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STOCHASTIC 2D HYDRODYNAMICAL SYSTEMS:
SUPPORT THEOREM

IGOR CHUESHOV AND ANNIE MILLET

ABSTRACT. We deal with a class of abstract nonlinear stochastic models with multiplica-
tive noise, which covers many 2D hydrodynamical models including the 2D Navier-Stokes
equation, 2D MHD models and 2D magnetic Bénard problems as well as some shell mod-
els of turbulence. Our main result describes the support of the distribution of solutions.
Both inclusions are proved by means of a general result of convergence in probability
for non linear stochastic PDEs driven by a Hilbert-valued Brownian motion and some
adapted finite dimensional approximation of this process.

1. INTRODUCTION

Our goal in this paper is to continue the unified investigation of statistical properties
of some stochastic 2D hydrodynamical models which started in our previous paper [f].
The model introduced there covers a wide class of mathematical coupled models from 2D
fluid dynamics. This class includes the 2D Navier-Stokes equation, and also some other
classes of two dimensional hydrodynamical models such as the magneto-hydrodynamic
equation, the Boussinesq model for the Bénard convection and the 2D magnetic Bénard
problem. We also cover the case of regular higher dimensional problems such as the 3D
Leray a-model for the Navier-Stokes equation and some shell models of turbulence. For
details we refer to [f], Sect.2.1].

Our unified approach is based on an abstract stochastic evolution equation in some
Hilbert space of the form

Oyu + Au + B(u7 u) + R(u) = E(tv ’LL) W, u|t:0 =, (11)
where W is a multiplicative noise white in time with spatial correlation. The hypotheses
concerning the linear operator A, the bilinear mapping B and the operator R are stated
below. These hypotheses guarantee unique solvability of problem ([L.1]).

For general abstract stochastic evolution equations in infinite dimensional spaces we
refer to [§]. However the hypotheses in [§] do not cover our hydrodynamical type model.
We also note that stochastic Navier-Stokes equations were studied by many authors (see,
e.g., [, [, [7, BZ) and the references therein). In [f] we prove existence, uniqueness and
provide a priori estimates for a weak (variational) solution to the abstract problem of
the form ([.1), where the forcing term may also include a stochastic control term with a
multiplicative coefficient. In all the concrete hydrodynamical examples mentioned above,
the diffusion coefficient may contain a small multiple of the gradient of the solution. This
result contains the corresponding existence and uniqueness theorems and a priori bounds
for 2D Navier-Stokes equation, the Boussinesq model of the Bénard convection, and also for
the GOY and Sabra shell models of turbulence. Theorem 3.1 [[]] generalizes the existence
result for Boussinesq or MHD equations given in [I(] or [J] to the case of multiplicative

noise (see also [f]) and also covers new situations such as the 2D magnetic Bénard problem
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2 I. CHUESHOV AND A. MILLET

or the 3D Leray a-model. Our main result in [fj] is a Wentzell-Freidlin type large deviation
principle (LDP) in an appropriate Polish space X for stochastic equations of the form
(L) with 0° := \/eo as ¢ — 0, which describes the exponential rate of convergence of
the solution v := u® to the deterministic solution u". One of the key arguments is a time
increment control which provides the weak convergence needed in order to prove the large
deviations principle. We refer to [f] for detailed discussion and references.

Another classical problem, where the lack of continuity of the solution as a function
of the noise can be overcome by means of an appropriate drift correction, replacing the
It6 integral by a Stratonovich one, is the Wong-Zakai characterization of the support of
the distribution of the solution in the Polish space X where it lives. Our main result (see
Theorem B.1 below) provides this characterization for the abstract system ([[.1]) and thus
covers a wide class of hydrodynamical models. The approach used here is similar to that
introduced in [[[4] and [[5]; see also [[J] and [fl] where related results were obtained for
diffusion processes and [, [[l] and [Lf], where a support theorem for the one-dimensional
heat or Burgers equation, and for general mild solutions to semi-linear abstract parabolic
equations was proven along the same line. As in [fj], the control equation is needed with
some control defined in terms of both an element of the Reproducing Kernel Hilbert Space
of the driving Brownian motion and an adapted linear finite-dimensional approximation
of the Brownian. For this class of control equations we first establish a Wong-Zakai
type approximation theorem (see Theorem [L.I]), which, as we believe, has an independent
interest. A key ingredient of the proof of this theorem is a time increment control with
a better speed of convergence to zero than that needed in [fJ]. As in [[J], since the
linear interpolation is adapted and unlike in the original proof of [[§], only one result of
convergence in probability provides both inclusions needed to describe the support of the
distribution.

To our best knowledge there is only one publication related to the support character-
ization of solutions to 2D hydrodynamical models. The short note [RIJ], which states a
characterization of the support for 2D Navier-Stokes equations with the Dirichlet bound-
ary conditions, does not provide a detailed proof and refers to [R0] concerning Wong-Zakai
approximations. However, the argument used in [R(]] is incomplete and we were not able
to fill the gaps.

The paper is organized as follows. In Section J] we recall the mathematical model intro-
duced in [[f. In this section we also formulate our abstract hypotheses. The description
of the support is stated in section ] under some additional integrability property on the
solution. In Section H we formulate the Wong-Zakai type theorem, which is the main tool
to characterize the support of the distribution of the solution to the stochastic hydrody-
namical equations. We then show how the support characterization can be deduced. The
proof of the convergence stated in Theorem [L]] is given in section [f. It heavily depends on
the time increment speed of convergence, which is proven in Section . In the appendix
(see Section []) we discuss with details the way our result can be applied to different classes
of hydrodynamical models and give conditions which ensure that the solution fulfills the
extra integrability assumption we have imposed.

2. DESCRIPTION OF THE MODEL

2.1. Deterministic analog. Let (H,|.|) denote a separable Hilbert space, A be an (un-
bounded) self-adjoint positive linear operator on H. Set V = Dom(A%). For v € V set

lv]| = |A%v|. Let V' denote the dual of V' (with respect to the inner product (.,.) of H).
Thus we have the Gelfand triple V. C H C V'. Let (u,v) denote the duality between
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u €V and v € V' such that (u,v) = (u,v) foru e V,ve H,andlet B:V xV — V' be
a mapping satisfying the condition (B) given below.

The goal of this paper is to study stochastic perturbations of the following abstract
model in H

Opu(t) + Au(t) + B(u(t),u(t)) + Ru(t) = f, (2.1)
where R is a continuous operator in H. We assume that the mapping B : V x V — V'
satisfies the following antisymmetry and bound conditions:

Condition (B):

(1) B:V xV — V' is a bilinear continuous mapping.
(2) Foru; e V,i=1,2,3,

<B(’LL1,’LL2), ’LL3> = — <B(’LL1,’LL3), ’LL2>. (2.2)

(3) There exists a Banach (interpolation) space H possessing the properties
(1) V C'H C H;
(ii) there exists a constant ag > 0 such that

]l < aolol o]l for any v € V; (2.3)
(ii1) for every n > 0 there exists Cy, > 0 such that
(Blur,uz) , us)| < nllus|* + Cy ur|F luall3,  foru; €V, i=1,2,3. (2.4)

Note (see [fl, Remark 2.1]) that the upper estimate in (R.4) can also be written in the
following two equivalent forms:
(i1i-a) there exist positive constants C1 and Cy such that

|(B(u1,u2), ug)| < Cyllus|® + Callutl3 |uall3;, for w; €V, i=1,2,3; (2.5)
(iii-b) there exists a constant C' > 0 such that for u; € V, i = 1,2,3 we have:
[(B(u1,uz), ug)| = [(B(u1,u3) , uz)| < C [[uallz [Juzl| [|us|l- (2.6)

For u € V set B(u) := B(u,u); with this notation, relations (P.3), (2.J) and (R.6) yield
for every n > 0 the existence of C, > 0 such that for uy,us € V,

[(B(u1) , uz)| < nllun]® + Gy lur [* [luz 3. (2.7)
Relations (R.4) and (B.7) imply that for any n > 0 there exists C,, > 0 such that
|(B(ur) = Blua) , ur —ug)| = |(Blur —uz),uz)| < nllur —us||* + Cp [ur —ua|? uzl3, (28)

for all uy,uz € V. As it was explained in [[j] the main motivation for condition (B) is that
it covers a wide class of 2D hydrodynamical models including Navier-Stokes equations,
magneto-hydrodynamic equations, Boussinesq model for the Bénard convection, magnetic
Bénard problem, 3D Leray a-model for Navier-Stokes equations, Shell models of turbu-
lence (GOY, Sabra, and dyadic models).

2.2. Noise. We will consider a stochastic external random force f in equation (R-1), driven
by a Wiener process W and whose intensity may depend on the solution u. More precisely,
let @ be a linear positive operator in the Hilbert space H which belongs to the trace class,
and hence is compact. Let Hy = Q%H . Then Hy is a Hilbert space with the scalar product

(6,%)0 = (Q 26, Q™ 2%), Vo, 4 € H,

together with the induced norm |- |g = 1/(+,:)o. The embedding i : Hy — H is Hilbert-
Schmidt and hence compact, and moreover, i i* = ). Let Lo = Lg(Hp, H) denote the

space of linear operators S : Hy — H such that § Q% is a Hilbert-Schmidt operator from
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H to H. The norm on the space Lg is defined by |S|%Q = tr(SQS*), where S* is the
adjoint operator of S. The Lg-norm can be also written in the form:

1513, = tr([SQ2ISQY?1") = > 1SQ 2y > = 1[SQ 1 | (2.9)
k>1 k>1

for any orthonormal basis {¢y} in H.

Let W(t) be a Wiener process defined on a probability space (£, F,P), taking values
in H and with covariance operator (). This means that W is Gaussian, has independent
time increments and that for s,¢ > 0, f,g € H,

E(W(s),f) =0 and E(W(s),f)(W(t),9) = (s At) (QF,9).
We also have the representation
W(t) = lim W,(t) in L*(Q; H) with W,( Z ql/2 t)ej, (2.10)
e 1<j<n
where [3; are standard (scalar) mutually independent Wiener processes, {e;} is an or-
thonormal basis in H consisting of eigen-elements of @, with Qe; = gje;. For details

concerning this Wiener process we refer to [§, for instance. Let (F;,¢ > 0) denote the
Brownian filtration, that is the smallest right-continuous complete filtration with respect
to which (W (t),t > 0) is adapted.

We now define some adapted approximations of the processes 3; and W. For all integers
n>1and k=0,1,...,2", set t;, = kT2™" and define step functions s,,, s,, §, : [0,7] —
[0, 7] by the formulas

Sp =1k, Sp =1p_1 VO, 5, =trr1 for s€ [tg,tir]. (2.11)
It is clear that s, < s, < §,. Now we set BJ"(S) = T7127 (B;(s,,) — Bj(sn)), for every
s € [0,T], and thus we obtain an adapted approximation for Bj(s) given by the formula

B7(s) = T7127 [8;(t1) — Bj(tr-a V), for s € [ty tapa (212)
Clearly @”(s) =0forse [O,tl[ and ﬁ”(s) =T712"3;(t1) for s € [t1,t2[. We also let
=Y (s )a)/%e (2.13)
1<j<n
denote the corresponding finite-dimensional adapted approximation of W.

