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Abstract

We investigate several technical and conceptual questions.
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1 Introduction

We present here various small results, which may one day be published in a bigger paper, and which we wish
to make already available to the community.

2  Countably many disjoint sets

We show here that - independent of the cardinality of the language - one can define only countably many
inconsistent formulas.

The question is due to D. Makinson (personal communication).

We show here that, independent of the cardinality of the language, one can define only countably many incon-
sistent formulas.

The problem is due to D. Makinson (personal communication).

Example 2.1

There is a countably infinite set of formulas s.t. the defined model sets are pairwise disjoint.
Let p; : i € w be propositional variables.

Consider ¢; := A{-p; : j <i} Ap; for i € w.

Obviously, M (¢;) # 0 for all 7.

Let i < i'; we show M (¢;) N M(¢y) = 0. M(¢y) |E —pi, M(b:) E pi-

O

Fact 2.1

Any set X of consistent formulas with pairwise disjoint model sets is at most countable

Proof
Let such X be given.
(1) We may assume that X consists of conjunctions of propositional variables or their negations.

Proof: Rewrite all ¢ € X as disjunctions of conjunctions ¢;. At least one of the conjunctions ¢; is consistent.
Replace ¢ by one such ¢;. Consistency is preserved, as is pairwise disjointness.

(2) Let X be such a set of formulas. Let X; C X be the set of formulas in X with length 4, i.e., a consistent
conjunction of ¢ many propositional variables or their negations, ¢ > 0.

As the model sets for X are pairwise disjoint, the model sets for all ¢ € X; have to be disjoint.
(3) It suffices now to show that each X; is at most countable; we even show that each X; is finite.
Proof by induction:

Consider i = 1. Let ¢, ¢’ € X;. Let ¢ be p or —p. If ¢’ is not —¢, then ¢ and ¢’ have a common model. So one
must be p, the other —p. But these are all possibilities, so card(X;) is finite.

Let the result be shown for k < 1.

Consider now X;. Take arbitrary ¢ € X;. Without loss of generality, let ¢ = p1 A ... A p;. Take arbitrary
¢ £ . As M(¢p) N M(¢') = 0, ¢ must be a conjunction containing one of —pg, 1 < k < i. Consider now
Xik :={¢' € X; : ¢ contains —pg}. Thus X; = {¢} UU{Xir : 1 < k < i}. Note that all ¥,¢’ € X, agree
on —py, so the situation in X, is isomorphic to X;_;. So, by induction hypothesis, card(X; ;) is finite, as all
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¢’ € X, have to be mutually inconsistent. Thus, card(X;) is finite. (Note that we did not use the fact that
elements from different X; 5, X; 5 also have to be mutually inconsistent; our rough proof suffices.)

|

Note that the proof depends very little on logic. We needed normal forms, and used two truth values. Obviously,
we can easily generalize to finitely many truth values.

3 Independence as ternary relation

3.1 Situation and definitions

Independence as an abstract ternary relation for probability and other situations has been examined by Pearl
et al., see, e.g., [Pea88]. We interpret independence here differently, but in a related way.

Definition 3.1
We consider function sets X etc. over a fixed, arbitrary domain I, into some fixed codomain K.
For pairwise disjoint subsets X,Y, Z of I, we define

(X |Y | Z)iff for all f,g € ¥ suchthat f [Y =g Y (f|Y the restriction of f to elements of Y, etc.), there
isheXsuchthat h [ X =f [ X, h[Y=f|Y=9g|Y,h|Z=g] Z Y may be empty, then the condition
f1Y=g1Y is void.

Thus, the definition is relative to 3.

(X 1Y | Z) means thus, that we can piece functions together, or that we have a sort of decomposition of ¥ into
a product. This is an independence property, we can put parts together independently.

Notation 3.1

In more complicated cases, we will often write ABC for (A | B | C'), and “ABC or —ABC' if (A | B | C) does
not hold. Moreover, we will often just write f(A) for f | A, etc.

