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VAN DEN BERGH ISOMORPHISMS IN STRING
TOPOLOGY

LUC MENICHI

ABSTRACT. Let M be a path-connected closed oriented d-dimensional
smooth manifold and let k be a principal ideal domain. By Chas
and Sullivan, the shifted free loop space homology of M, H,q4(LM)
is a Batalin-Vilkovisky algebra. Let G be a topological group such
that M is a classifying space of G. Denote by S.(G) the (nor-
malized) singular chains on G. Suppose that G is discrete or
path-connected. We show that there is a Van Den Bergh type
isomorphism

HH™?(5:(G), 5.(G)) = HHp1a(5+(G), 5:(G)).
Therefore, the Gerstenhaber algebra HH*(S.(G), S« (G)) is a Batalin-
Vilkovisky algebra and we have a linear isomorphism

HH*(S:(G), S«(G)) 2 Hyya(LM).

This linear isomorphism is expected to be an isomorphism of Batalin-
Vilkovisky algebras. We also give a new characterization of Batalin-
Vilkovisky algebra in term of derived bracket.

1. INTRODUCTION

We work over an arbitrary principal ideal domain k. Let M be a
compact oriented d-dimensional smooth manifold. Denote by LM :=
map(S*, M) the free loop space on M. Chas and Sullivan [f] have
shown that the shifted free loop homology H.,4(LM) has a structure of
Batalin-Vilkovisky algebra (Definition R1]). In particular, they showed
that H,,4(LM) is a Gerstenhaber algebra (Definition [[9). On the other
hand, let A be a differential graded (unital associative) algebra. The
Hochschild cohomology of A with coefficients in A, HH*(A, A), is a
Gerstenhaber algebra. These two Gerstenhaber algebras are expected
to be related:

Key words and phrases. String Topology, Batalin-Vilkovisky algebra, Hochschild
cohomology, free loop space, derived bracket, Van den Bergh duality, Poincaré
duality group, Calabi-Yau algebra.
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2 LUC MENICHI

Conjecture 1. Let G be a topological group such that M is a classi-
fying space of G. There is an isomorphism of Gerstenhaber algebras
H. a(LM) = HH*(S.(G), S«(G)) between the free loop space homology
and the Hochschild cohomology of the algebra of singular chains on G.

Suppose that G is discrete or path-connected. In this paper, we
define a Batalin-Vilkovisky algebra structure on HH*(S,(G), S.(G))
and an isomorphism of graded k-modules

BFG™ oD : H.\y(LM) = HH*(S.(G), S.(G))

which is compatible with the two A operators of the two Batalin-
Vilkovisky algebras: BFG 'oDo A = Ao BFG™' o D. Indeed,
Burghelea, Fiedorowicz [f] and Goodwillie [If] gave an isomorphism of
graded k-modules

BFG : HH,(S.(G), S.(G)) = H,(LM).

which interchanges Connes boundary map B and the A operator on
H, 4(LM): BFGoB = Ao BFG. And in this paper, our main result

1S:

Theorem 2. (Theorems [[3 and [[4) Let G be a discrete or a path-
connected topological group such that its classifying space BG is an
oriented Poincaré duality space of formal dimension d. Then

a) there exists k-linear isomorphisms

D: HHy ,(S.(G), S.(GQ)) = HH?(S.(G), S.(G)).

b) If B denotes Connes boundary map on HH,(S.(G), S«(G)) then
A := Do BoD ! defines a structure of Batalin-Vilkovisky algebra
on HH*(S.(G), S«(Q)), extending the canonical Gerstenhaber algebra
structure.

Note that when G is a discrete group, the algebra of normalized
singular chains on G, S.(G) is just the group ring k[G].

To prove Conjecture [[] in the discrete or path-connected case, it
suffices now to show that the composite BFG~! o D is a morphism of
graded algebras. When k is a field of characteristic 0 and G is discrete,
this was proved by Vaintrob [BJ.

Suppose now that

(3) M is simply-connected and that k is a field.

In this case, there is a more famous dual conjecture relating Hochschild
cohomology and string topology.
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Conjecture 4. Under (), there is an isomorphism of Gerstenhaber
algebras Hyyg(LM) = HH*(S*(M), S*(M)) between the free loop space
homology and the Hochschild cohomology of the algebra of singular
cochains on M.

And in fact, Theorem P is the Eckmann-Hilton or Koszul dual of the
following theorem.

Theorem 5. ([0, Theorem 23] and |7, Theorem 22]) Assume ([3).
a) There exist isomorphism of graded k-vector spaces

FTV : HHP~4(S*(M), S*(M)") = HH"(S*(M), S*(M)).

b) The Connes coboundary BY on HH*(S*(M),S*(M)") defines via
the isomorphism FTV a structure of Batalin-Vilkovisky algebra extend-
ing the Gerstenhaber algebra HH*(S*(M), S*(M)).

Jones [[[9] proved that there is an isomorphism
J: Hyo(LM) = HHP~9(S*(M), $*(M)Y)

such that the A operator of the Batalin-Vilkovisky algebra H, 4(LM)
and Connes coboundary map BY on HH*~4(S*(M), S*(M)V) satisfies
JoA = BYoJ. Therefore, as we explain in [P7], to prove conjecture f,
it suffices to show that the composite F'T'V o J is a morphism of graded
algebras.

In [[], together with Felix and Thomas, we prove that Hochschild
cohomology satisfies some Eckmann-Hilton or Koszul duality.
Theorem 6. [[, Corollary 2] Let k be a field. Let G be a connected
topological group. Denote by S*(BG) the algebra of singular cochains
on the classifying space of G. Then there exists an isomorphism of
Gerstenhaber algebras

Gerst : HH*(S.(G), S.(G)) = HH*(S*(BG), S*(BG)).

Therefore under (f), conjectures [ and [[] are equivalent and under (),
Theorem B as stated in this introduction follows from Theorem .

The problem is that the isomorphism Gerst in Theorem [ does not
admit a simple formula. On the contrary, as we explain in Theorems [[3
and [I, in this paper, the isomorphism D is very simple: D! is given
by the cap product with a fundamental class ¢ € H Hy(S.(G), S.(G)).

In [[3, Theorem 3.4.3 i)], Ginzburg (See also [P2, Proposition 1.4])
shows that for any Calabi-Yau algebra A, the Van den Bergh duality
isomorphism D : HHy (A, A) = HHP(A, A) is HH*(A, A)-linear:
D! is also given by the cap product with a fundamental class ¢ €
HH,;(A,A).
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We now give the plan of the paper:

Section 2: We recall the definitions of the Bar construction, of the
Hochschild (co)chain complex and of Hochschild (co)homology.

Section 3: We show that, for some augmented differential graded
algebra A such that the dual of its reduced bar construction B(A)Y sat-
isfies Poincaré duality, we have a Van den Bergh duality isomorphism
HH, ,(A,A) = HHP(A, A) if A is connected (Proposition [[J).

Section 4: There is a well known isomorphism between group
(co)homology and Hochschild (co)homology. We show that, through
this isomorphism, cap products in Hochschild (co)homology correspond
to cap products in group (co)homology.

Section 5: We give a new characterization of Batalin-Vilkovisky
algebras.

Section 6: Ginzburg proved that if Hochschild (co)homology satis-
fies a Van den Bergh duality isomorphism HH,_,(A, A) = HHP?(A, A)
then Hochschild cohomology has a Batalin-Vilkovisky algebra struc-
ture. We rewrite the proof of Ginzburg using our new characterization
of Batalin-Vilkovisky algebras and insisting on signs.

