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We prove the almost sure invariance principle for stationary R%-
valued random processes (with very precise dimension-independent
error terms), solely under a strong assumption concerning the charac-
teristic functions of these processes. This assumption is easy to check
for large classes of dynamical systems or Markov chains using strong
or weak spectral perturbation arguments.

The almost sure invariance principle is a very strong reinforcement of
the central limit theorem: it ensures that the trajectories of a process can
be matched with the trajectories of a Brownian motion in such a way that
almost surely the error between the trajectories is negligible compared to
the size of the trajectory (the result can be more or less precise, depending
on the specific error term one can obtain). These kinds of results have a lot
of consequences (see, e.g., Melbourne and Nicol [16] and references therein).

Such results are well known for one-dimensional processes, either inde-
pendent or weakly dependent (see, among many others, Denker and Philipp
[6], Hofbauer and Keller [13]), and for independent higher-dimensional pro-
cesses [7, 25]. However, for weakly dependent higher-dimensional processes,
difficulties arise since the techniques relying on the Skorokhod representa-
tion theorem do not work efficiently. In this direction, an approximation
argument introduced by Berkes and Philipp [4] was recently generalized to
a large class of weakly dependent sequences in Melbourne and Nicol [16].
Their results give explicit error terms in the vector-valued almost sure in-
variance principle and are applicable when the variables under consideration
can be well approximated with respect to a suitably chosen filtration. In par-
ticular, these results apply to a large range of dynamical systems when they
have some Markovian behavior and sufficient hyperbolicity.
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2 S. GOUEZEL

Unfortunately, it is quite common to encounter dynamical systems for
which there is no natural well-behaved filtration. It is, nevertheless, often
easy to prove classical limit theorems, by using another class of arguments
relying on spectral theory. These arguments automatically yield a very pre-
cise description of the characteristic functions of the process under consid-
eration, thereby implying limit results. It is therefore desirable to develop
an abstract argument, showing that sufficient control on the characteristic
functions of a process implies the almost sure invariance principle for vector-
valued observables. This is our goal in this paper. Berkes and Philipp [4],
Theorem 5, gives such a result, but its assumptions are too strong for the
applications we have in mind. Moreover, even when the previous approaches
are applicable, our method gives much sharper error terms.

We will state our main probabilistic result, Theorem 1.2, in the next
section and describe applications to dynamical systems and Markov chains
in Section 2. The remaining sections are devoted to the proof of the main
theorem.

1. Statement of the main result. For d > 0, let us consider an R%valued
process (Ag, A1,...), bounded in L? for some p > 2. Under suitable assump-
tions to be introduced below, we wish to show that it can be almost surely
approximated by a Brownian motion.

DEFINITION 1.1. For A € (0,1/2] and X2 a (possibly degenerate) sym-
metric semi-positive-definite d x d matrix, we say that an R%valued process
(Ap, A1, ...) satisfies an almost sure invariance principle with error exponent
X and limiting covariance %2 if there exist a probability space Q and two
processes (Aj, Aj,...) and (By, By, ...) on Q such that:

1. the processes (Ag, Ay1,...) and (A§, A7, ...) have the same distribution;
2. the random variables By, Bi,... are independent and distributed as
N(0,%%);

3. almost surely in €,

(1.1) =o(n?).

n—1 n—1
> A=) B
=0 /=0

A Brownian motion at integer times coincides with a sum of i.i.d. Gaussian
variables, hence this definition can also be formulated as an almost sure
approximation by a Brownian motion, with error o(n’).

Under some assumptions on the characteristic function of (A4g, A1, ...), we
will prove that this process satisfies an almost sure invariance principle. To
simplify notation, for ¢t € R? and z € R, we will write e® instead of e/,
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Let us state our main assumption (H), ensuring that the process we con-
sider is close enough to an independent process: there exist ¢y > 0 and
C,c > 0 such that for any n,m >0, b < by < -+ < bptm+1, k>0 and
t1,y .oy tnem € R? with [t;] < eg, we have

. bjp1—1 . biyq+k—1
(B! i (S, AT (S Ay

(H) _ E(el Z?:l tj (szztjlil Al)) i E(el Z;li::jﬂ tj (szztjlj::71 Al))‘

S C(l + max|bj+1 - bj|)c(n+m)€76k.

This assumption says that if one groups the random variables into n +m
blocks, then a gap of size k between two blocks gives characteristic functions
which are exponentially close (in terms of k) to independent characteristic
functions, with an error which is, for each block, polynomial in terms of the
size of the block. This control is only required for Fourier parameters ¢; close
to 0.

Of course, the assumption is trivially satisfied for independent random
variables. The interesting feature of this assumption is that it is also very
easy to check for dynamical systems when the Fourier transfer operators are
well understood; see Theorem 2.1 below.

Our main theorem follows.

THEOREM 1.2. Let (Ag, A1,...) be a centered R%-valued stationary pro-
cess, in LP for some p > 2, satisfying (H). Then:

1. the covariance matrix COV(Z?:_OI Ay)/n converges to a matriz Y?;

2. the sequence Y p— Ag//n converges in distribution to N'(0,%2);

3. the process (Ao, A1, ...) satisfies an almost sure invariance principle with
limiting covariance X2, for any error exponent

p 1 1

4p—4_4+(4p—4)‘

(1.2) A>

When p = oo, the condition on the error becomes A > 1/4, which is quite
good and independent of the dimension. This condition A > 1/4 had previ-
ously been obtained only for very specific classes of dynamical systems (in
particular, closed under time reversal) for real-valued observables (see, e.g.,
Field, Melbourne and T6rok [8], Melbourne and T6rok [18]).

If the process is not stationary, then we need an additional assumption
to ensure the (fast enough) convergence to a normal distribution.

THEOREM 1.3. Let (Ag, A1, ...) be an R%-valued process, bounded in LP
for some p > 2, satisfying (H). Assume, moreover, that Y |E(Ay)| < oo and
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that there exists a matriz X2 such that, for any o> 0,

m+n—1
cov( Z Ag) —ny?

l=m

(1.3) <Cn%,

uniformly in m,n. The sequence Z?:_ol Ap//n then converges in distribu-
tion to N'(0,%%). Moreover, the process (Ao, A1, ...) satisfies an almost sure
invariance principle, with limiting covariance %2, for any error exponent

A>p/(4p—4).

Theorem 1.2 is, in fact, a consequence of Theorem 1.3 since we will prove
in Lemma 2.7 that a stationary process satisfying (H) always satisfies (1.3)
(moreover, this inequality holds with a=0).

Contrary to the results of Berkes and Philipp [4], our results are dimension-
independent for i.i.d. random variables (but they are not optimal in this
case—see Einmahl [7], Zaitsev [25, 26]—for i.i.d. sequences in LP, 2 < p < oo,
the almost sure invariance principle holds for any error exponent A > 1/p).

In this paper, C' will denote a positive constant whose precise value is
irrelevant and may change from line to line.

2. Applications.

2.1. Coding characteristic functions. Let us first consider a very sim-
ple example: let T(z) = 2rmod1 on the circle S = R/Z and consider a
Lipschitz function f:S' — R of vanishing average for Lebesgue measure.
We would like to prove an almost sure invariance principle for the pro-
cess (f(z), f(Tx), f(T?z),...), where x is distributed on S! according to
Lebesgue measure. Define an operator £; on Lipschitz functions by Lyu(z) =
ET(y):x eTWy(y) /2. Tt is then easy to check that for any tg,...,t, 1 in R%,

(2.1) B¢ Timo tfoT) = / LinyoLig)() do.

Using the good spectral properties of the operators £;, it is not very hard
to show that this implies (H).

In more complicated situations, it is often possible to encode in the same
way the characteristic functions of the process under consideration into a
family of operators. However, these operators may act on complicated Ba-
nach spaces (of distributions or measures). It is therefore desirable to intro-
duce a more abstract setting that encompasses the essential properties of
such a coding, as follows.

Consider an R%-valued process (Ag, Ay, ...). Let B be a Banach space and
let £; (for t € RY, |t| < o) be linear operators acting continuously on B.
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Assume that there exist ug € B and &, € B’ (the dual of B) such that for any
1o, tn_1 € R? with ‘tj‘ < &g,

(2.2) E(e! S50 Ay = (60, L4\ Loy -+ Loy Logtio)-

In this case, we say that the characteristic function of (Ag, Aq,...) is coded
by (B, (ct)|t\§507u0760)'

We claim that the assumption (H) follows from suitable assumptions on
the operators £, which we now describe.

(I1) One can write £y =II 4+ @, where II is a one-dimensional projection
and @ is an operator on B, with QII =1IQ =0 and [|Q"||p—5 < CK"
for some x < 1.

(I2) There exists C' > 0 such that ||£}||g—5 < C for all n € N and all small
enough t.

We will denote this set of conditions by (I).