Lemma 2.1. There exists an absolute constant o > 0 such that for every o > ag/v/T
and t € [0,T] we have as n — o0

lim ]P’< sup sup

n—oo 1<j<n s<t

5”( )‘ > oml/22”/2> = lim ]P’(sup Wn(s)

n—oo Sgt

> an2%> =
Hy

Proof. One can see that

ity = { suwp sup|3(s)| Zan'22h < )\ {hfl = a2},

1<5<n s<t 1<j<n 0<k<2"

where ’y;? = T71/22"2(3;(t.41) — B;(ty)] are independent standard normal Gaussian ran-
dom variables. Therefore, if @ > v/T—12In2 we have
nan+l

P@.(1) < n2'Plhf] = ovTi) = T [ e
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nl/2on+1  poo 26_22/2 2n1/2

- i
oy 27TT avVTn [0V 27TT

This proves the first convergence result. The second one follows immediately from the
estimate

exp [n(— T /2 +ln2)}.

2
sup W ‘ <mn sup sup ﬁ”( )‘

s<t Ho s<t 1<j<n 1<j<n s<t

O
In the sequel, we will localize the processes using the following set:
_n

Q,(t) = ¢ supsup ﬁ"( )‘ < an'/?22"? 4 N {Sup W (s)| < om2"/2}. (2.14)

j<n s<t s<t Ho

It is clear that Q,(t) C Q,(s) for t > s and Q,(t) € F;. Furthermore, Lemma .1 implies
that P (2,,(T)¢) — 0 as n — oo.

For any n > 1, we introduce the following localized processes B]" and W™

n

B = B} (o, G <ne WD) =W (Do, 0. (2.15)
For all integers n and j = 1,--- ,n, (ﬁ;‘(t),o <t <T) (resp. (W™(t),0 <t <T)) are
(Fi)-adapted R (resp. Hy) valued processes.

2.3. Diffusion coefficients. We need below two diffusion coefficients ¢ and & which
map H into Lg(Hp, H). They are assumed to satisfy the following growth and Lipschitz
conditions:

Condition (S): The maps 0,6 belong to C(H; Lo(Ho, H)) and satisfy:
(1) There exist non-negative constants K; and L such that for every u,v € H:
o, + 6@, < Ko+ Kl (2.16)
lo(u) —o(v)[7, +16(u) =607, < Llu—uf* (2.17)
(2) Moreover, for every N > 0,
lim sup [6(u) —&(u)oll,[r, =0, (2.18)

0 ul<N

where 11,, : Hy — Hy denote the projector defined by 1l,u = 22:1 (u, ek) ek,
where {ex, k > 1} is the orthonormal basis of H made by eigen-elements of the
covariance operator Q and used in (R.10).

Condition (DS): For every integer j > 1 let 05,6 : H +— H be defined by
1/2 - 1/2 ~
oj(u) = qj/ o(u)e;, o&j(u)= qj/ g(u)ej, VYueH. (2.19)
We assume that the maps 7 are twice Fréchet differentiable and satisfy

(1) For every integer N > 1 there exist positive constants C;(N), i = 1,2,3 such that:

C1(N) : —SUP|S&P |D&j(u)|Lm,my < 00, (2.20)
J u

Cy(N) = S S | D6 (w)| L(s1 1,11y < 00, (2:21)
J u

sup Sup I[D&j(u)]"v|| < Cs(N)|lv||  for every v e V. (2.22)

J|ul<
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(2) For every integer n > 1, let the functions o, 0n : H — H be defined by

on(u) = Z Déj(u)oj(u), on(u)= Z Déj(u)g;(u), YueH, (2.23)

1<j<n 1<j<n

where o and 7; are given by (B19). For every integer N > 1 there exist positive
constants Ky, Cn such that:

‘S&%Sgp{lgn(u)lﬂén(wl} < Ky, (2.24)
sup  sup {[on(u) = 0n(v)| + [0n(u) — 0n(v)[} < COnlu—ol. (2.25)

[ul,Jo| <N 7
(3) Furthermore, there exist mappings o, 0 : H — H such that every integer N > 1

lim sup {[on(u) — o(uw)| + |an(u) — o(u)[} = 0. (2.26)

"0 ul<N

Remark 2.2. As a simple (non-trivial) example of diffusion coefficient o and & satisfying
Conditions (S) and (DS), we can consider the case when &(u) is proportional to o(u),
ie. d(u) = coo(u) for some constant ¢y and o(u) is an affine function of u of the form:

olu)f = ijaj(u) for f= ij\/q_jej € Hy,
Jj=1 Jj=1
where 0(u) = g;+Sju, j = 1,2,.... Here g; € H satisfy > -, lgj|* <ocoand Sj: H — H
are linear operators such that 57 : V=V and .-, ‘Sj’%(H iy +SUD;j>) ’S;’%(VV) < 00.

For instance, in the case H = Ly(D) and V = H'(D), where D is a bounded domain in
R?, our framework includes diffusion terms of the form

o(w)dW(t) = Y (g;(x) + ¢j(x)ulx))ds; (t).

1<j<N

where g; € Lao(D) and ¢; € CY(D), j = 1,2,...,N are arbitrary functions. In this
situation, another possibility to satisfy Conditions (S) and (DS) is

o(WdW(t) = ) s;([Rjul(x))dp;(t),

1<j<N

where s; : R — R are C2-functions such that s; and s} are bounded, and [Rjul(z) =
Jpri(z,y)u(y)dy with sufficiently smooth kernels 7;(x,y).

In order to define the sequence of processes u™ converging to u in the Wong-Zakai
approximation, we need a control term, that is a coefficient GG of the process acting on an
element of the RKHS of W. We impose that G and R satisfy the following:

Condition (GR): Let G : H — L(Hy,H) and R : H — H satisfy the following growth
and Lipschitz conditions:

G ]y < Ko+ Kilul?, |G(u) = G)|F gy ) < Llu—ol*, (2:27)
[R(u)| < Ro(l+ul), |R(u) = R(v)] < Rifu—u, (2.28)

for some nonnegative constants K;, R;, i = 0,1, L and for every u,v € H (we can assume
that K; and L are the same constants as in (R.16) and (R.1I7)).
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2.4. Basic problem. Let X := C([O,T];H) N L? (O,T; V) denote the Banach space en-
dowed with the norm defined by

T 1
fullx = { sup (o) + [ us)|ds} (2:29)
0<s<T 0
The class A of admissible random shifts is the set of Hy—valued (F;)—predictable stochas-
tic processes h such that fOT |h(s)|3ds < oo, a.s. For any M > 0, let

T
Sy = {h € L2(0,T; Ho) - / Ih(s)[2ds < M}, Ay = {h € A: h(w) € Sy, a.s.}. (2.30)
0

Assume that h € Ay and € € H is Fy-measurable random element such that E|¢[* < co.
Then under the conditions (B), (GR), (£.16) and (2.17) in (S), Theorem 3.1 [f] implies
that there exists a unique (F;)-predictable solution u € X to the stochastic problem:

ut) = £— /O [Au(s) + Bu(s)) + R(u(s))] ds (2.31)

—I-/O (o + ) (u(s)dW(s) —I—/O G(u(s))h(s)ds, a.s. forall t € [0,T].

This solution is weak in the PDE sense and strong in the probabilistic meaning. Moreover,
for this solution there exists a constant C' := C(K;, L, R;, T, M) such that for h € Ay,

T T
B( s (WOl + [ Ju@Pde+ [ i) <o+ By, @3

0<t<T

2.5. Approximate problem. We also consider the evolution equation on the time in-
terval [0, T:

W) = £ /0 [Au™(s) + B(u"(s)) + R(u"(s))] ds + /0 o ((u(3))dW (s) (2.33)

—n

¢ ~ n ¢ 1 ~ n ! n
—I-/O a(u"(s))W (s)ds—/o (g+§g)(u (8))d8—|—/0 G(u"(s))h(s)ds, a.s.,

n
where W (t) is defined in (R13). Let again h € Ay, € be Fy measurable such that
E|¢|* < +oco. Then Theorem 3.1 [ff shows that problem (B-33) has unique (7;)-predictable
solution u" € X. This solution also satisfies (B-39), but the constant C' in the right hand
side depends on the constants K;, L, R;, T', M, and in addition, it may also depend on n.

3. SUPPORT THEOREM

We consider the following stochastic perturbation of the evolution equation (R.1]):
dU(t) + [AU(t) + B(U(t)) + R(U(t))] dt =Z(U(t))dW (t), U(0)=¢e H,  (3.1)

where = € C(H; Lg(Ho, H)) is such that conditions (S) and (DS) hold with 6 = ¢ = E.
Thus problem (B.]) is a special case of problem (R.31).

Let ¢ € L?(0,T; Hy) and o= = ¢ be defined by (R.23) and (R.2§) with 6 = o = =.
also consider the following (deterministic) nonlinear PDE

3tv¢(t)+AU¢>(t)+B(%(t))+R(v¢(t))+%gz(%(t)) = E(vg(1))0(t), vs(0) =€ € H. (3.2)

If B(u) satisfies condition (B) and R : H — H possesses property (R.2§) we can use
Theorem 3.1 in [f] to obtain the existence (and uniqueness) of the solution v, to (B.4) in
the space X = C([O,T];H) N LQ(O,T; V). Let

L={vs: ¢€L*0,T;Hp)} C X.

z
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Our main result is the following:

Theorem 3.1. Let conditions (B) and (S), (DS) with ¢ = 0 = E be in force. Assume
that R : H — H satisfies (2.2§). Let U denote the solution to the stochastic evolution
equation (B.1]) with deterministic initial data & € H. Suppose that:

(i) t — [|[U(t)||# is continuous on [0,T] almost surely,

(i) there exists ¢ > 0 such that for any constant C > 0 we have

E( sup [U(1)]4) < . (3.3)
[0,7¢]
where 7¢ == inf{t : sup,, |U(s)|* + fg |U(s)||2ds > C} AT is a stopping time.

Then suppU(-) = L, where L is the closure of L in X and suppU(-) denotes the
support of the distribution PoU™!, i.e., the support of the Borel measure on X defined by
u(B) =P{w : U(-) € B} for any Borel subset B of X.

This theorem is a consequence of the approximation Theorem [L.] stated below and its
proof is postponed to Section [l], after the statement of the Wong-Zakai approximation.

Remark 3.2. Theorem B.1 is conditional in the sense that it gives the description of the
support of solutions which satisfy some additional conditions concerning their properties
in the space H. We do not know whether these conditions can be derived from the basic
requirements which we already have imposed on the model. We discuss this issue in the
Appendix (see Section []), where we show that conditions (i) and (ii) in the statement of
Theorem B.1] hold for several important cases of hydrodynamical models, which include
2D Navier-Stokes equations, 2D MHD equations and shell models of turbulence.

4. WONG-ZAKAI TYPE APPROXIMATION THEOREM

Let u and u™ be solutions to (R.31]) and (R.33) respectively. The main result of this
section proves that the X norm of the difference ™ —u converges to 0 in probability. This
is the key point of the support characterization stated in section .

Theorem 4.1. Let conditions (B), (S), (DS) and (GR) hold and h € L*([0,T], Hy).
Let u be the solution to (R.31)) and suppose that conditions (i) and (ii) of Theorem [3.1
hold. For every integer n > 1 let u™ be the solution to (.33). Then for every A > 0 we
have

T
lim ]P’( sup |u(t) —u™(t)[? +/ |u(s) — u"(s)||>ds > )\) =0. (4.1)
neo N igl0,T) 0

This convergence allows to deduce both inclusions characterizing the support of the
distribution of the solution U to (B.)). Note that the convergence ([.]) remains valid if
one supposes that h € Ays for some M > 0.

