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Non-uniqueness of weak solutions for the fractal Burgers equation
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ABSTRACT. The notion of Kruzhkov entropy solution was extended by the first author in 2007 to
conservation laws with a fractional laplacian diffusion term; this notion led to well-posedness for the
Cauchy problem in the L*°-framework. In the present paper, we further motivate the introduction
of entropy solutions, showing that in the case of fractional diffusion of order strictly less than one,
uniqueness of a weak solution may fail.
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1 Introduction

This paper contributes to the study of the so-called fractal/fractional Burgers equation

Ou(t, ) + Oy <u;> (t,x) + Lalu](t,z) = 0, (t,x) e RTx R, (1.1)

u(0,z) = wo(x), zeR, (1.2)

where £ is the non-local operator defined for all Schwartz function ¢ € S(R) through its Fourier
transform by

F(LA[LD(©) = [E*F(@)(§)  with X € (0,1); (1.3)

i.e. Ly denotes the fractional power of order A\/2 of the Laplacian operator —A with respect to
(w.r.t. for short) the space variable.

This equation is involved in many different physical problems, such as overdriven detonation
in gas [[4] or anomalous diffusion in semiconductor growth [RY], and appeared in a number of
papers, such as [{, [d, B, B, [[4, B3, B1, I8, I, &, B2, P4, B4, B7. @, [, P, [J]. Recently, the notion of
entropy solution has been introduced by Alibaud in []] to show the global-in-time well-posedness
in the L°°-framework.

*nathael.alibaud@ens2m.fr
thoris.andreianov@univ-fcomte. fr



For the range of exponent A > 1 the notion of weak solution (i.e. a solution in the sense
of distributions; cf. Definition R.3 below) is sufficient to ensure the uniqueness and stability
result, see the work of Droniou, Gallouét and Vovelle in [I7]. It seems that such results could be
generalized to the critical case A = 1, as suggested by the works of Chan and Czubak in [[[3] and
Miao and Wu in [B7] for a large class of initial data (either periodic or L? or in critical Besov
spaces).

In this paper, we focus on the range of exponent A € (0,1). By analogy with the purely
hyperbolic equation A = 0 (¢f. Oleinik [P§] and Kruzhkov [RF]), a natural conjecture was that
in that case a weak solution to the Cauchy problem ([[.1)-([.3) need not be unique. Indeed, it
has been shown by Alibaud, Droniou and Vovelle in [JJ] that the assumption A\ < 1 makes the
diffusion term too weak to prevent the appearance of discontinuities in solutions of ([L.1); see
also the work of Kiselev, Nazarov and Shterenberg in [24]. To the best of our knownledge, yet it
was unclear whether such discontinuities in a weak solution can violate the entropy conditions

of .
Here we construct a stationary weak solution of Problem ([L1)-(L.9), A < 1, which does

violate the entropy constraint (constraint which can be expressed under the form of Oleinik’s
inequality, c¢f. [2§]). Thus the main result of this paper is the following.

Theorem 1.1. Let A € (0,1). There exist initial data ug € L*(R) such that uniqueness of a
weak solution to the Cauchy problem (L1)-(L.9) fails.

2 Preliminaries

In this section, we fix some notations, recall the Lévy-Khintchine’s formula for the fractional
Laplacian and the associated notions of generalized solutions to fractal conservation laws.

2.1 Notations

Sets. Throughout this paper, R* denote the sets (—00,0) and (0, +00), respectively; the
set R, denotes R\ {0} and R denotes {—oo} UR U {+o0}.

Derivatives from the right. A function m : RT™ — R is said to be derivable from the right

at to > 0 if the limit lim %Zj(to) exists in R; in that case, this limit is denoted by m/.(¢¢).
—tlo

Function spaces. Further, C.° = D denotes the space of infinitely differentiable compactly
supported test functions, S the Schwartz space, D’ the distribution space and S’ the tempered
distribution space. The space of k times continuously differentiable functions is denoted by C*
and le denotes the subspace of functions with bounded derivatives up to order k (if k& = 0,
the superscripts are omitted); C. denotes the subspace of C' of functions with compact support
and Cy the closure of C, (for the norm of the uniform convergence); LP and HP denotes the
classical Lebesgue and Sobolev spaces, respectively; the space of bounded variation functions is
denoted by BV. Without anymore precision, these spaces are endowed by their usual strong
topologies.

Weak-+ topology in BV. The space L'(R) N BV (R) endowed with the strong topology
of L' and the weak-x topology in BV is denoted by L'(R) N (BV(R))

ey’ 1€

v, — v in L'(R),

[vp — v in LYR) N (BV(R)),,.,] < {amvk ¥ 9pv in CA(R).
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The same way, (BVo.(R)),,., NVH}

L (R\{0}) denotes the topological space whose convergence
notion is defined by:

_ _ —vin H' R\ [-R, R]), VR > 0,
[og = 0 in (BVige(R)) o, N Hb(R {0])] 4= { % 7010 A LR E]
Ovp — Oyv in CL(R).

Spaces of odd functions. In our construction, a key role is played by the spaces of odd
functions v which are in the Sobolev space H!

H, = {v c H' | v is odd};
notice that v € H!, (R,) can be discontinuous at zero so that v(07) = —v(0T) in the sense of
traces, whereas v(07) = v(07) =0 if v € H} ,(R).
Throughout, H!,,(R.) and more generally H'(R,) are considered as subspaces of L%(R).
The gradient of v € H(R,) in D’'(R) is denoted by d,v, so that (Ozv)|,. € L?(R) is the gradient
of v in D'(R,). Notice that (9yv),, = 9yv almost everywhere (a.e. for short) on R if and

only if (iff for short) v is continuous at zero; in the other case, one has d,v ¢ L} (R). For
the sake of simplicity the product [, (9,v) 1, (Oop),  (with ¢ € H L(R,)) is sometimes denoted

by fR* 0V Oz 0.

Identity and Fourier operators. By Id we denote the identity function. The Fourier
transform F on §'(R) is denoted by F; for explicit computations, we use the following definition
on L'(R):

F(v)(&) ::/e_2i7rx€v(x) dz.

R

Entropy-flux pairs. By 7, we denote a convex function on R; following Kruzhkov [RJ], we
call it an entropy and q : u — fou sdn(s) is the associated entropy flux.

