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1 Introduction, results.

Foreword about the classical theory. For w,l non-negative integers, let ZT/[/EI be the
C-vector space generated by the classical quasi-modular forms (for SLy(Z)) which
have weight w and depth <[ (definition of Kaneko and Zagier in [20]).

We recall that in [4] it was noticed, by a simple resultant argument, for f # 0
a classical quasi-modular form of weight w and depth <[, that

Voo (f) < w (1)

6
In [19], Kaneko and Koike highlight the following hypothesis; for all w, [ such

that Mg # (0) the image of the function
Voo : M'\ {0} — Zso,

which associates to every form its order of vanishing at infinity (1), is equal to the
interval [0, ..., dim¢c MS! —1]. Writing 2% (w, [) = max{v.(f) : f € MS'\ {0}},
we obviously get from this hypothesis,
dime M
lim “Cw 1 1> (0 fixed. (2)
o v, |
Unexpected difficulties occur when one tries to formulate and prove analogues
of () and (2)) in the framework of Drinfeld quasi-modular forms. The main theorem
of the paper is a slightly weaker analog of inequality (I); finding a reasonable
substitute of (2]) in the drinfeldian framework remains an open problem.

Drinfeldian theory. Let ¢ = p© be an integer power of a prime number p with e > 0,
let IF, be the field with ¢ elements. Let us write A = F,[0] and K =TF,(6), with 0
an indeterminate over FF,, and define an absolute value |-| on K by |a| = ¢4 ¢ a
being in K, so that |f| = q. Let K, :=F,((1/6)) be the completion of K for this
absolute value, let K2* be an algebraic closure of K, let C' be the completion of
K& for the unique extension of |- | to K2#, and let K** be the algebraic closure
of K in C.

!Terminology explained, for example, in [4].



Following Gekeler in [13], we denote by € the rigid analytic space C'\ K and
write I' for GLy(A), group that acts on Q by homographies. In this setting we
have three functions F, g,h : Q — C, holomorphic in the sense of [I1], Definition

2.2.1], such that, for all v = <CCL Z) €l and z € O

(cz+d)"g(2),
h(y(2)) = (cz+d)"" det(y)""h(z),
(

cz + d)? det(y) ! (E@) - m) (3)

where v(2) = (az +b)/(cz + d) and

o0

7= 0(=0)71 [J(1 - 07) " € Kuol(—0)77) \ Ko,

i=1

a choice of a (¢ — 1)-th root having been made once and for all (?).

The functional equations above tell that g, h are Drinfeld modular forms, of
weights ¢ — 1, ¢ + 1 and types 0, 1 respectively. More precisely, the function g is
proportional to a variant of Eisenstein series (constructed by Goss in [15]), while
h is proportional to a variant of a Poincaré series (constructed by Gekeler in [13]).

The function F is not a Drinfeld modular form. In [I3], Gekeler calls it “False
Eisenstein series” of weight 2 and type 1; it is often considered as a reasonable
substitute of the normalised (complex) Eisenstein series Ey of weight 2, although
it “vanishes at infinity” (see later).

The C-algebra M= C[FE, g, h] has dimension 3. Weights and types of E, g, h
associated to the functional equations (3]) determine a graduation of M by the
group Z x Z/(q — 1)Z. A degree is a couple of integers (w,m) € Z x Z/(q — 1)Z.
By convention, we identify the class m with its unique representative in the interval
[0, —1[. A polynomial f € M\ {0} is a Drinfeld quasi-modular form of weight w
and type m if it is homogeneous (or isobaric) of degree (w,m).

The algebra M is also filtered by the depths. The depth I(f) of a non-zero
polynomial f € M is by definition its degree degy f. By convention, the zero
polynomial of M is a quasi-modular form of weight w, type m and depth [ for all
w, m,l. In all the following, we denote by szlm the finite-dimensional C-vector
space of Drinfeld quasi-modular forms of weight w, type m and depth < [; we
recall that if w # 2m (mod ¢ — 1), then M = (0). Obviously, if f # 0 is quasi-
modular, then w(f) > 2{(f). The dimension of ]T/[:%l can be easily computed with

,m

2See [27), Section 2.1], where the notation 7 is adopted; there is an analogy with the number
27i.



the formulas of [14], p. 33]; one deduces that for [, m fixed,

C dime MEL 141
lim — = ,
w—oo W —1 ¢ -1

(4)

the limit being taken over the w’s such that w = 2m (mod g — 1), because if
w # 2m, then Mz., = (0).

Let ecar : C — C be the Carlitz exponential function (see below, (21I))), and
let us write u : 2 — C for the “parameter at infinity” of €2, that is, the function
u(z) = 1/eca(m2).

The C-algebra M embeds in C[[u]] (cf. [13]). If f € M, then, for u = u(2)
with |u| small enough, we have a converging u-expansion

[e.9]

f(z) = Zciui, ¢ €C. (5)

1=0

Let us write, with f as in (@), Vs (f) := inf{i such that ¢; # 0} with the convention
inf ) = oo. If f £ 0, then vy (f) < 0.
The main motivation of this paper is the following:

Question Let w, m,l be such that Mg% # (0). How big can vy (f) be, with

feMs non-zero?

w,m

If Muﬁjlm # (0), let us write

v (w,m, 1) = max{vee(f) : | € Mk, \ {0}}

and let us first look at the case [ = 0. We write M, ,, = ZT/[/E%L Let M =
GwmMym = C[g,h] be the graded C-algebra of Drinfeld modular forms, of di-
mension 2. It is easy to show (the brackets |-| denote the lower integer part)
that

{MJ — dime My — 1, (6)
q—1
so that, for all f € M, ,, \ {0},
w
voo(f) < (7)

_ma

which also is the best possible bound linear in w (3).

3Riemann-Roch’s Theorem over the rigid analytic curve compactification of I'\§) also implies
@), see [13, (5.14)].



Different phenomena arise in the vector spaces qulm for [ > 0. In this case, it
is unclear how to extend ({@]).

An example and a conjecture. We try to better illustrate this difficulty, proper
to the non-zero characteristic theory, by considering the case of depth < 1. In
4] we have constructed a family of Drinfeld quasi-modular forms (zy)r>o with
o € M5! 1 \ M extremal in the sense that it attains, in the indicated vector
space, the biggest possible order of vanishing at infinity; we have also proved that
Voo(z) = ¢* for all k. From this construction, one can in fact furnish a normalised
extremal quasi-modular form f,,, in every non-trivial vector space ZT/[/ELL (4. If
for example ¢ = 5, m = 1, the sequence (fin421,1)n>0 is:

" X1 gl‘l g4ZL'1 T g To g24 )

L0 Ty T Yt T Y 7 T y Yoty ey

A T [ (12" "[1][2] [1][2]
5t;rrms 25 1?e?ms

where [i] := 67 — 6 (if w is not of the form 4n + 2, the space ]/\\/.I'/qfl1 is trivial).
For general ¢ and m it can be proved, by using the forms x;’s, that the sequences
(f(g=1)n+2m,m,1)n>0 involve quasi-modular forms which are monomials Ag*hbay (N €
C*,a,b,k > 0). An accurate study of these forms (that we skip here), implies that
for all ¢, m

dim¢ ]\4<1 dim¢ MSI
0 < liminf ————— < limsup —————
w—oo VI (w,m, 1) T e VI (w,m, 1)

< 00,
the limits being taken in sequences with w such that dimg Z\A/[:%in # 0; so that
there is no close analog c of @). The smallest infimum limit precisely occurs in

the sequence of spaces M5 for £ > 0. Induction on k£ > 0 starting with the

g +1,17
equality dimg ]\42—71 = 1 yields the computation of the dimensions:

dime M=

g+ ti+11

_qdlmCMk+11+Tk7

where ro; = —1 and 79,1 = —2 if ¢ = 2, and 19y = —q + 2 and 79511 = —2q + 3 if
q > 2. Hence,

d1mCMk+11 2

lim :
k—oo yax(gh £ 1.1,1) 2 —1

Combining with () we find that for all w big enough with ME}H # (0) and
M<1 \ {0}, voo(f) <w —1 (that is, < l(w — 1) with [ = 1).

*A formal series Y-, ciu’ € L[[u]] (L being a field) with ¢;, # 0 is normalised if its leading
coefficient c¢;, is one.



These arguments have been extended with the help of several numerical com-
putations to higher depths and seem to justify the following (cf. [4]):

Conjecture Let g and [ > 0 be fized. For all m, for all w big enough such that
Mg, #(0), and for all f € Mg}, \ {0},

Voo (f) < U(w —1). (8)

This upper bound cannot be improved, as the choice f = E™ indicates (indeed,
we have vy (E) = 1).

In this paper we demonstrate a partial but quite satisfactory result in the
direction of the inequality (8]), by proving the following slightly weaker analog of

inequality ([):

Theorem Let w,l,m be integers, with 0 < m < q—1,1> 0, let f € ]T/[Ju%n be a
non-zero Drinfeld quasi-modular form. Then,

Voo () < 6¢*(4g + 5)%(¢” + 1)Pw(12 + log, w), 9)
where log, denotes the logarithm in base q. If moreover

w >4l (29(q + 2)(3 + 29)l + 3(¢* + 1))**, (10)

Then we have the more precise estimate

Voo (f) < 16¢°(3 + 2¢)*lw. (11)

Condition (I0) makes it clear that our Theorem does not overlap with [4]
Theorem 1.4] (joint work with Bosser), a rather precise estimate which, however,
holds for Drinfeld quasi-modular forms of depth < ¢? only.