Proof of Theorem B.1. The argument is similar to that introduced in [[[F].
In the definition of the evolution equation (R.33) let 6 = =, 0 = 0, G = 0. Then if vy,

is the solution to (B.J), where ¢ = W, is the (random) element of L?(0,T; Hy) defined
by (R.13), then we have that u" = = for u" defined by (R.33). Under this choice of &,

o and G for the solution u to (R.31), we obviously have that U(t) = u(t), where U solves
(@) Therefore the Wong-Zakai approximation stated in Theorem [L.1 implies that

lim]P’(HvW —Ul|lx >A) =0 forany A >0,

where || - || x is the norm defined by (R-29). Therefore Support(Po U~1) C L.
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Conversely, fix h € L?(0,7T; Hy), let n > 1 be an integer, & = —0 and G = 0 := Z. Let
T : Q — Q be defined by

Thw) = W(w) — W"(w) + / h(s)ds. (4.2)
0

Then for every fixed integer n > 1, by Girsanov’s theorem there exists a probability

Q" << P such that T is a Q!-Brownian motion with values in H and the same covariance

operator (). Indeed, the proof is easily decomposed in two steps, using Theorem 10.14

and Proposition 10.17 in [§. First, since (W, ,t € [0,T]) is Ho-valued and (F;)-adapted,

we check that the following infinite dimensional version of the Benes criterion holds: for

some ¢§ > 0 we have that supy<g<r E((exp(5|/ﬂ7n(s)|g)) < 4o00. This is a straightforward
consequence of the inequality for some standard Gaussian random variable Z:

sup E(exp (51’147”(3)\3)) < H sup E(exp(éT—222nwj(§n) _5]_(3)‘2))
0<s<T 1< jen 0Ss<T

IN

(E(exp(&T‘l 2" \Z\z)))n < 400

for § > 0 small enough. Therefore, the measure with density L. = exp < fOT w (s)dW (s)—

n
% fOT |W (S)|(2)d8> with respect to PP is a probability Q; << P, such that the process

(Wi(s) :== W(s) — Wn(s),0 < s < t) is a Q; Brownian motion with values in H, and
the same covariance operator (). Then using once more these two results, since h €
L*([0,T), Hp), the measure with density L2 = exp ( — fOT h(s)dWi(s) — %fOT ]h(s)]2d3>
with respect to Qq is a probability Qy << P, such that the process

Walt) = Wi (t) + /0 h(s)ds = W(t) — T (0) + /0 h(s)ds

is a H-valued Brownian motion under Q,, with covariance operator Q. Clearly Q" = Q.
Let U denote the solution to (B-I]); then, since T can be seen as a transformation of

the standard Wiener space with Brownian motion W (t), we deduce that U(-)(T*(w)) =

u"(-)(w) in distribution on [0,7]. Thus Theorem [i.1] implies that for every ¢ > 0,

limnsupIP’({w NU(TR(w)) —wopllx < e}) > 0.

Let ng > 1 be an integer such that
Qr,({w : [UW) = onllx <e}) =P({w : |U(T}* (@) — vnllx <e}) > 0.
Since Q" << P, this implies P({w : |U(w) — va|lx < &) > 0 which yields:
L C Support(PoU™1).
This completes the proof of Theorem B.1].
First step of the proof of the Wong-Zakai approximation Theorem [.1. Let
M > 0 be such that h € Ap;. Without loss of generality we may and do assume in the

sequel that 0 < A < 1. Fix N > 1, m > 1 and A €]0,1]. Let us introduce the following
stopping times which will enable us to bound several norms for v and u":

t
7_](\}) —inf {t >0: sup ]u(s)]2 +/ HU(S)H2d5 = N} AT,
5€[0,1] 0

t
O {t >0 sup uls) — u"(s)|? +/ lu(s) — u™(s)])%ds > )\} AT,
s€[0,t] 0
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By(s)u v [n_% sup ‘Wn(s)

7-7(L3) = inf {t >0: [Sup sup
s€[0,t]

J<n se(0,t]

] > oml/22”/2} AT,
Hy

and

) =inf{t>0: sup flu(s)ll =m | AT.
s€[0,t]

In the sequel, the constants N and m will be chosen to make sure that, except on small

sets, T](\}) and Tr(rf‘) are equal to T'; once this is done, only the dependence in n will be

relevant. Thus once N and m have been chosen in terms of the limit process u, we let
Ty = T](\}) A T,(?) A T,(Lg) A Tr(,fbl). (4.3)

One can see from the definition of 7'](\} ) and Tr(Lz) that

sup (Ju(s)|* v [u"(s)]?) + /OTn (lu() IV l[u"()?) ds < 2(N +1); (4.4)

s€[0,7]

the definition of 7’7(?) yields

sup ([sup‘@”(s)u Y [n_% sslg)!Wn(s)!HOD < an'/?27/2, (4.5)

s<Tp Jj<n

Furthermore, the definition of T#;l ) implies

sup |lu(s)||x < m. (4.6)
s€[0,7]

We use the following obvious properties; their standard proof is omitted.

Lemma 4.2. Let VU(t) = V(w,t) be a random, a.s. continuous, nondecreasing process on
the interval [0,T]. Let Th = inf{t >0 : U(t) > A} AT. Then

P(U(T) > X\) =P(U(1y) > A).
Let 7 be a stopping time such that 0 < 7, <T and IP’(T* < T) < e¢e. Then
P(U(T) > A) SP(U(ma A7) > A) +e.

Apply Lemma @ with 7, = 7'](\}) A 77(L3) A Tr(rle) and

B(t) = sup [u(s) — u(s)|? + / lu(s) — u"(s)||?ds.
s€[0,t] 0

Since a.s. u € C([0,T],H) and fOT lu(s)||* ds < +oo, the map ¥ is a.s. continuous and

(rn<Thc {7 <TIU {F® < T Uz < 7D}

C { sup |u(s)|? +/0 |u(s)|*ds > N} U { sup Jlu(s)||x > m} U Q,(T)°,

se0,7$)] 0,70)

where Q,(t) is given by (R.14). Therefore, by Chebyshov’s inequality, from (R.39) and
(B.3) we deduce that

P(r, < T) < CYN7H 4 Co(N)Ym ™ + P(Q,(T)°) .

Hence, given € > 0, one may choose N and then m large enough to have C;N~! +
C2(N)m~? < §. Using Lemma .1 we deduce that there exists ng > 1 such that for all
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integers n > ng, P(Q,(7)°) < 5. Thus Lemma [1.9 shows that in order to prove ([.1) in
Theorem [, we only need to prove the following: Fix N,m > 0; for every A > 0,

lim IP’( sup |u(t) — u™(t)|? +/ " uls) — u(s)|2ds > >\> —0, (4.7)
n—oo te[0,mn] 0

where 7, is defined by ([[.3). To check this convergence, it is sufficient to prove
lim [E( sup |u(t) —u"(t)|2) +E/ l[u(s) —u"(s)szs} — 0. (4.8)
n—oo te[0,mn] 0

The proof of this last convergence result is given in Section . It relies on some precise
control of times increments which is proven in the next section.

5. TIME INCREMENTS

Let h € Ay, € be an Fy-measurable H-valued random variable such that E|¢[* < oo
and let u be the solution to (R.31)). For any integer N > 1 and ¢ € [0, 7] set

Gn(t) = {osiilit lu(s)| < N}. (5.1)

The following lemma refines the estimates proved in [fJ], Lemma 4.3 and the ideas are
similar; see also [fI], Lemma 4.2.

Proposition 5.1. Let ¢, : [0,T7] — [0,T] be non-decreasing piecewise continuous
functions such that
0V (s —koT27") < dn(s) < thn(s) < (s+kT27") AT (5.2)

for some integers ko, k1 > 0. Assume that h € Ay and € is a Fo-measurable, H-valued
random variable such that E|¢|* < co. Let G (t) be given by (B-1]) and u be the solution
to (B.31). There exists a constant C(N, M, T) such that

T
I,=E /0 L (oo 8000 (5)) = u(dn(s))[* ds < C(N, M, T)272"/* (5.3)
for everyn=1,2,...
Proof. We at first consider the case ¢p(s) =0V (s — kgT2™™) for some ky > 0; then
o 2 /
I, - E/O 1oy ooy [ (8)) = €7 ds + I,

where t,, = koT2™" and

T
I =E /k L (o (s)) 000 (8)) = u(dn ()" ds.

0

Therefore, using the definition (f.1) one can see that

I, < CN7T2_n + I;L. (5.4)
Furthermore, It6’s formula yields
, dn(s) dals) ,
u(n(5)) — u(dn(s))? = 2 /¢ )~ uon() n(r) + /¢ ol g

so that I, = > ;¢ In, Where

T Pn(s)
Ly = 2 /tkodsléN( ) /¢> B (u(r) — u(én(s)). (o + )(u(r)dW (r)) ),
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I,o, = /dsl (s /d)(:i( —|—5’)(u(7‘))|%Q dr),

¥n(s)
Lo = 2E( / Bty [, GOV, )~ uon(s)) dr).

T Yn(s)
Iy = —2E</ d81GN(wn(s)) /d>n(s) (Au(r), u(r) —u(on(s))) dr),

Ly = —2E( / D516 () /(Zj f:;)@(uw))’U(r)—U(fbn(S)Ddr)v

Ine = —2E</ d81GN(¢n(s)) /(::)S)(R(u(r)), u(r) — u(qﬁn(s))) dr).

Clearly Gy (¢n(s)) € Gn(r) for r < th,(s). This means that |u(r)| V [u(én(s))| < N in
the above integrals. We use this observation in the considerations below.
The Burkholder-Davis-Gundy inequality and (R.1¢) yield

T Pn(s)
Ll < 6] dsE /¢ (04 3) () 1 oy () — u(én ()] dr)

tk n(s)

< 62 K0+K1N2/

trg

=

A

n(s) 1
dsE / 1o lu(r) — u(opn(s))|? dr) *. (5.5)

n(s

This implies that

T
I,1] < Cy / n(5) — dn(s)|2ds < ONT ko + k1272, (5.6)
0

In a similar way using (R.14) again we deduce that

T
Tzl < Cx [ 1(s) = 6u(s)] ds < CaTlho+ k)2 " (57)
The growth condition (.27 ylelds

s+k1T2 "
‘[n?:’ <CN/ dS/ 0dT<CN/ ds/ ( )lodr,
n(s) 0V (s—koT2—™)

and Fubini’s theorem implies
T
sl < Cn / Ih(r)odr2™ < C(N, T, M)2". (5.8)
0

Using Schwarz’s inequality we deduce that

T ¥n(s)
L < 28( /tkodsléN(W) Ll e a1 6.9

n(s)
The antisymmetry relation (2.9) and inequality (R.7) yield
[(B(u(r),u(r) —u(¢n(s)))] = [(Bu(r),u(¢n(s)))]
< %HU(T)H2 + Clu(r)[lu(¢n ()13

Therefore,

n(s

T Pn(s) )
5] < B( /tkdsléN(wn(s)) /¢ )P )
0
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Yn(s)

+208( [ sl g o0 5Dy | lutnp ar).