Truncature functions. The sign function is defined by:

. +1 if +u >0,

s {0 ifu=0.

During the proofs, we shall need to regularize the function
u +— min{|u|,n + 1} signu,

where n € N, will be fixed; T}, denotes a regularization satisfying
T, € Cp°(R) is odd,
T,=Idon [-n+1,n—1], (2.1)
|T,| < n.

2.2 Lévy-Khintchine’s formula
Let A € (0,1). For all p € S(R) and = € R, we have

a:—i—z p(x
E —G/ \z]“”\ ()dz, (2.2)

A(HE2)
27r13'“r(1—%)
According to this formula, £ extends to a bounded linear operator acting from C} (R) to Cy(R).

where G = > 0 and T is Euler’s function, see e.g. [Id, [9J] or [I§, Theorem 2.1].



2.3 Entropy and weak solutions
Formula (.2) motivates the following notion of entropy solution introduced in [f].

Definition 2.1. (Entropy solutions)

Let A € (0,1) and up € L®(R). A function u € L>®°(R* x R) is said to be an entropy solution
to ([LI)-(T) if for all non-negative test function ¢ € C°([0,00) x R), all entropy n € C1(R)
and all » > 0,

/ / / u)Opp + q(u)Oep)

+ G /R+ /R/z>r 7' (u(t, z)) ult,@ Tjg_;\ ut,) o(t, ) dtdzdz
+ G /W/]R/||< 77(u(t‘,:c))(p(t’xJ’rjl);A 2T ez > 0. (23)

Remark 2.1. In the above definition, r plays the role of a cut-off parameter; taking r > 0 in
(B-3), one avoids the technical difficulty while treating the singularity in the Lévy-Khintchine’s
formula (by doing this, one looses some information, recovered at the limit r — 0). Let us
refer to the recent paper of Karlsen and Ulusoy [PJ] for a different definition of the entropy
solution, equivalent to the above one; note that the framework of 23] encompasses Lévy mixed
hyperbolic/parabolic equations.

The notion of entropy solutions provides a well-posedness theory for the Cauchy problem
for the fractional conservation law ([L.1)); the results are very similar to the ones for the classical

Burgers equation (cf. e.g. B8, B9)).

Theorem 2.1 ([l]). For all ug € L>°(R), there exists one and only one entropy solution u €
L®(R* xR) to Problem ([L.1)-(.7). Moreover, u € C([0,+00); L} (R)) (so that u(0) = ug), and

loc

the solution depends continuously in C([0,+00); L1(R)) on the initial data in L*(R) N L>®(R).

As explained in the introduction, the purpose of this paper is to prove that the weaker
solution notion below would not ensure uniqueness.

Definition 2.2. (Weak solutions)
Let ug € L%®(R). A function u € L>®(R* x R) is said to be a weak solution to ([L.1)-([.9) if for
all p € C°([0,00) x R),

/R+/R <Uat90 + u;(%cp - uﬁx[¢]> + /Ruogo(O) = 0. (2.4)

3 Oleinik’s inequality

Notice that it can be easily shown that an entropy solution is also a weak one. The converse
statement is false, which we will prove by constructing a weak non-entropy solution. A key fact

here is the well-known Oleinik’s inequality (see [R§]); in this section, we generalize it to entropy
solutions of the fractal Burgers equation.



Proposition 3.1. (Oleinik’s inequality)
Let ug € L®(R). Let u € L®(R* x R) be the entropy solution to ([L1])-(L.Y). Then, we have for
allt >0

Opu(t) < in D'(R). (3.1)

~+ | =

Remark 3.1. This result can be adapted to general uniformly convex fluxes. Moreover, we
think that in this case, the Oleinik’s inequality gives a necessary and sufficient condition for
a weak solution to be an entropy solution (as for pure scalar conservation laws, cf. [, Bj).
Nevertheless, for the sake of simplicity, we only prove the above result, which is sufficient for
our purpose.

In order to prove this proposition, we need the following technical result:

Lemma 3.1. Let v € C' (Rt x R) be such that for allb > a > 0,

lim  sup v(t,z) = —oc. (3.2)
|z|=+00 te(a,b)

Define m(t) := maxger v(t, ) and K(t) := argmax, g v(t,x). Then m is continuous and deriv-
able from the right on RY with mj.(t) = max,e k) Opv(t, ).

For a proof of this result, see e.g. the survey book of Danskyn [[[§] on the min max theory; for
the reader’s convenience, a short proof is also given in Appendix [A]. We can now prove Oleinik’s
inequality.

Proof of Proposition [3.]. For € > 0 consider the regularized problem

2

Osue + Oy <%> + Ly[u:] — E@%xua = 0 in RT xR, (3.3)

us(0) = wy on R (3.4)

It was shown in [[[7] that there exists a unique solution u. € L% (R* x R) to Problem (B.3)-(B.4)
in the sense of the Duhamel’s formula, and that u. € Cp° ((a,+00) x R)) for all a > 0. Further-
more, it has been proved in [[] that for all T > 0, u. converges to u in C ([O, T; L}OC(R)) ase — 0.
Inequality (B.1]) being stable by this convergence, it suffices to prove that u. satisfies (B.1]).

To do so, let us derivate (B.3) w.r.t. z. We get

Opve + %2 + ue Opv: + Ly|ve] — E@%xva =0, (3.5)

with v := du.. Introduce a “barrier function” ® € C?(R) such that ® is non-negative, ®' and
®" are bounded and
‘ ‘lim ®(x) = +o00. (3.6)
x|——+400
One can see that £,[®] is bounded, see e.g. [f, Lemma B.0.1]; hence, there exists a constant Cg
such that [|0,®||oo + |02, @l0o + [|LA[®]]|ec < Cp. For § > 0 and t > 0, define

mg(t) := max {ve(t,z) — 6P (z)} .



Define Ks(t) := argmax,cp {ve(t,z) — 0®(x)}. This set is non-empty and compact, thanks to
the regularity of v. and (B.f); moreover, by Lemma B.1|, ms is derivable from the right w.r.t. ¢
with:

(me) (1) = masx e (t,) = O (1 25(1)

for some z5(t) € Ks(t). This point is also a global maximum point of v.(t) — @, so that
Ouve(t, 25(t)) = 60, ®(x5), 02 v(t,x5(t)) < 692, ®(x5) and Ly [ve] > SLA[®] (¢, 25(t))
(the last inequality is easily derived from (P.J)). We deduce that
10,v:(t,25(1))| < 0Cp, 02 v(t,z5(t) <5Cp and L) [ve] (t,z5(t)) > —6Cs.

