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Abstract

A global methodology for simulating multiphase flows and heat trans-
fers interacting with complex objects or interfaces is presented. Elliptic
equations or Navier-Stokes equations are resolved on a fixed structured
curvilinear grid and the solid objects are initially represented by trian-
gular surface elements. Several difficulties arise as soon as these two
non-conforming grids have to interact in the same physical problem, and
accurate methods are presented for each issues: Lagrangian/Eulerian grid
projection, immersed boundary of interface problems, and finally visu-
alization. Hence, a new fast point-in-solid method for curvilinear grid is
presented to project Lagrangian shapes on Eulerian grid. A new immersed
boundary and interface method is presented, the Algebraic Immersed In-
terface method. Several validation and application problems are presented
to demonstrate the interest and accuracy of the method.

1 Introduction and motivations

Simulation of real heat and mass transfers often implies interactions between
multiphase flows and complex obstacles, or between heat transfers through irreg-
ular interfaces. Many simulation codes based on structured grids have shown
their ability to deal with a large amount of physical phenomena. However,
structured grids can not generally match complex interfaces due to their lack of
flexibility, what makes complex shape problems unnatural and uneasy to treat
with these codes. Many methods have been designed to improve the perfor-
mances of structured grid codes with complex shapes. Such methods can be
designated as fictitious domain methods. This term was originally defined in
[14].

Two main classes of problems exist : the immersed boundary problems and
the immersed interface problems. The first ones can be solved with the immersed
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boundary method (IBM). Charles Peskin [8] designed the original method to
treat flow problem in heart valves. His method uses discrete Dirac functions
to distribute a singular interface force on the Eulerian grid. Recently, a direct-
forcing IBM has been presented by Tseng et al. [9]. In [11, 12], Sarthou et al. use
a quite similar approach coupled with a penalty method framework. Designed
by Roland Glowinski, the Distributed Lagrangian Multiplier (DLM) method [4]
uses Lagrange multiplier to enforce a solid behaviour in objects. Concerning
problems with immersed interface, i.e. when the solution must be computed in
both sides on the interface where special conditions are imposed, the immersed
interface method (IIM) of Leveque and Li [6] has shown its ability to deal
with such problems. The principle of IIM is to use Taylor series expansions
to rewrite the operators discretization so as to accurately take into account
interface conditions. Recently, the Matched Interface and Boundary (MIB)
method has been presented by Zhou et al. [16]. Contrary to the IIM approach,
the operators discretization is indirectly modified and the procedure remains the
same no matter the initial discretization. However, fictitious domain methods
are not the only required tools needed to treat problems with complex shapes,
and some difficulties lies in the shape projection, i.e. the interpretation of a
Lagrangian mesh on an Eulerian grid. The aim here is to obtain a fast and
accurate projection for curvilinear grids for which the computational cost is
negligible against the cost of the inversion of the main matrix of the conservation
equation.

Many methods have been proposed to deal with immersed boundaries([10],
[2]...). A global methodology is presented to treat complex shape immersed
boundaries or interface problems in a curvilinear framework, from shape gen-
eration to vizualisation. Objects and interfaces are discretized as Lagrangian
surface meshes composed of linear (in 2D) or triangular (in 3D) elements. La-
grangian meshes are then projected onto Eulerian grids using a curvilinear to
Cartesian projection. This method allows the use of a fast Ray-Casting method
to obtain a phase indicator of the Lagrangian mesh (a VOF function can be
obtained using a level set function). Equations are then discretized, and lin-
ear systems are then modified using the Algebraic Immersed Interface method
(AIT), which is presented here for the first time. After the matrix inversion,
special post-treatments can be applied to solutions allowing multiple uses, from
scientific visualisation to general public movies.