1.1 Difficulties encountered by using hyperdifferential struc-
tures
A sketch of proof of inequality (d) is given in the introduction of [4]. If f €

C|FEs, E4, Eg) is a non-zero (classical) quasi-modular form (°), Ramanujan’s differ-
ential system implies that (d/dz)f is again a non-zero quasi-modular form. The

5The FEy;’s denote normalisations of classical Eisenstein series of weights 2i.
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bound follows easily remarking that if f and (d/dz)f are coprime, then the resul-
tant

ReSE2 <f7 (d/dZ)f) (12>

of the polynomials f,(d/dz)f € C|Es, Ey, Eg] with respect to Fy is a non-zero
modular form whose weight is controlled by elementary considerations and whose
order of vanishing at infinity is controlled by the well known suitable analog of (7).

If f and (d/dz)f are not coprime, one combines the resultant argument with
a variant of the separation property of Brownawell and Masser [5, Lemma, p. 212]
which is Nesterenko’s Lemma 5.2 of [24, Chapter 10].

Inequality () is in fact a very simple multiplicity estimate. Multiplicity esti-
mates are important tools in transcendence and algebraic independence techniques.
A much deeper result was obtained by Nesterenko [24, Chapter 10, Theorem 1.3],
and was the key tool in his theorem on the algebraic independence of values of
normalised Eisenstein series and the function e*™#. The theory of multiplicity es-
timates in differential polynomial algebras gave general results when the base field
is algebraically closed of zero characteristic; see for example [5l 6] 23].

Analogues in positive characteristic of differential algebras are called iterative
differential, or hyperdifferential algebras (cf. [22]); very little is known about mul-
tiplicity estimates in this framework. In a joint paper with Bosser, we proved [3),
Theorem 2| that the algebra M is hyperdifferential, endowed with a hyperdiffer-
ential structure D, that is, a collection of linear operators D = (D,,),>o satisfying
certain properties. However, for a given non-constant polynomial f € M , the se-
quence of polynomials (D, f),>o behaves rather erratically (despite the algorithms
we developed in [4, Section 4.2]) and it is a serious computational problem to
characterise, with enough generality, the set of forms f that divide D1 f,..., D, f
for a given n > 0. Hence, there is not a suitable separation property analog.

At least, we constructed in [4] families of extremal Drinfeld quasi-modular forms
which allowed, by using a resultant argument, partial multiplicity estimates in the
direction of ({§]).

1.2 Methods of proof with Frobenius structures

The main idea behind the proof of Theorem is to work with certain deformations
of Drinfeld quasi-modular forms, that we called almost A-quasi-modular forms
(%), introduced in this paper after a variation on Anderson’s idea of t-motives,
also called A-motives. Hence, in Section [2] we review and develop tools which
have essentially been introduced by Anderson in [1], concerning rigid analytic
trivialisations of A-motives associated to rank 2 Drinfeld A-modules. We use the

6The reader might find this terminology rather heavy. It has been chosen because in forth-
coming works, we will also need to deal with A-quasi-modular forms and A-modular forms.
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exposition in [27] as a basis to build the necessary background to proceed further:
linear 7-difference equations over all.

While spaces of Drinfeld quasi-modular forms embed in C[[u]] and are spanned
by forms with coefficients in F,[6], the spaces of almost A-quasi-modular forms
we are interested in, embed in C[[t,u]], with ¢ a new indeterminate, are spanned
by forms with coefficients in F[t, 6] (7), and the algebra they generate is endowed
with the extension 7 : C[[t,u]] — C][t, u]] of Frobenius map 7 : C — C, 7¢ = ¢4,

defined by:
T Z Cmnt"u" = Z Chont " ut”

m,n>0 m,n>0

the ¢, s being in C'.

Replacing t by 6 essentially pushes almost A-quasi-modular forms down to
Drinfeld quasi-modular forms (a special care is required to check convergence of
our series). We will lift the quasi-modular form E to an almost A-quasi-modular
form E € F,[t, 0][[u]] of which we will study the main properties, in Section3l This
section contains the most important tools of our paper, and its crucial features
will be separately reviewed in its introduction. With the help of the results proved
there, we will construct, in Section @, a four dimensional sub-algebra M of almost
A-quasi-modular forms which is at once:

— Graded by the group Z* x Z/(q — 1)Z (a degree will be a triple (i, v, m), with
(4, v) the weight, m the type).

— Stable under the action of 7, in a way which is compatible with the graduation.

— Endowed with a set of generators contained in F,[t, 8][[u]], whose coefficients ¢,
of their u-expansions have the property that the degrees in ¢ grow “slowly”
as n increases, unlike the degrees in 6.

The Theorem will be proved in Section B by using the properties above, avoiding
resultants such as (I2)), in two steps. The first step is made by a multiplicity
estimate in M itself (Proposition [[J), with the use of resultants like

Resg(f,7f), (13)

with f € M, which essentially lands in C[[t]][g, h], after rescaling by a well con-
trolled A-quasi-modular form. The required variant of the separation property is
easy to obtain, but the grading by Z? x Z/(q — 1)Z is unavoidable at this stage.

"These forms do not seem to have a counterpart in the classical framework yet, but could
perhaps be related to bimodular forms (the author learned about the latter forms in a seminar
of Zagier at “College de France” on a joint work by himself and Stienstra).



The second step will use transcendental techniques. With a variant of Siegel’s
lemma we construct a collection of non-trivial auxiliary forms f, , ,, € M of weight
(1, v) and type m with certain technical conditions on p, v € Zand m € Z/(q—1)Z.
These forms vanish with high order at infinity, but we can bound from above this
order by Proposition [9. Let f be a Drinfeld quasi-modular form. The proof of
our Theorem ends with the study of a second resultant which lands in Drinfeld
modular forms:

Resp(f, (T fm)):

making good choice of the parameters p,v, m. Here, we also need to choose k
not too big; this choice will be made possible by the crucial property highlighted
above, that the u-expansions of the generators of M have their coefficients whose
degrees in t grow slowly as the index increases.

After having discovered the benefits of the graduation by Z? x Z/(q—1)Z of M,
we have, for a while, searched for similar structures above classical quasi-modular
forms. We believe that this theme should be investigated in the sequel. The reader
might be interested in Remark [I5] where we collect the results we know in this
domain.

The paper ends with Section [6, where we describe a link to extremal quasi-
modular forms as defined in [4]. In forthcoming works, we will develop the hy-
perdifferential viewpoint of almost A-quasi-modular forms and the appropriate
extension of the theory of Hecke operators and Hecke eigenforms.

2 Anderson’s functions

In this section we recall some tools introduced in [I3] Section 2], [1, 2] and described
in [27, Section 2 and Section 4.2].

As A-lattice of rank r > 0 we mean a free sub-A-module of C' of rank r, discrete
in the sense that in every compact subset of C' only finitely many elements of it lie.
Let A C C be an A-lattice of rank r and let us consider, for ( € C', the function
defined by the product:

a@=¢ T (1-5). (14

which converges for all ( € C'. For A € C*, we have by the product expansion
(I4) defining ey:
exr(Q) = Aea(A7¢). (15)

There exist elements 1 = ag(A), a1 (A), as(A), ... € C, depending on A only, such

that:
eal€) = 3 an(A)CT, (16)

n>0

9



the series having infinite radius of convergence (cf. [13] [16]).

The construction of the exponential function by (I4)) is the main tool to prove
that the category whose objects are A-lattices of rank r and morphisms are inclu-
sions, is dually equivalent to the category whose objects are Drinfeld A-modules
of rank r and morphisms are isogenies (see [13, Section (2.6)] or [27, Section 2[;
references that contain a definition of Drinfeld A-module). For A as above, there
is a Drinfeld A-module ¢, such that

Pa(a)ea(C) = ealag) (17)

(for all ¢ € C' and a € A), which is uniquely determined by its value ¢5(0) €
Endpq_lin.(Ga) in 6. This value is a polynomial of degree r in 7, that we recall, is
the Frobenius endomorphism 7 : ¢ — 4.

On the other side, any Drinfeld A-module ¢ of rank r, a lattice A, of rank r
can be associated, so that the functors A — ¢, and ¢ — A, are inverse of each
other up to isomorphisms.

Let ¢ be a new indeterminate. With A an A-lattice of rank » > 0 and e, as
in (I4), let us consider w € A\ {0} and introduce, following Anderson in [1], the

formal series: .
w .
Saw(t) == Z en <9i+1) t'.

1=0

For a positive real number r, we denote by T, the sub-C-algebra of C|[t]] whose
elements are formal series Y .., ¢;t* that converge for any ¢ € C with [¢| < r, and
T, for the C-sub-algebra of formal series > .., c;t’ that converge for [t| < r. We
denote by T+ the sub-C-algebra of C[[t]] whose series converge in some non-empty
open disk containing 0, and all the series of T<, converge at t = 6. We also denote
by T, the sub-C-algebra of series that converge everywhere in C.

If ri > ry > 0, we have

TsoD T, DT<, DT, DT<,, D T

The Tate algebra T<; will be also denoted by T.

It is easy to verify that, with A and w € A as above, sy, € T, C T. More
precisely, if A C K2, it can be proved that sy, () € K2#[[t]].

We extend the operator 7 from C' to C[[t]] as follows:

f= cht” —Tf = Zcﬁlt".

n>0 n>0

We will also write f*) for 7%f k € Z (the operator 77! is well defined). One
checks that 7 sends T, in T.,+ and T<, in T<,+. The extension 7 so constructed
is an F,-automorphism of T.

10



We write A = F[t], K = F,(t). If a = a(f) € A we also write @ = a(t) € A. If
A is an A-lattice of rank r and if ¢, is the Drinfeld A-module of rank r in (I7]),
then, for all a1,a, € A and wy,ws € A,

(bA(al)SA,wl + ¢A<a2)5A,wz = SAa1witagws — aISA,u}l + a2SA,u)2- (18>

These identities, which hold in T, are proved in [27, Section 4.2.2].
On another side, from (I5) it immediately follows that, for A € C'*,

S)\A)\w(t) = )\SAM(t)- (19)
We also have the series expansion (cf. [27, Section 4.2.2])

2 o (A)w?”

