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ON THE WELL-POSEDNESS OF THE INCOMPRESSIBLE
DENSITY-DEPENDENT EULER EQUATIONS IN THE P FRAMEWORK

RAPHAEL DANCHIN

ABSTRACT. The present paper is devoted to the study of the well-posedness issue for the density-
dependent Euler equations in the whole space. We establish local-in-time results for the Cauchy

problem pertaining to data in the Besov spaces embedded in the set of Lipschitz functions,

+1
(R™). A continuation criterion in the spirit of the celebrated

)1
one by Beale-Kato-Majda in ﬁ for the classical Euler equations, is also proved.

In contrast with the previous work dedicated to this system in the whole space, our approach
is not restricted to the L? framework or to small perturbations of a constant density state: we
just need the density to be bounded away from zero. The key to that improvement is a new a
priori estimate in Besov spaces for an elliptic equation with nonconstant coefficients.

N
including the borderline case B ”

The evolution of the density p = p(t,z) € Rt and of the velocity field u = u(t,z) € RY of a
nonhomogeneous incompressible fluid satisfies the following density-dependent Euler equations:

Op+u-Vp=0,
(1) p(Opu+u-Vu) + VIL = pf,
divu = 0.

Above, f stands for a given body force and the gradient of the pressure VII is the Lagrangian
multiplier associated to the divergence free constraint over the velocity. We assume the space
variable z to belong to the whole RV with N > 2.

A plethoric number of recent mathematical works have been devoted to the study of the
classical incompressible Euler equations

@) Owu+u-Vu+ VII = f,
divu = 0.
which may be seen as a special case of ([[J) (just take p =1).

In contrast, not so many works have been devoted to the study of ([]) in the nonconstant
density case. In the situation where the equations are considered in a suitably smooth bounded
domain of R? or R?, the local well-posedness issue has been investigated by H. Beirao da Veiga
and A. Valli in [, f, ] for data with high enough Hélder regularity. The case of data with
W2P regularity has been studied by A. Valli and W. Zajaczkowski in [[] and by S. Itoh and A.
Tani in [[4]. The whole space case R? has been addressed by S. Itoh in [[J]. There, the local
existence for initial data (pg,ug) such that pg is bounded, bounded away from 0 and such that
Vpo € H?, in ug is in H> has been obtained. In the recent paper [L1]], we have generalized
[L3]’s result to any dimension N > 2 and any Sobolev space H® with s > 1+ N/2. Data in the

N

limit Besov space Bf;rl are also considered.

Let us also mention that, according to the work by J. Marsden in [[[], the finite energy
solutions to (fl) may be interpreted in terms of the action of geodesics. This latter study is
motivated by the fact that, as in the homogeneous situation, System ([[) has a conserved energy,
namely

®) (V@ = IVaguld+2 [ [ (of - w)(re) ir ds

Date: July 23, 2009.



2 R. DANCHIN

Motivated by the fact that, in real life, a fluid is hardly homogeneous, we here want to study
whether the classical results for homogeneous fluids remain true in the nonhomogeneous frame-
work. More precisely, we aim at investigating the existence and uniqueness issue in the whole
space and in the LP framework for densities which may be large perturbations of a constant
function: we only require the density to be bounded and bounded away from zero and to have
enough regularity. We shall also establish blow-up criteria in the spirit of the celebrated one by
Beale-Kato-Majda criterion for (f]) (see []).

The functional framework that we shall adopt — Besov spaces embedded in the set C%! of
bounded globally Lipschitz functions — is motivated by the fact that the density and velocity
equations of ([]) are transport equations by the velocity field. Hence no gain of smoothness may
be expected during the evolution and conserving the initial regularity requires the velocity field
to be at least locally Lipschitz with respect to the space variable. In fact, as regards the velocity
field, the spaces that we shall use are exactly those that are suitable for (f). We thus believe
our results to be optimal in terms of regularity.

Now, compared to the classical Euler equations, handling the gradient of the pressure is much
more involved. To eliminate the pressure, the natural strategy consists in solving the elliptic
equation

div (aVII) = divF with F:=div(f —u-Vu) and a:=1/p.
If a is a small perturbation of a constant function @ then the above equation may be rewritten
aAll = div ((a@ — a)VII) + div F.

Now, if 1 < p < oo then the standard LP elliptic estimate may be used for absorbing the first
term in the right-hand side. Hence we expect to get the same well-posedness results as for () in
this situation. As a matter of fact, this strategy has been successfully implemented by Y. Zhou
in [R7).

In the general case of large perturbations of a constant density state, solving the above
equation in the RY framework for F € LP may be a problem (unless p = 2 of course). In
fact, to our knowledge, even if a is smooth, bounded and bounded away from zero, there is no
solution operator ‘H : ' — VII such that

IVI||zr < C||F||1»

unless p is “close” to 2 (see the work by N. Meyers in [[7]). However that closeness is strongly
related to whether a itself is close to a constant hence no result for all p may be obtained by
taking advantage of Meyers’ result.

In the present work, we shall overcome this difficulty by requiring the data to satisfy a finite
energy condition so as to ensure that F is in L?. Indeed, this will enable us to use the classical
L? estimate and from that, it turns out to be possible to get estimates in high order Besov
spaces By ...

This observation is the conducting thread leading to the first two well-posedness results stated
in the next section. The rest of the paper unfolds as follows. In section fl, we introduce the
Littlewood-Paley decomposition and recall the definition of the nonhomogeneous Besov spaces
B; .. Then, we define the paraproduct and remainder operators and state a few classical results
in Fourier analysis. Section [Jis devoted to the proof of existence results and a priori estimates
for an elliptic equation with nonconstant coefficients in the Besov space framework. To our
knowledge, most of the results that are presented therein are new. Sections f, § and f are
dedicated to the proof of our main existence and continuation results. Some technical lemmas
have been postponed in the appendix.

Notation. Throughout the paper, C' stands for a harmless “constant” whose exact meaning
depends on the context.

For all Banach space X and interval I of R, we denote by C(I; X) (resp. Cp(I; X)) the set
of continuous (resp. continuous bounded) functions on I with values in X. If X has predual
X* then we denote by C,(I; X) the set of bounded measurable functions f : I — X such that
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for any ¢ € X*, the function t — (f(t),$)xxx* is continuous over I. For p € [1,00], the
notation LP(I; X) stands for the set of measurable functions on I with values in X such that
t — ||f(¢)]lx belongs to LP(I). We denote by L (I) the set of those functions defined on I
and valued in X which, restricted to any compact subset J of I, are in LP(J).

Finally, for any real valued function a over RV, we denote

ay = inf a(x) and a*:= sup a(x).

1. MAIN RESULTS

As explained in the introduction, we hardly expect to get any well-posedness result if the
initial velocity is not in C%!. It is well-known (see e.g. [], Chap. 2) that the nonhomogeneous
Besov space B, , is continuously embedded in C%! is and only if the triplet (s,p,r) € Rx[1,00]?
satisfies the following condition:

() s>14+N/p or s>1+N/p and r=1.

This motivates the following statement concerning the existence of smooth solutions with finite
energy:

Theorem 1. Let (s,p,r) satisfy Condition (C) with 1 < p < oo. Let ug be a divergence-
free vector-field with coefficients in L* N By .. Suppose that the body force f has coefficients in
LY([-To, To}; By ) N C([=To, To); L?) for some Ty > 0. Assume that po is positive, bounded and
bounded away from zero and that Vpg € Bls,;l. If p < 2, suppose in addition that (pg—p) € LP”
with p* := 2p/(2 — p) for some positive real number p.

There exists a time T € (0,Ty] such that System ([) supplemented with initial data (pg,ug)

has a unique local solution (p,u,VII) on [-T,T] x RN with:
i pil € Cb([_TvT] X RN)’ D/O € Cw([_T7T];B;87,;1) (and (10 —ﬁ) € C([_T’T];Lp*) Zf
p<2),
o ueCH[-T,T); L*) NCuw([-T,T); B ),
o VI € C([-T,T); L*) n L*([-T,T); By ).
Besides, the energy equality (B)) is satisfied for all t € [=T,T), and time continuity holds with
respect to the strong topology, if r < oo.

A few comments are in order:

e For the classical incompressible Euler equations (f]), the above result statement (without
the L? assumption) belongs to the mathematical folklore. It has been established in e.g.
[B1] in the case 1 < p < co and in e.g. [[f], Chap. 7 in the case 1 < p < oo.

N

e Note that the above statement covers the borderline case Bp’:;rl for Condition (C)
without any smallness assumption. Thus, up to the lower order L? assumption which
is needed to control the low frequencies of the pressure, it extends the result 23] by Y.
Zhou mentioned in the introduction.

e If one makes the stronger assumption that (pg —p) € B, , for some positive constant 5
then we get in addition (p —p) € C([-T,T}; B;,) (or Cu([-T,T]; B, ,) if r = 0c0).

o If 1 <p <2 then ug € By, implies that ug € L?. Furthermore, in dimension N > 3,
the assumption that (pg—7p) € LP" may be omitted if p > N/(N —1). Therefore, except
if N=2and p<2orif N>3and p< N/(N — 1), the density need not to tend to
some constant at infinity.

e In contrast with the homogeneous case, in dimension N = 2, the global well-posedness
issue for ([J) with nonconstant density is an open (and challenging) problem. Indeed, the
vorticity w := O1u® — Gpu! satisfies

Buw + 1 - Vo + 81(£) Il — 95(£)n 1T = 0,

hence is no transported by the flow of w if the density is not a constant.
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Under the assumptions of Theorem [, the solutions to ([l) satisfy the following Beale-Kato-Majda
type continuation criterion. For simplicity, we state the result for positive times only.

Theorem 2. Under the hypotheses of Theorem [l], consider a solution (p,u,VII) to () on
[0,T) x RN with the properties described in Theorem [l If in addition

T
(4) | 9l + 91 g ) e < o

then (p,u, VII) may be continued beyond T into a solution of ([l) with the same regularity.
Moreover, in the case s > 1+ N/p, the term Vu may be replaced by curlu in (§).

Remark 1. The above statement has two important consequences:

e First, as Condition (C) implies that B;;l 1s embedded in L°°, one can show by means

of an easy bootstrap argument that for data in By ., the lifespan of a solution in B, ,

N
is the same as the lifespan in Bp’jlﬂ (which is the larger space in this scale satisfying
Condition (C) ).
e Second, by combining the previous remark with an induction argument, we see that if we
start with smooth data (ag,uy) such that the derivatives at any order of Vay and ug
are in in LP then we get a local-in-time smooth solution with the same properties. In

N
addition, as above, the lifespan for that smooth solution is only determined by the B,
reqularity. This generalizes prior results in the Holder spaces framework in the case of
a bounded domain obtained in [f].

In the two-dimensional case, the assumption that ug € L? is somewhat restrictive since if, say,
the initial vorticity is in the Schwartz class then ug € L? implies that the vorticity has average 0
over RV, This motivates the following statement which allows for any suitably smooth initial
vector-field with compactly supported vorticity.