#n(s)

Using this inequality, (5.9) and (R.3), we deduce:

T
Lt + Lo <E / 1o [1(On ()2 [ () — Bu(s)lds

‘0

T
+ CNE / 1ty o (o) 1100 () I3 () = 6 (s) s

0
T

T
< CTIE [ 15,0, ) [0(60(6)) s = COV.TI2E [ fu(s — 1) s,
ko ko
Hence, this last inequality and (R.32) imply
Ina+1I,5 <C(N,T)27". (5.10)

A similar easier computation based on the growth condition (R.2§) on R yields

T
[n6l <4RoN(1+ N)/o [Un(s) = én(s)|ds < C(T,N) (ko + k1) 27" (5.11)

Thus by (5-4), (5.6)-6-), (-10) and (B.11), when ¢,,(s) =0V (s — koT2™™) we obtain:

T
I, =E /O Lo ooy [1(n(5)) — (@ () ds < C(N, M, T)27/2 (5.12)

In order to obtain (f.J), we need to improve the bound for I,, 1 (see (b.6)). We make it
using (p.12) and we again assume at first that ¢,(s) = 0V (s — kgT2™™). Let us denote
by xin(s) = (s+ (i +1)T27") , the step function defined with the help of relations (B11))
and set

(i _) T_tkrl Xi,n(s) 2
In7 = / ds E/ 1(~;N(T) ]u(r) - u(¢n(3))’ d?”,

thq sHiT2—n
| Ty, sH(+1T2"
tkO Xi,n(s)

The inequality (f.J) implies that

il = v [ ase( [ 15,0 1) — u(a ()P dr)

1l < N/S / o [u(r) — u(on(s r
tko ¢7L(5) GN()

1/2

IN

Onr2™™ + chT[ 3 (I,(f") + zfj’ﬂ) } (5.13)

—ko<i<ki
For any r from the interval [s +iT27", x; ,(s))[ we have 7, = X; »(s)); therefore
) T—tg, Xin(8)
17(12,—) < 2/ ds IE[/ 1& (r) lu(r) — u(F,)|* dr
thg stiT2—n N
FT2 g, o[ (5)) = u(dn()P]
Thus, using Fubini’s theorem and (p.19) we can conclude that

70~ < (N, M,T)27%"/2,
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Similarly
' T—ty, s+(i+1)T27" ,
T6H < 2/ ds E[/ la v |u(r) — u(r,,)|* dr

tko Xi,n(s)
A2 ula(s) — u(@a()E] < OOV ML D)2,
Hence (p.13) implies I,,; < C(N, M, T)23"/4. This inequality and the above upper

estimates for I,,; with ¢ # 1 prove (b.3) in the case ¢, (s) = ¢%(s) :=0V (s — k¢T2™™). In
the general case, we can write

161\,(1/;”(5)) [u(¥n(s)) — u(¢n(5))|2

<2 <1€;N(wn(s)> [u(@hn(5)) = (@5 (DI + 1, (4 (s)) [1(Sn(5)) = u(](5))[ );
this concludes the proof of Proposition p.] for functions ¢,, and 1),, which satisfy (5.9). O

We also need a similar for the time increments of the approximate solutions u".

Proposition 5.2. Let ¢y, 1, : [0,T] — [0,T] be non-decreasing piecewise continuous
functions such that condition (b-2) is satisfied for some positive integers ko and ki. Fiz
M > 0, let h € Ay and £ be a Fo-measurable, H-valued random wvariable such that
E|¢|? < co. Let u™ be the solution to (£33); for N > 0 set

a7 () = {osiilit "(s)] < N} N {/Ot [u™(s)]|%ds < N} A Qu(t), (5.14)

where Q,(t) is defined in (B14) and let T, be the stopping time defined in ([3). There
exists a constant C(N,M,T) such that

o =B [ 165000 10" 0n(8) = w00 () ds < N M T2 (5.15)

for everyn=1,2,...

Proof. We use the same idea as in the proof of Proposition f.]] and at first suppose that
On(s) =0V (s — koT2™™) for some ko > 0. Let tg, = ko727 "; then we have

I, <Onp2 "+ 1, (5.16)

where .
BB [ Loy 0 @(s) — w"(0n(s) P ds, (5.17)

n/\tko

It6’s formula applied to |u”(.) — u”(¢n(s))|? implies that I’ = >1<i<6 I..i, where

- n Yn(s)
Ini = 2E/T dslG%(%(s))/ (u”(r) —u"(pn(s)), a(u"(r))dW(T)),

n/\tko ns)
he = B[ ds " o () g
n2 = S G™ (¢ (s / ag 'Z,Ln T L r,
o, Elantn [ o

~
|

s = 22 [ dstoge [ (100 -l 5N )

n /\tko ¢7L (8)

- Tn Yn(s)
fu = 2E / A5 (o (o) / (" () — " (bn(s)) , C(u(r))R(r)) dr,

n /\tko ¢7L (8)

~ Tn ¢n(8) 1
fos = 2B [ dslagn [ (00 =0 @) (o + 32— B (0)) dr

n/\tko ¢TL (S)
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) - b (s)
fs — —2E / A5, (1) / (" () — " (Dn(s)) , Au™(r) + B(u"(r))) dr.

n/\tko n (5

Estimates for j:mg, j:n74, fn,g, are obvious. Indeed, we can first extend outward integration
to the time interval [ty,,T] and then use the growth conditions (R.16), (2.24) and (R.24).
This yields the estimate

[Inil <C(N,T)27", i=2,4,5. (5.18)

Note that (f.1§) holds as soon as 0 < t,(s) — ¢y, (s) < C27" for some constant C' > 0, and
does not require the specific form of ¢,. Schwarz’s inequality and Condition (B) imply

—(u"(r) = u"(¢n(s)) , Au"(r) + B(u"(r))) < Cullu(dn(s))I* + Calu(r)*|lu(¢n(s)) |3
< Collu(n(s))II* [1 + Ju(r)Plu(dn(s))?] -
Therefore, if ¢p(s) = (s — tg,) V 0 we deduce

Tn

wn(s
ds1c, (4 (s) /¢ " (6n(s)) | 2dr

ns

sl < C(N, TE /
Tn/\tko

n

< C(N,T)2"E / T n o 1475 — o) 2 ds

n/\tk:()

(Tn_tk:())+
< CO(N,T)2"E / u(s) 2 ds

(TnAtkO—tkO)+
< C(N,T)2"E / "l (s)|2ds < C(N, T)2". (5.19)
0

Using ([.3) and the upper bound of 1,,(s) — ¢, (s) (and not the specific form of ¢,,), we
deduce

. n Tn wn(s)
[In3] < Cyn2 2K AtdslG;@(wn(s»/(b o [u"(r) — u"(¢n(s))|dr < C(T, N)n2~2.(5.20)
Tn ko n\S

Since for s < t we have GR,(t) C G'%(s), the local property of stochastic integrals, the
linear growth condition (R.16) and Schwarz’s inequality imply that

[In1] < 2VT (E / ds1en (y(s)

tkO NTn,

‘/f /\:n Lgn () (a(u™(r)), w"(r) — u"(¢n(s))) dW(r)D%

(S

n(s)
< 2vT( / GE [ g o) (0o () 00— Gu(o) P ar)” (521

wn(s %
NT /ds/ C(N,T)27"/2, (5.22)
n(s

The inequalities (B.1q) - (5.29) yield for ¢,,(s) = (s — tg,) V 0:
i, :E/O "Lt ) [0 (G (5)) — 0 (Ga(s)) P ds < C(N, M, T)n2~"/2. (5.23)

In order to obtain the final estimate in (p.15) we need to improve the upper estimates
of I, 1 and I, 3. This can be done in a way similar to that used in the proof of previous
Proposition. One can easily see that (f.23) holds when ¢, < ¢, satisfy the assumptions
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of the Proposition and ¢,, is piece-wise constant. Then (p.2() and Schwarz’s inequality
obviously imply that
’jﬂ,?" < CNH3/22_3H/4.

Thus, to conclude the proof we need to deal with the improvement of I, 1. Let the function
¢n, be piece-wise constant; then given r € [, (s), ¥n(s)], we have ¢,(s) € {r —i27" : 0 <
i < ko}. Therefore, using the inequality (p.21]), Fubini’s theorem and (p.23) applied with
the functions ¢y, ;(r) = r — ¢T27" and 1, (r) = r we deduce

(r+koT2-")AT 1
il < e X B [ arigy o) — o (@) [ as)’

0<i<ko r
< (ko +1)2 O(N, M, T)nz273"/1,

this concludes the proof of (5.1§) when ¢, is piece-wise constant. To deduce that this
inequality holds for arbitrary functions ¢,, and 1, satisfying (B-2), apply (b.13) for ¢, (s) =
(s — tg, )n and either 1, = ¢, or 1, = 1p; this concludes the proof. O

Proposition f.3 implies that
E/ 71Gn (\u (s) — u"(sn) > + [u"(s) — u"(gn)]2> ds < C(T, N, M)n*?273/*  (5.24)
0

where G (t) is defined by (B.14). This is precisely what we need below.

6. PROOF OF CONVERGENCE RESULT

The aim of this section is to prove Theorem [L.]; in this section N and m are fixed. For
every integer n > 1, 7, is the stopping time defined by (f.J) and we prove ([£§). In the
estimates below, constants may change from line to line, but we indicate their dependence
on parameters when it becomes important. ;jFrom equations (£.33) and (R-31) we deduce:

an(t) —u(t) = - /0 [Alu™(9) — u(s)] + B@™(s) ~ B(u(s)) + R@™(s)) ~ R(u(s))] ds
" /0 [G(u"(s)) — Glu(s))]h(s) ds + /0 [o((u(s)) — o (u(s))] IV (s)
! ~ ()M o ~ ! 1. n
n /0 [a(u (su))W (5) ds—a(u(s))dW(s)} . /0 <Q+§g>(u (s)) ds

—n

+/ [6(u(s)) — a(u"(sn))|W (s)ds. (6.1)
0

Let t,, and %, be defined by (R.11), let &, denote projector in L?(0,T) on the subspace of
step functions defined by

(Enf)(t) = <T_12" t fs)d > i, (£)

and let &, : L?(0,T) + L?(0,T) denote the shift operator defined by
(6 f)t) = f((t+T27™)AT) for te(0,T].
Using (£.19) and m) we deduce

[ o i s = [ & [(Gultoa) (ot ) o] aw(s). 62
0
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Hence
() — u(t) = — /0 [A(u"(s) = uls)) + B(u"(s)) = Blu(s)) + R(u"(s)) — R(u(s))] ds
+ /0 [G(u”(s)) — G(u(s))] h(s)ds +/0 ([O’ + &] (u"(s)) — [+ 6] (u(s))> dW (s)

t

+ /Ot [G(u"(s)) — 6(u”(sn))]Wn(s) ds — /Ot (g + %é) (u"(s))ds +/ S (s) dW (s),

0

where
Sn(s) = En [(6nlpo,) (5)5(u"(s,,)) o I ] — &(u"(s)). (6.3)

1to’s formula implies that
u™(t) — u(t)]? tu"s—us2s:— t u™(s)) — B(u(s)), u(s) — u(s)) ds
|u"(t) (t)|+2/0\|() (s)[I°d 2/0<B(()) B(u(s)), u"(s) — u(s))d
+2/<[G(U"(S)) — G(u(s))] h(s) — [R(u"(s)) — R(u(s))] , u"(s) —U(8)> ds
0

N

+2 /0 t( 6" (5)) — 50 (s ]IV (5) — (04 58) ("(5)), w"(5) — u(s) ) s

+ [ 1B ds 2 /O (Eals)dW(s), w(s) - u(s),
where
Sa(s) = Sa(s) + (0 +3)(u"(s) — (o4 7)(u(s)). (6.4)
Using (R.15) and ([.3), we have Wn(s) = W, (s) on the set {s < 7,}; let
290 = [ (Sals)aW(s), " (5) = uls), (6.5)
0

Z0(t) = /0 €0 [(0n10) (8)5(u" (5,)) 0 T = 3(u™(s))]7_ s,

280 = [ (1609 3 76~ (24 52) 6. 0(0) - ) ) ds
The equation (£.§) with n = 1/2 and condition (GR) yield

tATH X
[u™(t A Tn) — u(t A )] + / u”(s) — u(s)||>ds < 2 Z ZO(t A1) (6.6)
0 0<i<2

) /Ot/\m <2L 4 \/z‘h(s)‘o + Ry + C1/2”U(3)”;1-[> u"(s) — u(s)‘z ds.