By (BH), we get (ms), (t)+v2(t, z5(t)) < C9, for some constant C' that only depends on €, ||uc||oo
and Cg. But, by construction mg(t) = ve(t, z5(t)) — 0®(zs5(t)) and ® is non-negative, so that

(ms). (t) + (ms(t) + 0®(x5(t)))* < C5 and  (my). (t) — C8 + (max{ms(t),0})* < 0.

Now we set ms(t) := mg(t) — C6t. Because the function r € R — (max{r,0})* € R is non-
decreasing, we infer that ms € C(R™) is derivable from the right with

(), (£) + (max{ms(t),0})* < 0

for all + > 0. By Lemma [B.] in Appendix [B, we can integrate this equation and conclude
that ms(t) < 1 for all t > 0.
Finally, it is easy to prove that ms(t) = ms(t) — Cdt — sup,cpve(t,z) as § — 0, so
1

that sup,cg Ozue(t,2) < ¢ (pointwise, for all ¢ > 0). This proves (B.]) for u. in the place

of u, and thus completes the proof of the proposition. |

4 A stationary regularized problem

The plan to show Theorem ([[.) consists in proving the existence of an odd weak stationary
solution to ([L.]) with a discontinuity at = 0 not satisfying the Oleinik’s inequality. This non-
entropy solution is constructed as limit of solutions to regularized problems, see Problem ({.9)
below. This section focuses on the solvability of these problems. This is done in the second
subsection; the first one lists some properties of £ that will be needed.

4.1 Main properties of the non-local operator
In the sequel, £, is always defined by the Lévy-Khintchine’s formula (B.2).

Lemma 4.1. Let A € (0,1). The operator Ly defined by the Lévy-Khintchine’s formula ([2.9)
engjoys the following properties:

(i) The linear operators Ly and Lo are bounded as operators

(a) Ly: Ob(R*) N Ol(R*) - O(R*);
(b) Lx: H'(Ry) — Lj,(R) N L, (R\ {0});

(c) Ly:L'(R)N(BV(R)),,_, — LYR);

w =%



(d) Ly : H'(R,) — L*(R).

(ii) If v € HY(R,), then Definition ([L.J) of Ly by Fourier transform makes sense; more pre-
cisely,

Ly = F7 (6= [EPF@)©)  in S(R).

(iii) For all v,w € H'(R,),

[ asilw= [ oealul= [ £bl £xalul

(iv) Ifv e HY(R,) is odd (resp. even), then Ly[v] is odd (resp. even,).

(v) Let 0 # v € Cp(R.) NCHR,) be odd. Assume that x, > 0 is an extremum point of v such
that
v(zy) = max v and v(zy) > 0 (resp. v(wy) = min and v(z,) < 0).

Then, we have Ly[v](zy) > 0 (resp. Ly[v](zs) <0).
Remark 4.1. Ttem (v) can be interpreted as a positive reverse maximum principle for the frac-

tional Laplacian acting on the space of odd functions.

The proofs of these results are gathered in Section [g.

4.2 The regularized problem

Throughout this section, € > 0 is a fixed parameter. Consider the space H Oldd(R*) with the
scalar product

(v,w) :==¢ . { (vw + 020 Bpw) + L jo[v] Ly j2[w]} - (4.1)

By the item (i) (d) of Lemma [, (-,-) is well-defined and its associated norm || - || := /(,-) is
equivalent to the usual H'(R,)-norm; in particular, Holdd(R*) is an Hilbert space.

Let us construct a solution v € H!,,(R,) to the problem

2
e(ve — 02,v2) + O (%) + Li[ve] =0 in Ry, (4.2)
v (0%F) = +1, (4.3)

where Equation ({.9) is understood in the weak sense (e.g. in D’(R,)) and the constraint ({.J)
is understood in the sense of traces. Setting

O(x) := (1 — |z|)" sign =, (4.4)

we equivalently look for a weak solution of ([.3) living in the affine subspace of Holdd(R*) given
by
E:=0+H:,R) = {ve H! (R, ! v(0F) = £1 in the sense of traces }.

Here is the main result of this section.



Proposition 4.1. Let A € (0,1) and ¢ > 0. FEquation (.3) admits a weak solution v. € E
satisfying

0 <wv.(x)signxz <1 forallxz€R,, (4.5)
2 2
sup / {6(8wv€)‘R* + (Ly/2[ve]) } < 400. (4.6)
e€(0,1) JR

Proof. The proof is divided into several steps.

Step 1. We first fix ¥ € E and introduce the auxiliary equation with modified convection

term:
)
e(v — 92,0) + pn Oy (M) + Ly[v] =0, (4.7)

where for n € N, the truncation functions 7}, and p,, are given by (R.1) and p,(z) := p(%)
with

p € C°(R) even,

0<p<p(0)=1,

—-1<p <0onR"

and with

n2

C(n,e) = = (4.8)
(this choice of the constant is explained in Step 3). Note the property

P2 1 uniformly on compact subsets of R. (4.9)
It is straightforward to see that solving ({.7), ({.) in the variational sense below,
find v € E such that for all ¢ € HL,,(R),

—\\2
R« R

is equivalent to finding a minimizer v € E for the functional

F — R
Tont oy 2 /R * {2 (42 + @)?) + (Lxp2lu])” = (o T(9) Oulp) }

Notice that p, T,,(v) € L®(R) and p, € H'(R), so that

(pn Tn(0))? (02 (pnu))y,, € LY(R) with / ‘(Pn T (0))” 896(/%“)‘ < Cp|lull;
let us precise that here and until the end of this proof, C, denotes a generic constant that
depends only on n and eventually on the fixed parameter £ (and which can change from one
expression to another). Then the functional J ,, is well-defined on E and coercive, because

1 1

1
Fonlw) = 31l =5 [ (ou (@) 2ulps) = 51l = Colul (411)

8



tends to infinity as ||u|| — +o0.