Theorem 3. Let Ty be in ]0,00[ and let (s,p,r) satisfy Condition (C) with 2 < p < 4. Let ug
be a divergence-free vector-field with coefficients in B, ,. Assume that po is positive, bounded
and bounded away from zero, and that Vpy € B;;l. Finally, suppose that the body force f has
coefficients in L'([To, To); BS,) and that the potential part Qf of f is in C([=To, Tol; L?).
There exists a time T € (0,Ty] such that System () supplemented with initial data (pg,uo)

has a unique local solution (p,u,VII) on [-T,T] x RN with:

o p*l e C([-T.T) xRY), DpeCy([-T,T); Bs;b),

o u€Cy([-T.T}; By ,),

e VIl € C([-T,T); L*) N L*([-T,T); By ).
Besides, time continuity holds with respect to the strong topology, if r < co, and the continuation
criteria stated in Theorem P also hold under the above assumptions.

As regards the well-posedness theory, the study of the limit case p = oo is of interest for
different reasons. First, the Besov space Béql is the largest one for which Condition (C) holds.
Second, the usual Holder spaces belong to the family BS (take r = o0) and are suitable for
the study of the propagation of tangential regularity in ([]), and of vortex patches than we plan
to do in future works.

Theorem 4. Assume that ug € B, , N LP, f e L' [Ty, To]; B, N LP) and py € B, . for
some p € (1,00) and some s >1 (or s> 1 if r =1). There exists a constant o > 0 depending
only on s and N such that if, for some positive real number p we have

(5) lpo = pllBs, . < ap,
then there exists some T > 0 such that System ([[) has a unique solution (p,u, VIL) with

o pcC([=TT]; B,,) (or Cu([=T,T}; B,,) if r = o0),
o weC([-T,T); LP N BL,,), (or ue C([~T,T;LP) N Cy([~T,T); B,,) if r = 0),

00,



DENSITY-DEPENDENT INCOMPRESSIBLE EULER EQUATIONS 5

o VIl € Ll([_Tv T];Bgo,r)‘

Note that our result holds for small perturbations of a constant density state only. The
reason why is that, in contrast with the previous statements, here bounding the pressure relies
on estimates for the ordinary Laplace operator A. In other words, the heterogeneity (a —a)VII
is treated as a small perturbation term. We expect this smallness assumption to be just a
technical artifact. However, removing it goes beyond the scope of this paper.

2. TooLs

Our results mostly rely on the use of a nonhomogeneous dyadic partition of unity with respect
to the Fourier variable, the so-called Littlewood-Paley decomposition. More precisely, fix a
smooth radial function y supported in (say) the ball B(0, %), equals to 1 in a neighborhood of

B(0,2) and such that 7 — x(re,) is nondecreasing over R*, and set ¢(£) = X(%) — x(8).

The dyadic blocks (A,)4ez arve defined byfl
Ay:=01if ¢<-2, A_1:=x(D) and A,:=¢(279D) if ¢>0.
We also introduce the following low frequency cut-off:
Squ = x(279D) = Z A, for ¢>0.
p=q—1
The following classical properties will be used freely throughout in the paper:
o for any u € &', the equality u = Y-, Aju makes sense in §’;

e for all v and v in &', the sequence (S;_juAgv)4en is spectrally supported in dyadic
annuli. Indeed, as Supp x C B(0, %) and Suppy C {£ € R"/% <€ < %}, we have

Supp (F(Sq-1uAgv)) C{E € RN /520 < [¢] < B - 29}
One can now define what a Besov space B, , is:

Definition 1. Let u be a tempered distribution, s a real number, and 1 < p,r < oco. We set
1

)
lulls, = <Zgrqs||Aqu||g,,) if r<oco and ullss = sup2%||Agullrs.
q q

We then define the space B, as the subset of distributions u € 8" such that ||lul|ps, is finite.

The Besov spaces have many interesting properties which will be recalled throughout the
paper whenever they are needed. For the time being, let us just recall that if Condition (C')
holds true then Bj, is an algebra continuously embedded in the set C%! of bounded Lipschitz
functions (see e.g. [, Chap. 2), and that the gradient operator maps By, in B;;l. The
following result will be also needed:

Proposition 1. Let F be a smooth homogeneous function of degree 0 on RN \ {0}. Then for
all p € (1,00), Operator F(D) is a self-map on LP. In addition, if r € [1,00] and s € R then
F(D) is a self-map on B, ,.

Proof. The continuity on LP stems from the Hormander-Mihlin theorem (see e.g. [[3]). The

rest of the proposition follows from the fact that if v € Bj, then one may write, owing to
F(279) = F(&) for all ¢ >0 and & # 0,
F(D)u=F(D)A_ju+ > (F@)(279D)Aqu
=0
where @ is a smooth function with compact support away from the origin and value 1 on the
support of ¢. Note that F~1(F@) is in L'. Therefore, the standard convolution inequality

implies that
[(F@)(27 D) AqullLr < Cl|Aqulzr

IThroughout we agree that f(D) stands for the pseudo-differential operator u — F~(fFu).
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while the LP continuity result implies that
[F(D)A—qulle < [|A—yul|Le.
Putting these two results together entails that F'(D) maps B, in itself. O

Remark 2. Both the Leray projector P over divergence free vector-fields and Q = Id — P
satisfy the assumptions of the above proposition. Indeed, in Fourier variables, we have for all
vector-field u with coefficients in S'(RY),

|§|25 ae).

The following lemma (referred in what follows as Bernstein’s inequalities) describe the way
derivatives act on spectrally localized functions.

Qu(¢) =

Lemma 1. Let 0 < r < R. A constant C' exists so that, for any nonnegative integer k, any
couple (p,q) in [1,00]? with ¢ > p > 1 and any function u of LP, we have for all A > 0,

Supp@ € B(0,AR) = [|D*ul[zs < C*FIN NG || 1
Supp@ C {£€ € RY /rXA < |¢] < RA} = C7F"I\¥||ul|pe < || D%ul|re < CEFINF||u)| 0.

The first Bernstein inequality entails the following embedding result:

Proposition 2. The space By! . is embedded in the space B2, whenever

p2,r

1<p1<p2<oo and $3<s —N/pi+ N/pa.

Remark 3. Recall that for all s € R, the Besov space B3, coincides with the nonhomogeneous

Sobolev space H®. Furthermore if, for k € N, we denote by W*P the set of LP functions with
derivatives up to order k in LP then we have the following chain of continuous embedding:

k k,p k
Bp,l — W — Bp,oo

Let us now recall a few nonlinear estimates in Besov spaces. Formally, any product of two
tempered distributions u and v, may be decomposed into

(6) uv = Tyv + Tyu + R(u, v)
with
Tyv = ZSq_lquv, Tou := ZS —1vAgu and R(u,v) Z Z AquAgv.
q

q |¢'—q|<1

The above operator T is called “paraproduct” whereas R is called “remainder”. The decompo-
sition () has been introduced by J.-M. Bony in [[. We shall sometimes use the notation

T,v := Tyv + R(u,v).

The paraproduct and remainder operators have many nice continuity properties. The following
ones will be of constant use in this paper (see the proof in e.g. [f], Chap. 2):

Proposition 3. For any (s,p,r) € R x [1,00]? and t < 0, the paraproduct operator T maps

L*> x B, , in B, ,, and Bt o X By, in Bsf;t. Moreover, the following estimates hold:

[Tuvl| B

PT_

||U||L°°||Vv||Bs voand [Tyl geye < Cllullpy, [Vl s

For any (s1,p1,71) and (s2,pa,72) in R x [1,00]% such that sy +s3 >0, 1/p:=1/p1+1/ps <1

and 1/r :=1/r1 4+ 1/ry <1 the remainder operator R maps Bg!, x B2 . in B3l

Combining the above proposition with Bony’s decomposition ([), we easily get the following
“tame estimate”:
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Corollary 1. Let a be a bounded function such that Va € Bf,;l for some s >0 and (p,r) €

[1,00]2. Then for any b € B, N L* we have ab € B, , N L* and there exists a constant C
depending only on N, p and s such that

labllss, < llallLe<[IbllBg,, + bl [ Dall gs-1-

p,r
The following result pertaining to the composition of functions in Besov spaces will be needed
for estimating the reciprocal of the density.

Proposition 4. Let I be a bounded interval of R and F : I — R a smooth function. Then for
all compact subset J C I, s >0 and (p,r) € [1,00]? there exists a constant C such that for all
a € By, with values in J, we have F(a) € B,, and

1F(a)ll;, < Cllalls;, -

p,r

Our results concerning Equations ([[) rely strongly on a priori estimates in Besov spaces for
the transport equation
Jii=0 = fo-

We shall often use the following result, the proof of which may be found in e.g. [ff], Chap. 3, or
in the appendix of [§].

Proposition 5. Let 1 < p,r < oo and 0 > 0. Let fo € By,, g € L*([0,T];Bg,) and v be a

time dependent vector-field in Cy([0,T] x RY) such that for some py > p, we have
N
Vo € LN0,T);BplooNL®) if o<1+,
Vv € LY[0,T]; B3} if o>14+8 or o=1+and r=1.
Then Equation (T') has a unique solution f in
e the space C([0,T}; By ,) if r < oo,
o the space (My<p C([0,T]; By)) NCu([0, T)s Bgoo) if 7= o0,
Moreover, for all t € [0,T], we have

t /
(7) e—CV(t)Hf(t)HBgJ < HfOHBg,r —1—/0 e_CV(t)Hg(t/)HBgm dt’
Vo) » o<1+l
with V'(t) := BpfleonL> N N
va(t)”Bg;i if o>14:, or o=1+ and r=1.

If f=wv then, for all o >0, Estimate ([]) holds with V'(t) := ||[Vv(t)]|| L.

3. ELLIPTIC ESTIMATES

In this section, we want to prove high regularity estimates in Besov spaces for the following
elliptic equation

(8) —div (aVI) =divF in RY

where a = a(z) is a given suitably smooth bounded function satisfying
9 « = 1inf > 0.

9) ax 1= inf a(z)

Let us recall that in the case a =1 the following result is available:

Proposition 6. If a =1 and p € (1,00) then there exists a solution map F — VII continuous
on LP.
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Proof. We set VII = V(—A)~!div F. Obviously the pseudo-differential operator V(—A)~!div
satisfies the conditions of Proposition [ Hence F +— VII is a continuous self-map on LP. [0

We now turn to the study of (§) for nonconstant coefficients. For the convenience of the
reader let us first establish the following classical result pertaining to the L? case.

Lemma 2. For all vector-field F' with coefficients in L?, there exists a tempered distribution II,
unique up to constant functions, such that VII € L? and Equation (§) is satisfied. In addition,
we have

(10) ax | VIl 2 < [|F| 2.

