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ANALYSIS OF THE TOOLKIT METHOD FOR THE
TIME-DEPENDANT SCHRODINGER EQUATION

Lucie Baudouin,Julien Salomon,Gabriel Turinici

ABSTRACT. The goal of this paper is to provide an analysis of the “toolkit”
method used in the numerical approximation of the time-dependent Schrodinger
equation. The “toolkit” method is based on precomputation of elementary
propagators and was seen to be very efficient in the optimal control frame-
work. Our analysis shows that this method provides better results than the
second order Strang operator splitting. In addition, we present two improve-
ments of the method in the limit of low and large intensity control fields.

1. INTRODUCTION

The control of the evolution of molecular systems at the quantum level has been
a long standing goal ever since the beginning of the laser technology. After an
initial slowed down of the investigations in this area due to unsuccessful experi-
ments, the realization that the problem can be recast and attacked with the tools
of (optimal) control theory [E] greatly contributed to the first positive experimen-
tal results , @, @, E, ] Ever since, the desire to understand theoretically how
the laser acts to control the molecule lead the investigators to resort to numerical
simulations which require repeated resolution of the Time Dependent Schrodinger
Equation of the type ([[); additional motivation comes from related contexts (online
identification algorithms, learning algorithms, quantum computing [E], etc.).

The numerical method used to solve the time dependent Schrédinger equation
must provide accurate results without prohibitive computational cost. The conser-
vation of the L? norm of the wave function 1 (z,t) is also generally required for
stability and as a mean of qualitative validation of the numerical solution.

In this context, the second order Strang operator splitting is often considered [@,
E, @] However, this method suffers from two drawbacks. First, the numerical
error is proportional to the norm of the control which implies poor accuracy when
dealing with large laser fields e(¢) and make necessary the use of small time steps.
Secondly, it requires at each time step three matrix products. This difficulty is
enhanced in some particular settings e.g., in optimal control, where the matrices
involved in the control term must be assembled online.

Recently introduced, the “toolkit method” [@, @] solves this last problem by
precomputing a set of elementary matrices, used in the numerical resolution. Each
matrix is associated to (one or several) field values and enables to solve the evolution
over one time step. This algorithm has been used in various frameworks and shows
excellent results. It has also been coupled successfully with optimal control and
identification issues [ﬂ] The dependence on the L*°-norm of the control, which is
a restriction of the Strang method, is also improved by the “toolkit method” as it
will be shown in our analysis.

The goal of the paper is to provide a (first) numerical analysis of the “toolkit
method”. Our mathematical tools are related to that in [[f] (but for a different
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setting; see also [f}, [L] for connected results); the treatment here is different because
of the quantization appearing in the values of the control e(¢) which impacts both
the mathematical analysis and the numerical efficiency of the method. The analysis
enables us to propose two possible improvements.

The paper is organized as follows: after having introduced the model and some
notations in Section E, the toolkit method is presented and analyzed in Section E
An improvement of this method in the limit of small control fields is introduced
in Section . A second improvement, in the limit of large control fields is given in
Section E Finally, Sectionﬁ gathers some numerical results.

2. MODEL AND NOTATIONS

In this section, we present the Schrodinger Equation that will be considered in
the paper and some useful notations.
We consider the time dependent Schréodinger equation (TDSE)

(1) { i0p)(z,t) = (Ho(x) — p(x)e(t))(z,t), R3 x (0,T)
1/)(Ia0) :1/)0(95)7 R3.

This equation governs the evolution of a quantum system, described by its wave
function 1, that interacts with a laser pulse of amplitude e, the control variable.
The factor p is the dipole moment operator of the system. The Hamiltonian of
the system is Hy = —A, + V where A, is the Laplacian operator over the space
variables and V' = V(x) the electrostatic potential in which the system evolves.
We refer to ] for more details about models involved in quantum control. Note
that to obtain Eq. (ﬂ), one has considered the laser effect as a perturbative term,
so that the control term e(t)u(x) is obtained through a first order approximation
with respect to e(¢). While often considered, this approximation fails at describing
some models involving non linear laser-dipole interaction, see e.g. [@] Conse-
quently, the norm of the field cannot be always considered as a small parameter,
and numerical solvers have to tolerate large controls, as the one described here after.

Throughout this paper, T' > 0 is the time of control of a quantum system. The
space LP(0,T;X), with p € [1,400) denotes the usual Lebesgue space taking its
values in a Banach space X. The notation W11(0,T) corresponds to the space of
time dependent functions belonging to L'(0,T;R) such that their first time deriv-
ative also belongs to L'(0,T). We denote by L? the space L?(R3,C) and by W2
and H? the Sobolev spaces W2 (R3 R) and H?(R3,C). The space £(H?) is the
space of linear functionals on H2. One can refer to [{] (or the introduction of [f])
for more details about the definitions of these functional spaces.

Finally, in order to introduce some numerical solver of (m)7 let us consider an
integer N and At > 0 such that NAt = T. We introduce the time discretization
(tj)o<j<n of [0,T] with ¢; = jAt and we also denote by ¢, 1 the intermediate time

L = (j+ 4)At.