For (AUA' | B | C), we will then write (AA")BC, etc.
If only singletons are involved, we will sometimes write abc instead of ABC, etc.

When we speak about fragments of functions, we will often write just A: o foro | A, B:o=7foro [ B=71 | B,
etc.

We use the following notations for functions:

Definition 3.2

The constant functions 0. and 1. :
Oc(i)=0foralli eI
le(i)=1foralliel

Moreover, when we define a function o : I — {0, 1} argument by argument, we abbreviate o(a) = 0 by a = 0,
etc.

Sometimes, we also give (a fragment of) a function just by the sequence of the values, so instead of writing
a=0,b=1,c=1, we just write 011 - context will disambiguate.

E.g., Pearl discusses the following rules for the ternary relation:
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Definition 3.3
(a) Symmetry: (X |Y | Z) < (Z|Y | X)
(b) Decomposition: (X |Y | ZUW) - (X |Y | Z)
(¢) Weak Union: (X |Y | ZUW) = (X |Y UW | Z)
(d) Contraction: (X |Y | Z) and (X |YUZ|W) - (X |Y | ZUW)
(e) Intersection: (X |[YUW | Z) and (X |[YUZ | W) = (X |Y | ZUW)
(0) Empty outside: (X |Y | Z)if X =0 or Z =0.

We show now that above Rules (a) — (d) hold in our context, but (e) does not hold.

Fact 3.1

In our interpretation,

(1) rule (e) does not hold,

(2) all (X | Y | 0) (and thus also all (§ | Y | Z)) hold.

(3) rules (a) — (d) hold, even when one or both of the outside elements of the triples is the empty set.

Proof
(1) (e) does not hold:

Consider I := {z,y,z,w} and U := {1111,0100}. Then z(yw)z and x(yz)w, as for all o | yw there is just one
7 this o can be. The same holds for 2(yz)w. But for y = 1, there are two different paths through y = 1, which
cannot be combined.

(2) This is a trivial consequence of the fact that {f: f: 0 — U} = {0}.
(3) Rules (a), (b), (c) are trivial, by definition, also for X, Z = (). In (c), if W = 0, there is nothing to show.

Rule (d): The cases for X, W, Z = () are trivial. Assume o, 7 such that o [ Y = 7 | Y, we want to combine
ol Xwith7 | ZUW. By (X | Y | Z), thereis psuchthat p | X =0 [ X, p [ Y =0 [ Y =7 ]Y,
a| X =p| Z=7]|Z Thus p and 7 satisfy the prerequisite of (X | Y U Z | W), and there is @ such that
alX=p[X=0clX,a[|X=p|Y=0c|Y=7Y,alW=1]W

d

Next, we give an example which shows that increasing the center set can change validity of the tripel in any
way.

Example 3.1

Consider I :={x,a,b,c,d, z}.

Let ¥ :={111111, 011110, 011101, 111100, 110111, 010000}.

Then —x(abed)z, x(abc)z, ~x(ab)z.

For —z(abed)z, fix abed = 1111, then 111111,011110 € X, but, e.g., 011111 ¢ 3.

For x(abc)z, the following combinations of abc exist: 111,101, 100. The result is trivial for 101 and 100. For
111, all combinations for x and z with 0 and 1 exist.

For —z(ab)z, fix ab = 10, then 110111,010000 € X, but there is, e.g., no 110zy0 & X.
O
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Validity of ABC, ACD, ADE, AEB — ABE
A B C |D | E

o |o=rT T | ABE?

p1 | o |o=7 | 7T ABC

(2) p2 | o T | T ACD

(B)ps | o To|T ADE

4)py |0 |o=T T AEB

3.2 New rules

Above rules (a) — (d) are not the only ones to hold, and we introduce now more complicated ones, and show
that they hold in our situation. Of the possibly infinitary rules, only (Loopl) is given in full generality, (Loop2)
and (Struc) are only given to iluustrate that even the infinitary rule (Loopl) is not all there is.