THEOREM 2.1. Let (Ay) be a process whose characteristic function is
coded by a family of operators (L) and which is bounded in LP for some
p > 2. Assume that (I) holds. There then exist a € R? and a matriz ¥ such
that (22;01 Ay —na)/y/n converges to N'(0,%2). Moreover, the process (A —
a)een satisfies an almost sure invariance principle with limiting covariance
Y2 for any error exponent larger than p/(4p — 4).

The proof will exhibit a as the limit of E(A), give a formula for ¥? and
derive the theorem from Theorem 1.3 since (H) and (1.3) follow from (I).
Even better, under the assumptions of Theorem 2.1, we have

m+n—1
cov( Z Ag) —nX?
l=m

This is proved in Lemma 2.7 below.

(2.3) <c.

REMARK 2.2. Let us stress that the assumptions of this theorem are
significantly weaker than those of similar results in the literature: we do not
require that a perturbed eigenvalue has a good asymptotic expansion, or
even that such an eigenvalue exists. In particular, to the best of the author’s
knowledge, the central limit theorem was not known under the assumptions
of Theorem 2.1.

Before we prove Theorem 2.1 at the end of this section, let us describe
some applications. We will explain how to check (I) in several practical
situations. Let T: X — X be a dynamical system, let © be a probability
measure (invariant or not) and let f: X — R? We want to study the process

(f.foT. foT?,...).
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2.2. Strong continuity. Assume that the characteristic function of the
process (f,foT,foT? ...) can be coded by a family of operators £; on
a Banach space B and that the operator £y satisfies (I1), that is, it has a
simple eigenvalue at 1, the rest of its spectrum being contained in a disk of
radius £ < 1 (such an operator is said to be quasicompact).

PRroOPOSITION 2.3. If the family L;: B — B depends continuously on the
parameter t at t =0, then (12) is satisfied.

Proor. By classical perturbation theory, the spectral picture for Ly
persists for small ¢: we can write £y = \(¢)II; + Q;, where A\(t) € C, II; is a
one-dimensional projection and [|Q}| < Ck™ for some k < 1, uniformly for
small ¢. If [A\(¢)| <1 for small ¢, then we obtain (I12).

For small £, we have

E(e* 20 1) = (g0, Luo) = A(£)" (€0, Tsuo) + (€0, Qf'uo)
= A(t)"(&0, Myug) + O(K™).

When ¢t — 0, by continuity, the quantity (£, II;ug) converges to (&g, [Tug) = 1;
see (2.8) below. In particular, for small enough ¢, (£y, lyug) # 0. Since the
right-hand side of (2.4) is bounded by 1, this gives |A(¢)| < 1, completing the
proof. [

(2.4)

Let us be more specific. Let T be an irreducible aperiodic subshift of finite
type, let m be a Gibbs measure and let f: X — R? be Holder continuous
with [ fdm =0. Let £ be the transfer operator associated with T, defined,
by duality, by [u-voT dm = [ Lu-vdm and define perturbed operators L
by Li(u) = L(e"fu). These operators code the characteristic function of the
process (f, foT,...) and depend analytically on ¢ [this follows from the series
expansion e = 3" (iz)"/n! and the fact that the Holder functions form a
Banach algebra|. The condition (I) is checked in, for example, Guivarc’h and
Hardy [11], Parry and Pollicott [19]. Hence, Theorem 2.1 gives an almost
sure invariance principle for any error exponent greater than 1/4. This result
is not new: it is already given in Melbourne and Nicol [16], although with a
weaker error term.

If T is an Anosov or Axiom A map and f:X — R? is Holder continuous,
then the same result follows using symbolic dynamics. One can also avoid it
and directly apply Theorem 2.1 to the transfer operator acting on a Banach
space B of distributions or distribution-like objects, as in Baladi and Tsujii
[2], Gouézel and Liverani [10].

Now, let T: X — X be a piecewise expanding map and assume that the
expansion dominates the complexity (in the sense of Saussol [22], Lemma
2.2). This setting includes, in particular, all piecewise expanding maps of
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the interval since the complexity control is automatic in one dimension.
Let f: X — R? be 8-Hélder continuous for some 3 € (0,1]. The perturbed
transfer operator £; then acts continuously on the Banach space B = Vjs
introduced in Saussol [22] and depends analytically on ¢ (since B is a Banach
algebra). With Theorem 2.1, we get an almost sure invariance principle
for any error exponent greater than 1/4. This result was only known for
dim(X) =1 and d =1, thanks to Hofbauer and Keller [13].

This result also applies to coupled map lattices since Bardet, Gouézel and
Keller [3] shows (I) for such maps. We should point out that the Banach
space B here is not a Banach space of functions or distributions, but this is
of no importance in our abstract setting.

Assume, now, that 7" is the time-one map of a contact Anosov flow. T'sujii
[24] constructs a Banach space of distributions on which the transfer oper-
ator £ acts with a spectral gap. If f is smooth enough, then £; := L(e"f")
depends analytically on . We therefore obtain an almost sure invariance
principle for any error exponent greater than 1/4. This result was known for
real-valued observables [17], but is new for R%-valued observables. However,
our method does not apply to the whole class of rapid-mixing hyperbolic
flows, contrary to the martingale arguments of Melbourne and T6rok [17].

Finally, assume that T': X — X is a mixing Gibbs—Markov map with in-
variant measure m, that is, it is Markov for a partition « with infinitely
many symbols and has the big image property and Holder distortion (this
is a generalization of the notion of a subshift of finite type to infinite alpha-
bets, see, e.g., Melbourne and Nicol [16], Section 3.1, for precise definitions).
For f: X — R%and a € o, let Df(a) denote the best Lipschitz constant of f
on a. Consider f of zero average such that ) ., m(a)D f(a)” < oo for some
p € (0,1] (this class of observables is very large, containing, in particular, all
of the weighted Lipschitz observables of Melbourne and Nicol [16], Section
3.2).

THEOREM 2.4. If f € LP for some p> 2, then the process (f,foT,...)
satisfies an almost sure invariance principle for any error exponent > p/(4p—

4).

This follows from Gouézel ([9], Section 3.1), where a Banach space B
satisfying the assumptions of Proposition 2.3 is constructed.

It should be mentioned that the almost sure invariance principle is in-
variant under the process of inducing, that is, going from a small dynamical
system to a larger one. Many hyperbolic dynamical systems can be obtained
by inducing from Gibbs-Markov maps and the previous theorem implies an
almost sure invariance principle for all of them (see Melbourne and Nicol
[16] for several examples).
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REMARK 2.5. In such dynamical contexts (when the measure is invari-
ant and ergodic), the matrix Y2 is degenerate if and only if f is an L?
coboundary in some direction. Indeed, if ¥? is degenerate, then it follows
from (2.3) that there is a nonzero direction ¢ such that (¢, S, f) is bounded
in L2. By Leonov’s theorem (see, e.g., Aaronson and Weiss [1]), this im-
plies that (¢, f) is an L? coboundary, that is, there exists u € L? such that
(t, f) =u—wuoT almost everywhere. Conversely, this condition implies that
¥2 is degenerate.

2.3. Weak continuity. In several situations, the strong continuity as-
sumptions of the previous subsection are not satisfied, while a weaker form
of continuity holds. We describe such a setting in this subsection.

Again, assume that the characteristic function of a process (f, foT, fo
T?,...) is coded by a family of operators £; on a Banach space B and
that the operator Ly satisfies (I1), that is, it is quasicompact with a simple
dominating eigenvalue at 1.

We do not assume that the map ¢t — L; is continuous from a neighborhood
of 0 to the set of linear operators on B, hence classical perturbation theory
does not apply. Let C be a Banach space containing B on which the operators
L; act continuously and assume that there exist M > 1, k<1 and C >0
such that:

1. for all n € N and |t| < &g, we have ||L}|cwe < CM™;

2. for all n € N, all |t| <ep and all u € B, we have ||[L}ul|p < CK"||u|lg +
CM™[ulle;

3. the quantity ||£; — Lo||g—c tends to 0 when ¢ — 0.

Then Keller and Liverani [14], Liverani [15] show that, for small enough ¢,
the operator £; acting on B has a simple eigenvalue A(t) close to 1 and L;
can be written as A(¢)II; + Q¢, where II; is a one-dimensional projection and,
for some C'>0 and & < 1,

|| s—5 < C, Q7B < CR",

I, — I1||g—c — 0 when t — 0.

Therefore, (12) follows from the arguments in the proof of Proposition 2.3 if
we can prove that (&o, yug) — (£, [lug) when ¢ — 0. By the last estimate
in the previous equation, this is true if £ belongs not only to B’, but also
to C’, which is usually the case.

2.4. Markov chains. Consider a Markov chain X, X1, ... (with an initial
measure p and a stationary measure m, possibly different from p) on a state
space X. Also, let f: X — R with E,,,(f) =0. We want to study the process

A= f(Xo).
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Denote by P the Markov operator associated with the Markov chain and
define a perturbed operator P;(u) = P(e*/u). Then

By (e X0 ttdt) = B, (e Do 1] (X0) . p(eit1 /X)X, )
= B, (e Ti X p, | 1(X,_0)).