Let us first recall some basic results of existence and regularity of the solution of
the TDSE. These are corollaries of a general result on time dependent Hamiltonians
(see [L4], p. 285, Theorem X.70).
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Lemma 1. Let p € L(H?), V. € W%, ¢ € L*0,T) and o € H?. The
Schrodinger equation
2) {@WW4%—MQW®1WXQﬂ
1Z)(O) = 1Z)Ov RB)
has a unique solution v € L>(0,T; H?) N W°(0,T; L?) such that

D) Lo 0,102y + 1060 ()| Lo 0,7;22) < Cllpll ey llellwra o, 1Yol a2
Moreover, for allt € [0,T], |[v(@)|rz = ||YollL2-

It is also well known (see [f]] for instance) that for any 7' > 0 and ¢y € H?, if we
have €(t) = € € R, independent of time ¢, the Schrédinger equation
{ i0;p(t) = (Ho — pé) ¢(t), R3 x (0,7)
¢(0) = ¢o, R?
has a unique solution ¢(t) = S(t)¢y such that ¢ € C([0,T]; H?) N C([0,T]; L?),
where (S(¢)):er denotes the one-parameter semi-group generated by the operator
Hy — pé. Moreover, for all t € [0,T], S(t) € L(H?) and we have

S(t)d)o € C(OvT7H2)a V¢0 € HQ;

1SN ez <14+ CT < K, Vi€ [0, T K = K(|[pll2(m2): emax);
(3) 15()¢ollL2 = lldoll L2, Voo € L.Vt € R;

S(0) = Id,

S(t+s)=S5(t)S(s), Vs, t € R.

Therefore, the solution of Eq. (E) is obtained equivalently as a solution to the
integral equation

0(t) = S +i | S(t = 5)(els) ~puuls)ds.

3. THE TOOLKIT METHOD
We now present the toolkit method and describe the corresponding error analysis.

3.1. Algorithm. In this method, we assume that the control field ¢ satisfies the
following hypothesis:

(H) Yt € [0,T], €(t) € [emin, Emax]-
The values of the control field are discretized according to:
(4) €¢ = Emin +{Ae, £ =0...m,

with m = Smax=sming Here, the values &y have been here uniformly chosen in the
interval [emin, Emax)- If some properties of the field are known, e.g. its mean value
or its variance, some improvement of the method can be obtained by optimizing
the distribution of the values £,. More generally, this topic enters the field of scalar
quantization, that will not be considered in this paper. We refer to [@] and the
references therein for a review of standard methods in this domain. In order to
solve numerically equation (E)7 the toolkit method proceeds as follows.
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Algorithm 1. (toolkit method)

(1) Preprocessing. Precompute the “toolkit”, i.e. the set of propagators:
Se(At) for £ =0,--- ,m,

where (S¢(t))ter denotes the one-parameter semi-group generated by the
operator Hy — pég, the sequence (€¢)io.....m, being defined by ([).

(2) Given a control field e € L? satisfying @ and Y& = 1o, the sequence
(¥F)j=o0,...n that approzimates (V(t;))j=o,...N, is obtained recursively by
iterating the following loop:

(a) Find:
gj = argminl:l,--- ,m{|a(tj+%) - §f|}7
(b) Set | = Sy, (At)pIK.

In this “toolkit” approximation, we consider that the changes in the Hamiltonian
H(t) :== Ho — ue(t) can be neglected over a time step At. In this way, if Ae =0
(infinite toolkit), and for a relevant time discretization, the simulation correspond-
ing to piecewise constant control fields is exact. Such a property does not hold
with methods that approximate the exponential, e.g. the second order Strang op-
erator splitting. Indeed, these approaches introduce an algebraic error, due to the
non-commutation of the operators Hy and p that is consequently proportional to
HEHLOO(O,T)-

Remark 1. In the original form of the toolkit method [E, E, @], the mid-point
choice proposed in Step @ of Algorithm E is not considered. Yet, the introduction

of this strategy enables us to improve the order of the method (see the analysis
hereafter).

3.2. Analysis of the method. Let us now present an error analysis of the toolkit
method. More precisely, this section aims at proving the following result:

Theorem 2. Let e € W2>°(0,T) and v the corresponding solution of (E) Let %
be the approximation of ¥ obtained with Algorithm E Given At > 0 and Ae > 0,
there exists Ay > 0, Ao > 0, that do not depend on ||e|| (o ) such that:

() [(T) — 5 (T)| L2 < AAe + A At
Moreover, there exists vy > 0, vo > 0 depending on ||e||w1.1(0,1) such that:
(6) [9(T) = ™ (T) | 5> < 1Ae + AL

Remark 2. This result shows that the toolkit method enables to work with large
control fields, transferring the computational effort due to such cases to the pre-
processing step: given Ae, the computational cost of this step only depends on the
norm ||| (0,1, i-€., on Hypothesis @

Proof. To obtain (E) and (E), we will focus first on the local error, i.e. the approx-
imation obtained on one time step [¢;,¢;+1].
The sequence (%K)j:O,...,N is a time discretization of the solution of

o 1005 (1) = (Ho — pue(t) (1), B x (0,7)
P (0) = o, R3
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where the space variable has been omitted and £(t) = &, is constant over each inter-
val [t;, tj1[= [JAL, (j+1)At[, with j =0, ..., N—1. We denote by (5;(t));—  n_;
(instead of Se,) the one-parameter semi-group generated by the operator Hy — péy,
and we introduce 6(t) = e(t) — & where £ (instead of &;,) is the constant value of
&(t) over [t;,tj41]. Therefore, the solution ¢ of (f) is actually the solution of the
integral equation, settled for ¢ € [t;,¢;41]:

) UlE) = Syt = t)(t) + i [ 80— d(s)u(s) ds.