Proof. The existence part of the statement is a consequence of the Lax-Milgram theorem. Indeed,
for A > 0, consider the following bilinear map:

ba(u,v) = (aVu | Vo) + Au |v)2 for w and v in HY(RY).
Obviously by is continuous and coercive, hence, given F' € (L?(RV))Y, there exists a unique
Iy, € HY(RY) so that
ba(u,Iy) = (u | F)2 for all w e HY(RY).

Taking u = IT) and using the Cauchy-Schwarz inequality, we see that ([[0) is satisfied by II,.
Hence (VIIy)xso is bounded in L? and there exist some Q € (L%(RV))™ and a sequence (\,)nen
converging to 0, such that VII,, — @ weakly in L2. Note that this implies that @ satisfies
div (aQ) = div F' in the distributional sense, and also that @ is the gradient of some tempered
distribution II. Besides, we have

IVIL L2 = [|Ql 2 < liminf [VILy, ||z < o[ F |2

As regards uniqueness, it suffices to check that the constant functions are the only tempered
solutions with gradient in L? which satisfy (§) with F = 0. So let us consider II € &’ with
VII € L? and div (aVII) = 0. We thus have

(11) /avu -VIldz =0 forall uve H.

By taking advantage of the Fourier transform and of Parseval equality, it is easy to check that
for n > 0, the tempered distribution II,, := (Id — x(nD))II (where the cut-off function x has
been defined in Section ) belongs to H'. Hence one may take u = II,, in (1)) and we get

/aVH'VHndaczo for all n > 0.

O

As VII,, tends to VII in L? and a > a* > 0, this readily implies that VII = 0.
Let us now establish higher order estimates.

Proposition 7. Let 1 < p < oo and 1 < r < co. Let a be a bounded function satisfying (§)

and such that Da € B;;l for some s >1+4+ N/p or s >1+ N/p if r=1.
e If1<p<oo, 0€(ls] and VII € B, satisfies [§) for some function F such that
div F' € Bg;l then we have for some constant C depending only on s,0,p, N,

g
0|V 5y < o(||divF||B;T1 +a.(1+ a7 |Dall s 1) ||vn||Lp>.

e If2<p< oo and F isin L* and satisfies div F € By, for some o € (14+N/p—N/2, ]
then Equation (§) has a unique solution I1 (up to constant functions) such that VII €
L’ N By .. Furthermore, Inequality (LQ) is satisfied and there exists a positive exponent
~v depending only on o, p, N and a positive constant C depending only on s,o,p, N
such that

. _ Y
0|V g, < C’<||d1vF||Bg’T1 (14 a7 |Dall s 1) ||F||L2).
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e [fo>1 and 1 < p < oo then the following inequality holds:
0| VIl 5y, < C(|ldiv F| go—r + [Va] zoe [ VI g1 + [ VI o< ||V 1 ).

Proof. Throughout, (c¢q)s>—1 denotes a sequence in the unit sphere of ¢".
The proof relies on two ingredients:

(i) the following commutator estimates (see Lemmas ] and [] in the appendix)
(12) Idiv fa, Ag] VI 1s < Ceq2 "DVl oo [ VI g1,
(13)  Jdivie. AT < Ce,2 D (VI [ Vall g + [ Vel V] g )

which hold true whenever o € (0,s] and (s,p,r) satisfies Condition (C') (as regards
(L2)) and whenever o > 1 (as concerns (|L3));
(ii) a Bernstein type inequality (see Lemma J in the appendix).

For proving the first part of the lemma, apply the spectral cut-off operator A, to (§). We get
—div (aAyVII) = div AgF 4 div ([Ag, a]VII)  for all ¢ > 0.
Hence, multiplying both sides by \AqH]p_2AqH and integrating over RY, we get

- / AIP2A I div (aA VL) di = / AIIP2A I div A, F do
+ / A TIP2A, 1 div ([A, a] VIT) da.

Apply Lemma [ to bound by below the left-hand side of the above inequality. Using Hélder’s
inequality to handle the right-hand side, we get for all ¢ > 0,

(14) a. 22| AT, < CIAGT" (Idiv AgF o + [|div [Ag, a] VI 15 ).

To deal with the last term, one may now take advantage of Inequality ([[J). Since, for ¢ > 0, we
have ||A,VII|Lr &~ 29||A || L» according to Lemma [, we get after our multiplying Inequality

() by 2000 D:
429 | A VII|| 1o < C«(Qq(a—l)HAqdivFHLp + Cq”V@HB;;lHVHHBg;l) for all ¢q € N.

Taking the ¢" norm of both sides and adding up the low frequency block pertaining to A_;VII,
we get

(15) 0| VIl 5y, < C(|ldiv | gor + [Vl gos [ VI g1 + aal|A 1 V]| 1p ).

p,r

Observe that |A_1VII||z» < C||VII| s, and that the following interpolation inequality is avail-
able (recall that 0 < o —1):

1 1—1
”VHHB;’;l < CHVHHEPHVHHB;:'
Then, applying a suitable Young inequality completes the proof of the first part of the proposi-

tion.

Let us now tackle the proof of the second part of the Proposition. As F' € L?, the existence
of a solution VII in L? is ensured by Lemma [ Let us admit for a while that VII € By, and
let us prove the desired inequality. As p > 2, we have

N(i_1
L? — pr§5 2
_1. . . N($-3) .
Hence, as By " is an interpolation space between Bp o and By, (here comes the assumption
that 0 —1 > N/p — N/2), one may write for some convenient exponent 6§ = 0(p,o, N) € (0, 1),

IV g+ < CIVIT| G2 | VIT] ,°
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In addition, as p > 2, Bernstein’s inequality implies that
|A_1VII||Lr < C||VII|| 2.
Hence, plugging the last two inequalities in ([[§) and using ([[0) yields

. — 1-6
a:|[VIl|g, < O(ldiv Fll g + 1Fllzz +az |1F 52 | Vall g1 (0 VTl 5,) ' ).

Then applying Young’s inequality completes the proof.
Remark that Inequality ([[3) remains valid whenever VII is in Bg !, Starting from the fact

11
that the constructed solution VII is in Bpod *°, a straightforward induction argument allows
to state that VII is indeed in By ,. This completes the second part of the proof.

For proving the last part of the proposition, the starting point is Inequality ([[4) which implies
that

a2 | VA 1 < €290V (|| Aydiv F|| o + ||div [Ag, a] VIT|| ).

Now, taking advantage of Inequality ([[J) then summing up over ¢ > —1, we readily obtain the
desired result. O

4. PROOF OF THE FIRST LOCAL WELL-POSEDNESS RESULT

As a preliminary step, let us observe that System ([]) is time reversible. That is, changing
(t,z) in (—t, —x) restricts the study of the Cauchy problem to the evolution for positive times.
To simplify the presentation, we shall thus concentrate from now on to the unique solvability of
the system for positive times only.

In the first part of this section, we establish the uniqueness part of Theorem [. When proving
existence, it is convenient to treat the two cases p > 2 and p < 2 separately. The reason why
is that the proof strongly relies on Proposition [{ which enables to compute the pressure only if
p > 2. Indeed, if p < 2 then only an a priori estimate is stated.

So, in the second part of this section, we prove the existence in the case p > 2. The third
subsection is devoted to the proof of Theorem l in the case p > 2. It will be needed for proving
the existence part of Theorem [] in the case p < 2. The following part of this section is devoted
to the proof of Theorems [] and E in the case p < 2. In the last paragraph, we justify the claim
pertaining to the case p > N/(N — 1) (see just after the statement of Theorem [).

For expository purpose, we shall assume in this section and in the rest of the paper that

r < oo. For treating the case r = oo, it is only a matter of replacing the strong topology by
weak topology whenever regularity up to index s is involved.

4.1. Uniqueness. Uniqueness in Theorems [l is a consequence of the following general stability
result for solutions to ([l]).

Proposition 8. Let (p1,u1, VIL1) and (pa,us2, VILa) satisfy () with exterior forces fi and fo.
Assume in addition that p1 and ps are bounded and bounded away from zero, that du := ug — uy
and & = py — p1 belong to C1([0,T); L?), that &f := fo — f1 is in C([0,T]; L?) and that VI,
Vp1 and Vuy belong to L'([0,T]; L°°). Then for all t € [0,T], we have

16) 180l + (VA0 < O (50 + 1) Oz + [ 4O 7oif 2

with A(t / (valHLm Hp?\l;[_l H !VmHLoo)d T.

Proof. On the one hand, as
Opdp +uz - Vip = —du - Vp,
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taking the L? inner product with dp and integrating by parts in the second term of the left-hand

side yields
(1) ()]s < WOz + [ Aol | S22
0 VPy 1L

On the other hand, denoting VI := VII; — VII;, we notice that

0
pg(@téu + ug - V&u) + Vdl = ps (df + ﬁVHl — o - Vul)
1P2

So taking the L? inner product of the second equation with du, integrating by parts and using
the fact that divdu = 0 and that
Op2 +uz - Vpa =0,
we eventually get
vl

[(VAab Ol < (VAo O 2+ t(llfp25f\|L2+H5PHL2 |,
2

Adding up Inequality ([[7) to the above inequality and applying Gronwall lemma completes the
proof of the proposition. O

HI Tl | Bl ).

Proof of uniqueness in Theorem I] Consider two solutions (p1,u1, VIIy) and (p2,us, VII3)
of () with the same data. Under the assumptions of Theorem [I, it is clear that the ve-
locity and pressure fields satisfy the assumptions of the above proposition. As concerns the
density, we notice that u; € C([0,7];L?) and Vp; € C([0,T]; L) for i = 1,2 implies that
Owpi € C([0,T]; L?). Hence we have & € C([0,T]; L?). Therefore Inequality ([[§) implies that
(p1,u1, VII) = (p2,us, VIIo) on [0,7] x RY. This completes the proof of the uniqueness in
Theorem [I

4.2. The proof of existence in Theorem [l the case 2 < p < co. We notice that, formally,
the density-dependent incompressible Euler equations are equivalent toﬁ
a+u-Va=0 witha:=1/p,
(18) Ou+u-Vu+aVIIL = f,
—div (aVII) = div (u - VPu) — div f.
Let us give conditions under which this equivalence is rigorous.

Lemma 3. Let u be a time-dependent vector-field with coefficients in C([0,T] x RY) and
such that Qu € C([0,T); L?). Assume that VII € C([0,T]; L?). Let p be a continuous bounded
function on [0,T] x RN which is positive and bounded away from 0.

If in addition divu(0,-) = 0 in RN then (p,u,VII) is a solution to () if and only if
(a,u, VII) satisfies ([[g).

Proof. If (p,u, VII) satisfies () then, owing to p > 0, we see that a := 1/p satisfies the first
equation of ([[§). Next, applying Operator div to the velocity equation of ([[) divided by p,
and using that Pu = u yields the third equation of ([I§).

