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Laser Doppler Velocimetry for Joint Measurements
of Acoustic and Mean Flow Velocities : LMS-based

Algorithm and CRB Calculation

Laurent SimonMember, IEEE Olivier Richoux, Anne Degroot and Louis Lionet

Abstract

This paper presents a least mean square (LMS) algorithmhéojoint estimation of acoustic and mean flow velocities from
laser doppler velocimetry (LDV) measurements. The usugdridthms used for measuring with LDV purely acoustic vepa@r
mean flow velocity may not be used when the acoustic field imidied by a mean flow component. The LMS-based algorithm
allows accurate estimations of both acoustic and mean fldaciies. The Cramér-Rao bound (CRB) of the associatetlipno
is determined. The variance of the estimators of both atoasd mean flow velocities is also given. Simulation resaftshis

algorithm are compared with the CRB and the comparison leadslidate this estimator.

Index Terms

Laser Doppler Velocimetry, Acoustic Velocity, Mean FlowldfEity, Least Mean Square Method, Cramér-Rao Bound
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Laser Doppler Velocimetry for Joint Measurements
of Acoustic and Mean Flow Velocities : LMS-based

Algorithm and CRB Calculation

I. INTRODUCTION

Laser Doppler Velocimeter (LDV) is an optical techniqueowaling direct measurement of local and instantaneous fluid
velocity. This method is nonintrusive and is based on optitarferometry for estimating the velocity of scatterstspended
in a fluid by means of the frequency analysis of the light scatt by the seeding particles [1].

For fluid mechanics measurements, the particle velocitybgaoonsidered as constant during the transit time of thersged
particle through the measurement volume (defined by thef@rteametry fringes volume) and the frequency of the LDV sign
is constant during this period [16]. Typical order of magdi of mean flow velocities are from a few meters per second up
to higher than the acoustic celerity (supersonic flow). Tagrocessing consists then to estimate the power spdetnaity
(PSD) of the velocity signal, from Poisson-based randonigriduted samples. PSD may be estimated by interpolatieg t
randomly distributed samples, by resampling the intetpajasignal and by compensating the effect of interpolafiothe
Fourier domain [5]- [20]. The autocorrelation function (RCmay also be reconstructed from the randomly distributedpes
and the Fourier transform of the estimated ACF gives an esiom of the PSD [11]. Lastly, Kalman filtering may be used for
estimating the PSD [2].

For sine acoustic excitation, the particle velocity is nader constant and the LDV signal is frequency modulated-[21]
[10]. To estimate the particle velocity from these signafsecific signal processing techniques are used as spetalgkis [6],
[22], [25], photon correlation [18] or frequency demodidatassociated to post-processing methods [8], [23], [Zpical
order of magnitude of mean flow velocities are from a few nmueters per second up 0 millimeters per second, for
frequencies if10 — 4000] Hz.

On one hand, for most acoustic measurements, the partideityecan be considered as the sum of an AC-component due
to acoustic excitation and a weak DC-contribution due to .f\hen the particle oscillates in the measurement volummgur
further acoustic periods, the effect of the flow can be redwn®d usual post-processing methods may be used [24]- [9].

On the other hand, the DC-flow component prevents in manyscdme use of the post-processing methods given by [8],
[23], [24], because the signal time length is less or lardebg than one acoustic period. The aim of this paper is tonatgi
both the dc (flow) and ac (acoustic) components from such Ligvads.

Lazreq and Ville [13] measured the acoustic velocity in pree of mean flow by means of a probe consisting in a hot wire
and a microphone. Their results showed a good agreemeneéetthie theory and the experiment but this probe cannot be

considered as nonintrusive. LDV has also been used by adgapie slotting technique to estimate the acoustic partielecity



in a turbulent flow [15] with a 2D-LDV velocimeter. The acoigsimpedance was estimated by means of a LDV probe and
with a microphone probe and the different results were caoathaFinally, Boucherort al [4] has developed a new method
of signal processing called 'perio-correlation’ in orderdstimate sine acoustic velocity in strong mean flow by LDV.