For every integer n > 1 and every t € [0, 7], set

1) = s (s ()P + [ " un(s) - u(s)|2ds. (6.7)

0<s<tATh

Using (.§) and Gronwall’s lemma we conclude that for all ¢ € [0, 7]

ET,(t) <C Z E< sup Z,(f)(s)‘). (6.8)

0<i<2  SStATA
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6.1. Estimate for Z\”. The Burkholder-Davies-Gundy inequality, equations (6.9), (6.4)
and (R.17) imply that for any 1 > 0 there exists Cy, > 0 such that

tATn ) ) 1/2
E( swp |Z0(s)) §3E{/ [(s) — uls)? [Sa(s)[2, ds}
S<tATp 0
tATh 1/2
<35{ sw W -l [[ T ml, 0] )

tATn 9
< nET,(t) + C’nE</0 Za()[? ds)
t
<nET,(t) +2C, EZWM (AT, + 4LC, / E|u™(s A1n) — u(s A7) ds.
0

Thus if n = %, (6-§) and Gronwall’s lemma imply that for some constant C' which does
not depend on n,

ET,.(t) < C (E sup ZW(s)+E sup |Z,(L2)(S)D. (6.9)

s<tATn s<tATn
6.2. Estimate of Zr(Ll). The convergence of Z,(Ll) is stated in the following assertion.

Lemma 6.1. Fix M > 0, h € Ay and let Zy(Ll)(t) be defined by (B.5); then for fized N
and m we have:

lim E( sup Z}})(tmn)) = 0. (6.10)
n—oo te[0,T)

Proof. For k = 0,...,2" — 1 let Q) = {ty < t A7y, < tpy1}, where as above we set

trp, = kT2~ ™. We consider ZT(LI)(t A Ty,) separately on each set {2, .
We start with the case w € (), ;, for £ > 2. Then (5n1[0,tmn]) (s) =1 for s < tr_1 and

Zr(zl)(t NTp) = /0 " |5n [(5n[1[0,m7n}) (s)a(u"(s,)) o Hn] - 5(un(s))‘iQ ds

tit1ATn
< [ et ) o T - s (5D, ds
0<i<k—2 7 tiNn
L 1 NEATR, . 9 . 9
w2 [ (6 ) o LR, + 15 (), ) s
k—1/\Tn

Thus using (R-14) and (.4) we deduce that for some constant C' = C(Ky, K1, N, T) which
does not depend on n:

tiv1A\Tn
Z0enry<crm e o [ e (s,) o L - s (s)) , ds
0<i<k—2 Y tiNTn
<C27"+2T  sup  |6(u) oL, — &(u))|7
lul<2(N+1) N

w2 Y [T ) - o)l d

0<i<k—2 71N

tATh
<Crvaer sw (ool s, +2L [ u(s) - (o) ds
u|<2(N+1) @ 0

<C27"+2T sup |o(u)oll, — 5'(u))|%Q + ZL/ Lan (s) u"(s,) — u“(s)|2 ds,
lu|<2(N+1) 0
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where G (s) is defined by (p.14). Furthermore, given w € Q,, 1 Uy, 2 we have:

ZW(t AT < 2/
0

where C' = C(Ky, K1, N,T) does not depend on n. This yields

toANtATR

(1" (s,)) o Tal?,, + 150" (5))]3,, ) ds < €27,

E( sup ZD(t A Tn)> < C27"+2T  sup  |o(u)oll, — 5(“))‘%63

te[0,7 |u|<2(N+1)
H2LE [ gy " (a)  u(5) ds
0
therefore, (p.10) follows from (2.1§) and (f.24). O

6.3. Estimate of Z,(?).

6.3.1. Main splitting. The identities (R.19), (B.13) and (R.19) yield

20unm) = 3 [ (B0 e) - 5 6576 )~ u))ds

1<j<n
tATh 1
_/0 ((g + 5@) (u"(s)), u"(s) — u(s))ds. (6.11)
For every j = 1,--- ,n Taylor’s formula implies that

63 (0" (3)) = &3 (0" (1)) = D (0" (30)[u"(5) = " (50)]
1
[ 0= (D%, (0 (5) i (5) = )50 (5) = 0 (50). 0 (5) =5

where (D?G;(v);v1,v2) denotes the value of the second Fréchet derivative D?5;(v) on
elements v; and vo. Therefore condition (R.2T]) and the bound ([.4) imply that for every
t 10,77,

ZOt AT < To(t,1) + | Z2 ()], (6.12)
where
To(t,1) = Co(2N +1) Y. /0 " u(s) = ()2 185" (9)] Ju" () — u(s)| ds,
1<j<n
and
700 = 3 [ (0nr el -0 )~ () £ (5)ds
1<j<n
—/ " ((g—i— %@) (u"(s)), u™(s) — u(s))ds. (6.13)
0

For G%,(t) defined by (F.14), one has

T (1) <Cy Y /0 " L ) [07(5) — 1w (5a) P 165" ()] [ (5) — u(s)] ds.

1<j<n

Therefore, (.3), the inequalities ([.5) and (5.24) yield for some constant C' := C(N, M, T)

E( sup T, (t, 1)) < éNng2gE/ 71@;’(8) [u"(s) — u™(sp) | ds < Cn327 5. (6.14)
t€[0,7] 0
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To bound Z\?), rewrite u"(s) — u™(s,) in (p.13) using the evolution equation (R.33). This
yields the following decomposition:

Z2(t) = 2;6 Tt i), (6.15)
where
neo = 3 | T (D8 )T, 50)8 (). 00(5) — () s
- / T (o 1) (s) . w() — ul) ds (6.16)
o Z(s.sw) = [ o e)aw )+ [ o)W ()i (617)
ey == 3 / (D5 / A (r)dr] 85" () ™ (s) — u(s) ) ds.
nieh=- 3 /O " (Dot (s / B ()] (5), 17(6) = ).
nes = 3 | (o] [ cerenner] i, ) - us)ds
neo-- 3 | T (Dot ] [ R0 ) - ate)) s

with R(u) = R(u) + o(u) + 26(u). The most difficult term to deal with is 7},(¢,2) and
therefore we devote several separate subsections below to upper estimate it. Let us start
with the easier case 3 <17 < 6.

6.3.2. Bound for T,,(¢,i), 3 <i < 6. By duality we obtain

sl = 3| 78N [ A 4V 0o )] ) - ul)as|

1<j<n

Therefore, using (P23), (E4) and ([£]) we deduce that for every ¢ € [0, 7]

tATh S
sup [To(t.3)] < Co(2N + 2y a2/ [ / o (r)ldr) [ (s) = u(s) |ds.
te[0,¢] 0 Sn

For any n > 0, Schwarz’s inequality yields
f/\Tn n S
sup [T,(4,3)] gn/ " (s) —u(s)||2ds+0n3/ / " () |2drds.
tE[O,f] 0 0 Sn

for some constant C':= C(N,T,n). Finally, Fubini’s theorem and ({.4) imply that

E( sup |T,(t,3)]) < nTu(T) + C(N, T,m)n® 27", (6.18)
te[0,T

Similarly, using (R.6) and (£.H) we obtain

meai= 3 | [ 8" /S:Bw"(r))dr},[D@(u“(sn))]*[u"(s)—u(s)])ds(

1<j<n

tATh
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< Can/?? /0 s / ), dr sup [Dé; s )] [ (s) — u(s)]] .

1<j<n

Thus the inequalities (2.29), ([.8) and (f.4) yield that for some constant C := C(N,m, T):

E( sup \Tn(t,4)\) < C5(2N + 2)am? n327s / nHu"(s) —u(s)]| ds < Cn227% . (6.19)
t€(0,T] 0

Using (2.20), (E.4) and (f.5) we deduce
an®? /2 o ) u(r))h(r)|dr) |u"(s) — u(s)|ds.
T(t5) < 12N + 2)an®2 22 [T ([ 60 @) ar) u(s) ~ u(s)i

Therefore, (£.27), (f.4) and Fubini’s theorem yield for some constant C' := C(N, M, T)

E( sup |T,(t, 5)]) < Cyn’? 2"/2E/ n/ \h(r)| drds < Cn3/?277/2, (6.20)
t€[0,T] 0 Js,
Similarly, relying on (2.24), (2.29), (.3) and ([E4) we deduce
E( sup [To(t,6)]) < Cr,ponn®/2272 (6.21)
te[0,7

Thus, collecting the relations in (6.9)—(6.21)), and choosing 1 > 0 small enough in (f.1§),
we obtain the following assertion:

Proposition 6.2. Let the assumptions of Theorem [[.] be satisfied, T,(t) be defined by
®-1); then we have:

ET,(T) < v (N, M,m,T) —i—CE( s[l(l]pT]\Tn(t,2)\),
telo,

where limy, oo Y (N, M,m,T) = 0 and T,,(t,2) is defined by (p.16).

6.3.3. Splitting of T,,(¢,2). Let T),(t,2) be defined by (6.1¢); then we have the following
decomposition:

To(t,2) = Y Salt,i), (6.22)
1<<7
where
Su(t.1) = D0 [ 86 (D0 () Eal 50, [ (5) = (5)] = [ (50) ()] ) s,
j=1

Sn(t,2) = —/0 " ((g + %é) (u"(s)) — (gn + %@n)(un(s)) , u(s) — u(s))ds,

Sn(t,3) = —/0 " ((gn + %én) (u"(s)) — (gn + %én) (u"(sp)),u"(s) — u(s))ds,

Sulti) == [ ((en+ 520 (0" (s0))s 0"(5) = )] = " () = )]s,

a9 = 3 | e (e [ o) s ave

n

+f 5" (1) — o (s )] W ()] w(50) — u(sa) ) ds.

5,006 = [ (2 4605 ) [ (5 (W) = Wlsa))] = 2ala ().

1<j<n
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u"(sp) — u(sn))ds, (6.23)

5.0 = [ 3 8" epa s e ( [T )] - jae).

1<j<n
u"(sp) — u(sn)>ds. (6.24)
The most difficult terms to deal with are S,,(¢,6) and S, (¢,7). We start with the simpler
ones Sp(t,i),i=1,...,5.

6.3.4. Bound for S,(t,1). Let Z,(s, s,) be defined in (p.17); using (2.20), (.4) and ({.5)
we obtain
tATn

1S, (t,1)| < CL(2N + 2) aen®/? 2"/2/0 1T (5, 50)| (Ju"(s) — u™(sp)| + |u(s) — u(sy,)|) ds.