Finally, it is clear that J; , is strictly convex and continuous. Thus we conclude that there
exists a unique minimizer of J; ,, which is the unique solution of Problem (f.10)). We denote
this solution by F,(v), which defines a map F), : £ — E.

Step 2: apply the Schauder fixed-point theorem to the map F,,.

Note that F,,(E) is contained in the closed ball B, := B <0H1dd(R*)’R”) of H!,(R,) for

some radius R,, > 0 (only depending on n and ¢). Indeed, let v := F,,(v); then by using ([.11)),
replacing the minimizer v with the function § € E in (.4), and applying the Young inequality
we get

1
[0 < 25.n(v) + Cullol| < 2T5.n(8) + 5ll0]* + Cn.

We can restrict F, to the closed convex set C := E N Bp, of the Banach space H};,(R,). It
remains to show that F;, : C — C is continuous and compact.

In order to justify the compactness of F,,(C), take a sequence (vg)r C Fy,(C) and an associated
sequence (Ug)r C C with vy = F, (7). Because C is bounded, there exists a (not relabelled)
subsequence of () that converges weakly in H'(R,) and strongly in L? (R) by standart
embedding theorems; let vy, be its limit. One has vy, € C because C is weakly closed as
strongly closed convex susbset. We can assume without loss of generality that the corresponding
subsequence of (v;), converges weakly to some vo, € C in H}  (R,). Let us prove that vy
converges strongly to vs in H',,(R,) and that ve, = F},(Us0).

By the above convergences, and the facts that T, € C;°(R) and p, € C°(R), one can see
that

/ (pnTn@k))zaﬂc(ank) _>/ (pnTn(T)OO)fax(PnUoo) as k — +o0.
R R

Moreover, using that vy is the minimizer of J, », we also have

w2 - /R (PuTn (00))? 0o () = 2Ty (1)

< 2 n(vs0) = [[onel® = / (T (@) B (prvec).

R

Thus passing to the limit as & — 400 in this inequality yields: ||vso| > limsupy_ o [lvk|. It
follows that the convergence of vy to v, is actually strong in H, ;dd(R*); this completes the proof
of the compactness of F,,(C).

To prove the continuity of F},, one simply assumes that U — Uy strongly in H Oldd(R*) and
repeats the above reasoning for each subsequence of (vg)r. One gets that such subsequence
converges (up to another subsequence if necessary) strongly to vs,. Passing to the limit as k —
+00 in the variational formulation (4.10) written for v and v, we deduce by the uniqueness of
a solution to ({.10)) that vee = F},(U). This shows that from all subsequence of (vg)r one can
extract a subsequence strongly converging to Fj,(7 ); hence, the proof of the continuity of F),
is complete.

We conclude that there exists a fixed point u, of Fj, in C. Then v := v = u,, satisfies the
formulation ({.10]). In addition, ([E10) is trivially satisfied with a test function ¢ € H'(R) which



is even. Indeed, using the definitions of T}, and p,, and Lemma [L.] (iv), we see that

(puT0(2))?

5(”90 + amvaw@) + EA/2 [U]ﬁA/2 [p] — B

O (Prp)

is an odd function, so that its integral on R, is null. Since all function in H!(R) can be split
into the sum of an odd function in H},,(R) and an even function in H!(R), we have proved that
the fixed point u,, € E of F, satisfies for all ¢ € H'(R),

[ (e (e @un 006) + Exlonlalel} = [ CT 000 aaz

2
(notice that the Rankhine-Hugoniot condition is contained in the fact that % is even). In
particular, using Lemma [L.1] (iii), one has

(Pn Tn(un))2

(8% un — Up) = pn Oy ( 5 ) + Lalus]  in D'(R,). (4.13)

Step 3: uniform estimates on the sequence (uy)n.

First, in order to prove a maximum principle for w, let us point out that wu, is regular.
Indeed, thanks to Lemma (i) (b) and the facts that T,, € C;°(R) and p, € CX(R), the
right-hand side of ({.13) belongs to L!(I) for all compact interval I C R,. Equation (fL13J)
then implies that u, € VV;S(R*) C CYR,). Recall that u, € H'(R,) C Cy(R,); thus using
Lemma [ (i) (a), we see that the right-hand side of (f.13) belongs to C(I). Exploiting once
more Equation ([L.13), we infer that u,, € C?(R,) and ([£.13) holds pointwise on R,.

Now, we are in a position to prove that for all z > 0 and n € Ny, 0 < u,(x) < 1. Indeed,
because u, € H'(R"), we have lim,_, o0 up(x) = 0; in addition, u,(0%) = 1. Thus if u,(x) ¢
[0,1] for some x € R™, there exists . € RT such that either u,(rs) = maxg+u > 1 or
Un(24) = ming+ u < 0. Consider the first case. Since u,, € C?*(R.), we have d,uy,(z,) = 0 and
02, un(z,) < 0. In addition, by Lemma [L.1] (v) we have L[u,](z.) > 0. Therefore using (f.13)
at the point z,, by the choice of p, and C(n,¢) in (f.§) we infer

2
tn () = €0, tn(22) = La[un] (22) = pn () O <<Pn<$*> T n(2)) )

< = (pn(z4) Tn(u(ﬂj*)))z Oupn(zs) < n? sup(—0;p) < €.

C(TL, 6) R+

Thus u(z,) < 1, which contradicts the definition of z,. The case u,(zs) = ming+u < 0 is
similar; we use in addition the fact that 9,p, <0 on RT.

The function u,, being even, from the maximum principle of Step 3 we have |u,| < 1 on R,.
Since T, = Id on [—n + 1,n — 1], we have T,,(uy,) = uyp, in (¢.19) for all n > 2.

Let us finally derive the uniform Holdd(R*)-bound on (uy ). To do so, replace the minimum wu,,

10



of the functional 7, ,, by the fixed function § € E in ({.4); we find

lun |

< 2T () + 2/ By (W) ,

= 2unl6) — 5 since pa(0) = 1 = un (0%),

4

— o2 - / (pr1n)? 02 (0 6) — 3.
R*

To estimate the integral term, we use that ¢ is supported by [—1,1] with [9,(pn0)] < 1+ -,
thanks again to the choice of p,, in (f.§); Using finally the bound |u,| < 1 derived above, we get

9 2e
[ ) 0 (o) <24

*

hence, we obtain the following uniform estimate:

2 2¢
2 2
lunl® < 1012 + 5 + 5. (4.14)

Step 4: passage to the limit as n — +oo.