In this work, the sine acoustic excitation is supposed to &deptly known and a frequency demodulation technique [8]
is performed to estimate the particle velocity from the LDigral. In this paper, we propose a new method to estimate
jointly the acoustic particle velocity (amplitude and p&pand the mean flow velocity from the velocity signal. Thistimoel
is based on the least mean square (LMS) algorithm. The meanvidocity, the amplitude and phase of acoustic particle
velocity are estimated for each seeding particle crossiegrieasurement volume. Furthermore, the Cramér-Rao h@RB)
of the associated problem is calculated. The CRB gives tlwedbvariance of any unbiased estimator and consequesedlysyi
theoretically the minimum uncertainties linked to the \o#lp estimations (acoustic and mean flow velocities). basiimulated
data are processed, in order to validate the LMS-basedigigoand to compare the variance of the results with the @rar&o
bound.

Section Il deals with the LDV principles including the veligcsignal modeling and the associated signal processing fo
acoustic applications. In section Ill, the data procesbaged on the least mean square algorithm is explained arcksmeér-
Rao bound of both the mean flow and acoustic velocities arermi@ied. Finally, the results of the Monte Carlo simulation
are shown and compared to the Cramér-Rao bounds in se8fidarlacoustic frequencies ifi25 — 4000] Hz, for acoustic

velocities in[0.05 — 50] mm.s™! and for mean flow velocities if0.05 — 5000] mm.s™*.

Il. FUNDAMENTALS OF LASERDOPPLERVELOCIMETRY

In this section, we consider time-varying signals such thatt, — T;,/2, t, + T,/2], t, being the central time of the signal,

T, being a time of flight, and being associated to a given seeding particle.

A. Laser Doppler Velocimetry Principle

In the differential mode, two coherent laser beams are etbaad focused to generate an ellipsoidal probe volume, iohwh
the electromagnetic interferences lead to apparent datkeght fringes [1].

The velocityv,(t) of the seeding particle denotedis related to the scattered optical field due to the DoppliacefThe
light intensity scattered by the particle crossing the pregblume is modulated in amplitude and frequency. The fraquef

modulationFy(t) is called Doppler frequency and is given by

Fyt) = “qi(t) . 2“;;” sin(60/2), (1)

whereuv, () is the velocity of the particle along theaxis, i the fringe-spacing expressed as a function of the afietween
the incoming laser beams and their optical wavelengthFig. |]).
The diffused light is collected by a receiving optics and @swerted into an electrical signal by a photomultiplier (PM

This signal can then be modelled as [8]

sq(t) = Ag(t)(M + cos ¢4(1)), 2
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Fig. 1. Optical setup of LDV system. When the partiglerosses the measurement volume, the light is scattered diredtions and the burst signa, (¢)
is collected by the photo detector. Data processing4t) allows then to estimate the mean flow and particle acoustiucig

whereM takes into account the positive sign of Cramér-Rao BourlRBCthe light intensity. In|]2), the amplitude modulation

linked to the normally distributed light intensity acro$etbeam section is written as
_ 2
A, t) = Kye (Bdq(8))” ()

where K, is related to the laser beam, the PM sensitivity, the eleatramplification, the observation direction and the
scattering efficiency of tracey. Furthermoref is related to the probe geometry a#iglt) is the projection of the time-varying

particle displacement along theaxis in the probe volume. Similarly, the phase modulat'rtm@) is described by

salt) = 2n D 4 g, @

where ¢, is the initial phase due to optical setup. Furthermore, weotier, (¢) the signal such that
aq(t) = 54(1) + w(?), (5)

wherew(t) is the additive noise [24].
In order to avoid any ambiguity on the sign of the velocity, @@ cell tuned to frequencliz = 40 MHz is used to shift

the frequency of one of the lasers. The sighagdl) is consequently written as
$q(t) = Ag(t)(M + cos(2mFpt + 2mdy(t) /i + ¢0))- (6)

The offset component/ is then canceled by an high-pass filtering and the sigp@) is down shifted to zero thanks to a

guadrature demodulation (QD) technique [14]. The actugldai called burst signal, can finally be written as

sq(t) = Aq(t) cos(2mdq(t) /i + o). )