For warming up, we consider the following short version of (Loopl):
Example 3.2

ABC,ACD,ADE,AEB = ABE.

We show that this rule holds in all 3.

Suppose A: 0, B:o =171, C:71,s0by ABC, there is p; such that
A:pp=0,B:pp=0c=1,C:p; =7. Soby ACD, there is ps such that
A:po=0,C:pao=p1=7,D:py=7. S0 by ADE, there is p3 such that
A:ps=o0,D:p3s=pa=7, E:p3=7. Soby AEB, there is ps such that
A:py=0,E:py=p3s=7,B:ps=7=0.

So ABE.

We abbreviate this reasoning by:

(1) ABC:A:0,B:0=71,C:7T

(2) ACD: (1) +

(3) ADE: (2)+ 7

(4) AEB: (3)+T

So ABE.

It is helpful to draw a little diagram as in the following Table 3.1 (page 5).

We introduce now some new rules.
Definition 3.4

° (Binl)
XYZXY'ZY(X2)Y = XYY" Z
e (Bin2)
XYZ XZY')Y(XZ2)Y' = XYY" Z
e (Loopl)
ABC, ACD1, AD1Ds, ..., AD;_1D;, AD;D;y1, AD;41D;yo, ..., AD,_1D,, AD,G, AGB = ABG
so we turn AGB around to ABG.

When we have to be more precise, we will denote this condition (Loopl,,) to fix the length.
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e (Loop2)
ABC,ACD, DAE, DEF, FDG, FGH, HFB = HBF :

e (Struc)
ABC, ACD, AEF, AFG, DAG, AHI, AIJ, GAJ, BAJ = AB.J

The complicated structure of these rules suggests already that the ternary relations are not the right level of
abstraction to speak about construction of functions from fragments. This is made formal by our main result
below, which shows that there is no finite characterization by such relations. In other words, the main things
happen behind the screen.

Fact 3.2

The new rules are valid in our situation.

Proof

e (Binl)
(1)XYZ:X:0,Y:0=71,2Z:7
2)XY'Z:X:00Y :0o=7,Z:7
(3) Y(X2)Y': (1) + (2)

So X(YY')Z.

o (Bin2)

Let X:0,Y:o=7,Y:0=7,72:7
(1)XYZ:X:0,Y:0=71,2Z:7
2) XZY': (1) + 7
B)Y(X2)Y':(1)+(2)

So X(YY')Z.

(Loopl)

(1) ABC:A:0,B:o=71,C:7
(2) ACD;y : (1) + 7

(3) AD1Dy: (2)+ 7

(z’ +1) AD;_1D; : (i) + 7

(i+2) AD;Ditq: (i4+1)+7
(143)AD;y1Diqo: (1 4+2)+ 7

(n+1) AD,,_1D, : (n)+71
(n+2) AD,G: (n+ 1)+
n+3)AGB: (n+2)+7=0
So ABG.

e (Loop2)
Let
(1) ABC:A:0,B:o=71,C:71
(2) ACD :1+71
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e (Struc)
(1) ABC:A:0,B:0=71,C:7
(2) ACD: (1) +7
(3) AEF:A:0,E:0=71,F:7T
(4) AFG: (3)+T1
(5) DAG : (2) + (4)
(6) AHI : A:o,H:o=1,1:7
(7) AIJ: (6)+ 7
(8) GAJ : (5) + (7)
(9) BAJ: (1) +(8)
So ABJ

Note that we use here B: o =7, E: 0 =7, H: 0 =7, whereas the other tripels are used for other functions.
O

Next we show that the full (Loopl) cannot be derived from the basic rules (a) — (d) and (Binl), and shorter
versions of (Loopl). (This is also a consequence of the sequel, but we want to point it out right away.)