The H},,(R,)-estimate of Step 3 permits to extract a (not relabelled) subsequence (uy),
which converges weakly in H'(R,) and strongly in L} (R), to a limit that we denote v.. We have
(tn)n C E which is a closed affine subspace of H'(R,), so that v. € E. The above convergences
and the convergence of p, in (f.9) are enough to pass to the limit in the weak formulation ([L.19);
at the limit, we conclude that v is a weak solution of (f£.J). Notice that v. inherits the bounds
on uy,, namely the bound (f.14) and the maximum principle 0 < wu,(z)signz < 1. This yields

(5) and Estimate ([£.6), thanks to the definition of || - || via the scalar product (f.]). [

Remark 4.2. When passing to the limit as n — +oo in (f.19) in the last step, one gets:

2

/ {E <v€cp + (0z0e) 3xg0> + vgﬁ,\[cp]} = / v Orp for all p € H(R). (4.15)
R - R 2

5 A non-entropic stationary solution

We are now able to construct a stationary non-entropic solution to ([[.]) by passing to the
limit in v, as € — 0. Let us explain our strategy. First, we have to use the uniform estimates
of Proposition [LJ to get compactness estimates; this is done via the following lemma which is
proved in Appendix [A]:

Lemma 5.1. Assume that for all € € (0,1), v. € HY(R.) satisfies (E§)-(8). Then the family
{ve 1€ € (0,1)} 4s relatively compact in L? (R).

loc

11



With this result in hands, we can prove the convergence of a subsequence of v, as ¢ — 0,
to some stationary weak solution v of ([L.1). Next, we need to control the traces of v at z = 0F.
This is done by reformulating Definition .2 and by exploiting the Green-Gauss formula.

Let us begin with giving a characterization of odd weak stationary solutions of the fractional
Burgers equation.

Proposition 5.1. An odd function v € L>®(R) satisfies

@<§>+cm4:o¢nv®% (5.1)

iff (i) and (ii) below hold true:

1 h
i) there exists the trace yv? := lim —/ V2 (z) dx;
(i) = tim 2 [ 0@

(it) for all odd compactly supported in R test function ¢ € Cp°(Ry),
v? +Y 2
(WLAle] = 5 Oup) = (0F) 0.
Proof. Assume (p0). For all A > 0, let us set ¢y(z) := 3(h — |z[)* signz. Let us recall

that 6(z) = (1 — |z|)" signx. First consider

O0(x), <0 0(x), =<0
Or(x) ::{ —¢h§$§7 >0 and Ho(x):{ (3, 2> 0.

By construction, 0, € H!(R); therefore ), can be approximated in H'(R) by functions in D(R)
and thus taken as a test function in (5.1). This gives

2 2
_/ % mwh:_/ %ax0+/vﬁ)\[9h]
Rt - R

But, it is obvious that 0, — 6 in L(R)N(BV (R)),,., as h — 07; thus using Lemma [£]] (i) (c),
we conclude that the limit in item (i) of Proposition .1 does exist, and

1 h
2= 1 —/ - _ 1 29, :—/ 20,6 2/ L[6]. 5.2
= lim e v | ¥ v 2 N (5.2)

Further, take a function ¢ as in item (ii) of Proposition f.]] and set ¢p,(z) := p(x) — (07 )Yy ().
One can take ¢, € H'(R) as a test function in (f.1]). Taking into account the fact that % O0zn
and v Ly[pp] are even, thanks again to Lemma (iv), we get

v2 v?
2/]R+ (v Lalp] - 78:090) = 2p(0%) /]R+ (v Ltbn] — 5 2Yn).

Now we pass to the limit as h — 0. As previously, because v, — 0 in L*(R) N (BV(R))
the term £, [¢p,] vanishes in L'(R). Using (F-3), we get item (ii) of Proposition ..

w-%"
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Conversely, assume that an odd function v satisfies items (i) and (ii) of Proposition p.J.
Take a test function & € D(R) and write £ = ¢ + ¢ with ¢ € D(R) odd (so that ¢(0") = 0)
and ¢ € D(R) even. Then (i) and the symmetry considerations, including Lemma [] (iv),
show that

'U2 'U2
/R(UE)\[ ]—? m(p) = p(0M)y v =0, /R(vﬁ)\[w]—? ;ﬂb) = 0.

Hence we deduce that v satisfies (F.)). [
Here is the existence result of a non-entropic stationary solution.

Proposition 5.2. Let A € (0,1). There exists v € L®(R) that satisfies (b.1) and such that for
all ¢ > 0, v does not satisfy O,v < % in D'(R).

Proof. First, by Proposition [l.] and Lemma [.1] there exists v € L>°(R) and a sequence (&),
e | 0 as k — —+oo0, such that the solution v, of (.J) with & = & tends to v in L? _(R) by being
bounded by 1 in L%®-norm. Using in particular ([.6]) to vanish the term /& (Opve)), » we can
pass to the limit in the weak formulation ([L15) and infer (f.1)).

In order to conclude the proof, we will show that there exist the limits

1 [h I
lim —/ v=1, lim —/ v=—1 (5.3)

r—0+ h Jo h—0+t h J_p,
Indeed, (f.d) readily implies that for all ¢ > 0, the function (v—%Id) does not admit a non-
increasing representative. Since 0, (v— 21d) = 0yv — %, the inequality d,v — % < 0 in the

distribution sense fails to be true.
Thus it remains to show (F.3). To do so, we exploit the formulation (i)-(ii) of Proposition p.1,
the analogous formulation of the regularized problem ([£3), the fact that v, (0¥) = £1, and the

Inequalities (f.5).
Let us fix some odd compactly supported in R test function ¢ € C*°(R,) such that p(0T)

As in the proof of Proposition f.J], we can take the function ¢y () := p(z) — ¢p(z) € H'(R )
a test function in ([.15). We infer

2
v
/ {6 (veipn + Oxve0pn) + veLalon] — = xsﬁh} =0.
Each term in the above integrand is even; moreover, letting h — 0 and using Lemma [L.] (i) (c)
on Ly[vp], we infer