For the upcoming calculations, one should notice that we have
Ae

(9) 6(t541) < 5

and that for all t € [t;,;41],

1 .
(10) 6] < 5 (A + [lélloeo.m)At)
We consider the following decomposition:

G(T) = ™ (T) = (T) = Sn-1(At)P(ty 1)

N—-2

£ 3T Sn (A Sy (A ((t41) — S5 (AD(E))

=0
+ Sn_1(At) ... So(At)pe — ™ (T)
where the last line is equal to 0 since ¥ satisfies () on [0, 77.

From now on and in all the following sections, we will consider either that
4ol = 1 or that |[¢ho|lg> = 1. From (f), we know that the operators S; are
isometries in L2. Therefore, the use of a triangular inequality brings

N—-1
(11) [(T) =S (T)llz < D [(Es41) = Si(ADY(E)] 2 -
j=0
We will thus calculate and estimate in L2-norm for all j the difference
L+t
Ultsn) = SA00() = i [ Syt - )3ubis)ds
t

J

= [ S = 5 (06) — Si(s — )ue) ds

tj

i [ 8, — 90(s)Si (s — 1)0(t5) ds.

t;

= / T St — $)3() ((s) — Sy(s — t)t,)) ds

(12) + Z'/t.j+1 3(s)p;(s)w(t;)ds

where ¢;(s) := Sj(tj41 — s)puS;(s — t;) € L(L?).
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In what follows, we work in parallel on L? and H?-estimates of (tj4+1) —
Sj(At)p(t;). We will need basic L? and H?-estimates of (t) — S;(t — t;)¢(t;)
for the study of the first integral term of ([[J), the second one will be dealt with
using a Taylor expansion of 4(t).

From Lemma [], (§) and ([L0), it is easy to obtain coarse estimates of 1(t) — S, (t —
t;)¥(t;). Indeed, for all ¢t in [t;,t;41], one can write

() — S50t — )bt e = |i / Si(t — s)ud(s)b(s) ds

J L2
tj+1
< [TUsie= s, ds
1 )
< Af||M||.c(L2)§ (Ae + ||éll oo,y At) lltholl L2
1 .
(13) < §||U||L(L2) (Ae + ||€]| Lo 0,1y AL) At

and the H2-estimate gives

(14) [[(6) = Si(t =) (t;) 2 < Klellwraomlullecme) (Ae + €]l e o,m)At) At

where K = K (|||l £(r2), Emax) is a generic constant that estimates every ||.Sj| z(q2).-
Therefore, we can obtain more accurate estimates of the first integral term of ([LJ).
Thanks to ([13]), we obtain

i / T Syt — $)3() ((s) — Sy(s — t)0(t,)) ds

J

L2

1 .
< glluleee (Ae + 112l e om At) At sup li(s) = Sj(s = ;)0 (t;)] 2

telt;,tj+1]

1 . 2
< Ml (B2 + [élimom At)* AL
1 .
(15) < FlnllEey (A + [El3w o m)AL) A,

Working now on the HZ2-estimate, we deduce from ([I4) in the same way that

(16) | / St — 5)3(s) () — Si(s — £3)(ty)) d

J

L2

1 .
< sKllleamllelwiaor (A + 21w o) At2) A

In the two cases (L? and H?), estimates are stronger than the ones we look for,
and we can focus on the second integral term of (@) we want to deal with.

We first consider

(17) 2R [tjvtj-i-l] - ‘C(Hz)
s = Sj(tj1 = s)nSj(s — 1)
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and note that for all v € H?, [|p;(s)¥|lgz = [|S;j(tj+1 — s)pSi(s — t;)¥]g2 <
K9] g2 so that

(18) Vs € [tj,tj4], 10 (s)llccae) < K|l

Let us now consider the derivatives of ¢;(s). Since (S;(t))ier denotes the one-
parameter semi-group generated by the operator Hy — pué, the £(H?) identity

0¢S;(t) = —i (Ho — pe) S (t)

holds and minor calculations give, Vs € [t;,t;+1],

dspj(s) = iSj(tjs1 — s)[Ho, pu]S;(s —t;)

D2epi(s) = Sj(tj41 — s)[[Ho, pl, Ho — pg] Sj(s — t5).
Therefore,
(19) 195 ()|l £(22) K||[Ho, ]l 22

<
2 R
105pi ey < K[| [[Ho, 1), Ho = pe] | ey -
If we consider the L2-analysis of the method, then ¢;(s) € £L(L?) and Vs € [t;,tj11],

lei( ey < el
(20) 10s05 ()l czzy < [Ho, p]ll 222
105 (e < ||[[Ho,l, Ho = pe] | ) -

Let us now write the third order Taylor expansion of ¢ — 0(t) = ¢(t) — € in a
neighborhood of tipy:

5(5) = Bty) + (5~ 1a)0(t0 ) + (5 — 1124)28(60(5))
O(tjypa) + (s —tjpa)é(tya) + %(5 —1;1)%€(6(5)),

[ZES
with 6(s) € [tj,t;1+1]. We now focus on estimating the term ¢ / 0(s)p;(s)¥(t;) ds.
tj
By means of (@ and the L?-norm conservation, we obtain

1
§||M||L 12)AcAt,

L2

H/M (112 2)05(5)b(t)ds

1 .
SHo e €l iy AF

IN
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and

IIuIIc(Lz €l Loo ty,541) AL,

/:frl % (5 — tj+%)2 E(0(s))p;(s)Y(t;)ds

- 24
L2
Combining these results with ([[J), we estimate (1) as follows:

1 .
lo(ts0) = S (AP 2 < Sllulze) (Ae®A + [€]5AtY)
1
+5 lull ez AcAt
1 . .
+ 57 CllHo, il ews)lElloe + lpllews €]l ) AL,

with || - ||z (0,7) = || - [[co- By means of (1), the global L2-estimate is then:

() = ™ (D)2 < ZW i+1) = Si(ADY(EL) | L

. T
< EHMH%(LQ) (A®At + [|€]1Z,At%) + 3 il o2y Ae
T ) .
51 (2N[Ho, il 2y l€lloo + il 2z lI€ll o) AL,

and (f]) can be deduced with the following constants A; and Ao independent of
lellzo<(o,r)

T
A= §||M||L(L2) (1 + AeAt|pllzerey)

T T LT .
Ay = 5||/1'||L(L2)||5||00At+E||[H07M]||L(L2)H5HOO+ﬂl|/"||£(L2)||EHOO'

Let us now prove the H? estimate. By means of ([6)), ([§) and ([9) and keeping
in mind that K is a generic constant depending on ||uz(g2) and emax, We can
repeat the previous analysis to find the local estimate:

lotts0) = S5A0E) e < Klluleallelwsom (AAR 4 [l o.n At

+ KAeAt+ K (|| [Ho, eIl + JEllz ) AL,

Since one can prove that we can actually write a more precise estimate of S;(At)
and replace K by 1+ CAt (see properties (f])), we get:

[1S5(At) || 2y < 1+ CAL.

and since we have the following intermediate result, where M > 0 depends on
|l 2 F2)s Emax and T' but is independent of N:

N-—1
Z 1+ CAHNTIAL < M.
7=0
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The global estimate is obtained as follows:
N-1

[O(T) =X (D)l < > KN T g(t41) — S5 (AD)G(E)|| a2

7=0

IN

—1
Z (1+ CAON I |lellwrao.r) (A2AE + |€]12 At?)
7=0
N—
+ ) (1+CAYNTT (AeAt + (| [Ho, il ceaz) €]l oo + [1E]l o) AE?)
7=0

< Mllellwisom (A*At + 2|2 A + MA
+ M ([[[Ho, 1l a2y lIElloo + [1€]loo) A2,
We finally get v and v and conclude the proof of Theorem E:
M1+ |lellwr10,mTAcAt)
M (llellwrao,m) ElI5 AL + | [Ho, )l 2eaz) l1Elloo + [1Ellos) -

,_.

V1

19
(I

Remark 3. The estimate (E) is consistent with the fact that Algorithmﬂ used with
a relevant time discretization is exact for the piecewise constant control fields.

4. IMPROVEMENT IN THE LIMIT OF LOW INTENSITIES

We now describe a way to improve the time order of the previous algorithm.
Since some constants in the following analysis depend in this case of the L>°-norm
of the field and the method requires that the toolkit size scales At?(emax — Emin),
it applies in the case of (L°°-) small control fields.

4.1. Algorithm. The algorithm we propose mixes the toolkit and the splitting ap-
proaches, in the sense that it applies sequentially various operators to correct the
third order local error that appears in the proof of Theorem E

Algorithm 2. (Improved toolkit method for low intensities)
(1) Preprocessing. Precompute the “toolkit”, i.e. the set of propagators:
Se(At) for £ =10,--- ,m,

where (S¢(t))ter denotes the one-parameter group generated by the operator
Hy — ué&e, the sequence (g¢)¢=o,....m, being defined by (E) Include in this
set the two special elements:

Q = et HonAE g _ o5ndt®

and the initial exponents oy and By such that (¢ being extended as an even

function on [-T,0]):

ag = wzéaéwo(mz),
P e(t1) — 2e(ty) +(0) _ (ty) + O(AR).

At?



MNALYSIS OF THE TOOLKIT METHOD FOR THE TIME-DEPENDANT SCHRODINGER EQUATION

(2) Given a control field ¢ € L™ satisfying [ and ¢35 = Q00P0y, the
sequence (V] )0~ that approzimates ((t;))j=o,...n, is obtained re-
cursively by iterating the following loop:

(a) Find:

.....

t; = argming_y ., {|e(tj1/2) — &},
(b) Compute «; and B; such that:

(21) a; = w =e(tjp1) + O(A?),

e(tjrr) —2e(t; 1) +e(ty)

(22) Bi = N = &t 1) + O(AF).

(c) Set I = Sy, (At)Q* OPiplK,

In many cases, e.g. in the experimental frameworks, only the values of the field
can be handled. The use of exact values for the time derivatives has then to be
avoided when possible. This motivates the introduction of approximations (@) and
(RY) of &(t;) and &(¢;) in the latest definitions. The analysis presented hereafter
shows that this does not deteriorate the order of the method.

In this method, one must perform two online matrices exponentiations. By
working in a basis where one of these two matrices is diagonal, the cost of Step @
can be reduced to one exponentiation, making the cost of this method equivalent
the second order Strang operator splitting.

4.2. Analysis of the method. We can now repeat the analysis that has been
done in the proof of Theorem E to obtain the following estimate.

Theorem 3. Let ¢ € W2°°(0,T), 1 be the corresponding solution of (E) and YTE
the approzimation of v obtained with Algorithm E Given At > 0 and Ae > 0,
there exists A} >0, Xy > 0, with | independent of ||| (o,r) such that:

[(T) = ™ (T)[ 22 < X Ae + X AL

Proof. In the framework of this new algorithm, we note that on every time interval

Jt;,tj+1], the approximation ¢'¥ is the solution of the evolution equation:

(23) 0T (t) = (Ho — ue) IR (), R? x (tj,tj41)
WIK(E) = Quetyl () R

where we set ¢(07) = 19. We will keep the notations (S;, §(t), ¢,...) of the proof of
Theorem E, and we first focus on the local error analysis. We consider the following
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decomposition:

G(T) = " F(T) = P(T) = Sy -1 (AQV 10N 1y (ty 1)

N-—
+ Sy_1(A)QeN—1@PN=1 5. (AH)Qe+ @i+
) =0

NJ

<.