Conversely, if (a,u, VII) satisfies ([[), it is obvious, owing to positivity, that p := 1/a satisfies
the density equation of (f]). In order to justify that the other two equations are satisfied, it is
only a matter of proving that divu = 0. For that, one may apply Q to the second equation.

Then, using the third equation, we discover that
0 Qu+ Q(u - VQu) =0.
Recall that Qu € C1([0,T]; L?). Therefore, taking the L? inner product with Qu, we get
1d

5 7711 QullZe + (Qu-VQu) | Qu), = 0.

2Recall that P stands for the Leray projector over divergence free vector-fields.
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As QT = Q and Q% = Q, we thus get after integrating by parts in the second term:
SIQul: = [ 1Quidivude,
and, as Qu(0,-) = 0, Gronwall lemma ensures that Qu = 0. Hence divu = 0. O

As explained in Lemma [, it suffices to solve System ([[§). So, for T'> 0, let us introduce the
set Er of functions (a,u, VII) such that

a € Cy([0,T] x RY), VaGC([O,T];B;;l),
we CH(0,T]; L) NC([0,T); By ,),  VILec([0,T);L*) nL*([0,T); Bj,.).
We denote

a, := inf agp(z), a:= sup ag(z), p«:= inf po(x) and p* := sup po(x).

Note that if p is bounded and bounded away from zero, and satisfies Vp € B;;l then the same
properties hold for a (and conversely). This may be easily shown by combining Propositions
and f]. Moreover, there exists some constant C' depending only on a., a*, N and on the
regularity parameters such that

-1
c ”VPHB;;;l < Hva”Bg;l < CHVPHB;;.l‘
This fact will be used repeatedly in the rest of the paper.
Step 1. Construction of a sequence of approzimate solutions. As a first step for solving ([[§), we

construct a sequence (a”,u"™, VII"),cn of global approximate solutions which belong to Er for
all T'> 0.

For doing so, one may argue by induction. We first set (a®,u", VII?) := (ag,uq,0). Next,
we assume that (a”,u", VII") has been constructed over R, belongs to the space Er for all
T > 0 and that there exists a positive time 7™ such that for all ¢ € [0,7™],

(19) a, < a"(t,z) < a*,

(20) IVa (t)|]B;;1 < 2|’Va0“B;;1 for all ¢ e [0,7%],

21) WV ®u")lle < Verat (4o uollrz + 8V fllLyz2))  with p"=1/a",
(22)  U™(t) < 4Uo(t) + Cop* Aolldiv £l 1y ps-1) + Colp* Ao) " (lluollre + £l L2 z2))-

t
@ VI gy < O [ WP+ v £l g

2 o Ao) (ol + 1 yeo) )
(24) IVI®|| 12y dm < VoF|lv/pouollze + 30" ([ fll 22 22y

with Ay := a* + ||Da0||Bz;1, Uo(t) == |luollBs, + ”fHLtl(B;,T-) and U"(t) := [[u"(t)|/Bs,- The
positive exponent 7 is given by Proposition []. The constants Cj and C depend only on
(s,p,r) and N, and may be made explicit from the following computations (in fact one can take
Co = 2C? with C large enough).

Denoting by 9" the flow of u", (which belongs to C*(RT x RY) owing to u™ € C(R*; B} )
and to Bi 1 — (), we set
a" "t x) = ao((¥f) M (2)) and Pt @) = po((vf) T (@)
As 97 is a diffeomorphism over R for all ¢ > 0, we have

la" " (#)| e = llaollze = a* and [|p""H(t)]| L = [lpollz= = p*.
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Hence ([[9) is satisfied by a"*!. In addition, we have
Oa™ M+ Vet =0
so that for all i € {1,--- N},
0 0;a™ T + " - VO;a" ! = —9;u" - Va .

As aiaﬁ;r(l) = Ojag € B;;l by assumption, (a slight generalization of) Proposition f| combined

with Gronwall lemma guarantees that Va"t!' € C(R¥; B;;l) and that

n+1 ) CftUn(T)dT )
(25) IVa (t)||B;;1 <e“Jo ||Va0||B;;1‘
So if we assume that T™* has been chosen so that
T*
(26) C ; U"(t)dt <log2

then a"*! satisfies (R0).

Next, we want to define u™*

1 as the unique solution in C(R™; B;,T) of the transport equation:
(27) o 4" VT = —g" VI + Uﬁi(l) = ug.

That the right-hand side belongs to L}, .(R™; B, ) is a consequence of Corollary [ and of the
embedding B;;l «— L°°. In addition, we have for a.e. positive time

(28) la" VI |5y, < C(lla™ [z + [V go-a) VI |55,

So finally, the existence of u"*! € C(R¥; B;’T) is ensured by Proposition f], and we have

t n
Hun—i_l(t)HBfM < ecfo U (T)d'r(HuO”B;J

t T
—-C Un /! d /
(29) +/ e Cly Undr ((||a"+l||L°° +[IVa" | o) VI 55, + ”f”Biw)dT)'
0 p,7r

Therefore, if we restrict our attention to those ¢ that are in [0,7*] with T* satisfying (2§), we
see that for all t € [0,T7],

t
UntL(t) §2U0(t)+C’A0/ IVI|[5;, dr with Ag = a" + [ Vao 51
0 ) T

So if we assume that T and Cy have been chosen so that

*

(30) 202" Ay / UMt dt <1 and Cp =207
0

then taking advantage of Inequalities (R3) and (R2), we see that u"*! satisfies (BJ) on [0, 7%].
Let us now prove (RI]) for »"*!. First, we notice that the right-hand side of (R7) belongs to

C(R*; L?) so that u™*! is in CY(R*; L?). As p"*! is bounded and C! with respect to the time

and space variables, this allows us to take the L? inner product of the equation for ™! with

Pyt We readily get
1d, 7/ 1
(31) 5a” pn-i-l un+1H%2 _ /pn+1un+1 . fd$ — 5 /pn+1|un+1|2divun dr — (VHn | un—l—l)LT

Let us point out that ™ and u™! need not be divergence-free, so that the right-hand side may
be nonzero. However, from the above inequality, it is easy to get

1/t u™ D () 2 < llv/pg uoll 2
t 1
[ (VEIVI g 4 Ve + G e [div - )
0 2
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So, if we assume that C has been taken large enough in (Pf) then Gronwall’s lemma implies
that

(32) Iy ot a2 < 2(Iveg wollzz + Vol fll Lz + Va VI Ly g2y ).

Now, putting the above inequality together with Inequality (B4) ensures that Inequality (RI) is
also satisfied by u™™! on [0,7™].

To finish with, we have to construct the approximate pressure II"*!1. For that, we aim at
solving the following elliptic equation

(33) div (a"PVI" ) = div (f — "L VPu )

for every positive time.

We have already proved that a"*! satisfies the required ellipticity condition through ([[).
Moreover, as u"t' € C(R*;Bj,), Remark f] ensures that VPu"™! is in C(RT;Bs; ). As
Bs b — L™ and "' € C(RT;L?), we thus have u"*!. VPu"t! € C(R*;L?) and

”un—i-l.vfpun—HHL2 < \/a_*H /pn+1un+1HL2||Vpun+1”L°°,
< C’\/a_*Hvp”+1u""'lHLQHVun""lHB;?L

Therefore Lemma [} guarantees that (B3) has a solution VII"*! in C(R*; L?) which satisfies

t
(34) ae[VIT ) 1 2y < I fllparey + C\/a_*/o U pr ™ 2 di

Let us insert Inequality (BJ) in the above inequality. We see that if 7* has been chosen so that

*

(35) 4C’a*p*/ Untlar <1
0
then Inequality (B4) implies that

3 . 1 |
IVIT 1 2y < S0°1F ey + 5V IVPouol 2 + S IV L1 2y,
¢ 2 ¢ 2 2 ¢

hence Inequality (B4) is satisfied by VII"*! on [0,T*].

In order to prove that VII"*! belongs to L}OC(R+; B;m)’ one may apply the second part of

n+1

Proposition [{. Indeed, because, owing to div Pu =0, we have

div (w1 VPu"H) = Vot Pyt
and as B3 ! is an algebra, the term div (u" ™ VPu"™) is in B5 ! and
[|div (u"F! - VPU”H)HBg;l < c(Umthz,
Hence Proposition [ implies that for all ¢ € R,
a*”vHM:lHL%(B;,T.) < C(/Ot(Unﬂ)? dr +||div fll g1
+(1+p HDanH”LgO(B;;;l))’Y(”f”Lg(B) + [Ju - VPU"“HL}(H))),
whence, using (R0) at rank n + 1 and Hélder inequality, we get

t
| VI 35y < O [ O dr + v gy

t
+(p"A0)" (1 f1l L1 (z2) +\/a_*|’\/P”+1U"+1|!Lg°(L2)/O Ut dT))

Taking advantage of Inequality (RI)) at rank n + 1 one can now conclude that if (B5) holds then
VII"*! satisfies (R9).
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At this stage we have proved that if Inequalities ([[9) to (R4) hold for (a™,u™, VII™) then they
also hold for (a"*!,u"*! VII"*) provided T* satisfies Inequalities (P), (BQ) and (BF). Note
that (B{) is the strongest condition. Obviously it is satisfied if we set
(36)

T = sup{t > 0/ " tAo (Un(t) + 0" Aoldiv fll g gy + (0" A0) (ol + 1711t e2)) < cf
for a small enough constant ¢ depending only on s, p and N.

Step 2 . Convergence of the sequence. Let a™ := a" — ag. In this step, we shall establish that
(@™, u", VII"),en is a Cauchy sequence in C([0,T*]; L?).
Let & :=a"tt —a”, " :=u"t! —u” and JAI" := 1" — II". We have for n > 2,

Orda”™ + u™ 'V&:L" = —u" ! Va",

(37) Oou™ +u" - Vou' = -t Vu — a"VAaI ! — @ VvIIr,

div (a" VIt = —div (™1 - VPu® + v 1 VP + @ IVIT).
For all n € N, we have 9,a"t! = —u™ - Va"*!. So, given that, according to the previous step,
u™ € C([0,T*]; L?) and Va™*! € Cy([0,7%] x RY), and that a‘Tr(l) = 0, we discover that "1,

and thus also &”, are in C'([0,T*]; L?). Taking the L? inner product of the equation for d"
with &', we thus get

n _ n _ n—1 n
zdtH&z 12, = 2/&1 2divu™ da /&L -Va" &a" dx,
whence for all ¢ € [0,7%],
n 1 t : n n t n n—
(38) 1Ol < 5 [ Idive a0 g dr + [V e 80 g2 dr

Next, taking the L? inner product of the equation for &u" with p"*1éu”, performing integration
by parts and using the equation for p"*!, we get

2dt/ PR do = o [ Pdiva do— [ (G0 T AT 8" VI da
Hence

1 t
o & Ole < 5 [ Idiva e /o160 |2 dr
0

t
(39) +/0 (V™ [z ™ gz + lla™ [z VAT 2 + [ VI oo ]|0a™ | 2) .