2 Methodology

2.1 Definitions and notations

Let us consider the original domain of interest denoted by g, typically the fluid
domain, which is embedded inside a simple computational domain Q C R?. The
auxiliary domain €21, typically a solid particle or an obstacle, is then such that :
Q =QUXUQ; where ¥ is an immersed interface (see Fig. 1 left). Let n be the
unit outward normal vector to 2y on X. Our objective is to numerically impose
the adequate boundary conditions on the interface . These conditions will be
discretized in space with second order schemes on an Eulerian structured mesh
covering (2.
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Figure 1: Definition of the domains and discretization kernels for the SMP
method

The computational domain €2 is approximated with a curvilinear mesh T,
composed of N x M (XL in 3D) cell-centered finite volumes (V) for I € &, £
being the set of indices of the Eulerian orthogonal curvilinear structured mesh.
Let x; be the vector coordinates of the center of each volume V. The local space
step of the volume V; defined as the maximum length of V; in each direction is
denoted by hj, whereas h denotes the Eulerian mesh step: h = sup;c¢ hy. This
grid is used to discretize the conservation equations. A dual grid is introduced
for the management of the AIl method. The grid lines of this dual cell-vertex
mesh are defined by the network of the cell centers z;. The volumes of the dual
mesh are denoted by (V7). The Eulerian unknowns are noted u; which are the
approximated values of u(xy), i.e. the solution at the cell centers x;.

The discrete interface X5, hereafter called the Lagrangian mesh, is given by a
discretization of the original interface . It is described by a piecewise linear
approximation of ¥ : Xy = {0} € P?‘l,l € Ly}, Ly being the set of indices
of the Lagrangian mesh. Typically, o; are segments in 2D and triangles in 3D.
The vertices of each face o; are denoted by z;,; for ¢ = 1,d and the set of all
vertices is : {z;,l € £, }. The intersection points between the grid lines of the
Eulerian dual mesh and the faces o; of the Lagrangian mesh are denoted by
{zi,i € T} (see Fig. 1 right). Our objective is to discretize Dirichlet, Neumann,
transmission and jump conditions at these interface points to build a general fic-
titious domain approach. This method is expected to reach a global second order
spatial accuracy. As the discretization of the interface or boundary conditions
require interpolations, we define: Pi(x) = oy + asz, P3(2,y) = a1 + asz + azy
and Q?(z,y) = a1 + o + azy + auzy.

The cell centers x; are sorted according to their location inside 2y or €2; thanks
to the characteristic or color fonction C' define hereafter. New sets of Eule-
rian points x; are defined near the interface such as it exists one neighbor x ;
verifying C; # Cr, i. e. the segment [x;x ] is cut by X;. These Eulerian
”interface” points are also sorted according to their location inside €y or €.
Two sets {z7,] € Np} and {z1,I € N7} are so obtained, where Ny = {I,z1 €
Qo, Cy 7§ Cj,xy€ Ql} and ./\/1 = {I,l‘] e 0y, Cy 75 Cjy,xy € QO}.

Let us define now auziliary entities which are superscripted with *, and cor-
responding to physical interface entities, point, control volume or unknown.
Hence, two sets of points are defined: {z},I € N} with Nj = {I,z} € Qo,C; #
Cy,x% € O} and {z3,I € Nj} with NJ = {1,257 € 0,C; # Cy,2% € Qo}.
However, physical and auxiliary locations are the same, x; = 7 and V = VJ.
The main difference lies in the magnitude of the solution at these point, as
u(zr) = ur # u(x}) = uj.

Let now define three useful functions on curvilinear grids:
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e The discrete Heaviside function x, defined as x(z) = 1 if x; € Q4,0 otherwise

This function is the binary indicator of the presence of an Eulerian point
in €7 and is built with a point in solid method presented below. The
function x will be used to perform fictitious domain algorithm and to
build level-set functions.

e The level-set function ¢, with
¢s(x;) = distg(z;) if x(x) > 0.5, —distx(x;) otherwise (1)

and disty(p) = infex ||z — p||. The unsigned distance is computed geo-
metrically. Sign is directly obtained with the discrete Heaviside function

X-

e The color phase functions C;, which are the ratio of a given phase in a
control volume.