By induction, we obtain
(2.5) BTS04 = [ PPy Ldn

This is very similar to the coding property introduced in (2.2), the (minor)
difference being that the composition is made in the reverse direction. In
particular, the proof of Theorem 2.1 still works in this context. We obtain
the following result.

PROPOSITION 2.6. Let B be a Banach space of functions on X such that
1 € B and integration with respect to i is continuous on B. If the operators
P, satisfy the condition (1) on B, then the process f(Xy) satisfies (H). If
f(Xy) is bounded in LP for some p > 2, then it follows that the process
(f(Xy)) satisfies an almost sure invariant principle for any error exponent

A>p/(dp —4).

To check condition (I), the arguments of Sections 2.2 or 2.3 can be applied
(if the Banach space B is carefully chosen, depending on the properties of
the random walk under consideration). In particular, we refer the reader
to the article [12], where several examples are studied, including uniformly
ergodic chains, geometrically ergodic chains and iterated random Lipschitz
models. In particular, it is shown in this article that the weak continuity
arguments of Section 2.3 are very powerful in some situations where the
strong continuity of Section 2.2 does not hold.

2.5. Proof of Theorem 2.1 assuming Theorem 1.3.
Step 1: there exists uy € B such that, for tg,...,t,—1 € B(0,&0),

(2.6) H(ﬁtn71 s Etouo) = <§0, Etn—l cee Etou())ul.

Since II is a rank-one projection, we can write II(u) = ({2, u)ug for some
ug € B and & € B’ with (£, u9) = 1. The trivial equality

E(eiZ?;ol tﬁAl) = E(ei Yo tlAl"'Z?:y]lV_lO'Al)
gives, using the coding by the operators L,
(€0, Lty -+ Leguo) = (€0, £ Lo,y -+ Liguo)-
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Let u= Ly, ,---Liup. When N tends to infinity, £2 tends to II. Hence,
letting N tend to infinity in the previous equality, we get
(27) <§07u> = <§07Hu> = (fo,U2> ’ (627u>'

Moreover,
(€0, u0) = (€0, Mug) = lim (&, L ug)

(2.8) R
= lim B(e! Ze=0 O4c) =1,

Taking u = ug in (2.7), this implies, in particular, that (£g,ug) # 0. Finally,

H(u) = (§2, u)uz = (o, u)uz/ (o, u2)-
We thus obtain (2.6) for u; = ua/(&o, u2).
Step 2: (H) holds.
Consider by < -+ < byym+1, as well as t1,...,tp4m € B(0,e9) and k > 0.
Then

bjp1th—l

Ble it (2/*1 A+ 4 (S5 A/Z))

= (€0, Lo I e Ly LR LT L2 L o)

lntm tnt1
(2.9) b b b b b b
= (€0, Lot I LTI (LG TN L T - L3 L )

<£O’£tnj—_m+1 +m Etnj: +1H£ +1=bn ng b1£81U0>-
All of the operators L;, satisfy ||£§i||3_,3 < C. Since ||£5 —||p-p < Crk*
for some k < 1, it follows that the term on the penultimate line in (2.9) is
bounded by C"*™kF. Moreover, by (2.6), the term on the last line is

b —b bnt2—b b= by—by b
(Con Lyt £ ) (G, £ L L)

biiq—1
i St j+1 A
The second factor in this equation is simply E(e’ 2=t (it Z)). More-
over,

k—1
B S T A0,

o bntm+1—bntm bpi2—bni1 pbni1+k
- <£O7£tn+m o Ltn+l E 0>

= (6o, Lo L )+ O(CT R )

= (0. LT T L )+ O(CT R ),

Therefore, the last line of (2.9) is equal to

bjy1tk-1

E(eiZ?:lt]-(ZZj:t;_lAZ)) . E(eZZ?::-L&-I 3 (262 bit+k Ay )) + O(leib"+l+k).
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We have proven that the difference to be estimated to check (H) is bounded
by C" 7k 4 O™ gbnt1tE for some €' > 1 and k < 1. If we write C' = 2¢" and
Kk =e ¢ for some ¢, C’ > 0, then this is error is at most

9. 9C" (n+m) o —ck <2-(14+max|bj4q — bj|)c/(”+m)e_0k.

This proves (H).

Step 3: there exist a € R? and C,6 > 0 such that |E(A) —a| < Ce 9.

Working component by component, we can, without loss of generality,
work with one-dimensional random variables.

Enriching the probability space if necessary, we can construct a centered
random variable V', independent of all the A, and belonging to LP, whose
characteristic function is supported in B(0,eq) (see Proposition 3.8 for the
existence of V). Also, let 7' > 0. Then

E(Ag) = E(Ag + V) = E((Ag + V)l\Ag—l—VIZT) + / ‘ deAg—l—V-
z|<T
The first term is bounded by [[A¢ + V|| 12[|1)a,4v>7llre S CP(JA¢ + V] >
T)/2 < C/TV2. Let ¢y(t) = E(e™A)E(e™) be the characteristic function
of Ag+V. Let gr be the Fourier transform of z1, 7. Since the Fourier trans-
form on R is an isometry up to a constant factor ¢, we have flxl X dPa,rv =

c1 [GT¢e, hence E(Ap) = c1 [Grge + O(T~1/?).
We have

bo(t) = (€0, LeLEuo) E(e™)
= (&0, LTTug) E(e™V) + (€0, Lo(Lh — ug) E(e™) =1 (t) + 74(2).

The function 1 is independent of ¢, while the function r,(t) depends on ¢,
is bounded by Ck’ and is supported in {[t| <e¢}. We obtain

E(Ay) ICl/g_TQ/)-i-Cl/Q_TW-FO(T_I/Q)

= /Q_TQ/) + O(llgrllzllrell z2) L O(T 12,

The L*norm of gy is equal to C||z1), <712 = CT?/?, therefore we obtain
B(A)=a [ 970+ O(T*2) + O(T /%),

Now, consider k,¢ € N. Taking T = x~™n(k:0)/3  we obtain, for some & > 0,
|E(Ag) — E(Ay)| < Cemomin(kh),

This shows that the sequence F(Ay) is Cauchy, so it converges to a limit a.
Moreover, letting k — oo, it also yields |E(A;) — a| < Ce™%, as desired.
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Step 4: conclusion of the proof.
We claim that for any m € N, there exists a matrix s,, such that, uniformly
in £,m,

(2.10) lcov(Ag, Apsm) — 5| < Ce™.
Since the proof is almost identical to the third step, it will be omitted.
LEMMA 2.7.  Let (Ay) be a process bounded in LP for some p > 2, satis-

fying (H) and satisfying (2.10) for some sequence of matrices sy,. The series
S2=50+ > o0 1 (sm + sk,) then converges in norm and, uniformly in m,n,

m—+n—1
cov( Z Ag) —nX?
l=m

Let us temporarily accept this lemma. The process (A — a) then satisfies
all the assumptions of Theorem 1.3. Theorem 2.1 follows from this theorem.

(2.11) <cC.

PROOF OF LEMMA 2.7. Let us first prove that for some § > 0,
(2.12) lcov(Ag, Apym)| < Ce™0™,

To simplify notation, we will assume that d = 1. Although the estimate
(2.12) follows easily from the techniques we will develop later in this paper,
we will now give a direct elementary proof. Let V.V’ be two independent
random variables, as in the third step of the previous proof. Then

E(AArim) = E(A + V)(Agym + V') = / vy dP(z,y),
where P is the distribution of (A; + V, Apyp, +V'). For T > 0, we have
[ o0/t dP (@, 9) = B4+ Vi Apsn + VV 1ig,v1o)

<A+ Vel Aerm + V'l 211 a4, +vis7ll Lo

where g > 1 is chosen so that 1/p+1/2+1/q = 1. Moreover, ||1)4,4v|>7l|Le =

P(|A; 4+ V| > T)"/2 < CT~'/4. We have proven that for some p > 0, we
have [ |zy|ljy>rdP(z,y) < CT~?. In the same way, [ |zy|lj,~rdP(z,y) <
CT~". Therefore,

E(AApim) :/xylx,y|<TdP(xuy)+O(Tp)'

The characteristic function ¢ of (Ay + V, Apyp, + V') is given by
¢(t, u) _ E(eitAlHuAHm)E(eitv)E(ei“V/).
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It is therefore supported in {|¢|, |u| <eg}. Denoting by hr the Fourier trans-

form of the function xyl, |, |<7 and using the fact that the Fourier transform

is an isometry up to a constant factor co = c%, we get

E(A¢Apym) = c2 /E@f) +O(T™").