Adding up Inequalities (B§) and (B9), applying Gronwall lemma and using the fact that p"™! >
ps« and the bounds stated in the first step, we thus get for all ¢ € [0, 7],

@) @& Ol < Cre ([ 1G5 dr+ [ IV () dr ).

where the constant C7- depends only on T* and on the initial data.
In order to bound VAI"™!, we shall use that for any C! vector-fields a and b, we have

div (a - Vb) = div (b- Va) + div (adivd) — div (bdiva).

Applying this to a = v"~! and b = Pwu""! and bearing in mind that divP&u" ' = 0, we
deduce from the third equation of ([37) that

div (¢"'vaI" ) = div (P& dive ™t — P& Vet — & VPUT — & IVITY).
Therefore, Lemma P and the fact that [|P||z(2,.2) = 1 guarantee that
a V" 2 < flau" ™ g2 (ldiv ™l zeo + [|Va" ™ poo + [VPU"||poe) + 6" 7| 2] VT | e
Using the uniform bounds of the previous step, we thus get for all ¢ € [0, 7],
(41) VA= g2 < O (6w 2 + & 2).
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Plugging Inequality () in Inequality (fi0), we end up with (up to a change of Cp),
t
[[(6a™, 6u™)(t)][ 2 < CT*/O 18", 6u 1) (7)|[ 2 dr

Arguing by induction, one may conclude that

n n Cp-T7)"

sup 1@, 6y )llze < LT qup 180, 50) (8 2.
t€[0,7%) n: te[0,7%]

It is now obvious that both (@"),en and (u")nen are Cauchy sequences in C([0,7*]; L?), hence
converge to some functions @ and u in C([0,7*]; L?). Taking advantage of ({]), it is also clear
that (VII"),en converges to some function VII in C([0,T*]; L?).

Step 3. Final checking. Let a := ag + a. We now have to check that (a,u,VII) is indeed a
solution to (El) and that it has the properties stated in Theorem [ From the previous step, we
already know that (a — ag), u and VII are in C([0,7*]; L?). Moreover:

e As (Va")nen is bounded in L>([0,7*]; B5 ') and as Besov spaces have the Fatou prop-
erty, we deduce that Va belongs to L([0,T*]; B5 ). Since (a")nen is bounded in
L>([0,T*] x RN), we also have a € L>®([0,T*] x RY).

e As (u")nen is bounded in L*°([0,T"]; B, ), we deduce that u € L*°([0,T"]; B, ,.).

e Finally, as (VII"),en is bounded in Ll([O,T*];BIS,J,) we deduce that VII belongs to
LY[0,T*); By ).

Arguing by interpolation, we see that the above sequences converge strongly in every interme-
diate space between C([0,T*]; L?) and C([0,T*]; B, ) which is more than enough to pass to the
limit in the equations satisfied by (a™,u™, VII"). Hence (a,u, VII) satisfies ([[§).
Passing to the limit in (B1), we see that, in addition, (p,u) satisfies the energy equality ().
Finally, the continuity properties of the solution with respect to the time may be recovered
by using the equations satisfied by (a,u, VII), and Proposition f.

4.3. A continuation criterion. The key to the proof of Theorem [ is the following lemma:

Lemma 4. Let (s,p,r) satisfy Condition (C) with 1 < p < co. Consider a solution (p,u, VII)
to ([l) on [0,T[xRN such thaf] u € C([0,T); By,) and

p <p<p*, peC(0,T)xRY) and VpeC([0,T); B
If in addition
) [ 7l + 191 ) < o
then .
S 19, a7 sup (@)l + 19l0) < o

Proof. Note that a := 1/p satisfies the same assumptions as p. Therefore we shall rather work
with a, for convenience. Recall that

(43) O0ka+u-Vopa=—0u-Va for k=1,---,N.

So, applying Operator A, to the above equality and using that divu = 0, one may write (with
the summation convention)

8tAqakCL +u- VAqakCL = —Aq((‘)ku . VCL) + 8]' [uj, Aq](‘)ka.
Therefore for all ¢ € [0,T),

t t .
(44)  [[Ag0ka(®)|[rr < [[AgOkao|Lr +/0 [Aq(Oku - Va)l| e dT+/O 10w, AglOall e dr.

3With the usual convention if r = co
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According to Proposition B}, the term dyu - Va belongs to B;;l and satisfies
9k - Vall g1 < C(l0kull e [Vall o1 + [Vl o= |0l ;1)
while Lemma [ ensures that for all ¢ > —1,
1951’ Aglokall e < Ceg2?~ ((|0kall o | Vull g1 + [Vl Lo |Opall g1

Using the definition of the norm in B;;l, we thus get after summation in ([4) that

t
(45)  [Va(®)ll gz < IVaolpgr +C [ (190l [Vall s + | Vall o |Vl gy 2) dr.

In order to bound the velocity, let us apply the last part of Proposition f] to the velocity equation,
and the following inequality (which stems from Corollary [l)):

HaVHHBZsM < C(a*HVHHB;W + HVH”LC’OHV@”B;;l)'
We get for all t € [0,T),

c [ oo d
||u(t)||B;,T S e f() [[VullL T<||u0||B;,r

(46) + [ ORIV (g, 4 a9, + IV Vel ) dr ).
In order to bound the pressure term, one may use the fact that
div (aVII) = div f — div (u - Vu)
and apply the last part of Proposition []. Performing a time integration and using the fact that
Jdiv (- V)| gy = |V Val gya < OVl [Vl gy

we get
| VT3, < (v £l 5.0

t
+ [ Uullie |Vl g + 19l [ 91 s + VI Va2

Let us insert this latter inequality in (f)). Then adding up Inequality (§) and applying Gronwall
lemma we end up with

t
IVl g1 + lu®)lz;, < Cexp(/o |(Va, Vi, VID) | dT>

t
(47) (Il + ol + 1lLzgca, ) + [ IVallie |91 gy 2 )

for some constant C' depending only on the regularity parameters and on N, a, and a*.

Now, let us notice that Va is bounded on [0,7) x RY. Indeed, from Equation () and
Gronwall lemma, we see that

IVa(t)|| e < elo V41 | Vag | oo
As VIIis in L'([0,T); B5,') and Vu is in L'([0,T); L) by assumption and as Bt — L,
we discover that both the last term in ({7]) and the exponential term are bounded on [0, 7).
This completes the proof of the lemma. O
The following lemma implies the first part of Theorem P in the case p > 2.

Lemma 5. Let (s,p,r) satisfy Condition (C) with 2 < p < co. Consider a solution (p,u, VII)
to () on [0, T[xRY such thaf]
o p <p<p* peC([0,T) xRY) and Vp e C([0,T); By "),

4With the usual convention if r = co
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e ueC([0,7);B;,)NC([0,T]; L?),

e VII€C((0,T); L2) N L (0, T); B, ).
If in addition Condition (42) is satisfied then (p,u,VIL) may be continued beyond T into a
solution of () with the above regularity.

Proof. Lemma [] ensures that [ullrse(Bs,) and HDa||Loo(B;71) are finite. So one may set
,T T \T

1
€= C(P*Ao)_l(Uo(T) + 0" Aol|div fl 1 ey + (0" A0) "™ (Jluol| 2 + ||f||L1T(L2)))

where c is the small constant (depending only on N and (s,p,r)) defined in (B6).

Then we know from the proof of Theorem [[] in the case p > 2 that for any 7" < T, System ([l})
with data (p(T"),u(T"), f(T" +-)) has a unique solution up to time e. Taking 7" =T — /2 we
thus get a continuation of (p,u, VII) up to time T + /2. O

Let us now justify the last part of Theorem P It stems from the following logarithmic
interpolation inequality (see e.g. [[5]):

|Vl < C(14 [ Vull gy _log(e + [|Vullg-r))  with [[Vulz = sup |p(27"D) Vu -~
, , P

which holds true whenever the embedding of Bf,;l is not critical (that is s > 1+ N/p).
Then, arguing exactly as in Proposition 5.3 of [[L1]], we discover that Condition ({#J) may be
replaced by the following weaker condition:

T
(49) |19l + 198 0) e <
Now, it is classical (see e.g. [B], Chap. 7) that there exists some constant C such that
||Vu||ngo < Cllcurlul| .

This completes the proof of Theorem B in the case p > 2.

4.4. The case 1 < p < 2. Note that by virtue of Proposition [, the data satisfy the assumptions
of the theorem for the triplet (s — N/p + N/2,2,r). Hence, applying the theorem in the case
p = 2 supplies a local solution with the B;;N/ p+N/2 regularity. However, proving that the B; .

regularity is also preserved, is not utterly obvious. For proving that, we shall proceed as follows:

i) first, we smooth out the data so as to get a solution in H* := N, H? for which the B, ,
regularity is also preserved;
i1) second, we establish uniform bounds in B, on a fixed suitably small time interval;
i11) third, we show the convergence of the sequence of smooth solutions and that the limit

has the required properties.
Step 1: smooth solutions. Set
af = Spag, up = Spug and f":= S, f

where S, is the low frequency cut-off introduced in Section P
Note that for all large enough n € N and t € [0,Tp], we have

(49) a./2 < af < 2a*, HDaELHB;;; < C”DCL()HB;;},
(50) lug ||, < Clluollsg,
(51) 17 a0 < Ol ) and 7@z < 17Oz

It is also clear that (with obvious notation) Vaf and ug are in By (hence also in H*®) and
that f™ € C([0,To); H>) N L*([0, To]; BS.).
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Finally, taking advantage of Lebesgue’s dominated convergence theorem one may prove, if
r < 0o, thatf]
Daj — Day in Bs;' and (af —a@) — (ap— @) in LP" with @:=1/p,
ug — up in B;;l,
fr— fin LN[0,To); By,) N C((0, To; L?).
As usual, the strong convergence has to be replaced by the weak convergence if r = oo.
Applying Theorem [l| in the case p = 2 and using the fact that the lifespan does not depend

on the index of regularity (see Remark []), we get a local maximal solution (a™,u", VII") with
Da™, u™ and VII" in C([0,T;}); H*), and

(52) a./2 < a" < 2a”.
Note that as a™ and p™ are just transported by the (smooth) flow of u", we also have
(53) 10" (@) = D)l o= = N5 = Pllw < Cllpo =l e for all ¢ € [0,T5)

(and similarly for a”) and Va™ and Vp™ belong to C([0,T7); Bs,').

Let us now establish that VII" is in L'([0,T]; B5,) for all T € [0,T};). Fix some T € [0,T}).
Applying Operator div to the momentum equation of () and using that divu™ = 0 yields
(54) AII" = div (p" f") — div (p"u™ - Vu™) — Vp" - pu™.

According to Proposition [, F' + D?II is a self-map on B, ,. Hence, in order to show that
VII" € LY[0,T]; By ,), it suffices to establish that VII" € L([0,7];LP) and that AI" e
LY([0,T); By, ).