Section 7: We show that a differential graded algebra quasi-isomorphic
to an algebra satisfying Poincaré duality, also satisfies Poincaré dual-
ity (Proposition BY). Finally, we show our main theorem for path-
connected topological group.

Section 8: We show our main theorem for discrete groups. Extend-
ing a result of Kontsevich [[J, Corollary 6.1.4] and Lambre [P3, Lemme
6.2], we also show that, over any commutative ring k, the group ring
k[G] of an orientable Poincaré duality group is a Calabi-Yau algebra.

Appendix: We recall the notion of derived bracket following Kosmann-
Schwarzbach [PU]. We interpret our new characterization of Batalin-
Vilkovisky algebra in term of derived bracket (Theorem [J). To any
differential graded algebra A, we associate

-a new Lie bracket on A (Remark B(),

-a new Gerstenhaber algebra which is a sub algebra of the endomor-
phism algebra of HH,(A, A) (Theorem p4).

We conjecture that Theorem P is true without assuming that G is
discrete or path-connected. Note that the proof of the discrete case
(Sections 4 and 8) is independent of the proof of the path-connected
case (Sections 3 and 7).

Acknowledgment: We wish to thank Jean-Claude Thomas for point-
ing us the Mittag-Leffler condition which is the key of Proposition [[2.
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2. HOCHSCHILD HOMOLOGY AND COHOMOLOGY

We work over an arbitrary commutative ring k except in sections
3 and 7, where k is assumed to be a principal ideal domain. We use
the graded differential algebra of [§, Chapter 3]. In particular, an
element of lower degree i € Z is by the classical convention [§, p. 41-
2] of upper degree —i. Differentials are of lower degree —1. All the
algebras considered in this paper, are unital and associative. Let A be
a differential graded algebra. Let M be a right A-module and N be a
left A-module. Denote by sA the suspension of A, (sA); = A;_;. Let dy
be the differential on the tensor product of complexes M @T'(sA)® N.
We denote the tensor product of the elements m € M, sa; € sA, ...,
sar, € sA and n € N by m[ay|---|ag|n. Let dy be the differential on
the graded vector space M ® T'(sA) ® N defined by:

dym[aq| - - |ag|n :(—1)‘m‘ma1[a2\ o |ag]n

Ed

—1
+

(]

(=D)mlay| - [aiais1] - - - |ag]n
1
=) mlay| - |ag_1]arn;

N .

Here ¢; = |m| + |a1| + - - - + |ai| + @

The bar construction of A with coefficients in M and in N, denoted
B(M; A; N), is the complex (M QT (sA)®N, dy+d;). The bar resolution
of A, denoted B(A;A; A), is the differential graded (A, A)-bimodule
(A® T(sA) ® A,dy + dy). If A is augmented then the reduced bar
construction of A, denoted B(A), is B(k; A; k).

Denote by A% the opposite algebra of A and by A° := A ® AP
the envelopping algebra of A. Let M be a differential graded (A, A)-
bimodule. Recall that any (A, A)-bimodule can be considered as a left
(or right) A®-module. The Hochschild chain complex is the complex
M ®4e B(A; A; A) denoted C.(A, M). Explicitly C.(A, M) is the com-
plex (M ® T(sA),dy + dy) with dy obtained by tensorization and [g,
(10) p. 78]

dimla| - - |ag] =(—1)"ma; [as| - - - |a]
k—1
+ Z(_l)eim[@ﬂ e laiais| - ag)

1

—1)‘S“k‘€k*1akm[a1\ o |ag_q).

N .
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The Hochschild homology of A with coefficients in M is the homology
H of the Hochschild chain complex:

HH.(A, M) := H(C.(A, M)).
The Hochschild cochain complex of A with coefficients in M is the com-
plex Hom e (B(A; A; A), M) denoted C*(A, M). Explicitly C*(A, M) is
the complex

(Hom(T'(sA), M), Dy + Dy).

Here for f € Hom(T'(sA), M), Do(f)([]) = dm(f([])), D1(f)([]) =0,
and for £ > 1, we have:

Dy(f)([arlas]...|ar]) = dar(f (larlazl-.|a])) =D (1) f([ar]-..|daai]...|ax])

=1

and

Di(f)([arlaz]...[ax]) = —(=1)F*Vlay f([as]...|ar])

— S (=% f([an] | ai-raql.. ] ax])
+(=1)* f([ar]az|...|ax-1])ax ,

where € = | f| + [sa1| + |saz| + ... + |sa;_1].
The Hochschild cohomology of A with coefficients in M is

HH*(A, M) = H(C*(A, M)).

Suppose that A has an augmentation ¢ : A — k. Let A := Kere be
the augmentation ideal. We denote by B(A) := (T'sA, dy+d;) the nor-
malized reduced Bar construction, by C,(A4, M) := (M ® T(sA),dy +
dy) the normalized Hochschild chain complex and by C (4, M) =
(Hom(T'(sA), M), Dy + D;) the normalized Hochschild cochain com-
plex.

3. THE ISOMORPHISM BETWEEN HOCHSCHILD COHOMOLOGY AND
HOCHSCHILD HOMOLOGY FOR DIFFERENTIAL GRADED
ALGEBRAS

Let A be a differential graded algebra. Let P and @) be two A-
bimodules.

The action of HH*(A, Q) on HH,.(A, P) comes from a (right) action
of the C*(4, Q) on C.(A, P) given by [B, (18) p. 82], B2

N:C.(A P)®C(A Q) — C(A, P4 Q)
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(7)
(mlar] . .- laa], £) = (mla] .. [ )Of = 3 £ m@aflar] . la)lapsal .o,

p=0
Here + is the Koszul sign (—1)/I(lail+-lanl+n) [B7 Proof of Lemma 16].
Let f : A — B be a morphism of differential graded algebras and let
N be a B-bimodule. The linear map B®4 N — N, b®n +— b.n is a
morphism of B-bimodules. We call again cap product the composite

(8) C.(A,B)®C*(A,N) 5 C.(A, B4 N) — C.(A, N).

In this paper, our goal (statement [J) is to relate the cap product with
B = A to the cap product with N = B =k.

Statement 9. Let A be an augmented differential graded algebra such
that each A; is k-free, i € Z. Let N be an A-bimodule. Let ¢ €
HHy(A, A). Denote by [m] € Tory(k,k) the image of ¢ by the mor-
phism

HHy(A, ) : HHy(A, A) — HHy (A k) = Tor} (k, k).

Suppose that
e Tor(k,k) = 0 for i < —n ori > n for some positive integer n,
e cach Tori(k, k) is of finite type, i € Z,
e the morphism of right Exty(k,k)-modules

Bat?(k,k) = Tor;_,(k,k),a— [m]Na

s an isomorphism.
Then the morphism

D' HH?(A,N) = HHy_,(A,N),a— cNa
18 also an isomorphism.

This statement is the Eckmann-Hilton or Koszul dual of [27, Proposi-
tion 11]. In this section, we will prove this statement if A is connected.
But we wonder if this statement is true in general or even for ungraded
algebras.

Property 10. Let B and N be two complexes. Consider the natural
morphism of complexes © : BY @ N — Hom(B, N), which sends ¢ ® n
to the linear map f : B — N defined by f(b) := ¢(b)n. Suppose that
each B; is k-free.