Saw(t) = (20)

n=0
uniformly convergent in every compact subset of C'\ {0,69,...}, and sp(t) —
w/(0 — t) extends to a rigid holomorphic function for |t| < ¢?. We will then often
say that s, has a simple pole of residue —w in t = 6. Notice that other poles
occur at t = 04,07, ..., but we do not need to focus on them in this paper.

Ezample: rank one case. For A = TA (rank 1), the exponential function is:

N
eCar(g) - Z dn ) (21)
n>0
where dy := 1 and d; := [i][i — 1]7---[1]9 ", recalling that [i] = % — @ if i > 0.
The relations (IT) become, for all a € A,

¢Car(a)eCar<C) = eCar<aC>7

where ¢, is Carlitz’s module defined by
quar(G) = 97’0 + 7 € End]Fq_lin,(Ga)

(see Section 4 of [13]).

We will write scar = s747. The function sc,, has a simple pole in 6 with
residue —7.

By ([I8) (cf. [27, Section 4.2.5]), the following 7-difference equation holds:

sga)xr(t) = (t - Q)SCal“ (22)

After [11, Theorem 2.2.9], T is a principal ideal domain. This property can
be used to verify that the subfield of constants L™ := {l € L, 7l = [}, where L is
the fraction field of T, is equal to K := F,(t) (see also [25, Lemma 3.3.2]). We
deduce, just as in the proof of [25 Lemma 3.3.5], that the 7-difference equation
fO = (t — )f has, as a complete set of solutions in L, the F,(#)-vector space
F,(t)scar- In fact, for all a = a(f) € A, we have sz4 0z = GScar-

11



2.1 Drinfeld modules of rank 2

We recall some tools described in [27, Section 4.2.5] (see also [8, 25]). Let z be
in €, and consider the A-lattice A = A, = A + zA of rank 2, with associated
exponential function e, = e,. Let us consider the Drinfeld module ¢, defined by

6= 01 6.(0) = 07° + G(2)7" + A(2)7, (23)
where §(z) = 77 1g(2), A(z) = T 1A(z), with A = —h?~!. Then,
¢=(a)e=(¢) = e=(aC) (24)

for all a € A and ¢ € C ([13], Section 5], [27, Section 4.2.5], see also [25]).
We can write, for ¢ € C,

e:(¢) =) ai(=)¢7, (25)
i=0
for functions «; : Q — C with ag = 1. By ([24]) we deduce, with the initial values
ag=1,a_1 =0,a_5 = 0, the recursive relations

1 ~ 2
a; = ﬁ(gozi_1 +Aal,), i>0. (26)
[
This implies that the function «;(z) is a modular form of weight ¢* — 1 and type
0 for all 7 > 0.

In all the following, we shall write:

s1(z,t) = sa. (), sa(z,t) = sa, 1(1).

These are functions 2 x B, — C, where B, is the set {z € C,|z| < ¢}.

In fact the definition of the functions sy, tells that sq, s, € Hol(Q2)[[t]], where
Hol(Q2) denotes the C-algebra of rigid holomorphic functions Q — C'. After (25)
and (20) we see that, for any couple (z,t) € Q x B, the following convergent series
expansions hold:

> oy (2)27
81<Z,t) = i
i=0 0 —t
- a;(2)
sa(z,t) = —
i=0 0 —t

Our notations stress the dependence on two variables z € Q,t € B,. However,
we can also fix z € Q and study the functions s;(z,-), s2(z,-), or look at the
functions s1(-,t), sa(+,t) : @ — T, with formal series as values. In the next
section, we provide the necessary analysis of the functions s1(z, ), s2(z, ). Hence,
we fix now z € Q.

12



2.1.1 Studying functions of the variable ¢, with 2 fixed.

At 6, the functions s;(z,-) have simple poles. Their respective residues are, ac-
cording to Section 2l —z for the function s;(z,-) and —1 for ss(z,-). Moreover,
we have sgl)(z, 0) = and sél)(z, 0) = n, where 1,1, are the quasi-periods of A,
(see [27, Section 4.2.4] and [12, Section 7]).

Let us consider the matrix function:

$et) = ( s1(2,1) s?()z,t) )

Sgl) (27 t) 821 (27 t)

By [27, Section 4.2.3] (see in particular equation (15)), we have:

~ ~ ~ ~ 0 1
U(z, )M =0O(2) W(z,t), where O(z) = | 14 iz | (27)
Ae) AR

yielding the following 7-difference linear equation of order 2:

9 t—0 9 a
sé) = ——8y — ZS; ). (28)

A

Remark 1 By [I], there is a fully faithful contravariant functor from the category
of Drinfeld A-modules over K to the category of Anderson’s A-motives over K= .
Part of this correspondence is sketched in [27, Section 4.2.2], where the definition of
A-motive is given and discussed (see also [§]); it is based precisely on Anderson’s
functions sp,. In the language introduced by Anderson, T is a rigid analytic
trivialisation of the A-motive associated to the Drinfeld module ¢ = ¢,.

In the next section, we study the functions si, sy as functions Q2 — T<,.

2.1.2 Studying functions 2 — T,.

We observe, by the definitions of s1, s, and by the fact, remarked in (26]), that
a; is modular of weight ¢' — 1 and type 0 for all 7, and by (IS)), that for all

a b
’y—(c d)EF.

e}

sa(y(2),t) = Z(Cz+d)qi_1%

= (cz+d) sp. earal?) B
= (cz+d) " (@s1(z,t) + dsa(z, 1)).

13



Similarly,

81(’)/(2),15) = Z(Cz+d)q'—1az(z()f(7_(’?)q

= (cz+d) "sa. aet0(2) _
= (cz+d) ' (@si(z,t) + bsy(z,1)).

(2, 1) = (31(Z’t;).

sa(z,t

Let us write

We have proved:

Lemma 2 For all v = b ) e I', and for all z € €, we have the following

d
identity of series in T,:
2(1(2),1) = (cz+ )77 - 5(=,1), (29)
_ (ab
where 7 is the matrix ( = 7 ) € GL»(A4)

3 The function E
The function of the title is defined, for z € 2 and t € B,, by:
_(+_ p\—1lz=a -1 (1)
E(z,1) = (t = 0) T h(2)s0a ()82 (2,1)-

This section is entirely devoted to the description of its main properties. Three
Propositions will be proved here.

In Proposition [3 we show that E satisfies a linear 7-difference equation of order
2 with coefficients isobaric in C|[[t]][g, h]; a special case of a general phenomenon
to be compared with a result of Stiller in [2§].

In Proposition ] we analyse the functional equations relating the values of E

at z and 7y(z), where v = (Z Z) € I'; they involve the factors of automorphy:

Jy(2) =cz+d, J,(z)=¢

with values convergent in C/[[t]].
Proposition [ describes the third important feature of the function FE; the
existence of a u-expansion in F,[t, 0][[u]]. For Drinfeld quasi-modular forms, the

14



degree in 6 of the n-th coefficient of the u-expansion grows pretty rapidly with n
in contrast of the classical framework. The function E does not make exception
to this principle. However, the degree in t of the n-th coefficient grows slowly, and
this property is used in the proof of the multiplicity estimate. Another important
property studied in this section is that E(z,6) is equal to Gekeler’s function F.

3.1 linear 7-difference equations

Proposition 3 For all z € Q, the function E(z,-) can be developed as a series
of T<,. Moreover, The following linear T-difference equation holds in T<,, for all
z €

E® AE + ¢g"EWY). (30)

= t _ 9(]2 (
Proof. After having chosen a (¢—1)-th root of —0, let us write, following Anderson,
Brownawell, and Papanikolas in [2], Section 3.1.2],

0(0)i= (07 TT (1= 55 ) € (T 1 Kl (=00 W)\ K™

It is plain that
QY1) = (t—0)Q(t).

Thanks to the remark on the K-vector space structure of the set of solutions of
[22) and after the computation of the constant of proportionality, we get

Scar(t) = (31)

Q(fl)(t)'
At once, we obtain that the function sc,, has no zeros in the domain C'\ {6,607, ...}
from which it follows that ((¢ — 6)scar) ' € T<,. Moreover, for all z € Q, we have
sy € T4 so that sgl) € T.p C T<, Multiplying the factors that define the
function E, we then get, for all z € Q, that E(z,-) € T<,, which gives the first
part of the proposition.

In order to prove the second part of the proposition, we remark, from (27),
that

t— 01 g’
s = sV L)
A1 A1
By the definition of E and the relation (22) we find the relation:

DT =0T E A s s, (32)

for k > 0. Substituting the above expression for sg?’) in it, we get what we expected.

O

E® = (t—67") " (t — 07"

15



3.2 Factors of automorphy, modularity

In the next proposition, the function F is considered as a function 2 — C[[t]]. In
order to state the proposition, we first need a preliminary discussion.

If w¢ O\, ea(w/0) # 0 and sy (t) € TS, (group of units of Ts), so that
Sa(z,+)"t € TZ, (the radius of convergence, depending on z, seems very difficult
to compute). Hence, we have a well defined map

z : Q — T,

s1(z,t)

<z — 82 (th) !

and we can consider the map

= (‘C‘ Z) €l J,:=cz+de Ts.

Since ¢, d are coprime, we have cz + d € O\, implying that ¢s; + ds, = SA..cotd €
TZ,. Therefore, for all v € I' and z € Q, J,, € T,
Moreover, by ([29) we have, for all v € I and z € Q,

z(v(2)) =7(2(2)) € C((1)), (33)
so that, for v,6 € I' and z € €,
Jo5(2) = J5(6(2))J5(2).

the map J : I' x 2 — TZ, is our “new factor of automorphy”, to be considered
together with the more familiar factor of automorphy

Jy(2) ==cz +d.