This function is directly obtained from the ¢ function by using the formula
proposed by Sussman and Fatemi [15] :

lifo(z) > h
Ci(x) =< 0ifp(x) < —h (2)
%(1 + % + %sin(w¢/h)) otherwise

2.1.1 The curvilinear to Cartesian projection

Some optimisation in computing Eulerian functions can be performed when the
grid lines of the Eulerian mesh are straight. The approach proposed here allow
methods used on Cartesian grids to work in a curvilinear structured framework.
The main idea is to first unfold the orthogonal curvilinear grid to obtain a dual
Cartesian grid. Then, the objects are projected onto this new grid. The method
is presented in 2D but can be generalized in 3D without difficulties. Let Ty, be
the Cartesian structured mesh composed by elements f)l’ , Th, being the primal
orthogonal curvilinear grid. Let IT be the projector from 7T} to T. Hence,
the discrete interface 3y, is the projected interface such as S, = I1(X,). Each
element ]}Z’ is a unit square, such as (), = [0, N]x[0,M]. The projection of X
is performed by projecting each node of elements o;, denoted by 05,7 = 1,2.
Let (x7,y:1) be the position of a node o;; and (zx,yx),k = 1,..,4 the position
of each node K;; of the element K; containing o;; (see Fig. (2) for notations).
Two @i interpolations @, and @, are defined such as Q,(xk,yx) = &% and
Qy(xk,yx) = Yr. The determination of the coefficients requires to solve two
linear systems. The analytical solution is used in 2D and a BiCG-Stab method
is used in 3D to obtain the projector coefficients. At last, (Qz (1), Qy(y1)) gives
the position of 6.

2.2 Point in solid algorithm

Many works (see [7] for a review) have been devoted to the point in solid problem
which is a basic operation in computer graphics. The Jordan curve theorem-
based method is chosen. From each Eulerian point z;, a ray r; is cast to infinity.
An intersection test is performed between r; and each element o; of Xj,. If the
ray intersects the Lagrangian surface ¥; an even number of time, the point is
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Figure 2: Notations and principle of the curvilinear to Cartesian projection.
Original element K;; and projected element K;; are described

outside the object. Else, the point is inside. A simple intersection algorithm
can be found in [1]. Every ray can be cast in a same direction. On Cartesian
structured grids, rays can follow grid lines which induces that many rays overlap
themselves. Hence, a simple and efficient optimization is to send one ray per
Eulerian points raw. This optimization is not a priori possible on curvilinear
structured grids if grid line are not straight, and a key point of our method rely
on the curvilinear to Cartesian projection to allow this very useful optimisation.
Many other optimizations can be performed to obtain a negligible computational
cost, and contrary to the front-tracking technique used in [10], the ray-casting
can deal with large surface elements and works even if ¥}, intersect the boundary
of the numerical domain.

2.3 The Algebraic Immersed Interface Method
2.3.1 General principle

Once the shape informations are available on the Eulerian grid, the problem
discretization has to be modified to take into account the fictitious domain (an
immersed boundary or an immersed interface). Sub-Mesh Penalty method [11]
has been previously used to treat immersed boundaries, but cannot deal with
immersed interfaces. The Algebraic Immersed Interface (AIT) method is an
enhancement of the SMP method [12] which is able to solve immersed interface
problems too. The main idea of the AIl method is to embed an interface into
a given domain by modifying the final matrix only. As no modification of
the discretization of the operators is required (contrary to Ghost Fluid [3] and
Immersed Interface Methods [6]), the AIT method is quite simple to implement.

Let P be a model problem discretized as Au = b where A is a square matrix
of order M, u the solution vector and b a source term. The basic idea of the AII
method is to add equations to the initial linear system so as to take into account
additional interface constraints. Our approach here is to increase the number of
unknowns to obtained a new square matrix. The new unknowns, so-called the
auxiliary unknowns and labeled with *, are considered as the extrapolation of
the solution from one side of the interface to the other, and are used to discretize
interface conditions. The initial algebraical link between unknowns from both
sides of the interface is cut, and the new link over the interface is performed
thanks to auxiliary unknowns. Hence, the orignal problem Au = b becomes
A'v' =V, with A’ a square matrix of order M + N, with N the number of aux-
iliary contraints related to interface conditions. The solution ' is decomposed
as v’ = u + u* and the source term as b’ = b + b*.
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2.3.2 AII algorithm for a scalar equation with Dirichlet boundary
conditions

A model scalar problem is first considered with a Dirichlet boundary conditions
(BC) on the interface ¥ :
{ V- (aVu)=f iny 3)

u=up onx

Some boundary conditions are also imposed on the other part of the boundary
09 such that the whole problem is well-posed.