1) If B; =0 for i < —n or ¢ > n for some positive integer n and if
each B; is of finite type or

2) If H;(B) =0 for i < —n or ¢ > n for some positive integer n and
if each H;(B) is of finite type
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then O is a homotopy equivalence.

Proof. 1) Since B is bounded, the component of degre n of Hom(B, N)
is the direct sum @,ezHom(B,_,, N,). Since B,_,, is free of finite type,
Hom(B,_n, Ny) is isomorphic to B, , ® N,. Therefore © is an isomor-
phism.

2) Since k is a principal ideal domain, the proof of [B(, Lemma 5.5.9]
shows that there exists an complex B’ satisfying 1) homotopy equiv-
alent to B. By naturality of ©, © is a homotopy equivalence of com-
plexes. 0

Lemma 11. The statement holds whenever N is a trivial A-bimodule,
i.e. am =¢e(a)n =n.a fora € A andn € N.

Proof. Since N is a trivial A-bimodule, the normalized Hochschild

chain complex C, (A, N) is just the tensor product of complexes C, (A, k)®

N = B(A)®N (This is also true for the unnormalized Hochschild chain
complex, but less obvious). And the normalized Hochschild cochain
complex C (A, N) is just the Hom complex Hom(C, (A4, k), N) = Hom(B(A), N).
Since the augmentation ideal of A, A, is k-free, B(A) is also k-free.

Each H;(B(A)) is of finite type and H;(B(A)) = Tori(k,k) is null if

i < —nori > n. Therefore by part 2) of Property [0, © : B(A)V@N =

Hom(B(A), N) is a quasi-isomorphism. A straightforward calculation
shows that the following diagram commutes

B(A)Y ® N —> Hom(B(A), N) = C (4, N)

(imin-)% lm_
B(A)® N =C.(A,N)
Since B(A) is k-free and its dual B(A)" is torsion free, by naturality

of Kunneth formula [B(, Theorem 5.3.3], ([m] N —) ® N is a quasi-
isomorphism. Therefore ¢ N — is also a quasi-isomorphism. U

Proposition 12. The statement is true if A and N are non-negatively
graded and Hy(e) : Hy(A) — k is an isomorphism.

Proof. For any k > 0, let [* := A" N. The F* form a decreasing

filtration of sub-A-bimodules and sub-complexes of N. Since F*/Fk+1

is a trivial A-bimodule, by Lemma [[T], the morphism of complexes
C*(A, F*/F*Y) S C (A F¥/FF™Y) a — cna

is a quasi-isomorphism. By Noether theorem, we have the short exact
sequences of A-bimodules
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0 — F*/FFY — N/FF — N/FF — 0.

Since T'sA is k-free, the functors Homy (T'sA, —) and —®; T'sA preserve
short exact sequences. Therefore consider the morphism of short exact
sequences of complexes induced by the cap product with ¢

0 —= C*(A, F*/FF1) — C*(A, N/ F*1) —= C*(A, N/ F*) —= 0

zlm_ lm_ lm_

0 —= C.(A, F*/F¥*1) — C.(A, N/ F**1) —— C.(A, N/ F*) —= 0

Using the long exact sequences associated and the five lemma, by in-
duction on k, we obtain that the morphism of complexes

C*(A,N/F*) = C.(A,N/F*),a+ cNa

is a quasi-isomorphism for all k£ > 0.
The two towers of complexes

o= C*(A,N/F*) - C*(A,N/F*) — ...

o= C(A,N/F*Y) = C.(A,N/F*) — - ..
satisfy the trivial Mittag-Leffler condition, since all the maps in the
two towers are onto. Therefore by naturality of [B, Theorem 3.5.8],

for each p € Z, we have morphism of short exact sequences induced by
the cap product with ¢

lim' HH?P (A, N/F*) . HPlimC*(A, N/F*) limH HP (A, N/F")

llimlc Nn— J{H(limc n-) J{limc Nn—

— —

lim'HHyyy (A, N/FF) . Hy JimC,.(A, N/F*) . limHH, (A, N/F¥)

Using the five Lemma again, we obtain that the middle morphism

H(limen —) : H?lim C*(A, N/F*) — Hy_,lim C.(A, N/F")

is an isomorphism.

Case 1: We now suppose that A and N are non-negatively graded
and that € : Ay S kis an isomorphism. Then A" is concentrated
in degres > k. Therefore F* and C,(A, F¥) are also concentrated in

degres > k. This means that for n < k their components of degre n,
(F*),, and [C.(A, N/F¥)], are trivial. Therefore the tower in degre n

e (N FH), = (N FE), =
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is constant and equal to N, for k > n. This implies that N, =
lim(N/F"),. Therefore as complexes and as A-bimodule, N = limN/F*.

Since C.(A, N/F*) is the quotient C.(A, N)/C.(A, F*), we also have
that as complexes,

C.(A,N) =1limC,(A, N/F¥)

The functor C*(A, —) from (differential) A-bimodules to complexes
is a right adjoint. Therefore C*(A, —) preserves inverse limits. Since
N = 1limN/F* in the category of (differential) A-bimodules, we obtain

that as complex
C*(A,N) = C*(A,limN/F*) = lim C*(A, N/ F*).
Since for any k > 0, the following square commutes

C*(A,N) —=C*(A,N/F*),

lm_ lm_

C.(A,N) ——=C.(A, N/F¥)
the quasi-isomorphism

limeN — : limC*(A, N/F*) — limC, (A, N/F*)

coincides with ¢ — : C*(A, N) — C.(A, N).

Case 2: We now suppose that A and N are non-negatively graded
and that Hy(e) : Ho(A) = k is an isomorphism. Let A be the graded
k-module defined by Ay = k, A; = Ker d : A; — Ay, A, = A, for
n > 2 (Compare with the cochain version in [§, p. 184]). Clearly A s
a sub differential graded algebra of A and the inclusion j : A S Aisa
quasi-isomorphism since Im d : A; — Ag is equal to Z_o.

Since the augmentation ideals of A and A, A and A, are k-free and
non-negatively graded, by [B3, 5.3.5] or [, 4.3(iii)], the three morphisms
HH,(j,N) : HH.(A,N) = HH.(A,N), HH*(j,N) : HH*(A, N) =
HH*(A,N) and HH.(j,j) : HH.(A, A) = HH,(A, A) are all isomor-
phims. Let & € HHy(A, A) such that HHy(j,7)(¢) = c¢. Using the
definition of the cap product, it is straightforward to check that the
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following square commutes

HH (A, NV 22 g (A, )

lm_ lm_

HH,(A,N). ﬁv ﬁH*(A, N)

Let [m] € Torf(k, k) such that Tor’(k, k)([m]) = [m]. When N = k,
the previous square specializes to the following commutative square

Ext;(k,lk)E .
Ext’, (k, k) —— Bxt’; (k, k)

[m]N— l% l[rk}m—

A = A
Tord! (i, k) == Tor’! (k. k)

By hypothesis, [m] N — is an isomorphism. Therefore [7;1] N — is also
an isomorphism. So since Ay = k, we have seen in the case 1, that

¢N—:HH*(A N)> HH,(A, N)
is an isomorphism. Therefore
¢cN—:HH*(A,N)> HH,(A, N)
is also an isomorphism. O