Fact 3.3

Let n > 1, then (Loopl,) does not follow from the rules (a) — (d), (#), (Binl), and the shorter versions of
(Loopl)

Proof

Consider the following set of tripels L U L’ over I := {a,b,c,g,d1,...,dn} :
L := {abc, acdy, adrds, ..., adidit1, ..., ad,g, agb},

L' ={0AB: AnB=0, AUBC I},

and close this set under symmetry (rule (a)). Call the resulting set A.

Note that, on the outside, we have () or singletons, inside singletons or §). If the inside is (), one of the outside
sets must also be 0.

When we look at L, and define a relation < by x < y iff axy € L, we see that the only <-loop is b < ¢ < d; <
e <dp <g<b.

We show first that A is closed under rules (a) — (d) (see Definition 3.3 (page 4)).
(a) is trivial.
(b) f W =0 or Z =0, this is trivial, if W = Z, this is trivial, too.

(¢) If ZUW = {), this is trivial, if ZU W is a singleton, so Z =0 or W =0or Z=W. Z =0 or W = () are
trivial, otherwise Z = W contradicts disjointness.

(d) Z =0 is trivial, so is W = (), otherwise Z = W contradicts disjointness.
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(Binl) X = () or Z = () are trivial, otherwise X = Z is excluded by disjointness. So we are in L’ for Y(XZ)Y".
SoY =0orY' =0 and it is trivial.

Obviously, (Loopl,) does not hold.

We show now that all (Looply), 0 < k < n hold.
We do the case k = 0 first.

Consider ABC, ACG, AGB = ABG.

If A= or G = (), the condition holds.

So assume A, G # (). Thus, by above remark, C' # 0, and then B # (. Thus, the prerequisites have to be in
L. Moreover, A has to be a, which is the only element occuring repeatedly on the outside. Consider now a
relation <’ defined by U <’ V iff AUV is among the prerequisites. We then have B <’ C' <’ G <’ B, but this
contradicts the fact that the only existing loop goes through all elements. So the prerequisites cannot be all in
L, a contradiction.

Consider the case 0 < k < n.
This has the form ABC, ACDy,AD1Ds, ..., AD,G, AGB = ABG.

Again, the cases A = ) or G = ) are obvious, assume A, G # (). Then Dj, # (), so descending all D; # (), and
C # () and B # (). Thus, all prerequisites are in L. Defining again a relation <’ as above, we see again that the
resulting <’-loop is too short, and we have again a contradiction.

d

3.3 There is no finite characterization

We turn to our main result.

3.3.1 Discussion

Consider the following simple, short, loop for illustration:
ABC,ACD,ADE ,AEF, AFG,AGB = ABG - so we can turn AGB around to ABG.
Of course, this construction may be arbitrarily long.

The idea is now to make ABG false, and, to make it coherent, to make one of the interior conditions false, too,
say ADE. We describe this situation fully, i.e. enumerate all conditions which hold in such a situation. If we
make now ADE true again, we know this is not valid, so any (finite) characterization must say “NO” to this.
But as it is finite, it cannot describe all the interior tripels of the type ADFE in a sufficiently long loop, so we
just change one of them which it does not “see” to FALSE, and it must give the same answer NO, so this fails.

Basically, we cannot describe parts of the loop, as the <||>-language is not rich enough to express it, we see
only the final outcome.

The problem is to fully describe the situation.

3.3.2 Composition of layers

A very helpful fact is the following;:

Definition 3.5

Let X; be function sets over I into some set K, j € J.

Let S = { f: 01— K7 f(i) = {(f;(i),5) 5 € f; € 5} .

So any f € ¥ has the form f(i) = (f1(4), f2(9),..., fu(4)), fm € L (we may assume J to be finite).
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Thus, given f € ¥, f,, € ¥, is defined.