X (W(ti1) — S (AN 0% y(t))

+ Sn_1(AHQN-1@PN =1 S (AH)Q @y — pTE(T)

where the last line is equal to 0 since /¥ satisfies () on [0, 77.
The operators S; are isometries in L?, we will consider that ||¢g||zz = 1 and we
also have, for all j

g iBj 3 .
(24) 0% QP — 13 [HouAL? 5 pAat® _ Td+ (12[H0, 4l + 264;#) A +1d O(AtG)

and thus

(25) 192907 | 112y < 1+ O(AE).

Therefore, the use of a triangular inequality brings

N-1

(26) (7)) =™ (D)llze < (14 O(AL)) D [[9(tj41) — S (ADQYO%9(t;)]| .

j=0
and we will calculate and estimate in L?-norm for all j the difference

blti) — S;(A0Q% OB (1)
SA0U) i [ )ty = 93(s)i(s) ds = 5,(A0Q (1)

J

= S0 ([-0%) v(t) +i [ S(ti — 93(s)(s)ds

We define Y (s) = 9(s) — S;j(s — t;)Q% ©Piy(t;) for all s € [t;,t;+1] and obtain
(27) Y(tj41) = S;i(At) (Id - Q1 0%) (1))

tiy1 [ZES
+ z/ Si(tie1 — $)0(s)uY (s)ds + Z/ 5(s); ()% 054 (t;) ds
tj tj

where ¢;(s) := S;(tj4+1 — s)uS;j(s — t;) and its derivatives have been estimated in
L? in (R(). As we did in Theorem [}, we start with an estimate of the first integral
term of (27)). For all ¢ €]t;,t;41], we can write:

Y(t) = o(t) = S;(t —t)(ty) + St — t;)e(t;) — S;(t — ;)29 0% (t)
- /t S,(t — 5)8(s)utb(s) ds + S;(t — ;) (1d — Q505 4h(t;).

Moreover, for all t €]t;,t;41], we have

Y@l <

/s (t — $)5(s)uib(s) ds +Hsja—tj)(ld—mj@ﬁj)w(t>

J HL2
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The operators S; are isometries in L? and V¢t € [0, T, |[¢(¢)||z2 = ||¢o]| 2. There-
fore, we deduce from (B4) that

B o i0;
185t — ) (1d — Q5 0%) (¢, .0 < (E 1o, il gy + 52 ||u||L<L2)) AF+O(AL),

Since it is clear that we also have

t

S (t — $)8(s) i (s) ds

tj

1 .
< §||M||£(L2) (Ae + |||l Lo 0,1 At) At
2

one can finally deduce that:

z/ o Si(tjq1 — $)0(s)uY (s) ds

tj

L2

1 .
§||/L||£(L2) (Ae + ||éll Lo,y At) At sup [V (t)]| 12

tE[t),tj41]

1 .
(28) < leulli@z) (Ac + |€] oo 0.1y A)* A2 + O(AcALY) + O(AL).

We focus now on the first and third terms of (P7). Using (R4), we get

S5(0) (12 = 090%) v(t5) = =580 (1ol + P2u ) 6(6) A +0(1,)0(A0).

Let us then consider the second integral term of (@) On the one hand, we consider
the fourth order expansion of § = ¢ — € in a neighborhood of ¢, i

0(s) = O(tjp1)+(s—t;51)0(t 1)+ %(s —t51)?0(tj 1) + %(s —t;,1)%63(0(s))

. 1 . 1
= O(tjs1) (s —ti1)é(tpn) + 5(s —ti1)2E (1) + E(s - tj+%)3a<3> (6(s))

where 6(s) € [t;,t;41]. On the other hand, we calculate and/or estimate the four
corresponding terms in

tj+1
i [ s 0m e () ds.

tj

From (ff) and (RQ), the term of order 0 gives:

< Sl AcAt,

N~

L+t
i [ 8 e u s
t

J

L2
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For the term of order 1, we can write

ti+1
[ el e (90 0P () ds
t

J

= ¢ (tH%)‘/o s(cpj(thr% +s)— cpj(thr% — 3))Qaj®ﬁj¢(tj) ds

2At t 1+S
= i) [ 50,8, (O™ O () duds
0 t.

i+17F
2At ]+%+S
= i‘é(tj-i-%) ; (6U@J(J)+(u_tj) ( ))Qaﬂ@ﬁjdj( )dUdS
P
é(t 2)

= S; (At) [Ho, u]Q2% ©Piap(t;) At
+i é(t”;)/ozm/i; s(u —t;)7(u — t;)Q% 0% (t;) duds
= 5, (A0) [Ho, 1o (t;) A + S5 (AF) [Ho, 1] (t,)O(AL°)
it / At/”l+s (1 — ;) r(u — ;)0 ©% (L) duds

i+s

where we used (RI)), (4) and (R0) and the function 7 : s € [0, At] — 7(s) € L(L?)
is defined as the function that appears in the following expansion of d,¢; around
t;, for any ¢ € L?