B. Doppler Signal Modeling in Acoustics
Considering only pure sine acoustic waves and supposinghhamean flow velocity is constant inside the probe volume,
the projection along the-axis of the velocity of a particlg subjected jointly to the sine acoustic wave and the mean flow

field can be expressed as

Vg(t) = ve,q + Vae coS(2m Fgct + ¢ac), (8)



whereuv, 4 is the mean flow velocity of particle V,. and¢,. are the amplitude and phase of the acoustic particle vglaaid
F,. is the known frequency of the pure sine acoustic excitafidre amplitude modulation of the burst signﬂl (3) associated

to the particleg may be written as

Aqy(t) = Kqexp[B(ve,q(t —tg) + 2‘/;; sin(2nFy.t + (bac))]Q. (9)

ac

Similarly, the phase modulatioﬂ (4) of the burst signal aigded to the particle is

2 Ve
Pq(t) = TUc,q(t —tg) + 9 F,,

Sin(2m Foet + Gac)- (10)

We note that the flow velocity. , can change from a particle to another while the acoustic parameters and ¢,
are independent of. Thus, when the acoustic wave is disturbed by a mean flowrasguthat the particleg cross the
measurement volume at different random central titgesvithout time overlapping between burstsand ¢ + 1, the Doppler

signal can be written as

s(t) =Y sq(t) = Ap(t) cos[op(t)], (11)

where the amplitude and phase respectively express as

Ag(t), L€ [tg —Tyq/2,tq +Tq/2

Ap(t) = (12)
0, otherwise
and
t), t €[ty —T,/2,t, + T,/2
(bD(t) _ ¢q( ) [ q q/ q q/ ] (13)
0, otherwise

Furthermore, the time of flight of the traceris defined as [7]

T, = ¥2D= (14)

Ve,q

where D, is the length of the probe volume in theaxis and the associated number of acoustic periods is

VoD,

Ve,q

Nper Fac- (15)

As expected, the fastest the particle crosses the probengglihe lowest the time of flight and the number of acoustitoper
An example of a typical Doppler signal is shown on Fﬁb 2(aheve the different particle times of flight are associated to

different mean flow velocities.

C. Doppler signal processing

The aim of the signal processing developed after sampliegDtbppler signal is to estimate jointly and burst-by-bubhst t
acoustic particle velocity (amplitudé,. and phaseb,.) and the mean flow velocity. ,. This procedure is usually split into

two stages. After a detection procedure [7], a frequencyatkrdation of the Doppler signal(¢) is performed by using a
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Fig. 2. (a) Example of a Doppler signal. (b) Associated vigjosignal. Burstl is associated with a low mean flow velocity correspondingvie.,- acoustic
periods largely higher tham. Burst2 is associated with a high mean flow velocity correspondingVi, acoustic period largely lower thah Burst3 is
associated to a mean flow velocity correspondingVia.» < 1 acoustic period.

time-frequency transform to estimate the instantaneaguincyl, (¢), or equivalently |Z|1) the velocity signail,(t), burst by
burst [23]. Note that the detector selects only bursts spording to one tracer in the measurement volume. Secahdlgata
processing of the estimated velocity sigia(t) allows to obtain both components of the acoustic and mean Vidacities
for each burst. This first stage is described in this subseand the second one (data LMS-based processing) is egglain

the sectior] 1Y.

According to ﬂl), the velocity signal associated to the ipkrt; expresses as
vg(t) = iFy(t), (16)

wherei is the fringe spacing. Thus, the problem consists to estirtred mean valué, ,, the amplitude’,,. and the phase,.
of the estimated velocity signal associated to each hufstm the actual noisy burst signal,(t). Fig. Q shows an example
of an noiseless simulated Doppler signal (a) and the agsdcieelocity signal for three non-overlapping bursts (b).
In sectionml, the Cramér Rao bound of the problem is catad. Then, a method based on a least mean square algorithm

is presented in section ]IV and is applied to simulated velagignalsv,(t) in section[Y.

Ill. CRB CALCULATION

We recall that the Cramér-Rao bound (CRB) gives the lowesint of the variance an unbiased estimator may reach (if

it exists) [12]. As explained in [12], the CRB alerts us to fhigysical impossibility of finding an unbiased estimator wéo



variance is less than the bound. In the case of single tomalsigCRB were calculated by Rife and Boorstyn [17] in 1974.
The CRB of LDV signals were also studied in the case of fluid magdcs [3]- [19]. In the case of sine acoustic excitation,
the CRB of LDV signal were also studied by Le Duff [14].