Fact 3.4
For the above ¥ (A | B | C) holds iff it holds for all 3;.
Thus, we can destroy the (A | B | C) independently, and collect the results.

Proof
The proof is trivial, and a direct consequence of the fact that f = f’ iff for all components f; = f]’-.
Suppose for some X, k € J, =(A | B | C).

So for this k there are fy, fi. € Xy such that fr(B) = f.(B), but there is no f;/ € ¥, such that f;/(A) = fr(4),
fl(B) = fu(B) = fi.(B), fi(C) = fi.(C) (or conversely). Consider now some h € ¥ such that hy = fi, and b’
is like h, but hj, = f}, so also A’ € X. Then h(B) = h/(B), but there is no h” € ¥ such that h”(A4) = h(A4),
' (B) = h(B) = W(B), h'(C) =1 (C).

Conversely, suppose (A | B | C) for all ¥;. Let h, h’ € ¥ such that h(B) = h'(B), so for all j € J h;(B) = h};(B),
where h; € X, b} € Xj, so there are b/ € X; with h/(A) = h;(A), h](B) = h;(B) = h}(B), b7/ (C) = h;(C) for
all j € J. Thus, " composed of the 1 is in X, and h"'(A) = h(A), k" (B) = h(B) = K'(B), k"' (C) = 1'(C).

g

3.3.3 Systematic construction

Recall the general form of (Loopl) for singletons:
abe, acdy, adyda, ..., ad;—1d;, ad;d;+1, adiy1diqo, ..., ad,_1d,, ad,g, agb = abg
so we turn agb around to abg.

We will fully describe a model of above tripels, with the exception of abg and ad;d;+1 which will be made to
fail, and all other (X | Y | Z) which are not in above list of tripels to preserve, will fail, too (except for X = ()
or Z =0).

We use the following fact:

Fact 3.5
Let X C I, card(X)>1,3x :={0:1—{0,1} : card{z € X : o(x) = 0} is even }
Then -ABC if ANX #0,CNX#0, X CAUBUC.

Proof
“<:77:
Suppose ANX #0,CNX#0, X CAUBUC.

Take o such that card{x € X : o(x) = 0} is odd, then 0 € ¥x. As X € AU B, there is 7 € Xx such that
c|AUB=7]AUB. As X € BUC, thereis p € ¥x such that p | BUC =¢ | BUC. Thus, 7 | B=p | B. If
there were @ € ¥ x suchthat o [ AUB =7 | AUB and o | BUC = p | BUC, then o | AUBUC = 0o | AUBUC,
contradiction

=7

Suppose ANX =PorCNX =0,or X £ AUBUC. We show ABC.

Casel: CNX =0.Let 0,7 € Xy such that o | B=17 | B. As CNX = (), we can continue o [ AU B as we like.
Case 2, AN X = (), analogous.

Case 3: X € AU B UC. But then there is no restriction in AU B U C.
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We will have to make abg false, but agb true. On the other hand, we will make abd; false, but adib need not
be preserved.

This leads to the following definition, which helps to put order into the cases.

Definition 3.6
Suppose we have to destroy azy. Then

dmin(azy) := min{d({a, z,y}, {a,u,v}) : auv has to be preserved } - d the counting Hamming distance.

Thus, dmin(abg) = 0 (as agb has to be preserved), dmin(abdy) = 1 (because abc has to be preserved, but not
adlb).

We introduce the following order defined from the loop prerequisites to be preserved.

Definition 3.7

Order the elements by following the string of sequences to be preserved as follows:

dig1 <diyo < ... <dp_1 <dp, <g<b<c<dy <dy<...<dj—1 <d;

Note that the interruption at ad;d;41 is crucial here - otherwise, there would be a cycle.

As usual, < will stand for < or = .