For sake of clarity, let us first describe in 2D the AIl method for the model
scalar problem P with a Dirichlet boundary condition on the interface 3. For
this version of the AII algorithm, g is the domain of interest and auxiliary
nodes are created in ; only. Let us consider a point x; with I € Nj. At
location x7, two unknowns coexist: a physical one u; and an auxiliary one
uj. We first describe the case when z; has only one neighbor z; in Qy. The
Lagrangian point z; is the intersection between [xr;x ;] and ¥, (Fig. 1 right).
Then, the interface unknown v; is approximated by the Pi-interpolation between
the Eulerian unknowns u} and u; :

up = Aruy + Ayugy with 0 < Ap, Ay <land Ay +A;=1 (4)

If now x; has a second neighbor x in g, the intersection x,, between [z; z k]
and X, is considered. We choose x,,, a new point of ¥;, between x; and x,, (see
Fig. 3 left). The solution uy,(z,) is then approximated using a P?-interpolation
of the values u}, vy and ug :

up=/\]U7+)\JUJ+)\KuK ,O<ALABL AR <1, A1+ A5+ Ak =1 (5)

We can also use a Q3-interpolation of uy, us, ux and ur, by extending the
interpolation stencil with the point x; which is the fourth point of the cell of
the dual mesh defined by x;, ; and xx (see Fig. 3 left). As a third choice, two
independent linear 1D Pi-interpolations can be used (one for each direction) for
a quasi equivalent result. It produces :

ul:/\jui—k)\‘]u(] with O < Ap, Ay <land A;+A;=1
U = Npu§ + Agug with 0 < M, g < Tand Ny + Ay =1

(6)

In this case, two auxiliary unknowns are created. If x; has a third neighbor, this
last method is directly usable. For the other methods, the solution is directly
imposed on zj, and u; = up. This case happens rarely, then the overall second
order of convergence is not affected by this first order approximation.

2.3.3 AII algorithm for a scalar equation with Neumann boundary
conditions

Let us consider now the following model scalar problem with a Neumann BC
on the interface X :
{ ~V-(aVu)=f in Q )

(a-Vu) - n=gp onXx
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The principle is quite the same as for Dirichlet BC, and the same inter-
polations, once derived, can be used to approximate the quantity (a - Vu) - n.
Hence,

(a-Vu)-n~(a-Vp(z) - [nf) (8)

For p € Q%, we obtain Vp(z,y) - |n| = (asy + a2)|n.| + (asz + a1)|ny|.

For p € P}, we obtain Vp(z,y) - |n| = as|ny| + a1|n,| which means that the
normal gradient is approximated as being constant over the whole support.
Nevertheless, a second order in space can be obtained on Cartesian meshes for
the solution with such an interpolation.

As can be noticed, |n| is used instead of n to avoid numerical instabilities:
if n, =~ —ny and h, = hy, the diagonal coefficient of the line related to u; tends
to 0.

When z; has only one neighbor x; in g, the Q2 and P? interpolations
degenerate to Q} and P{ interpolations which suits well for Dirichlet BC. For
Neumann BC, this loss of dimension no more allows to take into account the
interface orientation, as one of the components of the normal unit vector disap-
pears from the interfacial constraint. Hence, a third point xx in g is catched
to build P? interpolations (see Fig. 3 right). This point is a neighbor of z; and
is taken as [z, 2 ] L[z, 2Kk]. As in 2D two choices generally appears, we take
the point such that the angle (n,xx — xy) is in [—7/2;7/2].

B /zh X X; )
QO X, / L “~h

24 //

e X,
|

Figure 3: Example of selection of point for Dirichlet (left) and Neumann (right)
constraints

2.3.4 Symmetric version for Dirichlet boundary conditions

The next step is to allow multiple Dirichlet BC on both sides of the immersed
interface. The problem is now :

-V (aVu)=f inQ
u‘_E =up onx (9)
uE =ug onx

Contrary to the SMP method, the AIT method do not use physical nodes in
one side of the interface to increase the accuracy of the solution on the other
side. The AIl method always creates auxiliary nodes, so the two precedent
requirements on X can be respected. Hence, the AIl algorithm for immersed
boundaries is performed two times for both sides of the interface. Practically,

the algorithm is easily performed one time using C' and a second time using
c'=1-C.
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2.3.5 Algebraic elimination

The symmetrical AIl method creates N auxiliary unknowns for which a bound-
ary constraint is written. Hence, the method increases the size of the solved
matrix. However, the discretization of the problem at lines I € N* contains
only one auxiliary unknown at the same time, and we have :

uy = ZO[JUJ (10)

JEN

Hence, occurrences of uj at lines J € N can be easily replaced by > aju;.
JeN
The matrix obtained with this method is quite similar to the ones proposed

in [3]. However in this last paper the auxiliary unknowns are taken into account
before the discretization of the operator which is then modified, and a particular
work is needed for each discretization scheme. Our algorithm seems simpler, as
the standard discretization of the operators is automatically modified in an
algebraic way. So, no particular attention has to be paid to the discretization
scheme used.