Letting ¢ (t,u) = E(e4¢) E(e™Arem) E(e ) E(e™V"), a similar computation
shows that

B(A)B(Aeim) =<2 [ B+ OT).
Therefore,

|E(ArAvrm) — E(A0) E(Aprm)| = 2

/ E(cb—l/})‘ Lo
< Cllhr a6 = llez + OT).

The function ¢ — 9 is supported in {|¢|,|u| <ep} and (H) implies that it is
bounded by Ce™“" for some ¢ > 0. Moreover, ||hr|[z2 = C|lzyl)y) 1y<rllr2 <
CT?. Finally, we obtain

|E(ApApsm) — BE(A)E(Apym)| < Ce T3 4 CT P,

Choosing T = e“™/* | this gives (2.12).
When ¢ — oo, cov(Ay, Apym) tends to sy, by assumption. Therefore, let-
ting ¢ tend to infinity in (2.12), we get |s,,| < Ce™%™. From (2.10), we obtain

(2.13) lcov(Ag, Apsm) — $m| < Cmin(e™%, =™,

We have
m—+n—1 n—1
cov( Z Ag) = Z cov(Aitm)
{=m i=0

+ Z (cov(Aigms Ajtm) + €0V (Aitm, Ajym)").

0<i<j<n—1

With (2.13), we get

m+n—1 n—1
cov( Z Ag) - Zso - Z ($j—i +55-4)
l=m =0

0<i<j<n—1

n—1
<C Z e 00Hm 4 ¢ Z min(e 00+ 00—y
0

j 0<i<j<n—1

1=
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Up to a multiplicative constant C', this is bounded by

00 00 21 00 00
DD DI LD D D
1=0 1=0 j=i+1 =0 j=2i+1

We have proven that

m+n—1 n
cov( Z Ag) —nso—Z(n—k)(sk—FSZ) <C.
l=m

k=1
Since ) k[sy + sj| < oo, this proves (2.11). [

3. Probabilistic tools.

3.1. Coupling. As in Berkes and Philipp [4], the notion of coupling is
central to our argument. In this subsection, we introduce this notion.

If Z1:Q1 — Eq and Z5:Qy — FE5 are two random variables on two (pos-
sibly different) probability spaces, then a coupling between Z; and Z, is
a way to associate those random variables, usually so that this association
shows that Z; and Z, are close in some suitable sense. Formally, a coupling
between Z; and Z, is a probability space ', together with two random
variables Z]:Q — E; and Z5:Q — Es such that Z is distributed as Z;.
Considering the distribution of (Z],Z}) in Ey x Es, it follows that one may
take, without loss of generality, 2 = Ey x Es, where Z| and Z) are the first
and second projections.

The following lemma, also known as the Berkes—Philipp lemma, is Lemma
A.1 of Berkes and Philipp [4]. It makes precise and justifies the intuition that,
given a coupling between two random variables Z; and Z3, and a coupling
between Zs and another random variable Z3, it is possible to ensure that
those couplings live on the same probability space, giving a coupling between
Zl, ZQ and Z3.

LEMmMA 3.1. Let E;, i=1,2,3, be separable Banach spaces. Let F' be a
distribution on E1 x Ey and let G be a distribution on Eo x Es such that
the second marginal of F' equals the first marginal of G. There then exist a
probability space and three random variables Z1, Zs, Z3 defined on this space
such that the joint distribution of Z1 and Zo is F and the joint distribution
of Zy and Z3 is G.

As an application of this lemma, assume that two processes (Xi,...,X,)
and (Y7,...,Y,) are given and that a good coupling exists between variables
X and Y distributed, respectively, like > X; and ) _Y;. There then exists a
coupling between (X7i,...,X,) and (Y1,...,Y,,) which realizes this coupling
between > X; and > Y;. It is sufficient to build, simultaneously:
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e the trivial coupling between (Xi,...,X,) and X such that X =) X;
almost surely;

e the given coupling between X and Y;

e the trivial coupling between Y and (Y7,...,Y;,) such that Y =" Y; almost
surely.

This kind of argument will be used several times below, without further
details.

We will need the following lemma. It ensures that, to obtain a cou-
pling with good properties between two infinite processes (27, Zo,...) and
(Z1,Z),...), it is sufficient to do so for finite subsequences of these processes.

LEMMA 3.2.  Let uy,,v, be two real sequences. Let Z,:Q — E, and
Z!:Q = E, (n>1) be two sequences of random wvariables, taking values
in separable Banach spaces. Assume that for any N there exists a coupling
between (Z,...,ZN) and (Z1,...,Zy) with

(3.1) P(|Zn — 2! > up) <vp

for any 1 <n < N. There then exists a coupling between (Z1,Zs,...) and
(21,7, ...) such that (3.1) holds for any n € N.

PROOF. For all N € N, there exists a probability measure Py on (Fj X

- x En)?, the respective marginals of which are the distributions of
(Z1,...,Zn) and (Z1,...,Z)), such that Py(|zn — 2},| > un) < v, for 1 <
n < N, where z, and 2/, denote the coordinates in the first and second E,
factors. Let us arbitrarily extend this measure to a probability measure Py
on E?, where E = E; x Ey x ---. The sequence Py is tight and any of its
weak limits satisfies the required property. [

3.2. Prokhorov distance.

DEeFINITION 3.3. If P,@ are two probability distributions on a metric
space, define their Prokhorov distance 7(P, () as the smallest € > 0 such
that P(B) <e+ Q(B°®) for any Borelian set B, where B¢ denotes the open
e-neighborhood of B.

This distance makes it possible to construct good couplings, thanks to the
following result, known as the Strassen-Dudley theorem [5], Theorem 6.9.

THEOREM 3.4. Let XY be two random variables taking values in a
metric space with respective distributions Px and Py. If n(Px,Py) < c,
then there exists a coupling between X and Y such that P(d(X,Y) >c¢) <c.
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We now turn to the estimation of the Prokhorov distance for processes
taking values in R?. Let d >0 and N > 0. We consider R with the norm

[(x1,...,zN)|n = sup |z,
1<i<N

where |z| denotes the Euclidean norm of a point 2 € R?,

LEMMA 3.5. There exists a constant C(d) with the following property.
Let F and G be two probability distributions on RV with characteristic
functions ¢ and . For any T' > 0,

N 1/2
(32) 7(F.G) < F(le;] > T') + (Cd)T)N [ [ 16- ﬂ |
=1 RaN

PRrROOF. After an approximation argument, we can assume, without loss
of generality, that F' and G have respective densities f and g. Then, for any
measurable set A,

F(A) — G(A) < F(ANmax|z;| <T") + F(max|z;| >T")
— G(ANmax|z;| <T")

N
</ F—gl+ 3 F(lsy] > T).
‘:Bl‘w“":BN'ST/ ]:1

Therefore, 7(F,G) is bounded by last line of this equation. To conclude, we
have to estimate f‘ |f — g|. We have

Il‘?"'?‘IN‘STI

/ et 1f =gl <1 = gllr2 Ny, ani<rll 2 = 6 = All 2 (CT" N
x|z [T

since the Fourier transform is an isometry on L? up to a factor (2m)*V/2.

This completes the proof. [

3.3. Classical tools. Let us recall two classical results of probability the-
ory that we will need later. The first is Rosenthal’s inequality [21] and the
second is a weak version of the Gal-Koksma strong law of large numbers
[20], Theorem A1, which will be sufficient for our purposes.

ProrosiTION 3.6. Let X1,...,X,, be independent centered real random
variables and let p > 2. There exists a constant C(p) such that

N n 1/2 n
S x| <o) (ZE(Xf)> +Cl(p) (ZE(IXJ'V’)>
j=1 j=1 Jj=1

1/p
(3.3)

Lp
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ProprosITION 3.7. Let X1, Xo,... be centered real random variables and
assume that for some ¢ > 1 and some C' >0, for all m,n,

2
< (Cnf.

m+n—1

> X

Jj=m

(3.4) E

For any a > 0, the sequence Zjvzl Xj/Nq/2+°‘ then tends almost surely to 0.

The following proposition will be used in several forthcoming construc-
tions.

PROPOSITION 3.8. There exists a symmetric random variable V on RY,
belonging to LY for any q > 1, whose characteristic function is supported in
the set {|t| <eo}.

PrOOF. We start with a C* function ¢ supported in {|t| <eo/2} and
consider its inverse Fourier transform f = F~!(¢) (which is C° and rapidly
decreasing). Let g = |f|? = F (¢ « @), where ¢(t) = ¢(—t). Finally, let
h =g/ [ g. This is nonnegative, has integral 1 and its Fourier transform
is proportional to ¢ x ¢, hence it is supported in {|t| < ep}. If we let W
and W’ be independent random variables with density h, then V =W — W’
satisfies the conclusion of the proposition. [J

4. LP bounds. Our goal in this section is to show the following bound.

PROPOSITION 4.1.  Let (Ag, A1,...) be a centered process, bounded in LP
(p >2) and satisfying (H). For any n >0, there exists C >0 such that, for
all m,n >0,

m+n—1

>4

{=m

< cnl/2.
Lp—n

(4.1)

This kind of bound is classical for a large class of weakly dependent se-
quences. The main point of this proposition is that these bounds are estab-
lished here solely under the assumption (H) on the characteristic function
of the process.