2
/ {E (Ua(P + a:cvaaxﬁp) + Uaﬁ)\[‘p] - % x‘P}

*

h 2
=2 lim l/ (”—5 - aax»uE) =1- 2—;[%]3 —1- 2—;(%(}1) —1)>1; (54)
0

here in the last inequality, we have used 0 < v.(z) < 1 = v.(0") for x > 0.
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Letting e, — 0 in (5.4), using again (f£.g) to vanish fR* £ 0,0, p, we infer

/* {vcw] - ? xcp} > 1. (5.5)

Recall that v is odd and solves (B.1); thus it satisfies (i) and (ii) of Proposition p.1. From (ii),
we infer that limj,_,q+ % foh v? = yv% > 1. But we also have 0 < v < 1 on [0, h]. Therefore

I 1 [h1—o? 1 [h
lim — |1 —v| = lim —/ v < lim —/(1—@2):1—wv2§0.
0 h—ot h Jo 1+v = hsot h Jy

Whence the first equality in (.3) follows. The second one is clear because v is an odd function.
This concludes the proof. |

From Propositions B.] and .4, Theorem [L.]] readily follows.

Proof of Theorem [I.]. Take ug := v. From (b)) we derive that the function defined by u(t) := v
for all ¢ > 0 is a weak solution to ([[.1)-([.2). But it is not the entropy solution, because it fails

to satisfy (B.)). [ |

6 Proof of Lemma A1

We end this paper by proving the main properties of the fractional Laplacian acting on
spaces of odd functions. First, we have to state and prove some lemmata that will be needed.

Here are (probably classical) embedding and density results; for the reader’s convenience,
short proofs are gathered in Appendix [A].

Lemma 6.1. The following embeddings are continuous:
HY(R.) = BVioe(R) N Hyoo(R\ {0}) — L*(R) N L*(R); (6.1)
the following one is compact:
BVioo(R) N H,(R\ {0}) <5 L2(R). (6.2)
Lemma 6.2. The space D(R) is dense in H*(R,) for the (BVioe(R)),, -, N H (R\{0})-topology.

The next lemma states weak continuity results for the fractional Laplacian. Until the end of
this section, £, denotes the operator defined by (P-4) and £ the one defined by ([[.J).

Lemma 6.3. Let A € (0,1). Then the following operators are continuous:

£>\ : (BWOC(R))w—* N I_Illoc(R \ {0}) - Llloc(R) N leoc(R \ {0})7
L33+ (BVioc(R)) ot N HipeRA\{0})  —  L(R).
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Proof. The proof is divided in several steps.
Step 1: strong continuity of L.

Let v € BVjo(R )ﬂHlloc
one has

lv(z + 2) — v(z)|
/ dxdz

‘Z’H—)‘

lv(z+z) —v(z / / v(x + z) —v(z)]
dxdz + dxdz,
/ /z<r ’2‘1—1—)\ |z|>r ’2‘1—1—)\

< 0]V (R ) / 2 dz

|z|<r

(R\ {0}) and let us derive some estimates on L£y[v]. For all r, R > 0,

+ (sup 1Vl L1 (= Rtz,R2)) T ||v||L1((_R7R))> / |z|7*"*dz by integrating first w.r.t z,
|z|>r |z|>r

_2plA 2
=71 \U\BV( RorR4r) T3 ‘Sl‘lp vl 2t (= Rt2,R+2)) + IVl (=R, R)) (6.3)
z|>r

By Lemma [.] (6.1]) and the Cauchy-Schwarz inequality to control the L'-norms by the L?-norm,
one sees that formula (R.2) makes sense a.e. with

2G T 4G
I (= r,R)) < % V| BV (= R=r, R4r)) T VAA V2R [[v][ 2wy, (6.4)

forall ,R >0
The same way, one has for R > r > 0

1
2 2
/ < [u( x+zl+)\ )‘dz> i
R\[-R,R] ||

_ 2 2
< / / [v(z + Z2) 43 )\U(:E)| dx dz thanks to the Minkowski inequality,
R\[- R, |2

= / |27t / lv(z + 2) — v(z)]? daf;) dz
|z|<r R\[-R,R]

+/ 2|71 / lv(z + 2) —v(z) P de | dz,
|z|>r R\[-R,R]

orl=A
<
- 1-

[NIES

N

4
Ha || L2 (R\[= Rr, R—r]) T JYS) vl 22 (m)

therefore, one gets

2G 1™ 4Gy
ILA[] L2\ [~ R,R]) < TH@ || L2\ [= Rr,R—r]) T T §Y8) < vl 2 ) (6.5)

forall R>r > 0.
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Now (B4)-(F-H) imply that £y : BVi,.(R)n HY(R\ {0}) — L} (R) N L?

loc(R \ {0}) is well-
defined and bounded.

Step 2: weak continuity of £,.

Consider a sequence (vy)x converging to zero in (BVjee(R)),., N HL (R \ {0}). For all R >
0, (vg)x is bounded in the norm of H!(R\ [~ R, R]) and the semi-norm of BV ((—R, R)) by some

constant Cgr. By (f.4), one deduces that

. QG)\T’l_)‘

limsup [Cx[vr]l| 1 ((~r,R) < —7 5 CRrer-

k—+00 -
Letting r — 0, one concludes that £)[vg] converges to zero in L!((—R, R)). The same way, one
can prove that L£y[vy] converges to zero in L?(R \ [~ R, R]) by using (5.5). Since R is arbitrary,
the proof of Lemma p.J is complete.

Step 3: strong continuity of Ef /2

Let us derive an L%-estimate on £ /9 [v]. Recall that by Lemma B.J] (6-]), one has v € L*(R)
so that | - | F(v) € L}, .(R) and £>\/2[ v] is well-defined in S'(R).