4. COMPARISON OF THE CAP PRODUCTS IN HOCHSCHILD AND
GROUP (CO)HOMOLOGY

Let G be a discrete group. Let M and N be two k|[G]-bimodules.
Let n : k — Kk[G] be the unit map. Let E : k[G] — k|G x G| be the
morphism of algebras mapping g to (g,g7!). Let

7 k[G X GOP] Qk[G] k — k[G]

be the unique morphism of left k[G' x G°]-modules extending 7. Since
k|G x G°P] is flat as left k[G]-module via E and since 7 is an iso-
morphism, by Eckmann-Schapiro [[§, Chapt IV.Proposition 12.2], we
obtain the well-known isomorphisms between Hochschild (co)homology
and group (co)homology:

Exty(n, N) : HH*(K[G], N) = Ext}jgy gon (K[G], N) = Extlyq (k, N) = H*(G, N).
and
Tor? (M, n) : H.(G, M) = Tor (M, k) = Torj g, gon) (M, k[G]) = HH.(K[G], M).
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Here M and N denote the k[G]-modules obtained by restriction of
scalar via E. Note that we regard any left k[G]-module as an right
k[G]-module via g — g~* [}, p. 55].

Proposition 13. Remark that the canonical surjection
q:M@N—»M@MG]N

is a morphism of k|G|-modules.
i) Cup product U in Hochschild cohomology versus cup product in

group cohomology (slight extension of [29, Proposition 3.1]). The fol-
lowing diagram commutes

HH*(k[G], M) ® HH*(k[G], N) = HH*(K[G], M @y¢) N)

Ext*E(n,M)(?Ext*E(n,N) Ext*E(n,M@Jk[G]N)l

H*(G, M) ® H*(G, N) HY (G, M@ N~

ii) Cap products N. The following diagram commutes

H*(G, M ®k[G} N)

U

HH,(k[G], M) ® HH*(k[G], N) & HH.(K[G], M @y N)
A
TorE (M,n)®|ExtE(n,N)*1 TorE (M &y ) N,m) T
H.(G, M) @ H(G, N) —5——= H.(G, M @ N) —=== H.(G, My N)

Remark 14. In the case M = N = k[G], the diagram i) in Proposi-
tion [ means that

Ext’,(n, k[G]) : HH*(k[G],k[G]) — H*(G,k[G))

is a morphism of graded algebras.
In the case N = k|G], the diagram ii) means that

Tor?(M,n) : H.(G, M) — HH,(k[G], M)
is a morphism of right H H*(k[G], k|[G])-modules:
Tor (1, K[G]) (o N Ext (1, k[G]) () = Tor,/ (. K[G])(e) N
for any o € H,(G, M) and any o € HH*(k[G],k[G]).

Proof. Siegel and Witherspoon [29, Proposition 3.1] proved i) using
that for any projective resolution P of k as left k[G]-modules,

X = k[G X GOp] Qk[G] P

is a projective resolution of k[G] as k[G]-bimodules. Let ¢ : P — X
the left k[G]-linear map defined by «(z) = (1,1) ® z. Using that

Homp (s, N) : Homygxger| (X, N) = Homyey(P, N)
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is an isomorphism of complexes inducing Ext},(n, N) and that
M®gt: M Qg P = M Qiaxagor) X

is an isomorphism of complexes inducing Tor? (M, n), Siegel and With-
erspoon [29, Proposition 3.1] proved i). But one can also prove similarly
i).

We find more simple to give a proof of ii) using the Bar resolution.

Let ¢ : B(K[G];K[G]: k) — B(K[G]: k[G]; k[G]) be the linear map defined
by
u(golg1| -~ lgn]) = golonl -~ -Ignlgn " - 95"

Obviously ¢ fits into the commutative diagram of left k[G]-modules

B(k[G]; k[G); k[G]) — k[C]

B(k[C); K[G); k)

k

A straightforward computation shows that ¢ is a morphism of com-
plexes. Therefore Homp(¢, V) is an morphism of complexes from C* (k[G], V) =
(Homygxger) (B(K[G; K[G]; k[G]), N) to Homyg(B(k[G]; k[G]; k), N).
inducing Ext};(n, N) and M ®g ¢ is an morphism of complexes from
B(M;K[G];k) & M ®yq B(k[G];k[G];k)
to
M Surecon BKG); k(G K[G]; K[G) = C.([G), M)
inducing Tor? (M, n). Explicitly M ®g ¢ is the morphism of complexes
B(M;K[G]; k) — C.(k[G], M)
defined by [T, (2.20)]

(15) Emlgl .- gal = 9" g7 'mlgn] .. |gn)-

And Homg(s, N) : C*(k[G], N) — Hom(B(k[G]), N), d is the morphism
of complexes { mapping ¢ € C*(k[G],N) to the linear map () :
k[G] — N defined by

E@)[gnl - -1ga]) = ol - lgnlgn - g7

Both M ®p ¢ and Hompg(¢, N) are in fact isomorphisms of complexes.
The inverse of M ®@p¢ is the morphism of complexes @ : C.(k[G], M) —
B(M;Kk[G]; k) defined by B3, 7.4.2.1]

S(mlgr|...|gn)) =91 gum[g1] - - - |gnl-
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Let F' be any projective resolution of k as left k[G]-module. Let P and
@ be two k[G]-modules. The cap product in group cohomology is the
composite [B, p. 113], denoted N

P @y F @ Homy)(F, Q)

I d®k[G]é®k[GJI d

P ®]k[G] (F ® F) ® Hom]k[G](Fa Q)

lv
(P® Q) Qg F
where y(a®@r @y @u) = (=1)HleH+lvlg@u(z) @y and A is a diagonal

approzimation. In the case, F' is the Bar resolution B(k[G]; k[G]; k),
one can take A to be the Alexander-Whitney map

AW : BKG);KG); k) — B(K(G) K(G) k) @ B([G]; K[G]; k)
defined by [, p. 108 (1.4)]:

AW (golg1l - - -1ga]) Zgo [91] - -19p] ® g0 - - - GplGp+1] - - - |gn]-

Therefore the cap product
N: B(P;k[G];k) ® Hom(B(k[G]),Q),d — B(P ® Q;k[G];k)

is the morphism of complexes mapping m|gi|...|g.] @ v : GP — Q

to m.gr... 9, @ u(g1,---,9p)-91---9plgp+1| - - |gn]. Using the explicit
formula ([]) for the cap product in Hochschild cohomology, it is easy to
check that the following diagram commutes

C.(k[G], M) ® C*(k[G], N) N C.(k[G], M ®yq N)

@@Horf:(lE(L,N) lc}

B(M;k[G):k) © H*(G, N) —= B(M © N:k[G]; k) j—= B(M &y N;K[G];K)

By applying homology, ii) is proved. 0
Definition 16. [R3, 7.4.5 when z=1] Let ¢ : B(k[G]) — C.(k[G],k[G])
be the linear map defined by

o(lgrl - lgn)) = 97" gi ol - - Ign)-

Property 17. 1) [, 7.4.5 when z=1] The map o is a morphism of cyclic
modules.
ii) The morphism of complexes ¢ coincides with the composite
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B(n:k[G]5k) .

B([G]) """ B(G): KIG]: k) - C.(K[G] KIG).