2.4 AIl for immersed interface problems

With the precedent symmetrical method, the physical problem can be solved
on both sides of the interface, and an explicit Dirichlet condition is imposed
on the interface. As for many problems, the solution is not a priori know on
the interface, the final step of our method is to allow transmission or jump
conditions on the interface 3. Now, the problem is :

B V- (aVu)=f in Q
(Pii) { + Interface condition on X (11)
where interface conditions are :
[uls=¢ onX (12)
[(a-Vu) n]gs =% onX (13)

where [ ]x denote the jump of a quantity over the interface 3. As can be
seen with the symmetric version of the AIl method, a given intersection point
xz;,l € I, can be associated with two auxiliary unknowns. In the last algo-
rithms, auxiliary unknowns were associated to Dirichlet or Neumann BC, but
each auxiliary unknown can be related to any type of constraint, especially jump
or transmission constraint. Hence, an intersection point can be associated to
the two interface constraints (12) and (13) of (P;;). For instance, the I™*" line
of the matrix with x§ € €y can be used to impose the constraint (12) and the
J"t" line of the matrix with 2% € Q) is then used to impose constraint (13).

2.4.1 The solution constraint

The 1D symmetrized AIl methods for Dirichlet BC holds :

ug = aur + Bu (14)
Uy, = ouy + pfuy
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One can notice that the interpolation coefficients a and 8 are the same for

both constraints due to the superimposition of the implied nodes. As [u]s =

uy; — ug = ¢, we obtain :

aur + fBuy — auj — fuy = ¢ (15)
which is the first constraint to be imposed.

2.4.2 The flux constraint

Following the same idea as for the solution constraint, and using P? interpola-
tion,

(16)

{ (a- Vush) - [n| = o (=L [, | + B[, )

(a- Vug) - 0] = a= (S |, | + “5="E|n, |)

and using (13), we obtain:

uh —u Uy —u Uy — uj U — Uy
at (B + ) - (M4 ] = M ) = v
(17)
which is the second constraint to be imposed. Contrary to the solution con-
straint, the precise location of the interface is not taken into account. However,
as demonstrated later, the second order in space is possible to reach on Cartesian
grids.

2.4.3 Algebraic reduction

As interpolation functions are of various dimensions, a given auxiliary unknown
can be involved in the discretization of many contraints. Hence, auxiliary un-
knowns are strongly interdependent and a simple algebraic reduction of the
matrix is no more possible. For the Matched Interface and Boundary (MIB)
method, Zhou et al. [16] used a different discretization of the interface con-
ditions. Combined with such a discretization and then algebraically reduced,
the AII method provides the same matrix as the MIB method. However, the
standard discretization of the AII method requires a more compact stencil, and
the additional computational time generated by the auxiliary nodes is small.

2.4.4 Application to physical equations

All the derivations of the AIl method can be applied to elliptic equations for
solving numerous heat transfers problems or velocity projection. Concerning the
Navier-Stokes equations, [11] shown the ability of this approach to treat fluid
flow problems with immersed boundaries. For vector equations, the method
used for scalar equations is repeated for each component. No other modifica-
tion are required if the velocity-pressure coupling is an augmented Lagrangian
method. Modifications are required for time-splitting methods as they require a
predictor and a projection steps that induce the definition of different boundary
constraints in the two steps. Accuracy of the two approaches will be investigated
in a future work.
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2.5 Post-treatment and scientific visualization

Multiphase flows across obstacles are well suited for general public movies. Such
animations are generated as follows: first, a realistic scene is designed with a
computer graphics (CG) software such as 3D Studio Max or Blender. The
scene is composed of triangularized surfaces. The surfaces interacting with fluid
simulation are extracted and defined as immersed boundaries in a CFD code.
The simulation of the fluid flow is then performed and at some regular time step,
a triangularized surface is extracted from the Eulerian description C of the fluid
free surface. These surfaces are then exported into the same CG software. At
last, a realistic rendering is computed (see Fig. 4). Many animations can be
found in [13].