3.3.4 The cases to consider

The elements to consider are: a,b,c,g,d1,...,dy,.
The tripels to preserve are:
P :={abc, acdy, adida, ..., adi—1d;, (BUT NOT ad;d;+1), adiy1diy2, - .., adp_1dy, ad,g, agb}
The (X | Y | Z) to destroy are (except when X = or Z = () :
(1) all (X || Z)
(2) all (X |Y | Z) such that X UY U Z has > 3 elements
(3) all tripels which do not have a on the outside, e.g. bgc
(4) and the following tripels:
(the (0) will be explained below - for the moment, just ignore it)
abg (0), abdy, . ..,abd,
acb (0), acg, acda, . .., acd,
age, agdy, . .., agdy, (0)
adib, adic (0), adyg, adids, ..., adrd,
adsb, adac, adag, adady (0), adady, . . ., adad,

adib, adic, adig, adidl, adidg, ey ALSO adidHl, ey adldn

adnflbv adnflc; adnflgv adnfldlv AR adnfldn72 (0)
adpb, ad,c, adydy, ..., ad,dy—1 (0)
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Solution of the cases

We show how to destroy all tripels mentioned above, while preserving all tripels in P.

(1) all (X | Y | Z) where X UY U Z has > 3 elements:

See Fact 3.5 (page 9) with the X there with 4 elements, for all such X,Y, Z separately, so all tripels in P
are preserved.

(2) all (X | Y| Z) with 1 element: -

(3) all (X || Z) :

This can be done by considering ¥; := {0, 1.}. Then, say for a,c, we have to examine the fragments 00
and 11, but there is no 10 or 01. For {a | b| ¢) this is no problem, as we have only the two 000, 111, which
do not agree on b.

(4) all (X | Y| Z) with 2 elements: eliminated by (X || Z)

(5) all (X | Y | Z) with 3 elements:

(5.1) a is not on the outside

(5.1.1)

(5.1.2)

a is in the middle, we need —zay : Consider ¥ with 2 functions, 0., and the second defined by
a =0, and all u = 1 for u # a. Obviously, ~xay. Recall that all tripels to be preserved have a on
the outside, and some other element x in the middle. Then the two functions are different on .
a is not in xyz, we need —zyz : Consider ¥ with 2 functions, 0., and the second defined by
a=y=0,all u=1for u # a, u # y. As a is neither x nor z, —zyz. If some uvw has a on the
outside, say u = a, then both functions are 000 or Ovw on this tripel, so uvw holds.

(5.2) a is on the outside, we destroy ayz :

(5.2.1)

(5.2.2)

Case dmin(ayz) > 0:

Take as ¥ the set of all functions with values in {0, 1}, but eliminate those with a =y = z = 0.
Then —ayz (we have 100,001, 101, but not 000), but for all auv with d({a,y, 2}, {a,u,v}) > 0
auv has all possible combinations, as all combinations for ay and az exist.

Case dmin(ayz) = 0.

The elements with dmin = 0 are:

abg, acb, agd,, adic, adsdy, ..., ad;d;—1, NOT ad;i1d;, ad;yodit1, ..., adpd,—1 they were
marked with (0) above.

> will again have 2 functions, the first is always O,.

The second function: Always set a = 1.

We see that the tripels with dmin = 0 to be destroyed have the form ayz, where z is the
immediate <-predecessor of y in above order - see Definition 3.7 (page 10). Conversely, those to
be preserved (in P) have the form azy, where again z is the immediate <-predecessor of y.

We set 2’ =1 for all 2/ < z, and 3’ = 0 for all ¢y = y. Recall that 2z < y, so we have the picture
di-l—l :1,...,221,y:0,...,di:0.

Then —ayz, as we have the fragments 000, 101. But azy, as we have the fragments 000, 110.
Moreover, considering the successors of the sequence, we give the values 11, or 10, or 00. This
results in the function fragments for auv as 111, or 110, or 100. But the resulting fragment sets
(together with 0.) are then: {000,111}, {000,110}, {000,100}. They all make auv true. Thus,
all tripels in P are preserved.
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