Here ¢ is the isomorphism of complexes defined by ([[J). Note that the

unit map 7 : k — k[G] is a morphism of k[G]-modules.
iii) In particular, in homology, o coincides with

Tor®(n,n) : H.(G;k) — HH,(k[G];k[G]).
iv) The map o is a section of
C.(k[G], ¢) : C.(K[G],k[G]) — C.(K[G], k) = B(K[G]).

Corollary 18. Let G be any discrete group. Let N be a k[G]-bimodule.
Let o : H.(G;k) — HH.(k[G];k[G]) be the section of HH,.(k[G],¢) :
HH,(k[G],k|G]) — H.(G,k) defined in Definition[18. Let z € Hy(G, k)
be any element in group homology. Then the following square commutes

zN—

H?(G, N)
Exty(n,N) TE
o(z)N—

HHK[G], N) 2 HH,(K[G), N)

Hd—p(G> N)

o l TorE (N,n)

Proof.
HH,(k[G],k[G]) ® HH*(k[G], N) i HH,(k[G],k[G] @y N)
i
Tor? (k[G]m)ﬁExtE(nvN )t TorZ (N,n) T
H.(G.X[G]) ® H*(G,N) — H.(G.K[G] @ N)

H*(qu)

1%

H. (G%@m H.(Gn®N) T

H,(G,k)® H*(G, N)

S H. (G, k® N)

The top rectangle commutes by ii) of Proposition [[3 in the case M =
k[G]. The Bottom square commutes by naturality of the cap product
in group (co)homology with respect to the morphism of k|G]-modules

—

n : k — k[G]. The Bottom triangle commutes by functoriality of
H.(G,—). By ii) or iii) of Property [[7, the vertical composite is

o@Ext’(n, N)™' : Ho (G, K)@H (G, N) — HH,(k|G],k|G])@HH*(K[G], N).
O
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5. A NEW DEFINITION OF BATALIN-VILKOVISKY ALGEBRAS

Definition 19. A Gerstenhaber algebra is a commutative graded alge-
bra A equipped with a linear map {—, =} : 4;® A; — A; 1,41 of degree
1 such that:

a) the bracket {—,—} gives A a structure of graded Lie algebra of
degree 1. This means that for each a, b and c € A

(20) {a,b} = —(=1)(a+DPFD 15 41 and
{a. {b.c}} = {{a,0},c} + (=1){“FVEFV G {a, ).

b) the product and the Lie bracket satisfy the following relation called
the Poisson relation:

{a,bc} = {a,b}c + (1) DPpLg ),

Definition 21. A Batalin- Vilkovisky algebra is a Gerstenhaber algebra
A equipped with a degree 1 linear map A : A; — A;;; such that
A o A =0 and such that the bracket is given by

(22) {a,b} = (— )‘“' (A(a Ub) — (Aa) Ub— (—1)‘“|a U (Ab))
for a and b € A.

Remark 23. In (P2), a sign (here the sign chosen is (—1)I) is needed
(See [2T], (1.6)] or [[4, beginning of the Proof of Proposition 1.2]), since
the Lie bracket of degre +1 is graded antisymmetric (equation (20]))while
the associative product is graded commutative. Therefore the defini-
tion of Batalin-Vilkovisky algebra in [[3, Theorem 3.4.3 (ii)] and [22,

p. 1] has a sign problem.

The following characterization of Batalin-Vilkovisky algebras was

proved by Koszul and rediscovered by Getzler and by Penkava and
Schwarz.
Proposition 24. [P, p. 3] [[4, Proposition 1.2] g Let A be a
commutative graded algebra A equipped with an operator A : A; — A;iq
of degree 1 such that Ao A = 0. Consider the bracket { , } of degree
+1 defined by

{a,0} = (1) (A(ab) - (Aa)b — (—1)"a(AD))
for any a, b € A. Then A is a Batalin-Vilkovisky algebra if and only if

A is a differential operator of degree < 2, this means that for a, b and
c€e A,

(25) A(abe) = A(ab)e + (—1)14aA(be) + (—1)14=DIpA (ac)
— (Aa)be — (=D)la(Ab)e — (1) Plab(Ac).
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Remark that till now, in this section, it is not necessary that the
algebras have an unit. Now if the algebras have an unit, we give a new
characterization of Batalin-Vilkovisky algebra. One implication in this
new characterization is inspired by Ginzburg proof of Proposition [B(.
As we will recall in the proof of Theorem p3, the converse in this
characterization is due to [P0, “the restriction of this derived bracket
to A is the BV-bracket”, p. 1270].

Proposition 26. Let A be a Gerstenhaber algebra A equipped with an
operator A : A — A of degree 1 such that Ao A =0. For any a € A,
denote by l, : A — A, the left multiplication by a, explicitly l,(b) = ab,
be A. Denote by [f,g] = fog— (=1)/9lgo g the graded commutator
of two endomorphisms f : A — A and g : A — A. Then A is a
Batalin-Vilkovisky algebra if and only if for a, b € A,

Lapy = —[lla; Al L] and A1) = 0.
Proof. For a and b € A,
o Al ] = (lao A = (=1)I*A 0 l,) oy

— (=D)PIaDy 0 (1,0 A = (=1)*A 0 1,,)
=loNol,— (—D)MA ol — (=1)Flly 0 A+ (—1)PlaltD+alg o Ao,

Therefore by applying this equality of operators to ¢ € A, we have
27)  — (=1D)[[I,, Al L) (¢) = —(=1)aA(be) + A(abc)
+ (=Dl PlgpA(e) — (=1)PIUFDpA (ac).

Suppose that A is a Batalin-Vilkovisky algebra. By Proposition 4,
using (R7), we obtain that

—(=D)lM[l,, A], 1) (¢) = A(ab)e—(Aa)be—(—1)1 a(Ab)e = (—=1){a, b}c.
Therefore —[[lq, A], ly)] = l{ap}- In the case a = b = ¢ = 1, equation (29
gives A(1) = 3A(1) —3A(1) =0.

Conversely, suppose that A(1) = 0 and that lop = —[[la, Al, ).
Then using (27)

{a,0) = Ly (1) = (—1) (~(=1) aA(B) + Alab) + 0 — (Aa)b).

Therefore, by Definition PJ], A is a Batalin-Vilkovisky algebra. O
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6. BATALIN-VILKOVISKY ALGEBRA STRUCTURES ON HOCHSCHILD
COHOMOLOGY

Let A be a differential graded algebra. The cap product defined in
Section [,
HH,(AA)® HH*(A,A) 5 HH,(A,A),c®a— cNa

is a right action.
Following Tsygan definition of a calculus, we want a left action.
Therefore, we define as [P3, Definition 1.2],

C*(A, A) @ C.(A, A) — C.(A, A)

(28) focrifc)=f-c:=(=DWVenrf.
Explicitly

n

ip(mla] ... la,]) == (=1 . fla] . ap))apea] - ).

p=0
The sign in [f, (18) p. 82] is different. But with our choice of signs, we
recover Proposition 2.6 in [f], p. 82]. Indeed for D, £ € C*(A, A) and
ceC(AA),
D-(E-c)= (_1)\C||E|D (cNE) = (_1)|C\\E\+|D||C\+|D||E\(Cm EYND
— (= 1)FIEHIDIA+DIE, A (5 U D) = (—1)PIE(E U D) - ¢

Since the cup product on HH*(A, A) is graded commutative, for D,
Ee HH*(A,A) and c € HH,(A, A), we have