Thus for Ny, = [7"(Ju"(s) — u"(sn)[* + |u(s) — u(sn)|?) ds, Schwarz’s inequality yields

Tn

E( sup |Sy(t, 1)]) < Oy 0?2272 [ENG,) V2 [E/ Z, (5, 50| ds} 1/2. (6.25)

t€[0,T] 0
Since
EN,, < E/Tn Lo (s) (Ju™(s) — u"(sn) > + |u(s) — u(sn)|?) ds
with G (s) defined by (), using (5.d) with ¢,,(s) = s, and 9, (s) = s we deduce:
EN,, < C(N, M, T)n%? 273/, (6.26)
Furthermore, the local property of the stochastic integral and ([L.J) yield

E/ 7 T, (s, 50)|* ds
0

T
< c/ [E
0
T s <
< C/O [E/ Lan () Ia(un(r))liQ dr 4 o an/ Len () |5’(u"(r))|2LQ dr] ds.

Thus by (B.16) and the definition of the set G%;(s) given in (p.14), we deduce:

/sle}@(r)U(U"(T))dW(T)‘z +E /S:1G;@(r)5(un(r))W"(7’)dr‘2] ds

E/ " |Zo(s,50) 2 ds < C(N, M, T)n22". (6.27)
0
Consequently the inequalities (5.29) — (B.21) yield
E( sup | Sy (t, 1);) < O(N, M,T)n'3/4 2-3/8, (6.28)
t€[0,T

6.3.5. Bound for S, (t,2). The inequality ({.4) implies that

sup [Sn(t,2)] < C(N)T sup  {|on(u) — o(u)| + [on(u) — o(u)[} .
te[0,T) [u[<2(N+1)

Therefore, the locally uniform convergence (R.24) of p,, to p and p,, to p respectively yields

lim IE( sup |Sn(t, 2)|> = 0. (6.29)
n—oo t€[0,7)
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6.3.6. Bound for S,(t,3). The local Lipschitz property (R.25) and ({.4) imply

|Sn(t,3)] <2ConiaVN + 1/ ' [u™(s) — u"(spn)| ds
0

" n n 2 1/2
<) [ My o) (s Pas]
where G (s) is defined by (B.14). Thus (5.24) yields
E( sup ]Sn(t,?))]) < O(N, M,T)n3*273/8, (6.30)
te[0,7

6.3.7. Bound for S,(t,4). The local growth condition (2:24), relations (f.J) and (f.24),
and also Schwarz’s inequality imply

B sup 120.41) < 2Ravas [ (07(6) (o) + ) o)) s

_ Tn n n 1/2
< 2Kon42 VT [E/O <1G}(,(s)’U (5) — u"(sp)* + 1@N(S)\u(s) — u(sn)\2) ds}
< C(N, M,T)n%* 2738, (6.31)

6.3.8. Bound for S,(t,5). The local bound (R.:20) together with the inequalities (f£4)
and (L) yield

1S,(t5) < C’1(2N—|—2)an3/22n/2/n{
0

|t = ot ) aw o)

} ds.

—~n

/ [o(u"(r)) — & (u"(sp))] W (r)dr
Using Schwarz’s inequality, (.17) and (f.5), we deduce

_|_

T SATh
E( sup [Sa(t,5)]) soNn3/22"/2{ /0 E / iy o [0 (1)) — o (s.))] W ()| ds

t€[0,T n/A\Tn,

. , V2
/ lu" (1) —u”(sn)|dr‘ ds}

SA\Tn

T
< Oy n3/?2n/? \/E{ / dsE/ Lan () [u"(r) — u"(sp)|? dr
0 s

n/\Tn

- 1/2
+a2n2TE/0 ds/ " (r) — u"(s,)]? dr}

SA\Tn

+a2n22”LE/
0

T 1/2
< Onn®2272\/L(1 + a®n2T) {/ dsE/ Lan vy [u"(r) — u™(sn)[? dr} .
0 s

Fubini’s theorem and (p.24) imply that

E( sup |S(t, 5)|> < VIC(N,T)nd/? 2"/
te[0,7

n/\Tn

=

X (E/O Lan oy [ 1u™ () = u"(ry) 2+ [u(r) — u(r,)|? ] 2727 dr)
< C(N, M, T)n'3/*273n/8, (6.32)
Proposition .3 and the relations in (p.2§)—(.39) imply the following assertion:
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Proposition 6.3. Let the assumptions of Theorem [{.] be satisfied and let T, (t) be defined
by (B1); then we have:

ET,(T) < v(N, M,m,T) + CE(tsEépﬂ 15,0 (£,6)] + Jup 1S, (t, 7)\),
S 5 S )

where lim,, o v (N, M, m,T) =0, S,(t,6) and S,(t,7) are defined by (6.23) and (6-24).

The upper estimates of S, (¢,6) and S, (¢,7) are the key ingredients of the proof; they
justify the drift correction term in the definition of u".

6.3.9. Bound for S,(t,6).

Lemma 6.4. Let the assumptions of Theorem [[.] be satisfied and S,(t,6) be given by
6.23). Then there exists a constant C(N,T) such that

E< sup |Sn(t,6)|) < C(N,T)n2"%. (6.33)
te[0,T

Proof. For t € [0,T] set
U7 (s) = 8" (5) Dy (u” (s)) (0" (5)) [W () = W (s)] )
Au(s) = (D2 U7() = oalu”(s0)) s w"(5) = ulsn)).

1<j<n
We also have an obvious decomposition
1<j<n 1<i<3

where (R.10) yields
ViD(s) = Y Daj(u(sn))o(u”(sn)) [W(s) = W(s,)] 85 (s),

1<j<n
VA (s)= > > D" (s0)or(u"(sn)) [Bi(sn) = Bilsn)] 2T [Bj(s,) — Bi(sn)]
1<j<n 15
2
V) = 3 Do s () |2 (i) ~ () 1]
1<j<n
The obvious identity
Liscry = Yon<r) = Lsn<m<s) (6.34)
yields the following decomposition, where G%,(t) is defined by (5.14):
tATn
S, (t,6) = / An(s) I ey ds = S SO (1) — SO (8), (6.35)
0 1<i<3

where,

t
SOy = /0 1{Sn§7n}1g%(s7l)(VTEZ)(s),u"(sn)—u(sn))ds, i=1,2,3,

t
57(14)@) = /01{8n<7'n<8}1G (Sn)An(S)dS.

We note that S\’ (t) =0 for every i = 1,2,3 and ¢ < ta.

Bound for S£L4). Set t_1 =ty = 0; using twice Schwarz’s inequality, we deduce

tet1
IE( sup |S(4 Z / Lyt 1<Tn<tk+1}1G (sn) |A (s)|ds
tE[OT] 0<k<2n k
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< {2 Z El{tkgmgtkﬂ}}l/z{ Z E(/tk 11G%(sn)‘An(3)’d8)2}1/2

0<k<2n 0<k<2n
T 1/2
< \/§{T2_"E/ Lan (sn) ]An(s)\st} .
0
Schwarz’s inequality, (B-16)), (B-20), (B-24) and the definition (f.14) of the set G}, (s,,) yield

g e [Aao)P < (14 3 W (s) = Wisalo 67 (5)l)

1<j<n

< C(N) <1+nIW( W(sn, ’0 Z ’6] )

1<j<n

Therefore, Schwarz’s inequality implies that for some constants C'(N,T), ¢1, c2, one has:

E( sup |S0(1)])

te[0,7]

< O(N,T)2 ”/2{1+n Z/ E|W(s) - W(sn)\ﬂlm{E]Bjn(s)]‘lr/zds}lﬂ

l<]<n

< C(N,T)27" 2{1 +n { ]1/2 [T‘424”CQ2%] 1/2}1/2 < C(N,T)n272. (6.36)

22
Bound for Sy, B Using duality and Fubini’s theorem, we can write

S(l Z / 1{57L<T7L}1GN(sn ﬁj ( )

1<5<n

></ ([Daj(u"(sn))a(u™(5p))]" (W (sn) — u(sn)) , AW (r))ds
= / / Lsn<raplan (sm) B (5)

1<j<n
X [D&j(u"(sn))o(u" (sn))]" (" (sn) — u(sn)) ds, dW(T))-

Since ﬂ]"(s) is Fs = F, adapted for r < s <7, the process 51(11) is a martingale. There-

fore, the Burkholder-Davies-Gundy and Schwarz inequalities, (R.16), (£.20) and (f.14)
imply

E< sup |5(1 <coE / Z / 1{sn<7'n}1G (sn) ﬁy ()

te[0,T] 1<j<n

X [Daj(u"(sn))o(u™(sn))]™ (" (s5) — ulsn) ds‘ dr}1/2

C(N,T)\/n n 1/2
S dz/ oot o) D3 (0 () (w (52)) 65 () s
<C(N,T)/n2~ "/2 /dr > / 16;"( |ds C(N,T)n27"/2. (6.37)
1<j<n

BoundforSﬁLz). Forj=1,--- ,n,l#j,i=1,---,2" =1, set
@54(i) = (Dé (™ t)on(u™ (), (1) — u(t)) Lisny Ty
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and for k =3, ---,2", let
Mp= Y 3 > @i — 1) (Bilts) — Bilti-1)) (Bj(ti) — B;(ti-1)).

2<i<k 1<j<n I#j
Then the random variable ®;;(i — 1) is F;, , measurable, and since for I # j the sigma-
field F, , and the random variables 3;(t;) — 8;(ti—1) and 3;(t;) — ((ti—1) are independent,
the process (My,F,,2 < k < 2") is a discrete martingale. Furthermore, for the cases
(@) i < ¢ and " # j/, (b) ¢/ < i and | # j or (¢) i = i and (min(j,1), max(j,1)) #
(min(j’,1"), max(j’,1")), one has

E[®;(i — 1) ®jp(i" — 1) (Bi(t:) — Bi(ti=1)) (B;(t:) — Bj(ti—1))
X (B (tir) — By (ty—1)) (Bj(ta) — By (ti—1))] = 0.