Let us first show that all the terms of the right-hand side of (F4) are in L([0,T ];B;;l).
Since, by assumption, " € L'([0,T]; B5,) and as it as been established that p" € L and
Vp" € Bi 1, Corollary [] implies that div (p" ™) € L*([0,T]; Bs,'). For the next term, we use
that for all 4 € {1,--- , N},

(p"u™ - Vu")' = Z Tp,n(un)j ju" + T, (un)ip"(u")j.
J
By embedding, p"u" and Vu™ are in LP" (recall that p* > 2 > p) and, arguing as for p"f",
one can check that p"u™ isin H*. Of course, Vu" is also in H*°. Given that 1/p =1/p*+1/2,
continuity results for the paraproduct and remainder in the spirit of Proposition [ (see [[L§])
ensure that p"u™ - Vu™ is in B;;l.
For the last term in (54), one may write that
Vo' - O™ = Thn - V" + Typn - Opu”.

As, by embedding, duu™ € L*°, and as Vp" € B;;l, continuity results for the paraproduct
ensure that the first term in the right-hand side is in B;;l. Concerning the second term, one
may use that Vp" € LP" (by embedding) and that dyu™ € H* (from the equation). Hence
AII" is indeed in L' ([0,T7; B5 '), as claimed above.

In order to establish that VII" € L'([0,T]; L?), we use the fact that, owing to div d;u™ = 0,
one may write

(55) ATT" = div (p"f" —p"u" - Vu" — (p" — ﬁ)@tun).

Hence, it suffices to check that p™f", p"u"-Vu" and (p" —p)0;u™ are in L'([0,T]; L?). For p"u"
this is obvious as, by embedding, f" € L([0,T]; L?) and u™ € Cy([0,T] x RY). By embedding,
we also have Vu" € C([0,T]; L) and u™ € C([0,T]; LP), hence p"u" - Vu™ is in L'([0,T]; LP).

To deal with the last term in (FJ) the property that (p" — 5) € C([0,T];LP") comes into
play. Indeed, from the velocity equation, as the solution is in H°, one easily gathers that O;u™

SRecall that (po—p) € L by assumption
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belongs to C([0,7]; L?). Hence Hélder’s inequality (note that 1/2 + 1/p* = 1/p) ensures that
(p" —P)ow™ € C([0,T7; LP).
To finish this step, one has to prove that u™ is in C([0,7)); B; ). In fact, from the product

laws in Besov spaces and the properties of regularity that have been just established for the
pressure and the density, we get

O +u" - Vu' = " = a"VII" € Lio(0,;); B} ).

As ug € B, ., Proposition B ensures that u™ € C([0, T}¥); By .).

Step 2: Uniform estimates. Let us remark that, by Sobolev embedding and owing to ([9), (FQ),
(B1), one may find some index o > d/2 + 1 such that (Da§)nen, (uf)neny and (f™),en are
bounded in H°~', H° and C([0,Tp]; L?) N L'([0, Ty]; H?), respectively. Taking advantage of
Theorem [l in the case p = 2 and of the lower bound provided by (Bf) we thus deduce that there
exists some time 7" > 0 and some M > 0 such that for all n € N, we have T,y > T and

(56) IVa"™ | Lge (ro—1) + ™| Lge 1oy + IV [ L1 5oy < M.

Of course the energy equality () is satisfied on [0, T] by any solution (a™,u™, VII"). Recall that
in addition, according to the previous step of the proof, (53) is satisfied and

Va* € C([0,T); By;Y), w"€cC(0,T];B5,) and VII" € L'([0,T]; B ).

We claim that, up to a change of T, the norm of the solution may be bounded independently of n
in the space Ep defined in Subsection [E.2. In all that follows, we denote by Cj; a “constant”
depending only on (s,p,r, N, a.,a*) and on M.

From Proposition [, we have

C [FIvur| o1 d
(57) IVa (), < IVaglp;, e Jo 190"l s

p,r

and, arguing as for proving Inequality (2§),

C [MIVun| o dr
o O, < e (g,

t _CfT V™|l gs—1 dr’ n * n n
(58) +/0 e 0 Bp.r (”f HBZSM‘ + (CL + HVCL ”B;;I)HVH ”B;’T)dT).
In order to bound VII", we apply the first part of Proposition [j to the following equation:
div (@"VII") = div (f" — u™ - Vu™).

Using the fact that B;;l is an algebra and the relation div (u" - Vu") = Vu™ : Vu", we end up
with

(59)
. . L 16" | e 5351y \* o
VI sy < C (17 gy + [ Ny, dr+ (14 ) IVl ):

In order to “close the estimate”, we now have to bound VII" in LP. For that, we apply the
standard LP elliptic estimates stated in Proposition f| to (F), and Holder inequality so as to get

t
IV llepery < € (0" (15" pieny + [ 1"
Note that, by Sobolev embedding, we have

[ | o < Cllw" || e

*

Valladr) + 16" = Bl |00 iy oz ).

So finally, there exists some constant Cj; such that

IVIT*|[ L1 (zpy < Cr-
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Plugging this latter inequality in (5g), we thus get

n < n ¢ n|2 HDanHLtoo(B;Sz,;l) °
VI iyg,) < C (1 Napg )+ [ 1907130 dr+ auCog (14— -
It is now easy to conclude this step: denoting

Un(t) := ”Un(t)HBf,,r and A"(t):=a" + HDa”(t)HB;;l,

and assuming that 7 < T has been chosen so that
T

(60) c/ IV oo dr < log 2,
0 T

the above inequalities and (f9), (BQ), (F1)) imply that for all ¢ € [0,7] we have
An(t) < 2A0 with AO =a* + HDCLOHBZ;I
and

t
U(t) < 2U(t) + Cp* Ao / (H fllgs, + (U™ + CMa*A8> dr.
i ,

So finally, there exists a nondecreasing function F' depending only on the norm of the data and
such that for all ¢ € [0,T], we have

U™(t) <2F(t) + Cp*Ag /Olt(U"(T))2 dr.

Therefore, if in addition
T

(61) ZC’AO/ U"(1)dr < ax
0

then we have U™ < 4F on [0, 7).

By arguing exactly as in the case p > 2, it is easy to see that Condition (§1) is satisfied if T
is small enough (an explicit lower bound may be obtained in terms of the data). So finally, we
have found a positive time 7' so that (a”,u", VII"),cn is bounded in the space Er.

Step 3: Convergence of the sequence. Let &u™ := u"tt —u", " = p"*t! — p" and dAI" =
"1 — 1" Applying Inequality ([[) to the solutions (p",u™, VII") and (p"+! v+l VII"HL)
and using the uniform bounds that have been established in the previous step, and (5J) ensures
that there exists some M > 0 such that for all ¢ € [0,7] and n € N, we have

(62) 19" ()l L2 + 0" ()]l 2 < J\4<||<5f)"(())IIL2 + [l (0] 2 + /Ot 107" || 2 dT)-

Now, from the definition of af and the mean value theorem, we get for large enough n,
100" (0)[| 2 < C27"||Dao|| 2
Similarly, we have
6™ (0) 122 + 10f" |1 22y < C27" ([lduoll 2 + 10f [l 1 (12))-

So Inequality (FJ) entails that (p" — p°)nen is a Cauchy sequence in C([0,T]; L?) and that
(u™)nen is a Cauchy sequence in C([0,T]; L?). Then, using for instance (Fj), we see that
(VII"),en is also a Cauchy sequence in C([0, T]; L?).

Finally, from the bounds in large norm that have been stated in the previous step, and the Fa-
tou property for the Besov space, one may conclude that the limit (a,u, VII) to (a”,u™, VII") ,en
converges to some solution ([l) and has the desired properties of regularity. As similar arguments
have been used for handling the case p > 2, the details are left to the reader.
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Let us now establish Theorem B in the case p < 2. Let (p,u, VII) be a solution with the
properties described in Theorem . Note that Lemma [f is also true if p < 2. So the only change
lies in the proof of Lemma [] which now uses the (new) lower bound for the lifespan that may be
obtained from the computations of step 2, instead of (Bf). This gives the first part of Theorem B,
As in the case p > 2, the last part of the proof of the theorem is a mere consequence of the
logarithmic interpolation inequality stated in [[L5].

4.5. Removing the assumptions on the low frequency of the data. As pointed out in
Section [l], in dimension N > 3, the supplementary assumption that (py—p) € LP" is not needed
if p>N/(N —1).

In order to see that, one may repeat the proof of the theorem in the case 1 < p < 2. As
before, bounding VII" in L.(LP) is the main difficulty. For that, one may decompose VII"
into two terms VII} and VII§ such that

AT =div (p"f" — p"u" - Vu"™) and AIly = Vp™ - duu™.
On the one hand, as before, one may write that
IVIIT ][ < Cp* (1" |r + [[u”]] Lo

On the other hand, we have

VU”HLZ).

VIIE = (=A)"'V(Vp™ - dpu™).
Recall that in dimension N > 2, the kernel of Operator (—A)~'V behaves as |z|'~". Hence,
according to the Hardy-Littlewood-Sobolev inequality, if 1/p + 1/N < 1 then we have
1 1 1

VI 1o < C|[Vp" - O™ wn 1oLl L
IVIIy|l» < C||Vp"™ - Opu"||za  wi p p+N

As (Vp™")peny may be bounded in C([0,7T]; LP) and, by embedding, (0;u™)neny may be bounded
in LY([0,T]; LY), in terms of Sobolev norms only, it is thus possible to get a bound of VII} in
LY([0,T); LP) in terms of the initial data. The rest of the proof goes by the steps that we used
before.

5. THE PROOF OF THEOREM
For T > 0, let us introduce the set Fp of functions (a,u, VII) such that
a€Cy([0,T] xRY),  DaeC([0,T); B5; 1),
u e C([0,T]; By ), VIIL € C([0,T}; L*) N LY([0,T); BS ,.).

Uniqueness in Theorem [ stems from Proposition . Indeed, we see that, as p < 4, any solution
(p,u, VI) in Pr satisfies u € C([0, T]; W) (according to Proposition P and to the remark that
follows) and VII € C([0,T]; L?). Therefore, using the velocity equation and Holder’s inequality,
we get

(63) (Opu— f) = —(u-Vu+ aVII) € C([0,T); L?).
Note that, as u and Vp are in C([0,7]; L*), we have
(64) Oip = —u-VpeC([0,T]; L?).

Now, consider two solutions (p1,u1, VII;) and (p2,us, VII) in Fp, corresponding to the same
data. Then (p3) implies that du := us — u; belongs to C'([0,T]; L?) while (f4) guarantees that
& := pa — p1 is in C([0,T]; L?). So Proposition § applies and yields uniqueness.