Qupi(Wy = Oupi(tj)¢ + (u—t;)T(u—1t;)9
= iS;(A)[Ho, ]t + (u — t5)7(u — t;)1.

Using the estimate (coming from (R(]))
< _
(29) Ir(Nlews) < | [[Ho,ul, Ho — pel | . ¥s € 10,24,

along with [|1(t;)||2 = [|tbollz> = 1, 1) and (RF) we find that for all 7,

N TAt tipyts o
i€(tjy1) ; /t s(u—t;)T(u —t;)QO(t;) duds

i+ L2
) TAt tipyts
< (a;+0 (At ))/ s(u_tj)H[[Ho,ﬂ],ﬂo_ugw Nty e duds.
0 tj+%fs £(L)
o
| e}
< 5 [[Ho,u],Ho us} s +0 (Ar7)

We also prove easily that for all 7,
1S5 (At) [Ho, i () O(AL) | . = O (At°).

For the term of order 2, using (22), (B4) and (Pd) and the first order expansion
of p; around t;, ¢;(s)Y = ¢j(t;)Y + (s — t;)0(s — t;)¢ for all ¢ € L?, defining
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6:s€0,At] — 0(s) € L(L?), we can write

ti+1 q
Z/t (s = t41)28(tj 1) ()% 04 (t5) ds

J

= ity ) /t]+1 . tiv1)? (pi(ty) + (s = £))0(s — 1)) Q007 (t;) ds

3 ; 2
i€t 1) @B
= S (A O (1) AL
i€t 1) [lim
o) [ =t = 00 - 120 d
t

J

= %Sj (AL) b () A + S (At) pp(t;) O(AL®)

WE(t, 1 tir1
(]+2> s—t. 1)%(s—t:)0(s —t;)Q9 0% (t;) ds.
5 i+3 J J J

tj

Using (R0), we get the estimate [|6(s)||(z2) < H [HO’N]Hg(m)’ Vs € [0, At], and
using it with (29) and (RH), we obtain that for all j,

E(E. 1 tit1
@ /tj Vs- tiy1)*(s = t5)0(s — ;) 0%(t;) ds 2
1 ti+1 "
< 3G+0R) [T =t = 9 Il 10002 ds
1 T (A
< S0+ OO llag [ o (5 - ) d
< Dy, Wl A+ O (AF).

and we also prove easily that ||S; (At) u(t;)O(At%)|| . = O (At°).

Combining these results with (Bg) into equation (£7), we obtain:

1Y (tjs1)lle = [[oo(tis1) — S;(AHQY©%4(t))]|
ti+1
< |1S;(At) (Id — Q0% (t;) +i / 5(s); ()% 054 (t;) ds
tj L2
tj+1
+ Z/ Si(tjt1 — 8)d(s)pY (s)ds
tj L2
1 a;
< Zul? ;e - —uE 4
< glulndent+ 5 || [1Ho i), Ho — pel | At

Bj 1 :
1o, il cny A + Sl gy (A2AL + 30 1y At
+ O(AeAtY) + O(ALD)
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We have now a local in time estimate that should be traduced in a global one, and
from (B4), we get

[(T) — p™5(T)|| 2
N-—1

(1+0(At?) [ (ti1) — S;(AHQ* (¢,
7=0

= 3
||u||“2)Aa+ H[HO , Ho us”‘ﬁ(w)At
ff;

IN

Mz

IN

1o, 1l gy A + 3 gy (B A¢ 4+ el o r)AF°)
+ O(AaAt?’) + O(AtY).
The result follows, with
T
A= EHMH%(LQ)(l + AeAt)
and

ST S -

T .
1Ho, #lll ) + S Ml Zeay 1EN7 0.y

O

L(L2)

In this theorem, the constants \; depends on ||&|| (o, through the commutator

{[Ho, w), Hy — ué} that appears in (RJ). This contrasts with the result obtained in

Theorem E The explanation of this situation comes from the fact that the norms
of p;j(s) := S;(tjt1 — 8)uS;j(s — t;) (defined in ([[7)) and its first derivative does
not depend on ||e|e(,r), Whereas its second derivative does. Thus, errors in
Algorithm E depend on L*-norm of the control field as in the case of the second
order Strang operator splitting. Although these two methods present the same
computational complexity, the order of Algorithm E is higher when Ac scales At3.

5. IMPROVEMENT IN THE LIMIT OF LARGE INTENSITIES

We now describe a way to improve the time order of the Algorithm ﬂin the case
of large intensities. The following method enables to replace Ae by AcAt in the
estimates.

5.1. Algorithm. The algorithm we propose improve the accuracy in the approxi-
mation of €. This improvement is obtained by using two toolkit elements instead
of one at each time step.

Algorithm 3. (Improved toolkit method for large intensities)

(1) Preprocessing. Precompute the “toolkit”, i.e. the set of propagators:
Se(At) for £=0,---,m

where (S¢(t))ter denotes the one-parameter group generated by the operator
Hy — péy, the sequence (g¢)i=o,....m, being defined by ().

(2) Given a control field e € L™ satisfying E and Y% = 1)y, the sequence
(1/)311()]-:0 ,,,,, ~ that approzimates (¥(t;))j=o,....n, is obtained recursively by
iterating the following loop:
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(a) Find ¢; such that:

e(tjy1/2) € [Ee5E0,41]-
(b) Compute «; and B; such that:

ajée; + Big1 = e(tjriy2)
(30) oj+63; =1
(C) Set 1/)J]_{_<1 = Sszrl(At)ﬁj S[j (At)aj 1/)J]K

In this method, one must perform two online matrices exponentiations. The
cost of the corresponding step, namely Step @ can be reduced to three matrix
products when precomputing the mappings between the diagonalization basis of
two consecutive toolkit elements.