Further consider some fixed p € C2°(R) such that p = 1 on some neighborhood of the origin,
say on [—1/2,1/2], and supp p C [—1,1]. Then one has v = pv+(1—p)v with supp (pv) C [—1, 1],
pv € LY(R) N BV (R) (since v € L}(R)) and (1 — p)v € HY(R); morevoer, one readily sees that

Ipvlliwy < Cpllvllzzm (6.6)

lpvlBymy < Cp (’U’BV((—1/2,1/2)) + ”U”H1(R\[—1/2,1/2})) ) (6.7)

(X =plollew < Cpllvllem (6.8)

10 (1= p)v) Iz < Cpllollm@\—1/2,1/2): (6.9)

where here and until the end of the proof of this proof, C, denotes a generic constant only
depending on p (and which can change from one expression to another).
By Plancherel’s equality, we have

o = [P 1F @ ©OF e
/|5| I (pv) ds+/|5| F (1= p)o) (©)F de =T+ J. (6.10)

|2t

Let us begin by bounded J from above. For all » > 0, one has

J = / EMF (1= p)v) ()7 dE + / €M F (1= p)v) ()] de,
[§]>r

l€l<r

< [P I 0 ©F de 1 (=) g

1
2-X /5 1617 |F (1= pv) (&) d¢ +r|(1 - P)UHiz(R) thanks to Plancherel’s equality.
>r

-r

On using the formula

F(0,w) = 2im€ F(w) (6.11)
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and again Plancherel’s equality, one gets
1
J < aamx 10: (1= p)v) 172y + I = p)oll72 )

so that by (p.§)-(F.9), one has

C
J < 7,2—5\ ||U||§{1(R\[—1/2,1/2}) + Cpr/\HUH%%R)- (6.12)

To bound I from above, one uses the boundeness of F: LY(R) — L*(R) and the pointwise
estimate (from (BIT)) [¢]F (w)(€)] < 9 [w]py (r)- We get

I = A}— v 2d )\f v 2d,
/5>r|£|| (o0) (€] 5+/| P I (o) () de

gl<r

1
< L2 / P2 de + o2 / € de.
A2 BV (R) i[> LY(R) €

[<r
1 1+

2
— 2
T 2m2(1 = A lpvlBy @) + TN HPU”Ll(R

so that by (p.9)-(p-7), one has

G 2 Corttr
I's a5 (Wlsv(1/2.1/2) + Mol @-a/2/2)” + 755 Wlzem)- (6.13)

We deduce from (B.10), (p.12) and (6.13) the final estimate:

f
Hﬁ’\ﬂ[v]‘ L2(R) —
1 1 2
Cp <7,2—)\ tac )\)Tl—)\> ([vlBv(-1/2,1/2)) + Iolle @ -1/2,1/2)
N rltA )
+ Cp <7’ + 1+—)\> HUHLZ(R). (614)
for all » > 0.

One infers that ﬁf/z : BVjoe(R) N H} (R \ {0}) — L?(R) is bounded.
Step 4: weak continuity of £f\:/2.

By Lemma .1 (6.9), one sees that if v, — 0 in (BV;OC( Ny N HL (RN {0}), then v — 0
in L?(R). One then argues exactly as in Step 2 by using (-14) 1nstead of (B.4)-(p-5); one deduces
that Ef\r/2|vk] — 0 in L%(R); this completes the proof of the lemma. [

We can now prove the main properties of £y stated in Subsection [L..

Proof of Lemma [[.]. Let us prove the different items step by step.
Step 1: item (i) (a) and (b).

Item (i) (a) is an immediate consequence of the theorem of continuity under the integral sign;
the details are left to the reader. As far as item (i) (b), it is clear from Lemmata [p.1 and [5.3.
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Step 2: item (i) (c).
Passing to the limit R — +o0 in (B.3), one gets

2G>\T1_)‘ 4G,
LA 1 ry < S [v| By () + BYSY vl 21wy (6.15)

for all v € LY(R) N BV(R) and r > 0. With this estimate in hands, we can argue as in the
second step of the proof of Lemma [6.3.

Step 3: items (ii) and (i) (d).
Let us prove item (ii) first. By Lemma [6.3, v € H!(R,) can be approximated by vy €
S(R) in (BVipe(R)),., N HL (R\ {0}). One has Ly[vx] = £ [vg] thanks to the classical Lévy-

loc
Kintchnine’s formula. By Lemma p.3, we infer that L£y[vy] converges toward Ly[v] in S'(R)

as k — +oo. But Lemma -] (6.3) implies that vy, — v in L*(R) so that F(vg) — F(v) in L%(R).
It follows that | - [*F(vg) — | - |[*F(v) in S’(R); hence, taking the inverse Fourier transform, one
sees that £ [vx] — £ [v] in 8’(R). By uniqueness of the limit, one has £,[v] = £ [v] and the
proof of item (ii) is complete.

As an immediate consequence, one deduces item (i) (d) by using in particular Lemmata [.]]
and .3.

Step 4: item (iii).

Take vy, wy, € S(R) converging to v,w € HY(R,) in (BVjse(R)),,_, N H}

loc
/RLA[Uk]wk z/RvkEA[wk] Z/REA/z[wk]ﬁA/z[vk]

(to see this, it suffices to use formula ([.3)). By Lemma [6.3, one has

(R\ {0}). One has

E)\[Uk] - ﬁk[u] in Llloc(R) N leoc(@\ {0})
for u = v,w. By Lemma [.I, one has the following convergence (up to a subsequence)
up — u in L?(R) and in L°(R) weak-x

for v = v, w; indeed, (6.9) implies the strong convergence in L? and (6.1]) the one in L™ weak-*
(since (ug)k is bounded in L°°). Hence, one clearly can pass to the limit:

/Rﬁ)\[’l)]’w: lim /RﬁA[Uk]wkz lim Rvkﬁx[wk]:/Rvﬁx[w].

k—-+oc0 k—-+oc0

To pass to the limit in [ £ jo[wi] Ly 2[vk], one uses Lemma .3 and item (ii). The proof of
item (iii) is complete.