Let us also write, for v = ( Z Z ) el

The fact that L.(z) belongs to T follows from the discussion that led us to the
conclusion that J,(z) € TZ,.
We further define the sequence of functions (gj)k>o by:

k—1

* * * * * k—2 * k—1
g1 = 07 gO = 17 g1 =9, 9 = (t - 9(] )gk72Aq + gk:flgq ) k Z 27

so that for all £ > 0, we have the identity g;(z,6) = gr(z), the function introduced
in [13, Equation (6.8)].
We have:

16



Proposition 4 For all z € Q), v € I' and k > 0 the following identity of formal
series of Tso holds:

E®(y(2),1) = det(y) " Jy(2)" T, (2) x (34)

k 91:
(E”@J)*%@—m@—ew~«v—me””)'

Proof. Let f(z,t) be the function det(¥(z,¢))h(z)71, for z € Q and ¢ € B,. We
have:

FO(z ) = —(t — OA(2) " det(V(z, ))h(2)I7HT = (t — 0)f(z,1).

For fixed z € Q, si¥(z,.) € T_p+1 C T for all £ > 0. Hence, f(z,-) € T for

all z € Q. By arguments used in the proof of Proposition B f(z,t) is equal to

Az, t)8car (), for some A(z,t) € A; the matter is now to compute A, which does

not depend on z € € as follows easily by fixing t = ¢, € B, transcendental over [F,

and observing that f(z, 1) is holomorphic over Q) with values in a discrete set.
Now, for z fixed as t — 0,

z 1
. - [ T%=e T i-e _ E S
iy ¥ (,1) ( mo ) <0 0)’

n1, 12 being the quasi-periods (periods of second kind) of the lattice Aw; + Aws
[12, Section 7, Equations (7.1)], with generators w; = z,wy = 1, where the as-
terisks denote continuous functions of the variable z. Hence, we have lim; (¢ —

~

0)det(W(z,t)) = —zm + 1. By [12, Theorem 6.2], —zny +1; = 7 9h(2)~! (notice
that the function denoted by h in [12] is equal to minus h, the function of our
paper and of [13]). At once,

lim(t — 6) det(® (z,1)) = MO)T ' h(z) " Im(t — 0)scar(t) = —AO)F h(z) ",
which implies that A = A(#) = —1 (6 is transcendental over F,). We get:
det(®) = =7 790(2) scar(t). (35)
From (35]) we deduce that

s = §<s§> LA, (36)
2

Let v = (ZL Z) € I'. Applying 7 on both left and right hand sides of
82(’)/(2), t) = J,y_lj,ySQ(Z, t) = J;l(Esl + 382), (37)
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consequence of Lemma 2, we see that
sV (v(2),t) = J “(est) + dsM).

Eliminating 31 ) from this identity and [B36), we get:

2020 = 177 ((ent) (22D 1) 7 Bl

that is,

s (v(2),t) = J0, ( (2, t)+%;(—‘?MLV). (38)

This already implies, by the definition of E and the modularity of h:

B (:),0) = det(r) 0, (Bevt) + 2 s ).

Now, the joint application of ([B1), (38)) and (27) implies, for all £ > 0 and v € I":

hqk 1~ k:+1

s&((2),t) = I, <32(z,t) | Seall9iny ) (39)

By the definition of E and the functional equation (22), we end the proof of the
proposition. O

3.3 u-expansions

Proposition 5 We have

Bent) = u O™ € 6. o)

where the formal series on the right-hand side converges for all t,u with |t| < q
and |u| small. The first terms (with respect to the ordering of the degrees in u) of
the u-expansion of E are:

E=u(l+uY —(t )4 ...) (40)

Moreover, for all n > 0, we have the following inequality for the degree in t of
cn(t):
deg, ¢, <log,n

where log, denotes the logarithm in base q and where we have adopted the conven-
tion deg, 0 = —

18



Proof. We begin with the proof of the existence and the convergence of the u-
expansion. We recall the modular forms «;, defined by (26]). There exist elements
¢im € C such that
a;(z) = Z cimu™, >0,
m>0

with convergence for z € 2 such that |u| is small enough. We need to provide
upper bounds for the |¢; ,|’s, with explicit dependence on 7, m.

Let us write § = Y, it and A = 7. d;u’ with 7;,6; € C. Looking at [13,
Definition (5.7), (iii)], there exists B > ¢ such that, for all i > 0, max{|y, |6;]} <
B'. We know that ap = 1 and that |c1,,| < ¢ 9B™. Now, the recursive relations
[26]) imply, for i > 1, m > 0 and j, k non-negative integers:

1 2
Cim = i Z ViCi-1x Z 0jCi ok
j+qk=m j+q2k=m
After induction and the equality |[i]] = ¢7 (i > 0), we deduce from these identities,
leim| < a7 B™,  (i,m > 0). (41)
For z € Q such that |u| < B! with B as above, and for |t| < ¢:
1 a;(2)
—t =09 —t
i>1

1 1
= gt 2 ety

i>1 m>0

sa(z,t) =

where, in the second equality we have u-expanded ;, in the third equality, ex-
panded 1/(69 —t), and where for m > 1,

Fnlt) = D1 Y i T € Ty,

j>0 >0

We see, by using (&), that for all ¢ € C such that |t| < ¢, |s(t)] < B™qg .

Since .
- (1) m
i+ E Ky (E)u?™,

m>1

s (1) =
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we obtain, from the definition of E, the convergence of the u-expansion of h,
the identity (3I) and the convergence of the product defining €2, that E has a

u-expansion
=> N(t)u
i>0

with \; € T<,, converging for all ¢, u such that |t| < ¢ and |u| small enough.

Ilfa=d=1,c=0and b€ Ain [29) we find that sy(z+0b,t) = so(z,t). Taking
further v = ( g 2 ) € GLy(F,), one sees that in fact E € uT<,[[u?!]].

We need now to prove that this series is defined over F,[t, §]. From (B0) we get:

E=A"'((t-06")E® — g2EW). (42)

Let us write v = u?~!. We have the series expansions (cf. [I3, Section 10)):

g = 1—] Zanv € Alfv

A = —ov(l—v"" 1+-~-)EUA[[ 11
ATl = M1 ) =~ Z bov™ € vt A[[v]],
n=0
so that ag = 1,01 = —[l],ae = - =a,=0and by = by = --- = b3 = 0,b,0 =

—1if ¢ > 2, while for ¢ = 2, the u-expansion of A~! begins with v~ (1+u+u’+---).
The integrality of the coefficients of the u-expansions of A~! comes from the fact
that the leading coefficient of the u-expansion of A lies in F.

We know, after the definition of E, that

E=u Z ci(t)v',
>0
for elements ¢;(t) € T<, that we want to determine. But, for k € Z,
E® = ¢ Z ¥ ()",
i>0

and (42) becomes:

chl-(t)vi = v+ Zb V" (43)
t—@q uq Zc qui—

>0

E alv ”qqu c qu

>0
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Therefore, for r > 0:

¢ = t-0)= 3 @+ 3 b+

?atgq=r a+q?B+gt+l=r

q,.) _ (1)

E a\Ch E baagc, .
qa+qB=r 1+otqf+qy=r

If r = 0, this gives c((]l) = ¢y, that is, ¢ € F,[t] because ¢y € T<, C T and

T™ = F,[t], information contained in a previous remark. But this is not enough to
determine this coefficient. We recall that (t—0)ss(2,t) — —1 and (t—0)s1(2,t) —
—z ast — 6. Hence, lim; o ' = 2. This implies that lim; o J,(2) = J,(2). In a
similar way we see that

lim(t — 0) 'L, (2) = —L, (). (44)

t—6

Let ¢(2) be the limit lim; .y E(z,t). We obtain, by using (34) with & = 0 and
the limits above, that

6012 = det(r) ez + 0 (00) -7 )

but this is the collection of functional equations of the Drinfeld quasi-modular form
E ([3), whose u-expansion begins with the term u. Hence, we get ¢ = E, ¢o(0) = 1
and ¢y = 1 because 0 is transcendental over F,. If » > 0, we see by induction that
¢, is a polynomial with coefficients in IF,[t] evaluated in the coefficients a;, b; which
are in A, as remarked above, and this implies that ¢, (t) € F,[t, 0] for r > 0.

Equation (43)) easily delivers, after some calculations, the first coefficients of
the u-expansion of E given in (@), which agree, substituting ¢ by 6, with the
u-expansion of E that we know already after [I3, Corollary (10.5)]:

E=u(l4+09D4...).

To end the proof of the proposition, it remains to prove the growth estimate
for the degrees in t of the coefficients ¢;. We know from (40) that ¢o =1, ¢, =0
for n = 1,...,¢ — 2 (this corresponds to empty data if ¢ = 2), ¢,-1 = 1 and
c¢q = 0 —t. Therefore, deg,c, < 0 forn =0,...,¢ — 2 and deg,c, = 1, which
agrees with the estimate. By the recursive computation of ¢, above, the identities
deg, 7 = deg, 7™ for all k € Z and r € C[t], and deg, a; = deg, b; = 0 for all 4, j,
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we see by induction on n > ¢ that

deg, ¢, < max{l + deg, c&, 14+ max  deg, cg),

i a+q2B+q+1=n

1 (1)
max deg,c,’, max deg,c
qo+gqB=n &t s a+qB+qy=n &t & }

max{1 + deg, cn—q, 1 + max deg, cg,
{ Bt Ot Lratgbigrion ot

max deg, c max deg,c
qo+gB=n ¢ B’a+q6+qv:n ¢ y}

max{1 + log, max{1, n/¢’}, log, max{1,n/q}}
log, max{1,n},

IN

IAINA

where by definition, if s € Q\ Z>( (the induction hypothesis is applied in the next
to last inequality). O

Remark 6 Let us introduce the function
_ ~1—q (1) q—1
p=1 "9s5"/s9 € C[[t,u?"]].