Remark 4. Another way to reduce the cost of this step, is to quantify the val-
ues of a; (and (3;) and precompute a toolkit containing elements of the form :

S[J-Jrl(At)/@j Se; (At)*i. This method is tested in Sec. @

5.2. Analysis of the method. We can now repeat the analysis that has been
done in the proof of Theorem E to obtain the following estimate.

Theorem 4. Let e € W3>°(0,T), ¢ be the corresponding solution of () and 7%
the approzimation of v obtained with Algorithm E Given At > 0 and Ae > 0,
there exists A{ >0, Ay > 0, both independent of ||e|| (0,7 such that:

[9(T) — 075 (T)|| 2 < N/AeAt + N/ A2,

Proof. In this algorithm, two control fields are involved successively in the propa-
gation over the interval [t;,t;41]. As in the previous proofs, we introduce d(s) =
e(s) — &(s), with
&:(S) _ _Eg] ENS [tj,tj + ajAt[,
€rj+1 S € [tj + O[J‘At, tj+1[.
Note first that for all s € [t;,t;41]

L.
(31) [6(s)] < Ae+ S el oo At

.....

groups generated by the operators Hy — puép, and Ho — pée, 11 respectively.
Following the same analysis as for Algorithm [, we set W}I K)o, N as the time
discretization of the solution of:

i0pp " (t) = (Ho — pe(t) 75 (t), R® x (0,T)
(32) JK 3

1/} (O) = 1/}07 R
where £(¢) (defined right above) is constant over each interval [¢;,¢; + o;At] and
[t; + oAt tjq[, with j = 0,..., N — 1. In the same way as we obtained (E), the
solution 1 of @) satisfies,

ti+aj At
Y(tj + ajAt) = Sj(a; At)Y(t;) — l/t Sj(tj + ajAt — s)pd(s)(s) ds

J
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and
L+t
Ults1) = SjBA000 + ;80— [ St - ud(s)0(s) ds
tj+a At
As in ([19), it gives rise to:
P(tj1) — Si(B;At)S;(a; At)ib(ty)
ti+1

=[S - b)) ds

]‘+O¢jAt

tj-‘rO(jAt
+i/ S%(B;At)S(t; + o At — s)ud(s)y(s) ds
t

J

tj+1
= z/ Si(tj1 — s)ud(s) ((s) — Sj(s —t; — a;At)(t; + a;At)) ds
tj-‘rO(jAt

4o At
+i S;(BAL)S;(t; + ajAt — s)ud(s) (v(s) — Sj(s —t;)w(t;)) ds
| sieansy )1 (s) ((5) — S5(s — 1)0(1,))

J

L+t
R CEAE D R
thrOt]‘At

tita; At
tj

where ¢ (s) 1= S} (tj+1—s)uS5(s—t; —a;At) and @;(s) := S;(t; +o; At —s)uS;(s—

t;). As in the proof of Theorem [ (see right above ([[)) we use the appropriate

decomposition

W(T) — " 5(T) = (T) — Sy_1(Bn-1A8)Sn—1(an—1A8)(tn—1)
N—2

+ Z S;Vil(ﬁNflAt)SNfl(O[NflAt) NN S;—+1(6j+1At)Sj+1 (Oéj+1At)

Jj=0

X (P(tj1) — S5(8;At)S; (a; At)y(t;))
+ S;V_l(ﬁNflAt)SNfl(O[NflAt) e Sé(ﬁoAt)So(O[oAt)’(/)o - ’L/}JK(T)

where the last line is equal to 0 since /% satisfies (BJ) on [0,7]. We have the
corresponding estimate (see ([L1))

N-1
19(T) ="K (T) g2 < Y [[0(tj+1) = 858,868 At)(t;) | ..
§=0

and we will thus calculate and estimate in L?norm for all j the four terms of (BJ).
As in ([1J), but using now the new estimate (B)) of d, the two first terms of the
right hand side of (@) can be respectively estimated by:

(34)

tj+1
z/ Si(tj1 — s)ud(s) (v(s) — S5(s —t; — ajAt)p(t; + a;At)) ds
tj-‘rO(jAt

L2

1.
< Bl e (00 + Se o)
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and

ti+a; At
(35) | / S1(8;A0)S; (15 + At — 5)ab(s) ($(s) — S5(5 — £,)(¢))

J

L2

1.
< aﬂlﬂ%gp>(Ae%ﬁﬁ—%§nd@ijuA#).

Let us now focus on the third and fourth terms of (BJ). We have:

tiy1 tita
/ 5(5)@; (S)Sj (O@At)d)(tj) ds = / 5(8)@;(% + OZjAt)Sj(OéjAt)l/)(tj) ds
tj+0¢]‘At tj+0¢]‘At
tj+1 s
+/ 5(5)/ 8u@;(u) du S;(a; At)Y(t;) ds
tj-‘rOtjAt tj-‘rOtjAt
tj+1
= [ 868500850, 800(t) ds
tj-‘rOtjAt
ti+1 s
w7 s [ g duSiaanu) ds
t]‘+0¢]‘At tj+0¢]‘At
and