For the proof, we will approximate the process (A, A1,...) by an inde-
pendent process, using (H). Estimating the LP~"7-norm of this process via
Rosenthal’s inequality (Proposition 3.6), this will yield the desired estimate.
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LEMMA 4.2. Let (Ag, Aq1,...) be a centered process, bounded in LP for
some p>2 and satisfying (H). Let u, = maxyen| S 747" A¢||3,. For any

a>0 there exists C' > 0 such that ugyp < ug+up+ C(1+a® —|—b°‘)(1—|—u1/2—|-
)for any a,b>1.

ProOF. Let m €N and a <b. Write

m—+a—1 m+a+b—1
Z Ay, and Xo= Z Ay.
I=m l=m-+a+|b* |

Also, let 5(1 X1+ V; and f(g X9+ Vs, where Vi and V5 are independent
random variables distributed like V' (constructed in Proposition 3.8). Finally,
let Y1 and Yg be independent random variables, distributed like X; and Xg,
respectively.

Let us prove that for some 6 = d(a) >0,

(4.2) (X1, X2),(V1,Ya)) < Ce?

Let ¢ and v denote, respectively, the characteristic functions of (Xi, X5)
and (Y7,Y3), where Y7 and Y5 are independent copies of X; and Xs. Since
there is a gap of size b® between X; and Xs, (H) ensures that for Fourier
parameters less than or equal to &g, [¢ — | < C(1+b)Ce™P" < Ce™Y". We
have ¢ — 5 = (¢ — ) E(e(1Vi+t2V2)) " Since the characteristic function of V
is supported in {|t| < eo}, this shows that the characteristic functions ¢ and
5 of (X1,X5) and (Y1,Y2), respectively, satisfy \gb 7| < Ce ¢ and are
supported in {[t| <eo}. Applying Lemma 3.5 with N =2 and 7" = ba/g,
we obtain (4.2) [since the first terms in (3.2) are bounded by E(|X;|)/T’ <
C’b/eba/g, while the second term is at most CT"%e~<b]. o
By (4.2) and Theorem 3.4, we can construct a coupling between (X7, X»)

and (Y1,Y3) such that, outside a set O of measure at most Ce™, we have
IX; - Y| < Ce~? . Then | X1 + Xs|| 2 is bounded by

ITo(X1 + Xo)l 2 + Lo (X1 = Vi + Xz — Y2) | 12 + [|Y1 + Yo | 2.
The first term is bounded by ||1o||ze|| X1 + X2|/z», where ¢ is chosen so

that 1/p+1/q= 1/2 Hence, it is at most Ce~?"/2b < C. The second term

is bounded by Ce?’ < C. Finally, since Y; and Y, are independent and
centered, the last term is equal to (E(Y2) + E(Y))'/2.
Since ||VH 12 is finite, we finally obtain
X1+ Xa|22 < C+ E(YR) + E(YZ) = C + E(X}) + E(X3).
Taking into account the missing block Zzl:ﬁiibajfl Ay (whose L2-norm is
at most Cb) and using the trivial inequality |U + V|3, < [|U]]3. + |V ]2 +
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21U 21V || 2, we finally obtain

m-+a+b—1 2 m+a—1 2 m-+a+b—1 2
> A =) > A > A
l=m L2 l=m L2 l=m+a L2
m-+a—1 m+a+b—1
+Can—|—Cba(‘ Z Ay + Z Ay >
l=m L2 {=m-+a 12
This proves the lemma. [J
LEMMA 4.3. Let u, >0 satisfy

(4.3) Ugrp < uq +up + C(1 4 a® +bY)(1 +ui/2+ui/2)

for all a,b>1 and some C >0, a € (0,1/2). Then u, =O(n).
PROOF. For any € >0 and z,y > 0, we have 2y < ex? + &~ 'y2. From the
assumption, we therefore obtain
Ugrp < (1+€)(uq + up) + Ce ' max(a®®, b2).
Let vy, = maxy<,,<or+1 Up. It follows from the previous equation that
Vg1 < (24 26)y, + Ce 1229k,

In particular, we have

22al€
(2 + 2e)k+1”

VE+1 Vg —1
c
@ r2e)F =212k OF

22aj

It follows inductively that vy, /(24 2¢)* < vg+Ce™! > o T

for any £ > 0, v, = O((2+2¢)¥), that is, for any p > 1, u,, = O(n”). Choosing
p close enough to 1, we get, from (4.3), that ugp < ug +up + Ca® + CbHP for
some [ < 1. Therefore, vi11 < 2v; + C2PF. As above, we deduce that vk/Q”€
is bounded, that is, u, =O(n). O

< oo. Hence,

PRrROOF OF PROPOSITION 4.1. Lemmas 4.2 and 4.3 show that a centered
process in LP satisfying (H) satisfies the following bound in L?:

m+n—1

> 4
l=m

Let us now show that the same bound holds in LP~" for any 1 > 0.
Let a =1/10. For n € N, let a = |n'~®| and b= |n®|. Fixing m € N,
we decompose the interval [m,m + n) as the union of the intervals I; =

(4.4) <Cnl'l?,

LQ
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[m + ja,m + (j +1)a — b*) and I} = [m + (j + 1)a — b*,m + (j + 1)a) for
0<j <b, and a final interval J = [m + ba,m + n).
Write X; = Zeelj Ay and X; = X;+V;, where the V; are independent and

distributed like V' constructed in Proposition 3.8. Finally, let }79, e Y,_1 be
independent random variables such that Y} is distributed like X ;. We claim,
for some § > 0 and any j < b, that

(4.5) (Xoy- ., Xj21), (Ko Xj_0, V1)) < Ce™’

Indeed, the X ; are blocks, each of length at most n, and there are at most

n® blocks. Since there is a gap of length b? = n?® between X j—2 and X, _q,

(H) shows that the difference between the characteristic functions of the

members of (4.5) is at most Cnn” . e="*" < Ce=¢™™" (the terms Vj ensure

that it is sufficient to consider Fourier parameters bounded by &g). The

estimate (4.5) then follows from Lemma 3.5 by taking 7" = e"" and N = j.
Summing the estimate in (4.5) over j, we obtain

(4.6) (X0, ..., Xpo1), (Yo, ..., Yy_1)) < Ce /2,

By the Strassen—Dudley Theorem 3.4, we can therefore construct a cou-
pling between those processes such that, outside a set O of measure at most
C’e‘”é/Q, we have |)~(Z - }7;\ < Ce /2 for 0 <i<b—1. As in the proof of
Lemma 4.2, this gives

b—1 b—1
S5 <osS
Jj=0 Lr—n j=0 Lp—n

Since the }N/J are independent and centered, Rosenthal’s inequality (Propo-
sition 3.6) applies. Let us write vy = maxen|| ZZ];_IAgHLpfn. The Y; are
bounded in L? by a'/? [by (4.4)] and in LP~" by C +v,_2 < Cv,_j2. Hence,

b—1 b—1 \ 1/2 b—1 1/(p—n)
Yii| co(Xe) vo(La)
j=0  |l1p—n =0 j=0

< Cnt? + Cu, bt/ =),
Since Xj = X; +V; and V; is bounded by C in LP™", we get, from the two
previous equations, that

b—1

DX

=0

< Cn'? + Cu, bt/ =),

Lp—n
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Finally,
m—+n—1 b—1 b—1 m—+n—1
Do Al S K| 2D Al || D A
{=m Lp—n 7=0 Lp—n j:OZeI§ {=m-+ab Lp—n

< Cn'? 4 Cu,_y2bV/ P~ £ Cn3e 4 v,y
Therefore, since 3o < 1/2, we have
v < Cn'/? + Cvg_p2 b /=) v .

Moreover, a <n'=® b<n®and n —ab<a+b+1<Cn'~% If v, =0(n"),
then this gives v, = O(n®) for s = s(r) = max(1/2,(1 — a)r + a/(p — n)).
Starting from the trivial estimate v, = O(n), we get v, = O(n*!)), then
v, = O(n*M)) and so on. Since p —n > 2, this gives, in finitely many steps,
that v, = O(n'/?). O

5. Proof of the main theorem for nondegenerate covariance matrices. In
this section, we consider a process (Ag, Ay, ...) satisfying the assumptions of
Theorem 1.3 and such that the matrix ¥? is nondegenerate. We will prove
that this process satisfies the conclusions of Theorem 1.3. Replacing, without
loss of generality, Ay by Ay — E(Ay), we can assume that Ay is centered. If
K is a finite subset of N, then we denote its cardinality by |K].