Therefore, Schwarz’s and Doob’s inequalities yield

E< M) <IE< M><4EM2n_
2 (M| Jmax My ) < AE(Mjn_y)

<12 ) ) ZE (i — 1)) E(|Bu(ts) — Bilti1)| ) E(|8; () — B (ti)[")-

2<i<2m 1<5<n I#j
Furthermore, using (P:20), (B-14) and (f.14) we deduce that for every i, 5,1
E(®;:(i — 1)%) < q C1(N)? (Ko + K1N?) (2N)?,

which implies

< —n/2
E(Zg}%n |Mk|> < O(N,T)n27 "2 (6.38)

A similar easier computation shows that

E(Qgignt sup Z Z@Jz J(ﬂl(tk) — Biltr-1)) (B;(tr) _5j(tk—1)‘>
= k<t<tk+1 1<j<n I£j
< (22(,12}; Z > @5k = 1)(Bitr) — ﬁz(tk—l))(ﬁj(tk)—ﬁj(tk—l)D
<isn l#j
{ (2%%% Z Z‘I’gz —1)(Bi(te) — ﬂl(tk—l))(ﬁj(tk)_ﬂj(tk—l)F)}lm
1<j<n I#j

<{ X BT et (o) - aeo) (e - s}

2<k<2n  1<j<n I#£j

Z Z ZE ik — D) E(|8i(tr) ﬁl(tk—l)\Q)E(\ﬁj(tk)—ﬁj(tk—l)\z)}

2<k<2n1<j<n I#j
< C(N,T)n27"2. (6.39)

Furthermore,

E| sup |S£L2)(t)| <E|(sup sup |57(12)(75)|
t€[0,T ko telty tpia]

tit1
< Bowp| Y0 [ 1o Loy o (V2 (9.0 (50) — u(sn))ds
k23" ocick 't

N[

t
+Esup [ sup /t 1{875,”}1(;%(5”)({/752)(3),un(sn) - u(sn))dsu.
k.

k>2 te[tk7tk+1]
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This inequality, (b.38) and (6.39) immediately yield

E( sup \5,22);) < O(N,T)n2"%. (6.40)
te[0,7
Bound of 57(13). The argument is similar to the previous one, based on a different
discrete martingale. Fort =1,--- ,2" =1, j=1,--- ,n, set

@;(i) = T2 (Do (" (1) (™ (1)), ™ (1) = w(t) Ly, <y Ly 1
Then ®;(i — 1) is F;, ,-measurable and independent of the centered random variable
Yij =2"T7B(t;) — ﬁj(ti_1)|2 — 1. Furthermore, for (i,j) # (i’,j') one has
E(®;(i —1) Y ®j(i' —1)Yiryr) = 0.
Using (2-20), (B10) and (F-14), we deduce that for all 4, j, E(|®;(i — 1)|*) < Cnr 272"

For k=2,---,2" set
Ne= > > @
2<i<k 1<j<n
The process (Nj, Fy, ) is a discrete martingale; thus Schwarz’s and Doob’s inequality yield

E< max |Nk|) <2{E(|N2” )}1

2<k<2n
{ S E(@(i - 1)%)E (|Yij|2)}%§C’T,Nn%2_g. (6.41)

2<i <27 1<5<n

Finally, a similar argument shows that

Tt —t) Y @j(k—l)yij

1<j<n

<Y | ¥ ee-mf)

1<k<2n 1<j<n

E( max sup
1<k<2m b <t<tpi1

D=

S E S |85k - 1)Vl ) < O(N,T)n327%. (6.42)
1<k<2m 1<j<n
The inequalities (5.47) and (p.43) imply that
E( sup ysﬁfﬂ) < CO(N,T)n? 27%. (6.43)
te[0,7
Using (.35) and collecting the upper estimates in (.33), (6-37), (6-40) and (f.43), we
conclude the proof of Lemma [.4. O

6.3.10. Bound for S, (¢,7).

Lemma 6.5. Let the assumptions of Theorem [[.] be satisfied and S,(t,7) be defined by
(6.24). There exists a constant C(N,T) such that

E( sup [S.(t.7)]) < C(N, T)n?2 %
te[0,T

(6.44)
Proof. For s € [0,T], j=1,--- ,n, set

07(s) = D, ) [t e) ([ yar)] 7o),

Bals) = (30 T0(5) — gan(u™(s0)) u"(50) — u(sn))-

1<j<n
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We obviously have that

> 0 -yl = Y T,

1<j<n 1<i<3
where
Z D& (u"(50))5 (1" (50)) [Wi(5n) — Wa((sn — T27") V 0)] 55" (5),
1<j<n
2n
= 30 S D WM ) (50))(5 — ) [8(5,) — Bilsn)] T 185 (5,) — By,
1<j<n I#j
T = 3 650 (s0))3 (" (50)) [ﬂ —5) () = B (s — &
o s—lgjgna]u 5n))oj(u"(sn TQS 5n) 185 (5, i (Sn 5 -

Using (b.34) we deduce the following decomposition of S, (t,7):
t/\'rn B
Sa(t,7) = / s)ds =Y SW(t) - 5(t), (6.45)
0 1<i<3
where

t ~ .
S,(f)(t) = / 1{Sn§Tn}1G%(sn)(Vé’)(s),un(sn)—u(sn))ds, 1=1,2,3,

to

t ~
Sv(z4)(t) = /01{8n<7'n<8}1G (sn)An(S)dS

We note that 5’,(12)(75) =0fori=1,2,3 and t < to.
Bound for §£L4). The proof is similar to that of the upper estimate of 57(14)
inequality implies

E( sup ]§£L4)(t)\) {2T2— > / e Lan ()

1/2
An(s )‘ ds} .
t€[0,7T] 0<k<2n-1

The inequalities (2.16), (2:20), (B.24), the definition (5.14) of the set G%(s) and Schwarz’s
inequality yield for t; < s < tg1o:

. Schwarz’s

Ay(s)] < 1 +n dr

~ 2
lag o (

> 15" 6)P).

1<j<n

Therefore, Fubini’s theorem and Schwarz’s inequality imply

E( sup |S9(1)])

te[0,T]

<CNT2 n/2{T—|—’I’L Z Z

/W
1<j<n 0<k<2n “tk-1

<Cngr{iem Y Y E| /“““ W o [ ras])

1<j<n 0<k<2n tk—1V0

<owaz t{tenem 3 5 [ [ wi o] [ [ e e )

1<j<no0<k<2n “tk-1V0

th+1

| 16" (s)2as)”
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Since for every s € [0, 7] E|/VI7 (s)|§ < C(T)n*2%" and E|ﬁ;’(s)|4 < C(T)2%, we deduce
the existence of some constant C'(N,T") such that

E( sup ySﬁfJ(t)y) < O(N,T)n227"/2. (6.46)
te[0,7

Bound for 57(3). For j=1,...,n let
pj(s) = 1{§n§'rn}1G’Xr(§n) (D&j(u"(gn)) [&(u”(§n))(Wn(§n) - Wn(sn))} ;s u"(8y,) — u(ﬁn))
Then @;(s) is Fs measurable and for ¢ > ta,
tn
SOERY / 0i()dBi(s) + Y it — T2 ™)2" Tt — t,) [B;(t,) — Bj(tn)].
1<j<n 1<j<n

For fixed j the process (¢;(tr)(3;(tks1) — B (tk)) , 0 < k < 2") is a martingale increments.
Therefore, the Burkholder and Schwarz inequalities, (P:2(), (B.14) and (f.14), yield

E( sup 1S0(1)))
te[0,T

T :
<ofE [ 3 wrterast + OR( YD mas losun)18;00) — 550
0 1<j<n 1520 S

T 1
< CN,T{nE/O (Wi(s,) — Wn(sn)‘(z)ds}2

D=

+OnaB{n 30 ST (Walts) = Walte1) BI85 (tke) — 05t}

1<k<2n 1<j<n

< CN,T\/E[Q_% + { Yo > E[Walty) - Walts-1)BEIS; (te41) — 5j(tk)!2}

1<j<n 1<k<2n

1
2

< C(N,T)n27"/2, (6.47)
Bound for 2. Fori=1,---,2" —1,j=1,--- ,n and [ # j set
B54() = 27T, <y g ) (DG (0" ()0 (" (1)), ™ (1) — () ).

Then ®;,(i) is F;, measurable and since for I # 7, Fy, ,, B;(t;)—B;(ti—1) and By(t;)—Bi(ti—1)
are independent, if one sets Z; (i) = (Bi(t;) — Bi(ti—1))(Bj(t:;) — Bj(ti—1), the following
process (Mj,2 < k < 2") is a (F;,) centered martingale:

D D DB BY A MEREEAPAGES

2<i<k 1<j<n I#j 7t

= 72272 N NN D (6 1) Zj(i).

2<i<k 1<j<n I#j

Furthermore, if i < i’ and I’ # j/, or i’ <iand [ # j, or i = i’ and (min(j, 1), max(j,1)) #
(min(j’, 1), max(j’,')), one has

E[®;,(i — 1)Z;(i)®jr (i — 1) Z ()] = 0.
Hence Doob’s, Schwarz’s inequalities together with (R.20), (R.16) and (F.14) yield

- 2 ~ -
E( s ) <IE( M 2) < AR (M2,
ymax [My|) <E( max [Mf) < 4E(M;n )
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<027 YT T S CE(1R6 - DP)E(Bu(t) — Biti)P)E(185(t:) — Bi(ti-1) )

2<i<2n 1<5<n 1]
< C(N, T)n27". (6.48)

A computation similar to that performed in (f-39) proves that

IE( max  sup ‘ /t ik —=1)(s —tg) ]l(k‘)dSD

2<k<2m ¢, <t<tp41 1<j<n l#j

<72 33 Y2 E (b - D)

2<k<2n 1<j<n I£j

X E(|By(tr) — Bi(te—1) P )E(18;(tr) — 5j(tk—1)\2)}

=

< C(N,T)n27 2. (6.49)
The inequalities (6.49) and (.49) yield
E( sup ]5‘9@)\) < CO(N,T)n2 "2 (6.50)
te[0,7

Bound for Sﬁf”. Finally, fori =1,--- ,2" —1land j =1,...,n, set

(i) = ly<rylan (t)(Da-j(un(ti))f}j(un(ti))’un(ti)_u(ti))’
22n

Z;(i) = o =5 (s —t:) (B (i) — B5(t )) 17 4.
t T 2

Then the random variables Z;(i) and ®;(i) are independent, E(Z;(i)) = 0 and E(Z; (i)?) <
Cr272". Furthermore, for (i,5) # (@',5"), E(®;(1)Z;(i)®; ( i")Zj(i")) = 0. The process
defined for k = 1,---,2" —1 by N = di<i<h El<]<n (1) Z;(i) is a discrete (Fy,.,)
martingale. Doob’s and Schwarz’s inequalities, (2.24), (.16 -) nd (5.14) imply that

E( sup ]5'7(13)@)\) §E< max |Nk|>

te[0,T] 1<k<2n

!

v, s |50 8500 [ [ (e - 500)°* - 3]s

tk StStk+1 1<j<n

1
< CE(|Npn 1 [*)7 + + (2 max max B(4 (k:)2)E(Zj(k:)2))2

< C’<n2 - max B(®;(k))E(Z;(k)’ )) < O(N,T)n?2°%. (6.51)
The relations in (f.45) — (p.51)) conclude the proof of Lemma [6.5. O

Now using Proposition .3, Lemmas .4 and .5, we obtain ([..§); this completes the
proof of Theorem [.1].
7. APPENDIX

We consider some additional properties of the solution to (R.31). The aim of this section
is to introduce some more properties on the coefficients o, 5, G and R which will ensure
that the property (B-3) holds. Let C' denote a constant such that

lu| < C|lu||,Yu € V. (7.1)
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7.1. Exponential moments.

Proposition 7.1. Let h(t) € Sy be deterministic, suppose that the operators G and o+ &
are uniformly bounded and that the linear growth of R is small enough, i.e., there exist
positive constants Ko, Ry and Ry such that:

G(W) [ (11y.11) < Ko, (0 +6) ()7, < Ko, |R(u)| < Ro+ Rolu| with Ry < C~%  (7.2)

for everyw € H. Let u(t) be the solution to (R.31]) such that the initial condition has some
exponential moment, i.c., Eexp(ag|¢|?) < oo for some ag > 0. Then there exist constants
a1 €]0, 0], B(a) >0 and ¢; > 0,i = 1,2 such that for 0 < a < aq and t € [0,T]:

E exp (OéIU(if)l2 +ﬁ(04)/0 \IU(S)\I2d8> < et MEexp(al¢f). (7.3)

The same estimate holds for Galerkin approximations w, of u with constants ci,co which
do not depend on n.