Let us now tackle the proof of the existence part of the theorem. We claim that if we restrict
our attention to solutions which are Fr then the assumptions of Lemma P are fulfilled so that
it suffices to solve System ([[§). Indeed, it is only a matter of checking whether Qu is in
C([0,T); L?). Applying Q to the velocity equation of ([[§), we get

0 Qu = Qf — Q(aVII) — Q(u - Vu).
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From the assumptions on f, the definition of Fp and the fact that Q maps L? in L?, we see
that the first two terms in the right-hand side are in C([0,T]; L?). Concerning the last term, we
just use the fact that, as pointed out above, u - Vu belongs to C([0,T]; L?) so and Q(u - Vu),
too.

Let us now go to the proof of the existence of a local-in-time solution for ([§) under the
assumptions of Theorem [J. Compared to Theorem [l, the main change is that we do not expect
to have u € C([0,T]; L?) any longer (i.e. the energy may be infinite). However, as the pressure
satisfies

—div (aVII) = div (u - VPu) — div f,
Lemma [] will ensure that VII € C([0,T]; L?) anyway if u - VPu belongs to C([0,T]; L?). In
view of Proposition [, Remark P] and Holder’s inequality, this latter property is guaranteed by
the fact that u € C([0,T7; B, ,.) for some p < 4.

Once this has been noticed, one may use the same approximation scheme as in Theorem [I: we
first set (a%,u®, VII?) := (ag, up,0). Next, we assume that (a”,u", VII") has been constructed
over RT, belongs to the space Fr for all T > 0 and that there exists a positive time T* such
that ([[g) is satisfied for all ¢ € [0,7*] and, for suitable constants Cy and C' (one can take
Co = 2C?),

(65) [Vamti(t)|| et < 2| Vao| g1 forall te[0,T7],
(66) U™ (t) < 4U(#) + Cop* Ao ([[div £l 1 -1y + (0" A0 1QF N2 2y )

n : . b2
(67) ax[VII|| Ly gy ) < C(HlefHLtl(B;ml) +(p AO)W/O (") + HQfHL2)dT)
with Ao := a* + || Dao|| gs-1, Uo(t) := lluollsg, + [ fllLy (s, and U™(E) := [[u"(1)| 5,

Arguing exactly as in the proof of Theorem [I], we see that if we define a"*! as the solution to

8ta”+1 +um Van—l-l’ \7?—%) = ap

then ([Ld) is satisfied for all time, Va™*! € C(RT; B, ') and

c [fur(r)dr
(68) V@™ (@)l] s < o V" Vag oo

So if we assume that 7™ has been chosen so that
T*
(69) C U"(t)dt <log2
0

then a"*! satisfies (63).

Next, we take u"*! to be the unique solution in C(R*; B ) of the transport equation (P7).
As before, the right-hand side of (27) belongs to C(R™; B;r) and one may use (). So finally,

the existence of u"™! € C(RT; By ) is ensured by Proposition H, and we have

t KL
"+ @), < <O (HUOHB;;,T

-C ") d
+ [T (e + [V 9T, + ) )

Therefore, if we restrict our attention to those t that are in [0,7*] with T* satisfying (59), and
use Inequality (Bg), we see that for all t € [0, 7],

t
Un+1(t) < 2Uy(t) + CA()/ HVHnHBﬁr dr with Ag:=a" + ”VCLOHB;*L
0 ' i
So if we assume that Cy = 2C? and that 7% has been chosen so that

T* 1
(70) C?%p* Ay Un(t)dt < 5
0
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then taking advantage of Inequality (67), we see that u"*! satisfies (6@) on [0,7*].

To finish with, in order to construct the approximate pressure II"t! we solve the elliptic
equation (B3) for every positive time. Recall that we have div (u"™! .- VPu"t!) € B! and that

Idiv (u™* - VPu )| per < C(UT

Next, given our assumptions on (s, p,r) we have By, — W14, Therefore, since P maps L* in
L%, one may write

[ TP < | Pun g,
< Ol pallu™ s,
< C(U"+1)2-

Therefore, the second part of Proposition [] ensures that VII"*! is well defined in C(R*; L?) N
Lj,.(RT; Bs ) and that

. % t n 2
VI 35 < (i Sy g 2y + (4 571D 1) [ @4+ 1Q7 52) dr ).

Taking advantage of Inequality (BH) at rank n + 1, one can now conclude that VII"*! satis-
fies (67).

At this stage we have proved that if Inequalities (65), (5) and (67) hold for (a",u", VII™)
then they also hold for (a"*! u"*1 VII"*!) provided T* satisfies Inequality (f(). One may
easily check that this is indeed the case if we set

(71) T = sup{t > 0/ p* Agt(Un(t) + o Aol div £l 3 s-1) + (0" A0) Q11 1)) < €}

for a small enough constant ¢ depending only on s, p and N.

Once the bounds in Fp« have been established, the last steps of the proof are almost identical
to those of Theorem [l. Indeed, introducing

t

a"(t,x) :==a"(t,x) —ap(x) and u"(t,z):=u"(t,x) — up(z) —/ f(r,z)dr
0

and observing that qu” := u"* —u™ = 4"t — 4", one can use exactly the same computations as

before for bounding d&™, &u™ and VJII". As a consequence (a",u", VII") is a Cauchy sequence

in C([0,T*]; L?). Next, the bounds (), (f6)) and (f7) enable us to show that the limit is indeed

in FPr and satisfies ([[§). The details are left to the reader.

Let us finally establish the continuation criterion. Note that Lemma [ still applies in the
context of infinite energy solutions. Hence, repeating the proof of Lemma [] and using the loga-
rithmic interpolation inequality of [[5] yields the result. This completes the proof of Theorem B,

6. THE PROOF OF THEOREM [

In this section, we aim at investigating the well-posedness issue of System ([J) in Holder spaces
C* (which coincide with the Besov spaces B3 if s is not an integer), and, more generally, in
Besov spaces of type Bg, . Of particular interest is the case of the Besov space Béql which is
the largest one for which Condition (C') holds.

The main difficulty is that the previous proofs where based on the elliptic estimate stated in
Proposition [{ which fails in the limit case p = oo. In this section, we shall see that the case of
a small perturbation of a constant density state may be handled by a different approach.

00,00
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6.1. The proof of uniqueness. Note that in the case p > 4 the solution provided by The-
orem [ need not satisty VII € L!([0,T]; L?). Hence 0;u need not be in L!([0,T]; L?) and the
assumptions of Proposition f§ are not satisfied.

So, in order to prove uniqueness, we shall prove stability estimates in LP rather than in
L?. These estimates will be also needed in the last step of the proof of the existence part of
Theorem .

Consider two solutions (p1,u1, VII1) and (p2,uz, VII2) of (). Let a; :=1/p; and as := 1/pa.
As usual, denote d :=as — a1, du:=ug —uq, VAl := VII, — VII; and §f := fo — f1. First, as
divus = 0 and

Orda + ug - Voo = —u - Vay,

one may write

t
(72) 16a(t)[|z» < |da(0)][z» +/0 IVa || Lo [[0ul| e d.
Next, as
Ordu + ug - Véu = 6f — du - Vuy — VI — ax VA,

we have
t
(73) 18u(®)llcr < 80O 1+ [ (16 o+ V]l o+ | VI | ] +a” VAT )

Finally, we notice that VI satisfies the elliptic equation
(74) div (aaVAI) = div §f — div (V1) — div (du - Vug) — div (ug - Véu).
The key point here is that, owing to divus = divdu = 0, we have
div (ug - Véu) = div (du - Vug).
Hence Equality (f4) rewrites
a AdI = div §f + div ((ax — a2)VAI) — div (aVII;) — div (du - V(u1 + u2))
so that the LP elliptic estimate stated in Proposition fj implies that
a.|VaL| o < C(10f e + (" — @) VAL o + [V o 8] o + [V (un + ) s |G o ).
If the quantity a*/a, — 1 is small enough then we thus have, up to a change of C,

@[Vl o < C([|6f | + | VL[l zoc [|&al| o + |V (1 + )| oo 6] 2 ).

Plugging this latter inequality in (7J) then adding up Inequality (73), we get
[1(6a, u) (@) ||z» < [|(6a, &u)(0)|Lr

t
+C /0 (Ifll2r + (1Yl e + [zl o + [Varllzoe + VI o) [ (8, 6 20 ) dr-

Applying Gronwall’s lemma yields the following result which obviously implies the uniqueness
part of Theorem H:

Proposition 9. Let (p1,u1, VIIy) and (p2,uz, V) be two solutions of ([l) on [0,T] xRN such
that for some p € (1,00),

e du:=az—a; and du:=ug —uy are in C([0,T]; LP),
e VIl := VI, — VI is in L*([0,T]; LP),
and for some positive real numbers a, and a* such that a, < a*,
ax < ay,as < a*.
There exists a constant ¢ depending only on p and on N such that if

a* —a, < cay
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and if for all t € [0,T],
t
V(t) == /0 (IVurllzee + [[Vuellpe + [Var|[ree + VI [[£) dT < 00

then the following inequality is satisfied:
t
(6, 80O < €7 (G, 8OV + € [ VO () dr ).
0

6.2. A priori estimates. Here we assume that (p,u,VII) is a solution to () on the time
interval [0,7] with the B3 , regularity. We want to show that if 7" has been chosen small

0o,r
enough then the size of the solution at time ¢t < T is of the same order as the size of the data.

First, it is clear that we have
ae < a<a”.

Moreover, one may write thanks to Proposition :
C [ ullgs  d
(75) IVa(#)]| ger < e Jo s, "Vl et

and for the velocity, we have, as in the case p < oo,

cf d
Ju®)lne, < o5 (ug

t T
-C s dr’
(76) +/0 o C S5 iz, dr (HfHng 4 ||a\|ng\|vn||ng) dT).
Note that applying standard LP estimates for the transport equation yields

t t
() Ju®)lz < ollr + [ 111w dr +a* [ 91 o

As Propositions | and [f fail in the limit case p = oo, in order to bound the pressure, we have to
resort to other arguments. Now, dividing the velocity equation of (fl) by p and applying div,
we get

(78) aAll = div f — div (u - Vu) +div ((@ — a)VII) with a:=1/p
and, by virtue of the Bernstein inequality, we have
VI < A AVII|pe  + (1d— A ) VIT|ps .
< C|VH|r + |(1d = A1)V g, -

On the one hand, in order to bound the LP norm of VII, we simply apply the standard LP
elliptic estimate (see Proposition ) to (7g). We get

a| VI o < C(I1QF [1r + [l [ Vul o + |[a = af o [ VIT|1» )
Hence, if a*/a — 1 is small enough then
(79) a| VL < C(IQf o + [l o |Vl o< )

On the other hand, for bounding the high frequency part of the pressure, one can use the fact
that Operator V(—A)~1(Id — A_1) is homogeneous of degree —1 away from a ball centered at
the origin, hence maps B;;l in By, (see e.g. [@], Chap. 2). Therefore we have

al(ld — A )VIllp,, < CalAllj .y,
C(Hdiv fHngl + ||div (u - VU)Hng} + ||div ((@ — a)VH)”B;})

A

In order to bound the second term, one may combine the Bony decomposition and the fact that
divu = 0. This gives
div (u- Vu) = (2Tp,,:0;u" + O, R(v/, dju')).
Z"j
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Thus applying Proposition f], we may write
[div (u- V)l -1 < Cl[Vull oo [|ull B, , -
Finally, as BS, , is a Banach algebra, we have
Jdiv (@ — )VID) | o1 < Clla —allz [V 5.,
Putting this together with (9), one may conclude that there exists a constant ¢ such that if
(80) la —allpee(ps, ,) < ca
then
@) (Vi + [IVI[sy, ) < OIS e + [Idiv fll gg-r + lullzrnps, , Vel z).