The strategy of the proof is very classical: we subdivide the integers into
blocks with gaps between them, make the sums over the different blocks
independent using the gaps and (H), use approximation results for sums of
independent random variables to handle the (now independent) sums over
the different blocks and, finally, show that the fluctuations inside the blocks
and the terms in the gaps do not contribute much to the asymptotics.

The interesting feature of our approach is the choice of the blocks. First,
we subdivide N into the intervals [2",2""!) and we then cut each of these
intervals following a triadic Cantor-like approach: we put a relatively large
gap in the middle, then we put slightly smaller gaps in the middle of each
half and we continue on in this way. This procedure gives better results than
the classical arguments taking blocks along a polynomial progression: this
would give an error p/(3p — 2) in the theorem, while we obtain the better
error term p/(4p —4) with the Cantor-like decomposition. The reason is
that, to create m manageable blocks, the classical arguments require gaps
whose union is of order n?, while the triadic decomposition only uses gaps
whose union is of order n.

We will now describe the triadic procedure more precisely. Fix g € (0,1)
and € € (0,1 —B). Let f = f(n)=|Bn]. We decompose [2",2"1) as a union
of F =2/ intervals (I,, ;)o<j<r of the same length, and F' gaps (J,;)o<j<F
between them, used to ensure sufficient independence. Good intervals and
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gaps are placed alternatively, and in increasing order, as follows: [27,2"F1) =
Jn,O U In,O U Jn,l U In,l -y Jn,F—l U In,F—l-

The lengths of the gaps J, ; are chosen as follows. The middle interval
Jp,r/2 has length olenlof=1 It cuts the interval [27,27%1) into two parts.
The middle intervals of each of these parts, that is, J, /s and J;, 354,
have length 2[6"12/=2 The middle intervals of the remaining four parts
have length 2le/2f=3 and so on. More formally, for 1 < j < F, we write
j= Zi;é ai(§)2F, where ay(j) € {0,1}, and consider the smallest number 7
with a,.(j) # 0. The length of .J, ; is then 2L™27. We say that this interval
is of rank r. This defines the length of all the intervals .J, ;, except for j = 0.
We let |J, 0| = 21512/ and say that this interval has rank f.

Since there are 2/717" intervals of rank r for r < f, with length 2127
the lengths of the intervals (J,, j)o<j<r add up to

f-1
(51) ‘Jn,O‘ + ZQLEHJ o . 2f*1*?“ — QLEHJ 2f71(f + 2)
r=0

Let |I, ;| =277 — (f +2)2[=")=1. This is a positive integer if n is large
enough and |1, ;| +>"|Jn ;| = 27, that is, those intervals exactly fill [27,27F1).
We will denote by i, ; the smallest element of I, ;.

We will use the lexicographical order < on the set {(n,j) |neN,0<j <
F(n)}. It can also be described as follows: (n,j) < (n/,j’) if the interval I,, ;
is to the left of I,y js. A sequence (ny,ji) tends to infinity for this order if
and only if ng — co.

Let X, ; = ZEGIn,]- Ay for ne N and 0 < j < F(n). Finally, write Z =

Un’j I, ; and J = Un’j Jn, ;- The main steps of the proof are the following:

1. there exists a coupling between (X, ;) and a sequence of independent
random variables (Y, ;), with Y, ; distributed like X, ;, such that almost
surely when (n,j) — oo,

> Xwy—Ywy

(n',5)=(n.j)

= o(2(F+e)n/2)

)

2. there exists a coupling between (Y;, ;) and a sequence of independent
Gaussian random variables Z, ;, with cov(Z, ;) = |I,,j|¥?, such that al-
most surely when (n,j) — oo,

E Yn/7jl - an7jl

(n",3")=(n.j)

— o(28+m/2 4 o((1-5)/24B/pe)m)

I

3. coupling the X, ; with the Z, ;, by virtue of the first two steps, and
writing Z, ; as the sum of |I, ;| Gaussian random variables N(0,%?),
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we obtain (using Lemma 3.1 and the example that follows it) a coupling
between (Ay)ez and (By)pez, where the By are i.i.d. and distributed like
N(0,%2), such that, when (n,j) tends to infinity, we have

> A-B

U<, j LET

— o(28+m/2 4 o((1-B)/24B/p o)),

4. we check that almost surely when (n,j) — oo,

in’j—f—m
max E{ Ag| = o(2(0=8)/2+B/pteny
m<| I —_

=i

and, moreover, that a similar estimate holds for the By’s;
5. combining the last two steps, we get that when £ tends to infinity,

Z Ay — By

o<k beT

= o(k\P+e)/2 4 | (1=0)/2+8/p+e)

I

6. finally, we prove that the gaps can be neglected, that is, almost surely

(5.2) Y Ar=o(kP)

L<kleT

and a similar estimate holds for the By’s.
Altogether, this gives a coupling for which almost surely

> A - B

1<k

= o(KP/?Fe 4 |;0=8)/248/pte)

Let us choose /3 such that the two error terms are equal, that is, 5 =p/(2p —
2). We obtain an almost sure invariance principle with error term p/(4p —
4) + ¢ for any € > 0. Since the almost sure invariance principle implies the
central limit theorem, this proves Theorem 1.3, under the assumption that
»2 is nondegenerate.

It remains to justify Steps 1, 2, 4 and 6 since Steps 3 and 5 are trivial.
This is done in the following subsections.

5.1. Step 1: Coupling with independent random variables. In this subsec-
tion, we justify the first step of the proof of Theorem 1.3 with the following
proposition.

PROPOSITION 5.1. There exists a coupling between (X, ;) and (Y, ;)
such that, almost surely, when (n,j) tends to infinity,

Z Xn/d'/ — Yn’,j’ = 0(2(ﬁ+5)n/2).
(n',3")=(n.5)
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The rest of this subsection is devoted to the proof of this proposition.

Let V, ;, for n,j € N, be independent copies of V' (constructed in Proposi-
tion 3.8), independent of everything else (we may need to enlarge the space
to ensure their existence). Let X, j = X, ; + Vi ;.

We will write X, = (Xy,j)o<j<r(n) and X, = (Xn7j)0§j<F(n). The proof of
Proposition 5.1 has two parts: first, we make the different X,, independent
of each other, using the gaps J, o; then, inside each block X,,, we make the
variables Xn,j independent by using the smaller gaps J,, ;.

LEMMA 5.2. Let Qn be a random variable distributed like Xn, but inde-

pendent of (X1, .. _1). We have
(5.3) w((Xl,. X1, Xn), (X1, X1, Qn)) < C47
PROOF. The random process (Xi,...,X,) takes its values in R for

D=>3"_ | F(m) <Y _ 2" <2 Moreover, each component in RY
of this process is one of the X, ;, hence it is a sum of at most 2" con-
secutive variables Ay. On the other hand, the interval J, o is a gap be-
tween (X;);j<n and X,,, and its length k is CF125"+57 Let ¢ and v:R4P —
C denote the respective characteristic functions of (Xi,...,X,-1,X,) and
(X1,...,Xp-1,Qy), where Q,, is distributed like X, and is independent of
(Xl,... 1). The assumption (H) ensures that for Fourier parameters
tm,; all bounded by €9, we have

|¢ _ 7‘ < C(l + 2n)CD€—ck < 02n025”6—023"+5" < Ce—c’2B"+5"

9

if n is large enough.

Let ¢ and 7 be the characteristic functions of, respectively, (X1,...,X,)
and (X1,...,Q,): they are obtained by multiplying ¢ and v by the charac-
teristic function of V' in each variable. Since this function is supported in
{|t| <eo0}, we obtain, in particular, that

(5.4) I —F| < Cem 2",
We then use Lemma 3.5 with N = D and T’ = ¢>"'* to get
(X1, Xn)y (X150, Xne1, Q)
<2 > P> ) 4 TP

m<nJ<F

_o/9Bnten . .
2 , while each term in the

The second term is, again, bounded by e
first sum is bounded by eiQan/QE(\Xmﬂj\) < e 2% . €27, Summing over m
and j, we obtain a bound of the form Ce=2"", which is stronger than (5.3).

O
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COROLLARY 5.3. Let R, = (Rn’j)j<F(n) be distributed like X,, and such

that the R,, are independent of each other. There then exist C' >0 and a
coupling between (X1, Xa,...) and (Ry, Ra,...) such that for all (n,j),

(5.5) P(|Xpj — Ry > C4™") < C47"

Proor. By Lemma 3.2, it is enough to build such a coupling between
(X1,...,Xy) and (Ry,...,Ry) for fixed N (we just have to ensure that the
constant C' we obtain is independent of N, of course).

We use Lemma 5.2 to get a good coupling that makes Xy independent of
the other variables, then again use this lemma to make Xy_; independent
of the other ones and so on. In the end, this yields the desired coupling
between X and R.