By [27), p satisfies:

NN

Hence, pu = (t — O)A~ (M + g/A)~!. Although not needed in this paper, we
point out that this functional equation gives the following continued fraction de-
velopment, which turns out to be convergent for the u-adic topology:

uV = t=0) 4+ g

(t—10)
u N A O (45)
g+ 5
A9(L — 67)
g9+ 3 3
2 A (t — 01 )
g

This property should be compared with the connection of Atkin’s polynomials
with certain continued fraction developments in [20], Section 4, 5], or the continued
fraction developments described after [18, Theorem 2].

4 Bi-weighted automorphic functions

In this section we prove that almost A-quasi-modular forms generate a T<,-algebra
M C C[[t, u]] which is, thanks to the two kinds of factor of automorphy described
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below, graded by the group Z* x Z/(q¢ — 1)Z, and contains the four dimensional
algebra M := T<,[g, h, E, F], where F = 7E.

Proposition [} implies that 7 acts on M': If £ € M is homogeneous of degree
(1, v,m) then 7f also is homogeneous of degree (qu, v, m).

If f € M' is homogeneous of degree (1, v, m), then the function

Q — C
e(f): =z = f(2)l=o
is a well defined Drinfeld quasi-modular form of weight u + v, type m and depth
<.

4.1 Preliminaries on graduations and filtrations

Let us consider three matrices:

A:(Z’ Z) B:(‘;‘ ?) C:A-B:(; Z)er. (46)

Lemma 7 We have:

La(B(z)) = det(B) " Ja(2)*(Le(2) — Li(2)),
La(B(z) = det(B) ' Js(=)T5()(Le(2) — La(2)).

Proof. We begin by proving the first formula, observing that ¢ = det(B) ! (xd—y~):

Js(2)*(Le(2) — Lp(2)) =
= (fyz+5)2( ’ 7 )

:cz+y_fyz+5

c(0+v2)
= det(B
et( )(ca +dv)z + (cf + dv)
c
- det(B) (catdy)z+(cB+dy)
o+vyz
= det(B)——o——
- az+f
Cﬂ/z+5 +d
= det(B)La(B(2)).
As for the second formula, we set
Lu=——, z="2"
cz+d 39



By using (33)) and the obvious identity det(B) = det(B), we compute in a similar
way:

I5(2)*(Le(2) —fs(i)) =
= (72 +3) (_ - _)

Hence,
La(B(2)) = det(B) "' J5(2)*(Le(2) — La(2))
But _
La(z) = s2(2)La(2),
so that

La(B(z)) = s2(B(2))La(B(2))
= (7s1(2) + 082(2)) La(B(2))
= sa(2)J5(2) " Ts(2)La(B(2)),

where sq, sy are considered as functions 2 — T.g, from which we deduce the
expected identity. 0

4.2 Almost A-quasi-modular forms.

We recall that for all z € Q and y €T, J,,J,, L,, L, € Ts,.

Definition 8 (Almost A-quasi-modular forms) Let r > 0 be a positive num-
ber. Let us consider a function and a finite collection of functions

f7 (fz;)zg Q- T .

Let us assume that
=> o2, figlz ng),j J(2)t° foralli,j (47)
s=0

with ¢g; ¢; ;s : 2 — C holomorphic for all s.
Let us assume that there exists a positive number B and, for all 7, 7, s, series
Vs, ;s € Tep, such that for z € Q with |u| < B and for all |¢t| <7,

- Zws(t)us’ fl] Zwms . (48)

5>0 s>0

24



We say that f is an almost A-quasi-modular form of weight (u,v) € Z*, type
m € Z/(q — 1)Z, and depth < [ if the following identity of formal series in Tx
holds for all z € 2 and v € I':

F(1(2)) = det(y) ™ TY > fin(z) L LE. (49)

J+k<l

The supremum of the r’s such that f, f; j, ¥m, Vi jm € T, for all z,4, 7, m is called
the radius of the almost A-quasi-modular form f, denoted by p(f). We will say
that u = u(f),v = v(f),m = m(f) are respectively the first weight, the second
weight and the type of f.

4.2.1 First remarks.

It is obvious that in (9), f = foo (use v = identity matrix).

If A € Ty, then it trivially is an almost A-quasi-modular form of weight (0, 0),
type 0, depth < 0. The radius p(\) is then just the radius of convergence of the
series.

Examples of almost A-quasi-modular forms are Drinfeld quasi-modular forms.
Any quasi-modular form of weight w, type m, depth < [ is an almost A-quasi-
modular form of weight (w,0), type m, depth < [. In all these cases, the radius
is infinite. More generally, the Tsg-algebra Ts¢[g, h| is graded by the couples
(w,m) € Z x Z/(q — 1)Z of weights and types, and the isobaric elements are all
almost A-quasi-modular forms.

The function sy is, by Lemma 2| an almost A-quasi-modular form of weight
(—=1,1), depth 0, type 0. The radius is ¢, by the results of Section 211

If fis a A-quasi-modular form of weight (u,v), type m, depth <[ and radius
> ¢, then e(f) := fli=o is a Well deﬁned holomorphic function 2 — C'. This is
the case, for example, if f = E™, for all k£ > 0, by Proposition F, and we have
that u(E(k)) = ¢*, v(EW) = l,m(E( )) = 1, and the depths are always < 1. It is
clear, from ([@4)) and lim; .o J, = J,, that

e(f) € M, . (50)

The computation of e(E®) is made in Proposition In particular, e(E) = E.
We denote by ¢, or again € the map which sends an almost A-quasi-modular
form f of specified weight, type, with radius > ¢ to the Drinfeld quasi-modular
form e(f). This map is C-linear and such that, if A € T<,,

e(Af) = e(N)e(f).

The function ss is not well defined at t = 6. However, the function f(z) :=
(t — 0)ss, which is almost A-quasi-modular of same weight, type and depth as ss,
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has radius ¢?. Therefore, e(f) is well defined, and is the constant function —1 by
the results of Subsection 2.1.1l The function sgl) is, on the other side, an almost
A-quasi-modular form of weight (—g¢, 1), type 0 and radius > g.

4.2.2 Grading by the weights, filtering by the depths.

For u,v € Z,m € Z/(q — 1)Z, | € Z>p, we denote by M=!  the T+o-module of

sV,

almost A-quasi-modular forms of weight (u, ), type m and depth < [. We have

ML M, M

/ /
wv,m w v m

<+l
ptp v+ mtm!

We also denote by M the T.o-algebra generated by all the almost A-quasi-modular
forms. We prove below that this algebra is graded by the group Z? x Z/(q — 1)Z,
filtered by the depths (Proposition [I3]), and contains five algebraically independent
functions (Proposition [I4]).

Let K be any field extension of F,(t,6). The key result of this section is the
following elementary lemma.

Lemma 9 The subset T = {(d,d),d € A} C A*(K) is Zariski dense.

Proof. Let us assume by contradiction that the lemma is false and let T’ be the
Zariski closure of I'. Then, we can write

where the T';’s are irreducible closed subsets of A%(K) of dimension 1, the fj’s are
isolated points of A%(K), and Z, J are finite sets.

From I' = T'+ (d, d) for all d € A we deduce I =T + (d,d). The translations
of A%(K) by points such as (d, d) being bijective, they induce permutations of the
sets {I';} and {fj}, from which we easily deduce that J = (). Therefore, the ideal
of polynomials R € K[X,Y] such that R(I') C {0} is principal, generated by a
non-zero polynomial P.

Now, if b € A, my(T') C T, where my(z,y) := (b, by). Hence, P(my(X,Y)) €
(P) and there exists x;, € K* such that

P(bX,bY) = sy P(X,Y).
Let us write:

P(X,Y) =) capXY?’,
o,
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and choose b € F,. If ¢, 3 # 0, then k, = b5 . If P is not a monomial, we

have, for (o, 3) # (¢/, ), cap,Corp # 0, so that bop = b*alg_ﬁ, yielding a
contradiction, because b ¢ F,.
If P is a monomial, however, it cannot vanish at (1,1) € I'; contradiction. O

Lemma 10 Let us suppose that for elements o5 € C((t)) and for a certain
element z € €,

Y taps TS =0, (51)
a,B

in C((t)), for ally = ((11 Z) € I with determinant 1, the sum being finite. Then,
Yo, =0 for all o, 3.

Proof. Let us suppose by contradiction the existence of a non-trivial relation (B1).
We have, with the hypothesis on v, J, =z +d,J, =z +d € C((t)), so that the
relation of the lemma implies the existence of a relation:

N lapdd =0, de A,
o,

with £, 3 € KL = C((t)) not all zero, and all, but finitely many, vanishing. Lemma
yields a contradiction. 0

Another useful lemma is the following. The proof is again a simple application
of Lemma [0 and will be left to the reader.

Lemma 11 If the finite collection of functions functions f;; : @ — T is such
that for all z € Q) and for all v € T,

> fui(A) L =0,
i,J
then the functions f; ; are all identically zero.

Lemma 12 Let f be an almost A-quasi-modular form of type m with 0 < m <
q—1. Then, with v = u™"!,

fz)=u™ Z ci(t)v'.

>0
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Proof. Tt follows the same ideas of the remark on p. 23 of [14]. Let us consider

v = <3\ ?) € I' with A € FxX. We have y(2) = Az, det(y) = A, J, = J, =1,

L, =L, =0,sothat f(A\z) = A" f(2), forall z € Q. Now, if f = >, ¢;(¢)u’, since
ecar 18 F -linear, we get u(Az) = A'u(z) and ic ¢; # 0, then i = m (mod ¢ — 1).0

Proposition 13 The T<g-algebra generated by the almost A-quasi-modular forms
is graded by weights and types, hence by the group 7> x Z/(q—1)Z, and filtered by

the depths:
M- @ UM
1=0

(u,v,m)€EZ2 X

zZ
(¢—1)z

Proof. We begin by proving the property concerning the grading by the group
Z* x Z/(q — 1)Z. Let us consider distinct triples (u;,v;, m;) € Z* x Z/(q — 1)Z,

- o <
i=1,...,s, non-negative integers [y, ...,l; and non-zero elements f; € MZ" .

