kérpern, Laurentreihen. J. reine angew.
Math. 299-300 (1978), pp. 411-432.

47



8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

Chieh-Yu Chang & M. Papanikolas. Algebraic relations among periods and
logarithms of rank 2 Drinfeld modules. Preprint.
http://arxiv.org/abs/0807.3157

L. Di Vizio. Arithmetic theory of q-difference equations, G,-functions and q-
difference modules of type G, global q-Geuvrey series. Preprint.
http://arxiv.org/abs/0902.4169

Th. Falliero & A. Sebbar. Equilibrium point of Green’s function for the annulus
and FEisenstein series. Proc. of the A.M.S. Volume 135, Number 2, pp. 313-
328, (2007).

J. Fresnel, & M. van der Put. Rigid Analytic Geometry and its Applications.
Birkh&user, Boston (2004).

E.-U. Gekeler. Quasi-periodic functions and Drinfeld modular forms. Compo-
sitio Math. t. 69 No. 3 p. 277-293 (1989).

E.-U. Gekeler. On the coefficients of Drinfeld modular forms. Invent. Math.
93, No.3, 667-700 (1988).

E.-U. Gekeler. Lectures on Drinfeld Modular Forms. (Written by I. Longhi)
CICMA Lecture Notes No. 4 (1999).

D. Goss. m-adic Eisenstein series for Function Fields. Compositio Math. 41,

pp. 3-38 (1980).

D. Goss. Basic structures of function field arithmetic. Ergebnisse der Mathe-
matik und ihrer Grenzgebiete, 35. Springer-Verlag, Berlin, 1996.

M. Heins. On pseudo-periods of the Weierstrass zeta functions. II. Nagoya
Math. J. Volume 30, 113-119, (1967).

M. Kaneko & M. Koike. On Modular Forms Arising from a Differential Equa-
tion of Hypergeometric Type. Ramanujan Journ. 7, pp. 145-164, (2003).

M. Kaneko & M. Koike. On extremal quasimodular forms. Kyushu Journal of

Math. Vol. 60 (2006), 457-470.

M. Kaneko & D. Zagier, Supersingular j-invariants, Hypergeometric series,
and Atkins orthogonal polynomials, AMS/IP Studies in Advanced Mathemat-
ics 7, 97-126, (1998).

A. Lasjaunias & B. de Mathan. Thue’s Theorem in positive characteristic. J.
reine angew. Math. 473, 195-206, (1996).

48



22]

[23]

[24]

[25]

[26]

[27]

[28]

H. Matzat & M. van der Put. [terative differential equations and the Ab-
hyankar conjecture. J. reine angew. Math. 557 (2003), pp. 1-52

Yu. V. Nesterenko. Estimate of the orders of the zeroes of functions of a

certain class, and their application in the theory of transcendental numbers.
Izv. Akad. Nauk SSSR Ser. Mat. 41 (1977), no. 2, pp. 253-284, 477, Math.
USSR Izv. 11 (1977), pp. 239-270.

Yu. V. Nesterenko et P. Philippon éditeurs. Introduction to algebraic indepen-
dence theory. Lecture Notes in Mathematics 1752, Springer (2001).

M. A. Papanikolas. Tannakian duality for Anderson-Drinfeld motives and al-
gebraic independence of Carlitz logarithms, Invent. Math. 171, 123-174 (2008).

F. Pellarin. La structure différentielle de [’anneau des formes quasi-modulaires
pour SLy(Z). Journal de théorie des nombres de Bordeaux, 18 no. 1 (2006),
p. 241-264

F. Pellarin. Aspects de l'indépendance algébrique en caractéristique non nulle.
Séminaire Bourbaki Mars 2007 59me année, 2006-2007, no. 973.

P. Stiller. Special values of Dirichlet series, monodromy, and the periods of
automorphic forms. Mem. Am. Math. Soc. 49 (299), (1984).

49



	1 Introduction, results.
	2 Anderson's functions
	3 The function bold0mu mumu EEGeEEEE
	4 Bi-weighted automorphic functions
	5 Estimating the multiplicity
	6 Link with extremal quasi-modular forms
	7 Observations in the classical theory