Let us be more formal. For n < N, we denote by (R?,,RZ) a pro-
cess distributed like (X1,..., X,). Also, let R, be distributed like X,,, inde-
pendent of everything else. Lemma 5.2 and the Strassen—-Dudley Theorem
3.4 give a good coupling between (RY,...,R?) and (RY™',...,R""1, R,).
Putting all those couplings together on a single space (by Lemma 3.1), we

obtain a space on which live, in particular, (RY,..., R%) and (Ry,...,Ry),
which are the processes we are trying to couple. Moreover,

N
j=n+1
If |R), — R < C479 for j€[n+1,N] and |R” — R,| < C4™™, then we

get |[RN — R,,| < C'47" for some constant C’ independent of n and N. In
particular, P(|RY — R,| > C’4~") is bounded by

N
> P(R),— R >C4I)+ PRy — Ry >C47™)
j=n+1

N
<y cai<ca
j=n
LEMMA 5.4. For any n € N, we have
(5.6) T((Bnj)o<j<rm)s (Ynjocj<rm) < C47",

where ffnﬂj =Y,;+ Vo,

PrOOF. Let f= f(n)=[An] and F = 2/, We will first make the vari-

ables (R j)j<r/2 independent of the variables (R, j)p/2<j<p by using the
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large gap J,, /2, then proceed in each remaining half using the gap in the
middle of this half and so on. ‘

We define Y, ; for 0 <7 < f as follows: for 0 <k < 2777 the random vari-
able yf%k = (Yn])k22<‘j<(l€+1)2" is distributed like ( n])k22<‘]<(l€+1)2" and
5)1211@ is independent of yn w if k# K. Hence, the process (ffnf j)0§J< F coin-
cides with (R, j)o<j<r, while (170 Jo<j<r coincides with (Y, j)o<j<p.

Writing V' = (YZ )j<F, let us estimate m(Y?, Y*~1) for 1 <i< f. Since

the variables )77’1 i are already independent of one another for 0 <k < 2f =1,
we have

2f—iq
(5.7) (VLYY <Y w1 (Vg Ve Vigiesn)):
k=0
Moreover, )N)flk is made of 2/ sums of variables Ay along blocks, each of

these blocks has length at most 2"~/ and there is a gap Iy k2iroi—1 of size
C*12e7+ in the middle. Therefore, (H) ensures that the difference between
the characteristic functions of y;k and (yn Zk,y ok +1) is at most

_ i _ 9en+i i_ 9en+i _ en—+1i
C(1+2n f)CZ e c2 SCeCﬂQ c2 < Ce c'2

9

if n is large enough. Taking N = 2¢ and T’ = 2" in Lemma 3.5, we obtain

(with computations very similar to those in the proof of Lemma 5.2)

( nk7(yn2k’y 2k+1))§0€

for some § > 0. Summing over k in (5.7) and then over i, we obtain

f
AV V0 < n(VE VY < 2l Cen " < 0en 2,
=1

72(571

This gives, in particular, (5.6). O

PrOOF OF PROPOSITION 5.1. 'We combine the coupling constructed in
Corollary 5.3 with the couplings constructed in Lemma 5.4 for each n, using
the Strassen—Dudley Theorem 3.4. We obtain a coupling between (f(n ;) and
(Yn,;) such that P(|X,,; — Y, ;| > C4™") < C47". Since Y, ;47" < o0, the
Borel-Cantelli lemma ensures that almost surely

(5.8) sup

Z Xn’,j’ — }N/n/7j/ < o0.
(n.)

(n’,5)=(n.4)

Moreover, Xn,j = X, j + Vi, where the random variables V,, ; are centered,
independent and in L?. By the law of the iterated logarithm, almost surely,
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for any a >0,
> Vg
(n'.3")=(n.5)

Moreover, Card{(n’,j') | (n',5") < (n,7)} < X012 jrcrmn 1 < C2°m. We
obtain almost surely

= o(Card{(n’,§") | (n', ") < (n, 4)}'/**).

_ 0(2571(1/2-1—0())'

E Xn/J/ — Xn’,j’

(n',5")=(n.4)

A similar estimate holds for Y;, ; — ffn,j. With (5.8), this proves the propo-
sition. [

5.2. Step 2: Coupling with Gaussian random wvectors. We are going to
use Corollary 3 of Zaitsev [26]. Let us recall it here, for the convenience of
the reader, in a form that is suitable for us (it is obtained from the statement
of Zaitsev by taking r =10/e, y=¢q, Ly = M9, n=> and 2’ = Mz/5).

PROPOSITION 5.5. Let Yy,...,Ys_1 be independent centered R%-valued
random vectors. Let ¢ > 2 and M = (Z?;(l)E|Yj\q)1/q. Assume that there
exists a sequence 0 =mgy < my < --- < mg=>b satisfying the following condi-
tion. Letting Cx = Yo, + -+ Y, ,—1 and By = cov (i, we assume that

(5.9) 100M2|v|* < (Byw,v) < 100CM?|v|?

for all v e Rd, all 0 <k < s and some constant C > 1. There then exists
a coupling between (Yp,...,Yy_1) and a sequence of independent Gaussian
random vectors (So,...,Sp—1) such that covS; = covY; and, moreover,

1—1

D Y5
§=0

for all z> C"logn. Here, C' is a positive quantity depending only on C, the
dimension d and the integrability exponent q.

(5.10) P(max

1<i<b

> Mz> <Oz 1+ exp(—C'z)

The following lemma easily follows from the previous proposition.
LEMMA 5.6.  Forn €N, there exists a coupling between (Yp 0, .-, Yy p(n)—1)

and (Sn,0,---,Sn, Fn)—1), where the Sy, ; are independent centered Gaussian
vectors with cov .Sy, j = covYy, j, such that

5.11 r
( ) zn: (Kﬁig{(n)

71—

1
Yo — Snj
0

> 2((1—ﬂ>/2+6/p+e/2>n> < .
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PROOF. Let g € (2,p) and n € N. We want to apply Proposition 5.5 to
the independent vectors (Y, j)o<j<r, where F = F(n) = 2L5"].

By Proposition 4.1, we have ||V, |z« < C20=57/2 This implies that
M := (E]E:_OIEWTZJ\Q)UQ satisfies

(5.12) M < 2P/ 9(=Bn/2,

By the assumptions of Theorem 1.3, covY,, ; = |, ;|X%+o(|1,, ;|*) for any
a > 0. In particular,

(5.13) covY, j=207m52(1 4 o(1)).

Moreover, we assume that the matrix ¥? is nondegenerate. Therefore, there
exists a constant C such that for any large enough n, any 0 <m <m’ <
F(n) and any vector v, we have

m/—1
Cyt(m/ — m)20=8m|y)? < < Z conn,jv,v> < Co(m! —m)20=8m |2,

Jj=m

For m =0 and m’ = F, the quantity (m/ —m)2(=An = alfn] . o(=F)n i
much larger than M2, by (5.12). On the other hand, each individual term
(for m"=m +1) is bounded by

Jcov ¥ jllvl* < [¥a sl Ze vl < [V jllZalvf® < M2l

Therefore, we can group the Y, ; into consecutive blocks so that (5.9) is
satisfied for some constant C'.

Applying Proposition 5.5, we get a coupling between (Y, 0,...,Y, r—1)
and (Sp0,...,S9,,F—1) such that

1—1

Z Yn,j - Sn,j
0

by (5.10), for z =25"/3. This quantity is summable in n. Since 2"/3M <
2((1=B)/2+B/pt+e/2)n if ¢ is close enough to p and n is large enough, this
completes the proof of the lemma. [

(5.14) P( max

> 25n/3M> < 02_‘]5”/3

LEMMA 5.7.  Let Zy, ; be independent Gaussian random vectors such that
cov Zp j = |1 j|5%. There then exists a coupling between (S, ;) and (Zy. ;)
such that almost surely

(5.15) Z Sy jt — T jo = 0(208FEI/2)
(n’,3")=(n.4)
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PROOF. Let a > 0. Let E,; = N(0,|],;|X? + 2°"1,), where I, is the
identity matrix of dimension d. By assumption, cov S, j = |I, ;|52 + 0(2°7).
In particular, if n is large enough, we can write |I,, ;|%? +2°"1; = cov Sy, j +
M, j, where the matrix M, ; is positive definite and |M,, ;| < C2%". There-
fore, E, j is the sum of S, ; and an independent random variable distributed
like N'(0, My, ;). In the same way, E,, ; is the sum of Z,, ; and of an indepen-
dent Gaussian N (0,2%"1;). Putting those decompositions on a single space,
using Lemma 3.1, we obtain a coupling between (S, ;) and (Z,, ;) such that
the difference D,, j = S, j — Z, ; is centered and where HDn]HLz < C20m/2,

We claim that this coupling satisfies the conclusion of the lemma if o <
/2. Indeed, by Etemadi’s inequality ([5], Paragraph M19), we have, for any
n,

D 2,3+5/2)n/2
<1<Igia£{(n Z -

i—1
- | o o(Bte/2n/2

i—1 2
. B+e/2
Cm()E< 3] ) [0

F(n)
Z /2(6-1—6/2) < 025”2an/2(6+€/2)

7=0

This is summable. Therefore, almost surely for large enough n and for 1 <
i < F(n), we have \EZ 4 Dy, j| < 208+e/2/2 The estimate (5.15) follows.
O

Putting together the couplings constructed in Lemmas 5.6 and 5.7, we
obtain a coupling satisfying the conclusions of Step 2.