Let us assume that T has been chosen so that

T
(s2) C [ IVullpe s < log2
and that the initial density is such that
_ C_
llap — aHng} < 3@

Then (B() is fulfilled and, combining Inequalities (76), (77) and (B1]), we get

t
U(t) < 200(0) + Cpllaol ., | (1QF o + div g0 + U2)
with
t
U(t) = ”u(t)”L”ﬂBéo,r and Uy(t) := HUO”LFOB@OJ —l-/o HfHLpnto’r dr.

It is now easy to find a time T" > 0 depending only on the data and such that both Condition

(B9) and
U(t) < 4Uy(t) for all t € [0,T]

are satisfied.

6.3. The proof of existence. This is mainly a matter of making the above estimates rigorous.
We have to be a bit careful though since the data which are considered here do not enter in the
framework of Theorems f] and .

As a first step, we construct a sequence of smooth solutions. In order to enter in the Sobolev
spaces framework, one may proceed as follows.

For the density, one may consider pfy := p+S5,(¢(n™1-)(po—p)) where ¢ is a smooth compactly
supported cut-off function with value 1 on the unit ball of RY. Obviously, p§ — 7 is in H*®
and converges weakly to pg —p when n goes to infinity. In addition, by using the fact that ¢ is
smooth and that BS, , is an algebra, one may establish that there exists some constant C' such
that for all n € N,

5 = PliBs,, < Clipo —7liBs, -

Similarly, for the velocity, one may set u? := S, (¢(n"!-)ug) and for the source term, fm :=
o *t (Sn(d(n~1) - f)) where the convolution is taken with respect to the time variable only and
(an )nen is a sequence of mollifiers on R.

Applying Theorem [ll thus provides a sequence of continuous-in-time solutions with values in
H®°, defined on a fixed time interval. Then applying the above a priori estimates, it is easy
to find a time T independent of n for which the sequence (p",u", VII"),en is bounded in the
desired space.

For proving convergence, one may take advantage of the stability estimates in LP. The proof
is similar to that of Theorem EI in the case 1 < p < 2 and is thus omitted.
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6.4. A continuation criterion. This paragraph is dedicated to the proof of the following
continuation criterion:

Proposition 10. Assume that s > 1 (or that s > 1 if r =1). Consider a solution (p,u, VII)
to () on [0,T[xRY such that for some p € (1,00) we have

e pcC([0,7); B ),

e uwec(0,7); B, N L),

e VIl € L*([0,T); BS, . N LP).
There exists a constant ¢ depending only on N and s such that if for some p > 0 we have

T
sup [lp(t) ~pllos,, <cp and [ [Vullp dt < o0
0<t<T ’ 0

then (p,u, VII) may be continued beyond T into a B, solution of ().

oo,r
Proof. Applying the last part of Proposition | and product estimates to the velocity equation
of ([l) yields for all t € [0,7),

C [TVl Lo d
lu(t)13s, . < o IVele a7 (g 5.

t T /
s [[ ORIV (1 ol VT, ) ).

Let us bound the pressure term according to Inequality (B]). Combining with (77]) and ([9), we
eventually get

t
||u(t)||LPﬂBgo’r S eCfO IVl oo dT(HuOHBgo’T

t e ,
+p/0 e~ C o Iullzeo dr lallss,,, (1 llonms, , + lullrass, Vel ) dT)'

So applying Gronwall’s lemma ensures that u belongs to L>([0,T); LPNBS, ;). From this point,
completing the proof is similar as for the previous continuation criteria. O

Remark 4. As in the By, framework, an improved continuation criterion involving ||[Vul zo
instead of ||VullL~ may be proved for the BS,, regularity, if s > 1. The details are left to the

oco,r
reader.

APPENDIX A. COMMUTATOR ESTIMATES

Here we prove two estimates that have been used for estimating the pressure. The first result
reads:

Lemma 6. Let (s,p,r) satisfy Condition (C). Let ¢ be in (—1,s — 1]. There exists a constant
C' depending only on s, p, r, ¢ and N such that for all k € {1,--- N}, we have

|9bla, Aglwllzr < Ceg2 | Vall gy s [[wlss, for all q > —1
with [|(cq)g>-1ller = 1.

Proof. We follow the proof of Lemma 8.8 in [[1]]. Let @ := a — A_ja. Taking advantage of the
Bony decomposition ([f), we rewrite the commutator asf]

(83) Ik(la, Aglw) = Ok ([T;, Agw) + akT,Aqwa — Ok ATa + Ok[A—1a, Aglw .
—_— ) Y
Ry R? R R

From the localization properties of the Littlewood-Paley decomposition, we gather that

Ri= Y 0u([Sy—1a,AgAgw).

q
lg' —q|<4

O6Recall the notation Thv := Tyv + R(u,v).
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Note that Ré is spectrally supported in an annulus of size 29. Hence, combining Bernstein’s
inequality and Lemma 2.97 in [Bf], we get

IRgllr <C > VS| Agwl|re,
la’—q|<4
whence for some sequence (¢4)q>—1 in the unit sphere of ¢",

(84) IRgllzr < Cecg2™®|[Val|po|w] s,

To deal with Rg, we use the fact that, owing to the localization properties of the Littlewood-
Paley decomposition, we have

RI= > 0u(Syr2lquwAya).
q'>2q—2
Hence, using the Bernstein and Hélder inequalities and the fact that @ has no low frequencies,
IR < C Y [ISys2lqwllr=||AgVal s,
q'>q—2
N ’ _N / ~
< 0279 94( 5 +1-=s) Z 9(a—q )(3—1)(2‘1(< p)”Aqw”Lw) (27 (s_l)HAq/VCLHLP).
q'>q—2

Therefore, by virtue of convolution inequalities for series and because N/p+1—s <0,

2 —
(85) 1R < Ceg2 ™| Vel gyl .
Next, Proposition [] ensures that, under the assumptions of the lemma, the paraproduct and the

remainder map B, X By . in Bj,. As moreover we have
’ ) ’

(86) lalls;, < ClIVal| gs-1,
one may conclude that
(87) IRGNlze < Ceg2™*|[Val| gs-1 |wll g3,

Finally, as the last term R;l is spectrally localized in a ball of size 29, Bernstein’s inequality
ensures that

IRgllzr < C29||[A-1a, Aglwl|e.

Then, resorting again to Lemma 2.97 in [B], we get

(83) IRgllzr < Cecg2 || Val|po w5,
Putting Inequalities (§4), (BH), (B7) and (BY) together and using Proposition | completes the
proof of the lemma. O

Lemma 7. Let ¢ > 0 and 1 < p,r < oco. There exists a constant C such that
10kla, Aglwl||rr < ch2—q<(HVaHLooHwHB;,T + H’U)HL“’HV@”B;,T) forall ¢ > —1
with [|(cq)g>-1ller = 1.

Proof. We use again Decomposition (83). We have already proved in (B4) and (B§) that R and
Ré satisfy the desired inequality. Concerning RS, recall that

IR <C Y [1Sy—1Aqw] 1< [[AyVal| s,
q'>q—2

whence
IR2||e < C27% > 2070 |fw| oo 27| Ay V]| o
q'>q-2

As ¢ > 0, convolution inequalities for series yield the desired inequality for Rg.
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According to Proposition f], we have
1Tl 50 < Clhollzoe ] g

Hence, as ||al| Bt < C[|Va| g, the term RZ’ satisfies the required inequality. O

APPENDIX B. A BERNSTEIN-TYPE INEQUALITY

Lemma 8. Let 1 < p < oo and u € LP such that Supptd C {£ € RV /Ry < |€] < Ro} for some
real numbers R and Ro such that 0 < Ry < Ro. Let a be a bounded measurable function over
RN such that a > a, > 0 a.e. There exists a constant ¢ depending only on N and Ry/R1, and
such that

—1
(89) ca <pp—2>R% / |ulP dx < (p — 1)/(1|Vu|2|u|7”_2 dx = —/div (aVu) |uP~2u dz.

Proof. The case a = 1 has been treated in [J] and readily entails the left inequality in (B9) for
one may write, owing to the case a =1,

ca. R%/!u\”d:c épQ/a*!Vu\z\u!p‘Q do Sp2/a!Vu\2]u\p_2 da.

Let us now justify the right equality in (B9). In the case p > 2, it stems from a straightforward
integration by parts.

Let us focus on the case 1 < p < 2 which is more involved. Smoothing out a if needed, one
may assume with no loss of generality that a is in W1, Let T.(z) = Vo2 + €2 for z € R and
€ > 0. We have

= [ v @@y T e = (= 1) [ alVuP T (T @) da
R R

+ [ alVulT! (T () do.
R
In view of the monotonous convergence theorem,
lim a]Vu\leé(u)\2(TE(u))p_2 dx = / a|Vul? [ulP~2dz € RT.
e—0 JrRN RN

Next, we notice that
(90) |div (aVu)(Te(u))p_lTE/(uﬂ < |u[P7|div (aVu)|.

Now, as a € WH* and wu is a smooth function with all derivatives in LP (owing to the spectral
localization), one may write
div (aVu) = aAu + Va - Vu,
hence div (aVu) is in LP and the right-hand side of (90) is an integrable function. So finally
Lebesgue’s dominated convergence theorem entails that
lim div (aVu)(T. (w))P 7 T (u) dz = / u|uP~2div (aVu) dz.
e—0 JRN RN

Therefore

(91) (p— 1)/ a|Vul? [ulP~2 dz < —/ u|uP~2div (aVu) de < oo.
RN RN

In fact, equality does hold. Indeed, whenever x # 0, the term 7. (z)T.(z)?~! tends to 0 when
€ goes to 0 and

/1

T xp—lz xp—2 (E/‘T)2 xp—2
T T o = e <

Therefore, as, according to (PI]), the function |Vu|? |u[P~=2 is integrable over RY, we get

lim [ a|Vul*T (u)(Te(u)P ! dz = 0.
#0

e—0Jy
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On the other hand, as u is real analytic,
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22]

/ VT (u)(To ()P~ dz = P2 / alVul? = 0.
u=0 u
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