(29) D-(E-¢)=(DUE)-c,
i. e. a left action. Note that in [P7], the author forgot to twist the
right action by the sign (—1)!l/I therefore has also a sign problem!
Proposition 30. [[3, Theorem 3.4.3 (ii)] Let ¢ € HHy4(A, A) such
that the morphism of left HH*(A, A)-modules
HHP(A,A) S HHy (A A), a—a-c

is an isomorphism. If B(c) = 0 then the Gerstenhaber algebra HH*(A, A)
equipped with —B 1s a Batalin-Vilkovisky algebra.
Proof. Let us rewrite the proof of Victor Ginzburg using explicitly our
Proposition R and our choice of signs. Denote by

HHP(A, A) &® HH](A, A) — HHj_p+1(A, A)

a®x— Ly(z)
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the action of the suspended graded Lie algebra HH*(A, A) on HH,.(A, A).
Gelfand, Daletski and Tsygan [[J] proved that the Gerstenhaber alge-
bra HH*(A, A) and Connes boundary map B on HH,(A, A) form a
calculus [, p. 93]. In particular, we have the two relations

L, = [B,1,]
and [, Proposition 2.9 p. 83]
(31) ifapy = (= 1)Ly, 3y).
Therefore
(32) iapy = (=DI[B, i), i) = [[ia, B], is].

The operator A on HH*(A, A) is defined by
(Aa)-c:=—B(a-c) forany a€ HH"(A,A).

Thus B(c) = 0 implies A(1) = 0. Since we have a left action (equa-
tion (B9)), la(b)-¢ = (aUb)-c = a-(b-c) = i,(b- ) and so equation (B2)
is equivalent to

l{a,b} = _[[ltu A]) lb]
Therefore, by Proposition Pg, HH*(A, A) is a Batalin-Vilkovisky alge-
bra. U

Remark 33. (Signs)

i) In [@, Example 4.6 p. 93], Tsygan writes that it follows from [g,
2.9 p. 83], that ig, ) = [Lq,%). We do not understand why he has no
sign in this formula. We believe that from [, 2.9 p. 83|, the correct
equation with the signs is equation (BI]) above.

ii) In a calculus, there is a third relation, that we do not use in this

paper:
Lay = Laiy + (=115, Ly,

Since ab = (—1)llllpq,
Lup = (= 1)Ly, = (1)l L, 4 (— 1)l DBl I,
and therefore
(34) [Layis) = (=1)“ [ Ly, i)
Since {a,b} = —(=1)Ue+DWHDLH ¢}
-if we suppose like Tsygan that ig, ) = [La, ), we obtain that
(35) [Layip) = —(=1)IFDEED[L, ],

The two equations (B4) and (BH) seem incoherent. Therefore we believe
that the definition of calculus of Tsygan has some sign problem.
-on the contrary, if we suppose (Bl]), we obtain again (34).



20 LUC MENICHI

7. PROOF OF THE MAIN THEOREM FOR PATH-CONNECTED GROUPS

Cap products associated to coalgebras. Let C' be a (differential
graded) coalgebra. Then its dual C"V is a (differential graded) algebra.
Let N be a left C-comodule. Denote by Ay : N — C'® N the structure
map. Let N: N — CV — N be the composite

NeC" 8 ceNeCc" 8o N B ke NN,
Here 7 denotes the twist map given by n ® ¢ — (—=1)"I¥lp @ n and
ev is the evaluation map defined by ev(c ® ¢) = (—1)¥lllp(c). Then
N equipped with the cap product is a left C'V-module [BIl, Proposition
2.1.1]. In this paper, we are only interested in the case N = C.

Ezample 36. Let X be any topological space. The (normalized or
unnormalized) singular chains of X, S,(X) forms a differential graded
coalgebra [P5, p. 244-5]. The cap product defined above associated to
C=85,X),N:8(X)®S*(X)— S.(X) is the usual cap product.

Example 37. Let A be any augmented differential graded algebra. Then
the reduced (normalized or not) Bar construction B(A) = C.(A k) is a
differential graded coalgebra. The diagonal A : B(A) — B(A) ® B(A)
is given by

A(la] - Jan]) = Y [ar] - ap] @ [apsa] - |an].

p=0
The cap product defined above associated to C'= B(A) is given by
N: B(A) ® B(A)”" — B(A)

i Jan] 0 f =Y (=i £l ] [apal - Jan).

Therefore this cap product coincides with the cap product on the
Hochschild (co)chain complex N : C.(A, k) ® C*(A, k) — C.(A,k) de-
fined by (§) in the case N = B =k.

Proposition 38. Let f : C' = D be a quasi-isomorphism of coalgebras.
Suppose that C and D are k-free. Let ¢ € C and d € D such that
d = H.(f)([¢]). Consider the cap products defined above associated to
the coalgebras C' and D. Then

the morphism of right CV-modules cN— : CV — C given by a — ¢Na
is quasi-isomorphism if and only if .

the morphism of right DV -modules dN— : DV — D given by a — dNa
1S quasi-isomorphism.



VAN DEN BERGH ISOMORPHISMS IN STRING TOPOLOGY 21

Proof. The transpose of f: f¥: DV — CV is a morphism of differential
graded algebras. Therefore fY is a morphism of right DY-modules.
Dually, since f is a morphism of coalgebras, f is a morphism of left
D-comodules and therefore is also a morphism of right DY-modules, i.
e. flenfY(¢)) =cnep forany c € C and p € DY. Note that if f is the
coalgebra map S, (\) : S.(X) — S.(X) included by a continuous map
A X — Y, this formula is well known ([f, Chapter VI 5. Theorem
(4)] or [I7, p. 241]).

The composite of the morphism of right DY-modules
DY - el
maps 1 to f(¢) and therefore coincides with the morphism of right
DY-modules DY — D, a +— f(¢) Na. Since [d] = [f(¢)], the two

maps a — f(¢) Na and a — d N a coincide after passing to homology.
Therefore after passing to homology, the following square commutes

(39) pv L cv

i | f Jen-

D<§—C

Since both C' and D are k-free and k is a principal ideal domain, by
naturality of the universal coefficient theorem for cohomology, H,(f")
is an isomorphism since H,(f) is an isomorphism. The lemma follows
nows from the square (B9). O

Theorem 40. Let M be a simply-connected oriented Poincaré duality
space of formal dimension d. Let G be a topological group such that M
is a classifying space for G or let G be QM the (Moore) pointed loop
space on M. Let [M] € Hy(M) be its fundamental class. Let c the
image of [M] through the composite

H.) ™Y oM PPS HH.(S.(G), 8.(G)).

Then
a) The morphism of left HH*(S.(G), S«(G))-modules
D' HH?(S,(G), 5.(G)) = HHy_,(5,(G), 5.(G)), ar a.c,

s an isomorphism.
b) The Gerstenhaber algebra HH*(S.(G), S«(G)) equipped with the
operator A :=D o BoD™! is a Batalin-Vilkovisky algebra.

Here s denotes s : M — LM the inclusion of the constant loops into
LM and BFG is the isomorphism of graded k-modules between the
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free loop space homology of M and the Hochschild homology of S, (G)
introduced by Burghelea, Fiedorowicz [[f] and Goodwillie [[§]. Finally
B denotes Connes boundary on HH,(S.(G), S.(G)).

Remark 41. We expect that the above theorem can be extended to
any path-connected topological monoid G instead of just the topolog-
ical monoid of pointed Moore loop spaces 2M or instead of just any
topological group.