Then, we claim that . | fi # 0. To see this, we assume by contradiction that
for some forms f; as in the proposition, we have the identity in T~q:

> fi=0. (52)

Recalling Definition [/ (identity ([#9)), we have, for alli =1,... s, v = (a b) c
I, z e Q:
Fi((2),1) = det(y) ™ I T 37 (= IS,
k<l

for certain functions f; ;i : Q2 — Tso.

Cll Z) with ad — b = 1. We recall

that s;' € T, for all z. Therefore, for all z € Q, (52) becomes the identity of
formal series in T+ :

Let us suppose first that v is of the form (

Z Z fi,ngS;k(Z + d)‘”*j(z + E)Viik =0. (53)

i=1 j+k<l;

By Lemma [I0] (53)) is equivalent to the relations:

Z ¢ijr =0, forall (o, ) € Z? (54)

i7j7k
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where ¢; j 1, := fi,MsQ_k and the sum runs over the triples (i, 7, k) with i € {1,..., s}
and j, k such that p; — j = a and v; — k = 3, with obvious vanishing conventions
on some of the ¢; ;;’s.

Let 1 be the maximum value of the p;’s, and let us look at the relations (54
for a = p. Since for all p; < p we get « = p > p; — 7 for all 7 > 0, for such a
choice of a we get:

> ¢ior=0, foral ez, (55)
i,k

where the sum is over the couples (i, 7) with i such that p; = g and v; — k = .
Now, let £ be the set of indices i such that p; = p and write v for the maximum
of the v; with ¢ € £. If j is such that pu; = p, and if v # v;, then for all £ > 0,
v > v; — k, so that for § = v, (B3] becomes

Z ¢i,0,0 =0

where the sum runs this time over the 4’s such that (u;, ;) = (i, v). But ¢;00 =
fioo = fifori=1,... s. Since the types of the f;’s with same weights are distinct
by hypothesis, Lemma [[2] implies that for all ¢ such that (u;,v;) = (u,v), fi = 0.
This contradicts our initial assumptions and proves our initial claim. Combining
with Lemma [T1] we end the proof of the proposition. 0

Proposition 14 The functions
E,g,h, 32732 19— Ty
are algebraically independent over L~q, the fraction field of T~y.

Proof. Assume by contradiction that the proposition is false. Since E, g, h, s, sgl) €

M are almost A-quasi-modular forms, by Proposition[I3] there exist (i, v), m € Z,
and a non-trivial relation (where the sum is ﬁnite):

> Py EisiNi =,

1,7>0

with P, ; € Tso[g, h, SQ]HM“ 2itqjw—jm—i (for somel > 0). By Proposition I3, any
vector space of almost A-quasi-modular forms of given weight and depth is filtered
by the depths. Comparing with the functional equations (38]) and [3, Functional
equation (11)], and applying Lemma [II], we see that all the forms P, ; vanish.
There are three integers a, m,n and a non trivial polynomial relation P among
g, h, so, with coefficients in T+q:

> Q.5 =0,
s=0
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where Qs € Txolg, h] N /K/lviis@m (s =0,...,n), and for some s, @), is non-zero.

Since v(Qs) = 0 for all s such that Qs # 0 and v(sy) = 1, The polynomial P,
evaluated at the functions E, g, h, 89, sgl) is equal to @s3 for @ € Twg[g, k] \ {0}
and s € Z quantity that cannot vanish because g, h are algebraically independent
over T<,: contradiction. 0

Remark 15 (classical framework) Linear ¢-difference equations seem to be le-
gitimate analogues in zero characteristic of linear 7-difference equations. In this
direction, Di Vizio has recently studied in [9] the notion of G,-function, ¢g-Gevrey
functions etc. It is natural to investigate the analogues (if any) of the functions
E and allied, in her theory. Is there a Z?-graded algebra Mg of formal series
which are “g-deformations” of classical quasi-modular forms? We include a rather
heuristic discussion about this question.

Let ‘H be the complex upper-half plane, let A be the lattice w1Z + w»oZ of C,
with the basis w; = z € H,ws = 1. Let us denote by 17,(z),n2(2) the quasi-periods
n(wy) and n(wq) respectively, with 7 : A — C the quasi-period map associated to
the Weierstral (-function for A. Tt is well known that n,(z) = 72FE5(2)/3, and
that n;(2) is related to n:(z) by Legendre’s formula

zne(2) — m(z) = 2mi. (56)

Let ¢ : H — P1(C) = CU {oo} be the map defined by ¢(z) = n1(z)/m2(z). From
the relation (B6) and the basic properties of the quasi-period map, we obtain the

following identities, for v = (Z Z) € SLy(Z):

B(2) = (cz+ dy <?72(z)—27ri ¢ ) (57)

cz+d
= (cz+d)(c(z) + d)na(2) (58)

= (cu(z) + d)? (ng(z) + 2Wim> ,

where the second and the third functional equation hold for z which is not a zero
of By (¥). We have, for all v € SLy(Z), t(v(2)) = v(¢(2)). Therefore, we can
consider the map SL(Z) x H — P;(C) as something like a factor of automorphy.
In this case, there is no graduation by Z? but at least, the map 7, can be elusively
considered as of “bi-weight (2,0), (1,1) and (0,2)” (°).

8Tt is known that E,, hence 72, vanishes on H infinitely many times in the vertical strip
0 < R(z) < 1; see Heins paper [17]. It is in fact not too difficult to extend Heins result to prove
that every non-empty vertical strip a < R(z) < b, a,b € R, contains a zero of Ey. The set of
zeroes deserves other surprises : read [10] for further details.

9Notice also that ¢ sends a certain domain Do, C H contained in the half-plane (z) >
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5 Estimating the multiplicity

We prove our Theorem in this section.

5.1 Preliminaries

Let us denote by M the T -algebra T<,[g, h, E, F|, where F := EW: its dimen-
sion is 4, according to Proposition [[4] and Proposition 4. By Proposition [13] this
algebra is graded by the group Z* x Z/(q — 1)Z:

M = P M,

(psv),;m

where M = ./T/IJW,,m N M.

w,v,m

The operator 7 acts on M by Proposition Bl More precisely, we have the
homomorphism of F,[t]-modules

T MLJ’ m Mj}“vl’ m:*

- _=pl
Let us write h = whs, S.

Lemma 16 The formula h = (gE — (t — 07)F') holds, so that h € M;Ll and
M = T.,[g, h, E, h)].

Proof. From the definition of E, (22) and (28)), we find:

gE — (t —09)F =
(1) 1,(2)

= (t—0)'Fighsohsy) — 7T h(st,) 7 s

i~ , [(t—10 g
= (t—0)'Tighsg] 32 —(t—0)'F7 hisgl ( X Sy — ngl))

(t — 9)’1%qgh56;rsgl) — TAThsg) 8o + (t — 0) ' FIghtA” 135;rs§1)

%hSE;rSQ.
This makes it clear that h belongs to M;Ll and that M' = T,[g, h, E, h]. O

We have the following result.

1.91 biholomorphically on H. The boundary of D, is a real curve of H which is very close,
homotopically equivalent, although not equal to a horocycle with center at co. We can define
a function ¢ : H — C by ¢(£) = n2(t71(¢)), and (BI) tells that ¢ has certain automorphic
properties, and that lattices with Q-linearly dependent quasi-periods play the role of cusps in
this setting.
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Proposition 17 For all (i, v), m, the map

e Mt M

Hyv,m M+V7m

is well defined and the inverse image of 0 is the T<,-module (t — 6)M]

wyv,me

Proof. Let f be an element of M Then, by Lemma [T6]

INZN
f=) ol E,
1=0

where ¢; € M,_ygii(g—1),m—v ®c T<q. Since lim;_g SE;rSQ =71 we have e(h) = h.
Moreover, by Proposition 28] ¢(E) = E, and

14

e(f) = Z (¢’ E

1=0

and e(f) = 0 if and only if (¢;) = 0 for all i. But for all ¢, ¢; is a polynomial in g, h
with coefficients in T<,. If £(¢;) = 0, then ¢; is a linear combination ) _, caybg“hb
with ¢, € T<, such that ¢,,(6) = 0. Since T<, C T, it is a principal ideal domain
and the last condition is equivalent to ¢; € (t — 6)(M ®¢ T<,). Hence, e(f) =0
if and only if, for all i, ¢; € (t — 0)(M ®@c T<,). O

5.2 Multiplicity estimate in M’

By Proposition Bl E = u + --- € ulF [t,0][[u?"]. If f = > . c,(t)u™ with
¢, € C((t)), then
=3B, kel (60)

n>ng

Hence,
EW =" 4. e ulF L, 0[[u ")), k>0,

and there is an injective map M — T,[[u]]. Let f =37 . cu(t)u” be in Tg[[u]],
with ¢,, # 0. We write v (f) := no. We also set v4(0) := oc.

We recall that vo.(g) = 0,00 (h) = Voo (E) = 1 and v (F') = ¢. Since voo(82) =
0, we also get vs(h) = 1. We begin with a rather elementary estimate, for f of
weight (1, 0).
Lemma 18 If f € M is mon-zero, then vy (f) < -t=.

[L,O,m qul
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Proof. A weight inspection shows that MLQJ” = T<,lg9, hlym- We can write

F=>u dapg?ht = > nzny Cntt™, With dop, ¢, € Tey for all a,b,n, and ¢, # 0. Let
to € C be such that [tg| < ¢ and c,,(to) # 0. Then, setting fo=>_,, dap(to)g®h®,
we see that fo € My, \ {0} and veo(fo) = veo(f). In virtue of (@), v (fo) < 7.0

In the next proposition, we study the case of f of weight (u,v) with v > 0.