Step 5: item (iv).
It suffices to change the variable by 2 — —z in (.9)).
Step 6: item (v).
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We prove only the case where v(z,) = maxg+ v > 0, since the other case v(x,) = ming+ v <0
is symmetric. Simple computations show that

B v(xe + 2) — v(xy)
Olile) = Gy [ BRI g
T y(wy + 2) — v(s) TP v(mh + 2) — v(wy)
- e Tmes [ e
T (w4 + 2) — v(ws) T p(—my — 2) — v(w4)
= o e [ S

after having changed the variable by 2’ = —z — 2z,. By the oddity of v, we get

T (w(wy + 2) — v(xs) ~u(m +2) + o) o
|2[T+A 2 + 22, | :

La[o)(zy) = _G)\/

—Tx

Let f(z) denote the integrand above. Let us prove that this integrand is non-positive for 0 #

z > —x4. It is readily seen that for such z, one always has {‘Z‘ll+A — ‘Z+2xl*|1ﬂ} > 0. Then, one
has

1 1 1 1
f(z) = vl "'Z){MHA - ’2+2x*‘1+>\} _U($*){]z\1+’\ + \z+2a:*\1+>‘}’
1 1 1 1
< * - - * )
< v ){|z|1+A |z+2x*|1+k} vl ){|z|1+A * |z+2x*|1+x}
<0

since T, + 2 € R so that v(z, + 2) < v(z.). We infer that f(2) < —v(wy) W <
and conclude that L£y[v](z«) > 0. To finish, observe that f can not be identically equaled to
zero, whenever v is non-trivial. This proves that £y [v](z«) > 0 and completes the proof of the
lemma. |

A Appendix: proofs of Lemmata B.1], and 6.1]

Proof of Lemma [B.]. Tt is quite easy to show that v is continuous and we only detail the proof of
the derivability from the right. The supremum m(t) is achieved because of (B.9), so that K (t) #
(); moreover, one has for all b > a > 0

sup |z| < oo. (A1)
te(a,b), €K (t)

Let t9 > 0 be fixed and (tx)g>1, (zk)k>1 be such that limy_ 4t = to, tx > to and x € K(ty)
for all k > 1. By ([Ad]), (zx)r>1 is bounded; hence, taking a subsequence if necessary, one can
assume that xjp converges toward some xg. One has

m(ty) — m(to) v(tg, x) — m(to)

limsup ———= = limsup

)

k—too tx — to k—too tx — to
< Timsup v(ty, o) _U(t0,33k)7
k—too tr —to
== 8t?}(t0, x0)7
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thanks to the Cl-regularity of v. But, one has zy € K(to); indeed, for all z € R, one
has v(tg, zr) > v(tg, x) so that the limit as k — +oo gives v(to, zg) > v(tp, ). Hence, one has
proved that limsupy_,, w < SUpe () Ov(to, ¥) . The same way, for all x € K(to),
one has

lim inf m(te) = m(to) > lim inf olti, 2) = vlto, 2) = 0w (to, ).

k—+o00 t, — to k—4o00 tr — to

This shows that

tr) — t tr) — t
iming 70 =00 S (o, z) > lim sup L) =)
k—+o00 tr — to z€K (to) k——+00 tr — 1o

for all tg > 0 and (tx)r>1 such that ¢, — to, tx > to. That is to say, m is derivable from the
right with m.(to) = max,e g (1) Orv(to, ) on RT. [ |

Proof of Lemma [5.]. Let us estimate the translations of v.. Fix h € R and define 7jv.(z) :=
ve(z — h). Classical formula gives F (Tv.) (&) = e 27" F (v.) (€). By Plancherel’s equality, we
deduce that

Lém%—%ﬁ=:/kﬂmhﬁfvwa@9@,

—2im€h __
= / e 1) T \srﬂf<va><f>12ds,

M@émﬁuw%ﬂaﬁda

IN

672i7r§h_1‘2

e Lemma [I.1] item (ii) and Plancherel’s equality imply that

/ | Thve _U€|2 < Mh/ |£)\/2[U€H2
R R

By the assumptions of the lemma, we deduce that fR | Thve — 1)5|2 < CyMjy, for some constant Cy
(from ([G)). Using that e* —1 = O(|z|) in a neighborhood, it is easy to see that limj,_o M}, = 0,
because A € (0,2]. By Kolmogorov’s theorem, the bounded family {v. : € € (0,1)} in L>(R) is
relatively compact in L? (R). [

where M), := max¢cr

Proof of Lemma [5]. For all v € H'(R,), there are the traces yv* € R, [yv*| < ||v]|g1(,), such
that for all £z > 0,

oa) =+ [ @), ) (A2)
It follows that for all R > 0, one has v € BV ((—R, R)) with

R <2+\/2R> 1o/l

gy ((—rR) < 70T — v |+H6U|R*

This shows that H'(R,) — BVje.(R) N HL (R \ {0}) is bounded.
Take now v € BVj,(R) N H. (R \ {0}). Then v is continuous on R, and

+/’@w@w%
1
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where 0,v can be a Radon measure with singular part supported by {0}. By the embed-
ding HY(R \ [-1,1]) — Cy(R\ (—1,1)), one deduces that v is bounded outside (—1,1); since v
is bounded by |v(1)] + [v|pv((—1,1)0n [~1,1], BVjoe(R) N HL (R \ {0}) — L>(R) is continuous.
From this result, it is easy to show (b.1]).

The compact embedding is clear from (f.1)). Indeed, Helly’s theorem and L4, L interpolation
inequalities imply that L (R) N BVjpe(R) <> LY (R) is compact for all p € [1,400); hence, one
has BVioe(R) N Hjp,(R\ {0}) = L}, (R) N L3, (R\ {0}) — L*(R). m

loc

Proof of Lemma [6.3. From ([A.3), one deduces that if v € H'(R,) then 0,v = (Opv), + (yovt —
v~ )do, where (9yv), € L?(R) and & is the Dirac delta at zero. Let (pr)r C D(R) be an

approximate unit and define vy := pg * v. Then it is easy to check that vy — v in L2(]R) and
that O,vg = (0xv),. * pr + (Yo — yv7)py converges to d,v in L? (R\ {0}) and in C’(R). W

IR loc

B Appendix: a technical result
Lemma B.1. Let m € C(R™) be derivable from the right with
mL(t) + (max{m,0})* <0 onRT. (B.1)

Then, one has m(t) < 1 for all t > 0.

Proof. Let ty > 0 be such that m(tg) is positive. The function m has to be positive on some
neighborhood of tp; since (B.J]) implies that m is non-increasing, this neighborhood has to
contain the interval (0, to]. Dividing (B-]) by m? = (max{m,0})? on this interval, we get

(—i>, < —1 in (0,t).

mj,

Integrating this inequation, we get for all ¢ < tq, % — m <t — tg, which implies that

1
m(ty) < <% +to — 75) <(to—t)".

Letting t — 0, we conclude that m(tp) < % whenever m(tp) is positive. The proof is complete.
|
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