Proof. By [, Proposition 6.13 in the case F=pt] when G is a topological
group or by [, Theorem 6.3] when G' = M, there exists a differential
graded coalgebra B(S.(FEG); S.(G);k) and two quasi-isomorphisms of
coalgebras

B(S,(@)) & B(S.(EG); 5.(G);k) = S,(M).

The induced isomorphism in homology is the well known isomorphism
due to Moore [26, Corollary 7.29]

0 : Tor®(@ (k, k) = H,(B(S,.(G))) = H,(M).

Let [m] € H.(B(S«(Q))) such that 0(|m]) = [M]. By Proposition
and Example B7, the cap product with [m], [m] N — : B(S,(G))Y =
B(S.(@Q)), a — [m] N a is quasi-isomorphism.

Denote by ev : LM — M, | — 1(0) the evaluation map. The
isomorphism BF'G of Goodwillie, Burghelea and Fiedorowicz fits into
the commutative square.

HH,(S.(G), $.(G)) 2% H.(LM)

HH*(S*(G),s)l H*(ev)l
HH.(S.(G), k) H.(M)

>

1%

Here ¢ denote the augmentation of S,(G). Let ¢ :== BFG ™ oHy(s)([M]).
Since s is a section of the evaluation map ev, HH.(S.(G),¢)(c) = [m].
So the hypothesis of statement [ are satisfied for A = S,(G).

Let N be any non-negatively graded S,(G)-bimodule. Since M is
simply connected, by Proposition [[3, we obtain that the morphism

D' HHP(S,(G), S.(GQ)) = HHy_,(S.(G), S.(G)), arcNa

is an isomorphism. By taking N = S,(G) and by passing from a right
action to a left action by (B§), we obtain a).

The isomorphism BFG of Goodwillie, Burghelea and Fiedorowicz
satisfies A o BFG = BFG o B. Consider M equipped with the trivial
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Sl-action. The section s : M — LM is S'-equivariant. Since
B(c) = Bo BFG ' o Hy(s)([M]) = BFG™" o Ao Hy(s)([M]) = 0,
by Proposition B0, we obtain b). O

8. PROOF OF THE MAIN THEOREM FOR DISCRETE GROUPS

Theorem 42. Let G be a discrete group such that its classifying space
K(G,1) is an oriented Poincaré duality space of formal dimension d.
Let [M] € Hy(G,Kk) be a fundamental class. Let ¢ be the image of [M]
by TorE(n,n) : H.(G,k) — HH,(k[G],k[G]). Then

a) The morphism of left HH*(k[G], k[G])-modules

D' : HHP(K[G],kK[G]) = HH,_,(kK[G],k[G]),a — a.c

s an isomorphism.
b) The Gerstenhaber algebra HH*(k[G],k[G]) equipped with the op-
erator A := Do BoD™! is a Batalin-Vilkovisky algebra.

Proof. Let N be any k|G]-bimodule. Since, by hypothesis, G is ori-
entable Poincaré duality group, the cap product with [M] in group
(co)homology gives an isomorphism ( [B, 10.1 iv), Remark 1 and Ex-
ample 1 p. 222],[[3, Th 15.3.1])

[M]N—: H”(G,N) > Hy_p(G,N),a— [M]Na.

Therefore, by Corollary [[§, the cap product with ¢ = o([M]) in Hochschild
(co)homology gives the isomorphism

cN—:HH?(k[G],N) - HH,4_,(k[G],N),a — cNa.

Taking N = k|G| and passing from a right action to left action as
in (P§), we obtain a).

By i) of Property [7, o : H.(G;k) — HH,(k[G],k[G]) commute with
Connes boundary map B on H,(G;k) and on HH,(k[G],k|[G]). By a
well known result of Karoubi (for example [P3, E.7.4.8] or [B3, Theorem
9.7.1]), Connes boundary map B is trivial on H,(G;k). Therefore
B(c) = Boo([M]) = oo B(|[M]) = 0. By applying Proposition BJ, we
obtain b). O

Property 43. Let A and B be two algebras (differential graded if we
want). Let N be an (A4, A ® B)-bimodule. Let ¢ € HHy(A, A). Then
i) HH*(A,N) and HH,.(A, N) are two right B-modules and
ii) the cap product
cN—:HHP(A,N) — HH; ,(A,N), aw—cNa

is a morphism of right B-modules.
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Proof. Since N is an (A°, B)-bimodule, C*(A, N) = Homye(B(A4; A; A), N)
is a (differential graded) right B-module and its homology H H*(A, N)

is a right B-module. Similarly C.(A,N) = N ®4. B(A;A; A) and
HH,(A, N) are two right B-modules. Let ¢ be alay]|...|a,] € C,(A, A).
Let f € CP(A, N). By definition, cNf := af([ai|...|ap])[aps1] - - - |an].
Therefore for any b € B,

(N f)-b==af(la]...|ag)blap] ... an] =
= a(f -O)([ar]. . |a)lap] . - |an = NV (f -b).
O

Remark 44. We will be only interested in the case N = A ® A and
B = A°. Here the A-bimodule structure on N is given by a- (x®vy)-b =
ar ® yb and is called the outer structure [[3J, (1.5.1)]. And the right
B-module on N is given by (z ®y) - (a ®b) = za @by, t®y € N,
a ®b e B and is called the inner structure.

Definition 45. ([[3, Definition 3.2.3, (3.2.5), Remark 3.2.8] or sim-
ply [0, Definition 2.1]) An ungraded algebra A is Calabi- Yau of dimen-
sion d if

i) viewed as an A-bimodule over itself, A admits a finite resolution by
finite type projective A-bimodules, i. e. there exists an exact sequence
of A®-projective finite type module of the form

O—-P—-PFP_ 11— --+-—P—F—A—Q0,
ii) for all k # d, HH*(A, A® A) = 0 and
iii) as (A, A)-bimodule, HH%(A, A ® A) is isomorphic to A (Here
the (A, A)-bimodule on HH*(A, A ® A) is given by Property I3 and
Remark [I4).

Proposition 46. (Stated without proof in [I3, Remark 3.4.2]) Let A
be ungraded algebra. Let ¢ € HHy(A, A). Suppose that for every A-

bimodule N, cN — : HHP(A, N) = HH, ,(A,N), a — cNa, is an
isomorphism. Then A satisfies conditions ii) and iii) of Definition [[J.
Proof. Let N be a free (A, A)-bimodule. Then HH.(A,N) = 0 if

* # 0. Therefore HH*(A,N) = 0 if k # d. Suppose moreover that
N is a (A, A ® B)-bimodule. The quasi-isomorphism of complexes

C.(A,N) = N @4 B(A;A;A) S N @4 A is a morphism of right
B-modules. By Property [3,

cN—:HHYA N)— HHy(A,N) = N @4 A

is an isomorphism of right B-modules.
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Let N be the (A, A)-bimodule A ® A with the outer structure and
B = A°¢ (See Remark f[4). Then N Qe A = (A® A) Q4e A — A,
(x ® y) ®ae m — ymez is an isomorphism whose inverse is the map
mapping a — (1 ® 1) ® 4e a. A straightforward calculation shows that

theses isomorphisms are right A°-linear. Therefore, we have proved
that HHY(A, A® A) is isomorphic to A as right A°-modules. O

Theorem 47. Let k be any commutative ring. Let G be a orientable
Poincaré duality group of dimension d. Then its group ring k[G] is a
Calabi- Yau algebra of dimension d.