Proposition 19 Let f be a non-zero element of MLM with v # 0. Then,

m

Voo (f) < piv.

It is not difficult to show that the statement of this proposition cannot be improved.
Before proving the proposition, we first need a lemma.

Lemma 20 Let f € M}, .. f' € ML,MM,. Consider f,f' as polynomials in
T<,lg, h, E, h], which is licit by LemmalI0. Letl be the degree of f in E andl’ be

the degree of f' in E. Then,
¢:=Resg(f. ) = b g,
where ¢o € My = @c T<y, with
w' =pl + 1= —ql +V1-=10", m*:=ml +m'l— W'+ 1.
Proof. With an application of a natural variant of [26, Lemme 6.1] (}°) we see that

T
¢ € Mulur,u/lfll/,ul’+u’lfll/,ml/+m’lfll"

But we have ¢ € T<,[g, h, h] (isobaric for the graduation by Z* x Z/((q¢ — 1)Z)).
Since v(g) = v(h) = 0 and v(h) = 1, we have ¢ := ¢/h"" """ ¢ M @ T,. The
computation of the weight and type of ¢q is obvious, knowing that u(h) =¢. O

Proof of Proposition [L9. Since T<, C T and T is a unique factorisation domain
(cf. [I1, Theorem 2.2.9]), T, itself is a unique factorisation domain and the ring
M = T,[g, h, E, h] is a unique factorisation domain.

Let f be in M, ., with » > 0. Assume first that f, as a polynomial in
g, h, E, h, is an irreducible polynomial with coefficients in T<,. Since the result is

10The first formula after the statemement of the above cited lemma, mistakenly typed, must
be replaced with

p(R) = p(F) degx, (G) + p(G) degx, (F) — p(Xo) degx, (F) degx, (G).
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clear for f proportional to h, we can further exclude this possibility. There are
two cases left.

Case (i). We suppose that f divides Fb e Mgu,y’m as a polynomial in g, h, E, h
with coefficients in T<,. For weight reasons, f(l) =af with a € Myg—1)0 ®c T<,
and a # 0. We also have vo(fV) = quoo(f) by (@), so that, by Lemma I8
(¢ —1D)veo(F) = voola) < (¢g—1)(g+1)" . Hence, in this case, we get the stronger
inequality ('!) p

Voo (f) < PR

Case (it). In this case, f and FY are coprime. Since f is irreducible, [ = v > 0,
£, fY depend on E, and their resultant ¢ with respect to E is non-zero. We
apply Lemma 20 with ' = £ finding

¢ = hy2¢07

with @9 € Mg1)v(u—v),m* ®c T<q, for a certain m* to be computed with Lemma 20
By Lemma[I§ again, vo,(¢o) < v(pu—v). Since vy (h) =1, veo(¢) < v(p—v)+1v?* =
pv. Now, the number v, (¢) is an upper bound for v..(f) by Bézout identity for
the resultant.

We have proved the proposition if f € ML,V,m is irreducible. If f is not irre-
ducible, we can write f = [[_, f; with f, € MLmO,mO, fi e M, , .. irreducible
for all i > 0 with v; > 0, and Y, pt; = p, Yy, v; = v, y_,m; =m (mod g—1). Since

Voo (f) = ZZ Voo (f;), we get, applying Lemma [I8]

Ho
Voo(f) < + E Wiy < .
¢+1 i>0

5.3 Reduced forms

Let f be in M. Since e(f) € M C C[[u]], it is legitimate to compare the quantities
Voo (f) and voo(e(f)). We have the inequality:

Voo (f) < veo(e(f)), (61)

but the equality is not guaranteed in general, because the leading term of the
u-expansion of f can vanish at ¢t = 6.

1Tt can be proved that f is in this case, a modular form, but we do not need this information
here.
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Definition 21 A function f in M is reduced if v (f) = voo(e(F)), that is, if the
leading coefficient of the u-expansion of f does not vanish at ¢t = 6.

If fe ]/\\/[Elm is a Drinfeld quasi-modular form which is not a modular form,
and if f = e(f) with f € M, reduced, and w = pu + v, 1 = v, then (8) holds.

The next lemma provides a tool to construct reduced almost A-quasi-modular
forms, useful in the sequel.

Lemma 22 Let f € M, such that f = 3 - byu", with b, € F,[t,0] for all

n and by, # 0. Then, for all k > log,(deg, b,,), the function £ is reduced.

—k\ ok

Proof. We have bgf))(ﬁ) = b, (07 ") = 0 if and only if t — 6%/7° divides the
polynomial by, (t) in K*=[t]. This polynomial having coefficients in K, bgf))(ﬁ) =0
if and only if the irreducible polynomial ¢¢" — @ divides by, (t). However, this is
impossible if & > log,(deg; by, ) O

5.4 Construction of the auxiliary forms.

We recall the u-expansion of E whose existence is proved in Proposition

E=u Z ci(t)v',

1>0

where ¢ = 1, ¢; € F,[t, 0] for all i > 0 and v = u?™".
Proposition 23 The following properties hold.

(i) Let o, 3,7,0 be non-negative integers and let us write f = g*hPE'F° €
MY, . with p=alg=1)+8(q+1)+7y+qd, v =7+ and f+~y+d=m
(mod ¢ — 1), m € {0,...,q—2}. Let us write

f=u" Z an,(t)v"

n>0

with a, € F,[t,0] (this is possible after Proposition [ and the integrality of
the coefficients of the u-expansions of g, h). Then, for alln >0,

deg, an(t) < vlog, max{1l,n}.
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ii) Let X be a positive real number. Let f, ..., f. be a basis of monic monomials
1 o
in g,h, E,F of the T<,-module M Let x1,...,x, be polynomials of

pyv,m e

F,[t, 0] with maxo<;<, deg, x; < A. Then, writing

f= szf@ =y Z by, (t)v"
i=1

n>0
with by, € F,[t, 0], we have, for alln > 0:

deg, b, < A + vlog, max{1,n}.

Proof. Since by definition F = EV, we have

F =1 ch)vq" = uZdrvr,

n>0 r>0

where d, = 0if gtr —1and d, = 0811) /0 otherwise. Now, the operator 7 leaves
the degree in ¢ invariant. Therefore, deg, d, < log, max{1,r/q} < log, max{1,r}.
Let us consider the u-expansions:

g = ano a,v", E = u ano cpU",
h = u) sobnv", F U s dnt™.

!
f=u" Z Kp",

n>0

where, for alln, r, = 3 [, @i, [, bj, 1, cx, T[], ., the sum being over the vectors
Of Za+5+"{+5
>0

We can write:

of the form

(il,...,ia7j1,...,jﬁ,kl,...7k7,T17...,T5)

whose sum of entries is n, and the four products running over x = 0,...,«a, y =
0,...,8,s=0,....,vand z = 0,...,d. Since the coefficients of the u-expansions
of g, h do not depend on t and v + ¢ = v, deg, k,, < vlog, max{1,n}.

If m"=m+ k(q— 1) with £ > 0 integer, and 0 < m < ¢ — 1. We can write

_,m /o n ___.m n
f=u g c, V" =1 E cpv",
n>0 n>0

where ¢, = ¢/,_,, with the assumption that ¢/, , = 0 if the index is negative. The
inequalities deg, ¢, < vlog, max{1,n} for n > 0 imply that deg, c, is submitted
to the same bound, proving the first part of the proposition. The second part is a
direct application of the first. O
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5.4.1
Lemma 24 We have, for all m and p,v € Z such that p > (¢ + 1)v > 0,
o(p,v) —v—1<dimg_, Mjwm <o(p,v)+v+1,

where
(v+1) (,u — —V(q;1)>
¢ —1 '

o(p,v) =
Proof. By [14, p. 33], we know that
k
d(k,m) = dime My, = {TlJ + dime M,
q J—

where k* is the remainder of the euclidean division of k£ by ¢*> — 1. In the same
reference, it is also proved that dime Mp- ,,, = 0 unless k* > m(q + 1), case where

dime My« ., = 1, so that, in all cases, 0 < dim¢g M+, < 1.
A basis of ML vm 18 given by:
(Or)icr . aiml,, . = (Gish* B )sm0,vi=1,..0()s (62)

with, for all s, (¢;5)i=1,....0(s) & basis of M, _sg—1)—1m—v (hence o(s) = 6(u — s(q —
1) —v,m —v)). We have (taking into account the hypothesis on p which implies
p—s(g—1)—v>0forall0<s<v):

- s(g—1)—v )
dim ML vm Z \‘ q2 1 J + dimg M(Hfl/fs(Q*l))*,mfu

s=0
But
p—s(g—1)—v
Z q _ 1 (M? )7
from which we deduce the lemma easily. 0
5.4.2

We now prove the following:

Proposition 25 Let p,v € Z>q be such that > (g + 1)v+2(¢*> — 1) and v > 1,
let m be an integer in {0,...,q —2}. There exists an integer v > 0 such that

r <Aquvlog,(u+v+q¢ —1)+v (63)

and, in Mfﬁl, a quasi-modular form f, ., such that
1

muf log,(k+ v+ ¢ —1) < Voo fupim) < dqur’log,(n+v+¢* —1). (64)
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A proof of the following variant of Siegel’s Lemma can be found, for example,
in [21, Lemma 1] (see also [7]).