ti+o; At tita; At
/t S1(8;A0)3(5)3; (s)(t;) ds = / 5(5) (8,003, (15 + ay At ds

J 3J

ti4aj At tij4oj At
- / 5(3)S/ (5, A1) / 0u; () du (t;) ds

J

ti+a; At
:1 5(5)S}(3; At S (0 ALY (t5) ds

tj-‘rO(jAt ’ tj-‘rOtjAt
—/ 5(5)S3—(ﬂjAt)/ 0upj(u) du ¥(t;) ds.
t s

J

By means of (B(), we have:

tit1 tjt1 tit1
[ ds = [T e el ds s [ ety - e(o) ds
t t

J J tj
ti+1
= / (s) —e(tjr1/2) ds
tj
i ] )
= /t 8(9(8))5(8 — tj+1/2) dS,

J

where 0(s) € [t;,t;41]. Consequently,

1 . ,
< ﬂHMHE(LQ)HEHL“’(O,T)At -

/t " ()81 (8, A, (o ALy (t;) ds

J

(36) ‘

L2
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From (R0) and (B)), we obtain

/t G / 0u () du S;(a; At)Y(t;) ds

j+0¢]‘At ]‘+O¢jAt

(37) |

L2

1.
< 380 Hos e (e + SlellmoAt) A2

N =

and similarly, we find that:

tj4oj At ti4aj At
[ sesiman [T oz dunty) ds

J

(38) ‘

L2

1 "
< g0l ll e (e + 3lElmo At ) A2
Combining (B4), B3), (BF). (B7) and (BY), we obtain:
1.
[0(ti01) = S5(8;A0)8; (A (E)|| . < Nz ene (AEQ + §||5||2Lw(o,T)At2> At
1 ) ,
+ﬂ”ﬂ”£(L2)HSHL“’(O,T)At
1 1
#3llFo leqzs) (A + 3 1elmm ) A2

The global estimate follows

[9(T) = &7 "(T) | 2

IN

N-—1
Z | (tj41) — S5(B;80)S; (g ALY (t5) || ,»
=0

IN

el 222 (Ag + %uéuimm)m?) TAt
il e |l o T AP
+%”[H07N]H£(L2) (AE + %”éHL“’(O,T)At) TAt
and the proof of Theorem E is complete, with

¥ = SHo illleqeayT + Il 0o T,

1 . 1 ..
Ay = Z||[H07#]||L(L2)||€||Loo(o,T)T+ﬂ||#||£(L2)||€||Lw(o,T)T

1 .
+3 114llZ 22y 1€l Lo 0. T A

6. NUMERICAL RESULTS

In this section, we check numerically that the order of the estimates we have
obtained in this paper are optimal, and we compare computational costs of the
methods.
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6.1. Model. In order to test the performance of the algorithms on a realistic case,
a model already treated in the literature has been considered. The system is a mol-
ecule of HCN modeled as a rigid rotator. We refer the reader to [[[f] for numerical
details concerning this system.

As a control field, we use an arbitrary field of the form e(t) = epax sin(wt), with
€max = 5.107% and w = 5.107%. The parameters are chosen in accordance with
usual scales considered for this model. The use of an analytic formula for the field
enables us to work with exact values, i.e. to test the cases Ae = 0.

6.2. Orders of convergence. To test the time order, we first work with Ae = 0,
with various values of At. The numerical orders correspond to the ones obtained
in our analysis. Curves of convergence are depicted in Fig. ﬂ

10° .
—o— Splitting a=1.9979

_.[| = Infinite Toolkit a=2

10 "F| —+— Improved Toolkitl a=3.103
—+— Improved Toolkitll a=2.0001

10 L

° 107
At)T

10°

F1GURE 1. Error with respect to At, when Ae = 0 for toolkit
method and Improved toolkit I method, and whenAe = cAt for
Improved toolkit II method. Here, ™™ stands for the approx-
imation of v when using the toolkit method, the second order
Strang operator splitting, the Improved toolkit I method and the
Improved toolkit II. The coeflicient a is the regression coefficient.

The order with respect to Ae is also obtained numerically by using a small
time step. In this test, the numerical order is consistent with the one obtained in
Theorem . The convergence with respect to this parameter is presented in Fig. .

6.3. Computational cost. In a second test, we compare the computational costs
of the methods. To do this, we look for the values of N = % and m = =x= that
enable to reach a fixed arbitrary error of Tol = 5.1073 (recall that in any case the
error cannot exceed 2). For sake of simplicity, we only test powers of 2. In this test,
we also include the quantified version of the Improved toolkit IT which is described
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—©&— Toolkit a=0.98935
[a]
el
S~—
13
3
IS
=
|
—~
ST g
=
10 4 ‘—3 -2
10 10 10
Ae/Emax

FIGURE 2. Error with respect to Ae, when At is small. Here,

Y™™ stands for the approximation of v when using the toolkit
method.

in Remark E In our case, the parameters o and 3 were quantified among 100 values
uniformly distributed in [0, 1].

N = % Matrix products | m = SRax
Strang Op. Splitting 16384 32768 -
Toolkit 8192 8192 16384
Improved toolkit 1 1024 2048 16384
Improved toolkit II 4096 12288 16
Quantified Improved toolkit IT | 4096 4096 6400

TABLE 1. Values of numerical parameters corresponding to a tol-
erance error of Tol = 5.1073.

These tests show that toolkit methods always give better results as the second
order Strang operator splitting.
The two improvements we propose in this paper enable to reduce respectively the
global number of matrix products and the size of the toolkit, which is in agree-
ment with the analysis we have done. Note that the second improvement reduce

significantly preprocessing step. This fact makes feasible the quantified version of
it, which requires intrinsically a larger toolkit.
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