When k is a field of characteristic 0 this theorem was proved by
Kontsevich [[[J, Corollary 6.1.4] and Lambre [P3, Lemme 6.2].

Proof. By [}, Remark 2. p. 222], there exists a finite resolution P = k
of k by finite type projective k[G]-left modules. Then X := k[G x
G?] @yq) P = k[G] is a finite type resolution of k[G] by finite type
projective k|[G]-bimodules.

In the proof of Theorem [[,we saw that for any k[G]-bimodule N,
cn—: HH?(K[G], N) = HH,_,(k[G],N), a — cNa, is an isomorphism.
Therefore, by Proposition g, k[G] is a Calabi-Yau algebra of dimension
d. O

9. APPENDIX
The key of the proof of Proposition B{ is the relation

ity = (=1)“HB, o), is] = [[ia, B o]
In this appendix, we recall that [[i,, B], i) is the derived bracket of i,

and i, and we explain that this relation means that the morphism of
graded algebras

HH*(A,A) — End(HH.(A, A)), a+ i,
is a morphism of generalized Loday-Gerstenhaber algebras (Theorem [4)

Definition 48. [R0, p. 1247] A generalized Loday-Gerstenhaber algebra
is a (not necessarily commutative) graded algebra A equipped with a
linear map {—, —} : A; ® A; — A;1 11 of degree 1 such that:
a) the bracket {—, —} gives A a structure of graded Leibniz algebra of
degree 1. This means that for each a, b and c € A

{a,{b.c}} = {{a,0}, ¢} + (=) eFVEEDLp {a, c}}.
b) the product and the Leibniz bracket satisfy the following relation
called the Poisson relation:

{a,bc} = {a,b}c + (—1)(FDPpLg e,
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Proposition 49. Let A be a graded algebra equipped with an operator
d: A, — A, such that dod = 0 and such that d is a derivation.
Then A equipped with the derived bracket defined by [0, (2.8)]

[@,b]q := (=1)!"*"[da, Y
s a generalized Loday-Gerstenhaber algebra.

Proof. Since A is an associative graded algebra, the bracket [—, —] de-
fined by

[a,b] == ab — (—1)!"Plpq,

is a Lie bracket. Since d is a derivation for the associative product
of A, d is a derivation for the Lie bracket [—,—]. Therefore by [0,
Proposition 2.1}, the derived bracket [—, —], satisfies the graded Jacobi
identity and d is a derivation for the derived bracket [—, —]s;. Since
[—, —]a does not satisfy in general anticommutativity, [—, —|4 is only
a Leibniz bracket in the sense of Loday 4], and not a Lie bracket in
general. The Lie bracket [—, —] satisfies the Poisson relation:

[a,bc] = [a,ble + (—1)1FDPlp[q ¢].

Therefore since [a, —]q is the derivation (—1)1*![da, —], the Leibniz
bracket [—, —]4 also satisfies the Poisson relation [0, Proposition 2.2]:

[a,bclq = [a, bac + (1)1 FDPlpq c],.
O
Remark 50. In Proposition [I9, if instead, we define the bracket by
[a,b]g := ad(b) — (—1)FDE®FDpq(g)

then [—, —|; satisfies anti-commutativity and Jacobi: [—,—]; is a Lie
bracket [| of degre +1. But this time, [—, —]4 does not satisfy the
Poisson relation. Note that again d is a derivation for [—, —],.

Proof. Let a € A,—1, b € By_; and c € C,_; be three elements of A of
degres x — 1, y — 1 and z — 1. Then

la, [b, c|a]a = ad(bdc) — (—1)*ad(cdb)
— (=1)"""b(de) (da) + (=1)™ T ¥*c(db)(da),

[[a,b]4, cla = a(db)(dec) — (—1)*b(da)(dc)
+ (=1)*"**¥cd(adb) + (—1)** ¥+t ed(bda)

'We could not find this Lie bracket in the litterature. So this Lie algebra struc-
ture might be new.
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and

(=1)™[b, [a, clala = (—1)"bd(adc) — (—1)*"**bd(cda)
— (=1)"a(dc)(db) + (—1)"*""c(da)(db).

Since d is a derivation and d* = 0, d(adb) = (da)(db). Therefore we
have the Jacobi identity:

[a [b; clala = [[a, bla, cla + (=1)™b, |a, claa-
Since [da, blq = (da)(db) and [a,dblq = —(—1)*@+1) (db)(da),
d([a,b]4) = (da)(db) — (=1)"(db)(da) = [da, b]g + (—1)"[a, db]g.
This means that d is a derivation for [—, —],. O

Ezample 51. (interior derivation) Let A be an associative graded alge-
bra. Let 7 € A; such that 72 = 0. Then d := [r,—] is a derivation
of the associative product and d o d = 0. Therefore, we can apply the
previous proposition. In this case, we denote the derived bracket [a, b4
simply by [a, b], and B0, Example p. 1250]

[a, b] = (~1)1"*[[7,a],0] = [[a, 7],0].
Corollary 52. [R0, Beginning of Section 2.4] Let E be a graded k-
module equipped with an operator B : E, — E, .1 such that Bo B = 0.
Then End(E) equipped with the derived bracket [a,blp = [la, B],b] is a
generalized Loday-Gerstenhaber algebra.

Proof. Apply Proposition g and Example pl, to End(F) equipped
with the composition product. O

Theorem 53. (implicit in [0, p. 1269-70 pointed by Krasilshchik])
Let A be a Batalin-Vilkovisky algebra. The morphism of graded algebras
induced by left multiplication

U:A— EndlA),a—1,
s an injective morphism of generalized Loday-Gerstenhaber algebras.

Proof. Since A is a graded module equipped with an operator A : A,, —
A, such that AoA = 0, by Corollary pJ applied to A and to B = —A,
End(A) equipped with the derived bracket [f,g]-a = [[f,—A],g] is a
generalized Loday-Gerstenhaber algebra. By Proposition P8,

l{a,b} = _[[laa A]a lb] = Hlaa B]a lb]

Therefore ¥ is a morphism of generalized Loday-Gerstenhaber algebra
O
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Theorem 54. Let A be a differential graded algebra. Then
1) EndHH,(A, A) equipped with the derived bracket

la,blp = [a, B, b]

1s a generalized Loday-Gerstenhaber algebra.
2) The morphism of graded algebras induced by the action

®: HH*(A, A) — EndHH,(A,A), av i,

1s a morphism of generalized Loday-Gerstenhaber algebra. In particu-
lar, its image ®(HH*(A, A)) is a Gerstenhaber algebra.

Proof. Since Connes boundary B : HH,(A, A) — HH,.1(A, A) satis-
fies Bo B =0, by Corollary b2, we obtain 1).

Since iq, = 1, 04 (equation (BY)) and igepy = [[ta, B], i) = [ia, )5,
¥ is a morphism of generalized Gerstenhaber-Loday algebra.

Since HH*(A, A) is a Gerstenhaber algebra, ®(HH*(A, A)) is also
a Gerstenhaber algebra. O

Remark 55. If A is a differential graded algebra satisfying the hypothe-
sis of Proposition B(, the morphism ® : HH*(A, A) — EndH H,(A, A)
of Theorem (4 is injective and can be identified with the morphism ¥
of Theorem (3 for the Batalin-Vilkovisky algebra HH*(A, A).
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