Proof. Let 09 = 0 + &, ®o(t) = exp (afu(t)|?) and ®(t) = Po(t) exp (ﬁ fg ||u(s)||2ds>. By

It6’s formula we have for every ¢ € [0, T7:

a(t) = [3lu(OP@a(t)de -+ dvo(t)] exp (5 [ Jus)ds)

and

Ao (t) = ao(t) | 2(u(t), du(t)) + oo (u(t)) [, dt + 20l (u(t) ult) e
Therefore, if I(t) = 2« f(f D (s)(u(s), oo(u(s))dW (s)),

dd(t) = ®(t) [ = 2a = B)u® + 20 = R(u(t)) + G(u(t)h(t), u(t)) + aloo(u(t))]i,
2020 (u(t))u(t) B, |t + 1(2).

For any integer n > 1, let 7,, = inf{t : supg<,<; [u(s)* + fg |lu(s)||?ds > n} AT. Then we
have E(I(t A1,) = 0 for t € [0,T]. Since |u(t)| < C|lu(t)|, if Ry from ([ is such that
Ry < C72 for ay < ap small enough and 0 < a < g, we have 1 — (Ro +27taKy)C? > 0.
For 0 < < B(«a) with () small enough, and for e small enough, Fubini’s theorem
implies:

tATh
sup E®(s A 7,) < exp(alé?) + E/ ®(s)[Roe ™" + Koe |h(s)[§ + ko) ds
0<s<t 0

t
< exp(af€?) + /0 E®(s A 7,)[Roe " + Koe '|h(s)[§ + ko] ds.

Since ®(. A 7,,) is bounded, Gronwall’s lemma implies that there exist constants ci, co
depending on Ky, Ry and « such that for every t € [0,T],

sup sup E®(t A 1,) < exp(alé]?) exp(a1T + caM).
n 0<t<T

Using (R.39) and the monotone convergence theorem, we conclude the proof by letting
n — 00. U
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7.2. Properties in H. Now we are in position to state the conditions which guarantee
the validity of conditions (i) and (ii) in Theorems B.J and [L1].

Condition (BS+) Let condition (B) hold with H = Dom(A'/*) and suppose that there
exists a constant K > 0 such that for u € H:

1 1.
Aot )2, gaoiny + AT a0 < K+ [l (7.4)
Condition (GR1) There exist constants Ky and Ry such that for every u € H:
1 = 1 _
[ATG(W) 410,11y < Ko(L+ [[ullfy) , [ATR(w)| < Ro(1+ [|ull7). (7.5)

Proposition 7.2. Assume that conditions (BS+), (GR1), as well as (R.16) and (R.17)
from condition (S) are satisfied. Let the hypotheses of Proposition be in force and let
u be the solution to (R.31)). Assume in addition that E||||3, < oo. Then there exist ¢ > 0
and q, > 0 such that

E(ess [sé)u:g Hu(t)H%) + E(‘ /OT |A3/4u(7')|2d7"q*) < 0. (7.6)

Proof. We consider the Galerkin approximations u, and, to ease notations, we skip the
index n. Let 0p = 0 + & and for t € [0,T] set

/t (A%UO(U(T))dW(T)j A%u(r))‘.

0

I(t) := sup 2
0<s<t

Using Ito’s formula for ||u(t)||2, = |A/*u(t)|?> and usual upper estimates, we deduce that

sup [u(s)[F + 2 /0 Abu(s)|2ds < ]2, +2 /0 (B(u(s), u(s)), Abu(s)| ds

+I(t)+ /0 t4K(1 + [[u(s)5)ds + 2 /0 t\(—R(u(s)) + G(u(s))h(s), A ?u(s))|ds.
The inequality (P.§) and condition (GR1) imply
[(B(u,u), Azu)| < Collullplull| A¥*u] < |A¥*uf? + CF 272 |lulf|lull?,
(= R(u) + G(u)h, AYu)| < co(1+ [hlo) (1 + [|ullF),
where ¢y depends on Ky and Ry. Hence, for X (t) = sup{|ju(s)||3, : 0 < s < t}, we deduce

X(t) +/0 |ATu(s)2ds < €l + 1) + 1 +C2/0 [1+[A(s)lo + llu(s)I*] X(s)ds, (7.7)

where the constant ¢; depends on K, Ky, Rg, T, M and ¢, depends on Ky and Ry. Gron-
wall’s lemma yields

Xt < e+ €13+ 1) exp(cz/o [1+ [h(s)lo + [Ju(s)]]?] ds)-

This implies that for § > 0:

EIX@P < C0T) [E (e + HSH%JFI(t))%r/Z [Eexp (2025/0t”“<3)”2d5)]1/2'

Thus Proposition [.]] implies that for § small enough we have:

1 1
E[X(1)]° < C(M, T)E[exp(2e28[¢[*))] * [1+E&]l3, +EI(£)] >
The Burkholder-Davies-Gundy inequality, relations (7-4) and (P.32) yield

1

EI() < GE /0 AV u(r)? |AY o + 5] (u(r) R dr
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¢ 1
< GR{IK [ Ju), (14 utr) ) dr} < (T K.C).
Thus there exists constants ¢ > 0 and ¢ := ¢(K, T, M, C) such that

sup E( sup ||un(s )||;1{> =c< 40 (7.8)
n>1  \N0<s<T

for the Galerkin approximations u,. As n — +o00, after limit transition we deduce that
the first term in the left hand-side of ([.6) is finite.
To prove that the second term is finite as well, note that ([7.7) implies that for every n:

t t
/ (Adun(s)2 ds < C €1+ I(6) + caess sup un(s) 2, / 14+ [R(8) + un(s)]2] ds
0 0<s<T 0

Thus we can use (7.§) and complete the proof of ([.§) by a similar argument. (]

We prove that the process u solving (R-31) belongs to C([0,T], H) a.s.

Proposition 7.3. Let the conditions of Proposition be satisfied and let u be the solution
to (.31). Then the process u belongs to C([0,T],’H) a.s.

Proof. Let 0g = 0+6; then for fixed § > 0, we have e 4w € C([0,T], H). Indeed, ([4) and
(.39) imply that EfOT ]Aie_‘mao(u(s))]%@ ds < +o0, so that fot e ag(u(s)) dW (s) €
C([0,T],H). Since for § > 0 the operator e~%4 maps H to V and V' to H, we deduce that

almost surely the maps At ¢4 fg [B((u(s))+ R(u(s))] ds and Al ¢4 fg G((u(s)) h(s)ds
belong to C([0, T, H). Therefore it is sufficient to prove that

ImE( sup [Ju(t) — e u@®)|?) =0 7.9
i B( sup flu(t) ®13) (7.9)

for some p > 0. Let Ty = Id — e~%4 and apply 1t6’s formula to || Tsu(t)||3,. This yields

I Tsu(t)|13, =IT5€l13, — 2 / Afu(s)2ds + 21(¢ / |AX Tyon(u(s) 2, ds
t
- 2/ (B(u(s)) + R(u(s)) — G(u(s))h(s), A%Tfu(s» ds, (7.10)
0
where I(t fo (A4T500( (s ))dW(s),A%Tgu(s)). The Burkholder-Davies-Gundy and

Schwarz 1nequahtles together with ([-4) imply that for any p > 0:

E sup |I(t)[
0<t<T

IN

T . p/2
C,E ( [ 1Tt 47 ao<u<s>>r%st)
0

IN

1 2p Og T 1 2 !
5 E sup ||Tsu(t)|7 + 71[‘3 / ’A4T500(u(8))’LQ ds | .
0

0<t<T
Hence ([10) yields for 0 < p < 1 the existence of a constant ¢, such that

T 1 p
B swp [Tiu(®)l < o 1T + | [ 143 Tsoou(s))f s

+ E(/()T‘<B(u(s)) + R(u(s)) — G(u(s))h(s),A%Tgu(s»‘ ds)p].

Since for every u € H, || Tsull% — 0 as 6 — 0 and sups~g |T5|5x,n) < 1, we deduce that
if {¢k} denotes an orthonormal basis in H, then |A%T500(u(8))Q1/2<pk|2 — 0 for every k
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and almost every (w,s) € € x [0,7]. Since supssq [|[e (|3 < 400, ([(4) implies

?yﬁnmwwﬂscu+m%wuﬂﬂxmﬂ»
>

Therefore, the Lebesgue dominated convergence theorem yields
/ ]A4T500 )]Lst—>O as 0 — 0.

Furthermore, using (R.q) we deduce
T 12 T 3 2
| (Bt A TEue) s < € [ fuo)lladuts)l|43 T o) ds
T 12 (T 1/2
< Cesssup (o) [ o) as] [ [ 1atzucoas]
] 0 0

0,

Thus, using Proposition [/.J for p > 0 small enough and Holder’s inequality, we obtain

/wﬁuws}l4
E(/(]T]AZTgu(s)lzds)%} v < C[E(/O \A%T(gzu(s)\2 ds>2p] 1/4.

Given u € Dom(A%) we have |A%T52u| — 0 as § — 0 while |A%T52u| < 2|A%u|. Hence the
dominated convergence theorem yields E[fOT‘<B(u(s)), A%Tgu(8)>‘ ds]p —0asd—0. A
similar argument can be applied to the term fOT‘<R(u(s)) — G(u(s))h(s), A%Tgu(s»‘ ds.
Thus we obtain that ([.9) holds with p > 0 small enough. O

E[/OT ‘<B(u(s)),A%T52u(s)>‘ ds] <C [Eess [soup llu(s)

7.3. Examples of models. The properties above hold for several important cases which
includes 2D Navier-Stokes equations and MHD equations in the periodic domains, as well
as shell models of turbulence. For more details concerning the models mentioned in this
section we refer to [f] and to the references therein.

7.3.1. 2D Nawvier-Stokes equations in the periodic domains. In this case we have relation
(B(u,u), Au) = 0 ( see, e.g., [[]) which makes it possible to obtain the additional properties
which are needed for Theorem B.1] to hold. These extra properties hold in a stronger form
and do not require any additional hypotheses concerning the model.

7.3.2. 2D Navier-Stokes equations and 2D Boussinesq model for the Bénard convection
with Dirichlet boundary conditions. In these cases the relation (B(u,u), Au) = 0 is not
true. However, we can use some results on interpolation of intersections (see [[9]) to obtain
that Dom(AY*) C [L4(D)]?. This implies hypotheses (B) with H = Dom(AY*). Thus
we can apply the above results proved in this Appendix.

7.3.3. 2D MHD equations and 2D magnetic Bénard problem in bounded domains. In this
case, even in the periodic case, the relation (B(u,u), Au) = 0 is not true. However a direct
analysis based on results of interpolation of intersections ([I]) makes it possible to prove
that Dom(AY*) C [L4(D)]?. As above, we can apply Theorem B under the conditions
imposed in this Appendix.
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7.3.4. Shell models of turbulence. We can consider either the GOY model or the Sabra
model, or else the so-called dyadic model. Since (see [, Sect.2.1.6]) in all these models we
have that

|(B(u,v),w)| < Clul]|AY?v||w|, Yu,w e H, Yve Dom(AY?).

Thus condition (B) holds with H = Dom(A#) for any choice of s € [0,1/4]. In particular
we can choose H = H. In this case conditions (i) and (ii) in Theorem B.] trivially hold.
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