5.3. Step 4: Handling the mazima. We recall that i, ; is the smallest
element of the interval I, ;.

LEMMA 5.8.  Almost surely when (n,j) — oo,

in,jer

S

=iy j

max — 0(2((175)/2+/3/p+5)n),

m<| Ly ]
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PrROOF. Let g€ (2,p). In L9, the partial sums ZZ;}I Ay are bounded by
C(b— a)"/?, by Proposition 4.1. Let M? = max,<,<p|3>7— A¢|. Corollary
B1 in Serfling [23] then also shows that

(5.16) IMgl|ze < C(b—a)"/?
for a different constant C'. In particular, if v = (1 —)/2+ §/p+¢/2, then

< C‘In,j|q/2/21mq'
Moreover,

Z ‘Inj‘Q/2/2unq < Z 9fn  o(1-p)nq/2—vnq_
n,j n

This sum is finite if ¢ is close enough to p. The Borel-Cantelli lemma gives
the desired result. U

5.4. Step 6: The gaps. Recall that J is the union of the gaps .J, ;. In
this subsection, we prove the following lemma.

LEMMA 5.9.  For any o > 0, there exists C > 0 such that for any interval
J CN,

2
E <ClInJgltte,

> A

lteJng

Together with the Gal-Koksma strong law of large numbers (Proposition
3.7) applied with ¢ =1 + «, this shows that for every a > 0, almost surely

> Ar=o(lT N[0,K][MH).

<kledg
Moreover, for k € [27,2"F1) we have [by (5.1)]
TOOKISY S D [Tyl SC D maemHom < Cn2entin < CpP el
m=1 j=0 m=1

With the previous equation, we obtain (if «v is small enough)
> Ag=o(kP?te).
t<kleT

This is (5.2), as desired.
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PRrROOF OF LEMMA 5.9. We will freely use the convexity inequality
(5.17) (a1 4 +ap)’ <k(a?+---+d2).

Let J C N be an interval. We decompose J N J as JyU Jy U Jy, where Jy
and Jo are, respectively, the first and the last interval of J N 7, and Jy is
the remaining part (it is therefore a union of full intervals of J). Then

> al sy S al vy Sl v af

teJng Ledy leJq leJa

2 2 2
<3 +3 +3

The set Jy is an interval, hence Proposition 4.1 gives E| Y, ;. A¢|> < C|Jo|.
A similar inequality holds for Jo. To conclude the proof, it is therefore suf-
ficient to prove that

2
(5.18) E < C|lJy e

> A
leJy
Since J; is not always an interval, this does not follow directly from Proposi-
tion 4.1. However, this is trivial if J; is empty. Otherwise, let N be such that
max.J; € 2V, 2N*1), Since the last interval in J; is contained in [2VV, 2V +1),
its length is 2l=N1*" for some 7 € [0, f(N)]. In particular, N < Clog|.Jy|.

We defined the notion of rank of an interval J, ; in the paragraph before
equation (5.1): such an interval has rank 7 € [0, f(n)] if its length is 2L+,
There are 2/(")~=1=" intervals of rank = in [2",2"!) for r < f(n) and one
interval of rank f(n).

For n € N and 0 <r < f(n), let 7" denote the union of the intervals
Jn,j which are of rank r. The number of sets J () intersecting J; is at most

SNV (f(n)+1) < CN2. Hence, by the convexity inequality (5.17),

n=0
2 2
<CN?)®

(5.19) > A >4
ledy n,r e JiNg ()
Let us fix some (n,7) and enumerate the intervals of 7™") as K1, ..., K,

for t = 2/(M=1="if < f(n) [or t =1 if r = f(n)]. Let Ty = > eex, Ae. We
claim that for any subset S of {1,...,t},

2T

ses

2
(5.20) E <C) EITJ*+C|S|.

ses

Let us show how this completes the proof. By Proposition 4.1, we have
E|Tg|? < C|Kjs|. Therefore, for any set K which is a union of intervals in
T we obtain E| > vex Ae|* < C|K|. This applies, in particular, to K =
Jy N T Therefore, (5.19) gives

>4

leJy

2
E <CN?Y [ ng"|=CN?|A|.

n,r
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Together with the inequality N < C'log|.J1], this proves (5.18), as desired.

It remains to prove (5.20). We first make the 7 independent, as follows.
Let (Uy,...,U;) be independent random variables such that Uy is distributed
like T. Also, let Vi,..., Vi, V/,...,V/ be independent random variables dis-
tributed like V' (constructed in Proposition 3.8) and write T, =T, + Vi,
U, = U, + V. We claim that for some § >0 and C' > 0,

(5.21) r(Th,...,Ty), (Uy,...,U;)) < Ce™?

To prove this estimate, we use the intervals of rank greater than r as gaps:
we first make 77, . .. ,Tt/g independent of Tt/QH, ..., T} using the gap I F /2
then proceed in each half using the central gaps J, p/4 and J, 3p/4, and
so on. The details of the argument are exactly the same as in the proof of
Lemma 5.4.

Thanks to this estimate and the Strassen—-Dudley Theorem 3.4, we can
construct a coupling between (T})1<j<; and (Uj)1<;<; such that, outside a
set O of measure at most Ce*ZM, we have \Tj — UJ| < Ce=2" for 1 <j<t.
For any subset S of {1,...,t}, we obtain (as in the proof of Lemma 4.2)

ZT <|[10> T 1OCZTS—U ZU

ses ses ses ses

-

The first term is bounded by ||1o]|ze]| S 4eq Ts|lzr, where g is chosen such
that 1/p+1/q =1/2. Hence, it is at most Ce=2""/12n < C'. The second term
is bounded by Cte™2"" < C. Therefore, || Y, Ts|/z2 is bounded by

2T 2V DU\ H 2|2

seS seS seS seS seS

<C+

Since the U are centered independent random variables, || > .o Usl/z2 =
(Y E(U2)'? = (3 BE(T?))'/2. In the same way, we have |3, cs Vsllz =
S es Vallie = CISIV2. We get | ,cs Tallie < C-+ (S B(T) 2 1ClS ]2,
which implies (5.20). O

6. Completing the proof of the main theorems. In this section, we first
finish the proof of Theorem 1.3 when the matrix X2 is degenerate and then
derive Theorem 1.2 from Theorem 1.3.

LEMMA 6.1. Let (Ag,Aq,...) be a process satisfying the assumptions
of Theorem 1.3 for ¥? =0. Then almost surely 22;01 Ay = o(n*) for any

A>p/(4p—4).
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PrRoOOF. Let 8> 0and e > 0. Define a sequence of intervals I,, = [nﬁﬂ, (n+
1)#*1) NN and denote by i, = [n°T1] the smallest element of I,,. We claim
that almost surely

in—1
(6.1) > A =0®!*)
=0
and
(6.2) max ; Ay| = O(nP/2+1/ete),

Taking 8 = (p—2)/p to equate the error terms, we get |> . A/| = O(nl'/?+e),
where n = n(k) is the index of the interval I, containing k. Since n <
CkY(+P)  we finally obtain an error term O(k*2*¢) for

A=t ! =P
2 1+(p-2)/p 4dp—4

This concludes the proof. It remains to establish (6.1) and (6.2).
By (1.3), 320" Arll 2 = O(n®/?) for any o > 0. Therefore,
in—1

in—1
P(ZAean“) < ZAe
=0 (=0

Taking o = ¢, this quantity is summable. Equation (6.1) follows.
Let M? = maxagngb\zg;} Ayl. For g < p, we have

! (m >

l=in

2
/n1+25 S Cna/nl—k?e'
.2

in

> n6/2+1/p+5> _ P(M?n+1 > nﬁ/2+1/P+5)

< |MH |t O PE),

By (5.16), HMZ:“HLq < Clingr — in)'/? < CnP/2. Therefore, the last equa-

tion is bounded by C/ nd(1/p+e)  This is summable if ¢ is close enough to p.
The estimate (6.2) follows. [

Let (Ap, Aq,...) be a process satisfying the assumptions of Theorem 1.3
for some matrix ¥2. Replacing A, by A, — E(A;), we can assume that this
process is centered. We decompose R? as an orthogonal sum E @ F, where
»? is nondegenerate on E and vanishes on F. The almost sure invariance
principle along FE is proved in Section 5, while Lemma 6.1 handles F. This
proves Theorem 1.3.

Finally, Theorem 1.2 follows directly from Lemma 2.7 and Theorem 1.3.
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