Figure 4: Dam break flow over an obstacle (left)-Dam break flow on a realistic
topography (right)

3 Validation and examples

As AIT and SMP methods are equivalent for IB problems, validations for such
cases on Cartesian grids can be found in [11] and [12]. New validations for IB
problems are performed on two curvilinear grids (see Fig. 5). Grid A is an
orthogonal mesh with exponential periodic steps. Grid B is a converging pipe.
The homogenous Laplace equation between two circles of radius R; = 0.5 and

05H /
L 1 s s
A -+ 4

05 J 05

Figure 5: Curvilinear grids used for validation : Grid A (left) - Grid B (right)

Ry = 4 is first solved. The solution is u; = 10 on the first circle and uy = 0 on
the second circle. The boundary condition on the inner circle is imposed with
ATl met od and the a; aéy%mal solytion whlc% ccgu for the e terior circle is
a secon % 1 (r)%an §ar 9F %He % porm. Ko ¢ € ACCHIaCy is
pARe uleran gri A call BEAG 38

g]?%ai?y ofn order 1.7

An II problem is now solved on a Cartesian grid. The interface ¥ is a
centered circle of radius » = 0.5. We solve the problem P;; with f = —4
and a = 1. As the equation remains exactly the same in both domains, this
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Mesh A L? relative error Order L°° error Order
32 x 32 7.40 x 1071 — 1.64x102 ——
64 x 64 1.88 x 10~4 1.98 5.19 x 1073 1.66
128 x 128 4.48 x 107° 2.07 1.72x1073 1.59
256 X 256 1.81 x 107° 1.31 6.82x10~% 1.34
512 x 512 3.84 x 1076 2.23 1.42 x 10~4 2.26
1024 x 1024 8.20 x 10~ 7 2.23 3.80 x 10~° 1.90
Mesh B L? relative error Order L°° error Order
32 x 64 3.60 x 10~ % — 1.07 x 10~ 2 ——
64 x 128 6.82 x 107° 2.40 2.49 x 1073 2.10
128 x 256 2.26 x 107° 1.59 7.80x1074 1.67
256 x 512 5.10 x 1076 2.15 2.80x1073 1.48

Table 1: Accuracy results for 2D Poisson equation with immersed boundary
condition for grids A and B

problem can be solved without immersed interface method. The analytical
solution is uw = r?. As can be expected with our second order code, the error
machine is reached for all meshes with or without AIl method. Similar results
are obtained with an interface ¥ parametrized by (x(6),y(0)) where: z(6) =
02v5 + (.5 + .2sin(50)) cos(0), y(0) = .02v/5 + (.5 + .2sin(56))sin(6), with
6 €10, 27].

We consider now the same problem with a discontinuous coefficient: a =
10 in Qg, and @ = 1 in Q4 with the following analytical solution : © = r2 in Qg and v =
72/10 + 0.9/4 in ©Q; As can be seen on Tab. 2, a second order is reached for

Mesh L? relative error Order L°° error Order

16 x 16 3.22 x 10~3 — 3.08 x 10~3 —
32 x 32 7.75 x 1074 2.06 6.97x10~4 2.14
64 x 64 2.39 x 1074 1.69 | 2.03x 1074 1.78
128 x 128 5.02 x 107° 2.25 4.29%x107° 2.24
256 X 256 1.47 x 107° 1.77 1.37x107° 1.65
512 x 512 2.73 x 107 2.43 2.87 x 107° 2.26
1024 x 1024 7.08 x 1077 1.95 6.98 x 1077 2.04

Table 2: Accuracy results for 2D Poisson equation with discontinuous coefficient

Cartesian grids.

4 Conclusion and perspective

A new and easy to implement fictitious domain method for IB and II problems
has been designed. On Cartesian grids, the method reaches a second order in
space for both problems. On curvilinear grids, a second order is obtained with
IB problems only. Hence, future works will be devoted to obtain a second order
in space for Curvilinear grids with II problems. Extension of the AIT method in
3D for II problems will be performed too.
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