Lemma 26 Let U,V be positive integers, with U < V. Consider a system (63) of
U equations with V unknowns:

|4

i=1

where the coefficients a; ; are elements of K[t|. Let d be a non-negative integer such
that deg, a; ; < d for each (i,j). Then, (63) has a non-zero solution (x;)1<i<v €
(K[t]))V with deg, z; <Ud/(V —U) for eachi=1,...,V.
Proof of Proposition[23. We apply Lemma 26l with the parameters V' = dim I\\/JIL%W
U = |V/2], assuming that © > (¢+ 1)v > 0 and v > 1. If f = b; as in (62),
Writing

bl' =y Z amvj, Q5 € A[t] (66)

>0

with 0 < m < ¢ — 1, Proposition 23 says that for all 7 and for all 7 > 0,

deg; a; ; < vlog, max{1, j}. (67)
Lemma 20] yields polynomials z1, ..., xy € K[t], not all zero, such that if we write
f:inbi:umanv", 0<m<qg-—1 (68)

i n>ng

with b, € K[t] for all n and b,, # 0, we have the following properties. The first
property is the last inequality below:

m+(qg—1ng=ve(f) > m+(q—1)U
> (¢—D(o(p,v) —v—1)/2-1
S (v +1)(p— 42 — g2 4 1) .
- 2(q+1) B
1

where we have applied Lemma 24] and used the hypothesis that u > (¢ + 1)v +
2(¢* — 1). The second property is that

deg, b, < 2v(log, (1 + v+ ¢* — 1) + log, max{1,n}), n >0, (70)
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which follows from the following inequalities, with d = v log, max{1,U — 1}

ud/(V —U)

vlog, max{1,U — 1}

viog,(o(p,v) +v—1)

v(log, (v + 1) +log,(p + ¢°> — 1) —log,(¢° — 1))
2wlog,(u+v+q¢*—1),

deg, z;

VAN VAN VAN VAN VAN

and the second part of Proposition 23l
By Proposition I3, we have m + (¢ — 1)ng = veo(f) < pv so that ng < q’i—”l,
where ny is defined in (68)). Hence, by (70),

deg, by, < 4vlog (n+v+q¢* —1). (71)

Lemma 22] implies that for every integer k such that
k > log,(4v) + log,log, (u+ v+ ¢* — 1), (72)

the function f := e(f®)) satisfies voo(fi) = Voo (Ff*). Let k be satisfying (7).
We have, by (B0), ([€9), Proposition [9 and (60):
1. fk € MSV

pgk+vm?

2. (4g+ 1) (v + Dug® < veo(fi) < prgt.

Let us define the function
K(p,v) = |log,(4v) + log,log, (u +v +¢* = 1)| + 1

and write: fi,m = fu(uy)- This function satisfies the properties announced in the
proposition. m

5.5 Proof of the main Theorem

Let f be a Drinfeld quasi-modular form of weight w and depth [ and assume
first that, as a polynomial in F, g, h with coefficients in C, it is an irreducible
polynomial. We can also assume, by () and, [4, Theorem 1.4], that [ > q.

We begin with the proof of the second, more precise assertion of our Theorem.
Let a be the function of a real variable defined, for u > 0, by a(u) = ullog, (1 +
Cl+ ¢*> — 1); we have a(p + 1) < 2a(u). Since (the dash ’ is the derivative)
o/ (p) > 1log,(Cl+¢*—1) > 1 for all | > g and p > 0, for all w > 0 integer, there
exist 1 € Zx> such that

o) Sw < alu+1), (73)

39



and we choose one of them, for example the biggest one. Let us suppose that (I0)
holds and, at once, set
v=WI,
with
W =q2+4(qg+1)) =2¢(3 + 2q).
We define (3(1) to be the right hand side of (I{), as a function of [ > ¢. Condition
(I0) implies

B(l)
Bz :
2llog, (1 +Wi+q*—1)

Since log,(7) < 2212 for all x > 1 and ¢ > 2, we get

(W+Wi+g*—1)%% > %l),

that is,
UM :
> | —= - Wi - 1.
o= ( Al Wi=a
But replacing 3(1) by its value yields u > (¢+1)v+2(¢*—1), which is the condition

needed to apply Proposition
Let us write £ := log, (p+ v + q* — 1). By Proposition 28] there exists a form

Fuwm € MS2 such that I(f,m) = v and

0 < w(fuwm) 4(g+ Duvl

<
g+ 1) WL < vlfurm) < dquiL )
We have two cases.
Case (i). If f|f.m, then
VOO(f) < VOO(fmv,m) < 4QNV2£~ (75)

Case (ii). If f { fuum, then p := Resg(f, fu,m) is a non-zero modular form,
whose weight and type m* can be computed with the help of [4, Lemma 2.5] (we
do not need an explicit computation of m*):

wv + w( fum)l — 2l

wv +4l(qg+ )pvl — 2lv

v(w+4(qg+ 1)pll)

via(p+1) +4(g+ 1)pll)

v(2a(p) +4(q + 1)ulL)

(24 4(q+1))vulL. (76)

w(p)

ANVANRVAN VAR VAN
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Let us suppose that v (f) > (¢(q + 1)) ur2L. Then, by Bézout identity for
the resultant and (74), voo(p) > (¢(¢ + 1)) 'L, At the same time, by (1),
Voo(p) < %, yielding the inequality W < ¢(2 + 4(q + 1)) which is contradictory
with the definition of W.

Therefore, the case (ii) signifies that v (f) < 4qur*L. Ultimately, we have

shown that, in both cases (i), (ii),

Voo f) dquvL
4quWVirL

A4gW 3w,

IN A IA

which is the estimate ([ITI).

We now prove the weaker, but unconditional inequality (d). Let f be in szlm
be non-zero and irreducible as a polynomial in E, g, h. Let us set this time

uw=BWw, v=WI,

with 5
B= 5(q2 +1), W=q4(qg+1)+1).
Then, since w > 21,
m 3(¢ + 1)W1

(q+1D)WI+2(¢* +1)
(q+1)v+2(¢* +1),

AVARAVARLYS

we can apply Proposition 25| again. As before, there exists a form f, ., € Mﬁz
such that the inequalities (74]) hold. Again, we can distinguish two cases, according
with f, if divides or not f,, . If f divides f, ., we get ([73).

Let us assume that f and f,,,, are coprime and form their non-vanishing
resultant p := Resg(f, fu.,m), whose weight satisfies ([ZG)).

If veo(f) > (q(qg + 1)) tur’L, by Bézout identity for the resultant and (74,
Voo(p) > (q(q + 1)) tur’L. At the same time, by (7)), we find the inequality
W < q(4(q + 1) + 1) which is contradictory with the definition of W.

Hence, in all cases,

veo(f) < 4dquL
< AquWrL
< 4qBW3l2wlogq(u +v+q¢t—1)
< 4gBW Pw(log, +log,(BW + W /2 + ¢* — 1)),
which yields the estimate (@), hence completing the proof of our Theorem. 0
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Remark 27 The dependence on [ in condition (I0) can be relaxed, adding con-
ditions on ¢. For all € > 0 there exists a constant ¢ > 0 such that for all ¢ > ¢,
assuming that w >, [>T, then, the inequality (IT)) holds. We do not pursue the
proof of this fact here.

6 Link with extremal quasi-modular forms

As a conclusion of this paper, we would like to describe some links between the

present work and [4]. In [4], we have introduced the sequence of Drinfeld quasi-

modular forms (z)r>o with x; € Ms! \ M, defined by xg = —FE, 21 = —FEg—h

gk+1,1
and by the recursion formula
op =1 1g”  —[k— o AT, k> 2,
where we recall that A = —h97!. In [4, Theorem 1.2], we have showed that for

all k > 0, xy is extremal, in the sense that v, (zy) is the biggest possible value for
Voo (f),if f € ng’iu \{0}. We also computed the order of vanishing: ve(zy) = ¢*
for all k. 7

Proposition 28 For k > 0, we have
E(k)(z, 9) — (_1)k+1xk7(z) (77)

where the empty product equals 1.

Proof. By (34) and by the limits of J., L., that we have computed earlier, for
k > 0, the function ¢y(z) := E®(2,0), is a well defined Drinfeld quasi-modular
form in the space M5 | .. By (@),

qk+1,1"
E(k) :uqk—i—...

Hence, ¢y is non-vanishing, and by [4, Theorem 1.2] normalised, extremal, there-
fore proportional to xy for all k. By [4, Proposition 2.3],

v = () Lt 4
where Ly, = [k][k — 1] ---[1] if £ > 0 and Ly = 1. This proves the proposition.

Combining with Proposition [, we also obtain the following corollary, which
gives a proof of the property claimed in [4, Remark 2.4].

42



Corollary 29 Define, for allk > 0, Ey, := ¢y. Then, Ej, is normalised in A[[uqk]].

Another interesting connection with [4] occurs with the sequence ()0 intro-
duced in [4, Identity (8)]. Let us define:

EY E
It is straightforward to see that G € F[t, 0][[u]]. From (40) and a computation we
deduce ) 2 2
G = (t—tDu” (1 =" Tt 1T +--).

For all k > 1, G € F,[t,0)[g, h, E, EV] is reduced and v, (G®) = (¢* + 1)¢*.
By [, Theorem 1.3], for all k > 1 and ¢ > 3, e(G™) is proportional to &,. This
property seems to hold also for & = 0 by numerical inspection for some small
values of ¢, but we do not know if G itself belongs to M. It is plausible that it is
at least an almost A-quasi-modular form.

A result of Stiller [28] asserts that, if b is a non-constant meromorphic modular
function for SLy(Z) which generates the field of modular functions and f is a
meromorphic modular form of weight k for SLy(Z), then f, as a function of b,
satisfies a linear differential equation with rational functions of b as coefficients.

Analogously, It is not too difficult to show that every non-zero element f €
F,[t,0][g, h, E, EV] satisfies a non-trivial linear r-difference equation of order <
v(f), with coefficients in C(t)[g, h| (for example, (B0) for E). We were unable to
explicitly determine such an equation for G, leaving open the problem to prove or
disprove that G//(t — t9), normalised, is itself in F[t, 0][[u]].
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