We focus here on the problem of calculating the Cramér-Ramb (CRB) of the following problem. The velocity data are
assumed to be such that

ul[n] = v[n; 8] + win), 17)
for n € [no, n1], wherew[n] is the WGN,w[n] ~ N(0,0?), the data being modeled according to
v[n; 0] = ve + Ve cos(27 faent + dac), (18)
where f,. = F,./Fs, Fs being the sampling frequency, = v. 4, and where the unknown parameters are gathered in
0=[ve Vac ®acl - (19)

We furthermore suppose th#t. # 0 and fo. # 3.

A. Craner-Rao bound (CRB) for one burst

The CRB is given by the inverse of the Fisher information imafi(d), CRB(#) = J(#) ", where the Fisher information

matrix is given by [12]

1 Ov[n; 0] Ov[n; 6]

= 20
o2 = 00y, 00, ’ (20)
for k,l € [1,3], for 0 = [v. Vae ¢ac]”. The derivatives in[(20), according th [18), lead to
N C0S8)SIN(YN) _ VacSINE)SINGN)
SIN(y) SIN(v)
J(0) = 1 €03 3)SiN(yN) N | €032p3)SiN(2yN) _ VacSIN28)SinEyn) (21)
o2 Sin(y) 2 2Sin(2v) 2SiN(2y) ’
_ VueSIN@)SINGN)  VuSINEE)SINERyN)  NVZ  V2.C0928)SiNE2yN)
SIN(y) 2SIN(2v) 2 2SIN(2v)
whereN = n; — ng + 1, and where
’Y = ﬂ'fac, (22)
5 = 27Tfacn0 + 7T-fac(]\/v - 1) + (bac- (23)
We define the linear signal-to-noise ratio (SNR) of the vityosignal as
2
SNR= Yec (24)

202 ’



and we then have upon inversion

N2 _ sin(2yN)
V2 SIN(zv)
var(v.) > CRB(v,) = —2¢ > o 3 (25)
4 SNRN_3 N [sineyN) | N sin(yN) n sine2yN) ( sineyN)
2 2\ siIn2y) SIN(v) SIN(2v) SIN(y)
sin@2yN) Sin(yN) 2
2 2yN . YN
V2 N? = Ncog28) g - 2sir? (3) <W)
var(V,.) > CRB(V,.) = —=¢ (26)

~ 2SNR _, ; 2 ; 2 ; 27
N3 N (SineyN) ) SINGN) ) SIneyN) (SineN)
2 2 < Sin(2-) ) < Sin(y) > Sin(2-) < Sin(y) >

N2 1 Ncog28) SN2 _ 956¢ () (Sin(”N))Q

1 Sin(2) sin(y)

Var((bac) Z CRB(‘baC) = 2 SNR - 3 - 3 - - R (27)
N3 N (SIN@YN) |\ ap( SINGYN) + Sin(2yN) [ SIN(yN)
2 2\ sin2y) Sin(y) sini2y) \ sin()

B. Craner-Rao Bound (CRB) folV, bursts

We now assume that the algorithm developeII—A is usectfitimating the unknown parametérs- [v. V. anC]T, in
the case ofV,, bursts. The main difference between this problem and theleweloped above is that the indexis not anymore
a constant, but might be modeled as a discrete random wveriahiformly distributed iH0, N,.], whereN,. = nint[FS/Fac},
nint[] being the nearest integer. As a consequence, theetéscandom variablg given in ), which appears i27)
is uniformly distributed in[x(N — 1) fac + Gac, T(N — 1) fae + dac + 27]. Averaging the terms linked t6 in @§) and [2}7)

consequently leads to

< cog2p) >=<sin(23) >=0, (28)
and
. 1
< cog(B) >=< sif(f) >= 5 (29)
This finally yields
sin(yN) ?
2 YN
v - ()
var(V,.) > CRB(V,.) = 5 5 5 (30)
2 SNRN_3 _N(SinyN) ) _ N Sin(yN) + sin@2yN) ( sin(yN)
2 2 | “sin24) sin(y) sin2y) \ “sin(y)
and )
2 { sinuyN)
1 N < sinG) >
Var((bac) > CRB((bac) = 2 SNR - D) - B) - - P (31)
Ni N (SineyN) ) SingN) ) sineyN) (sing)
2 2 \ “sinz2q) sin(y) sin2y) \ sin(y)

In the following, we use the expressio(25) forand ) forV,. for studying the CRB of the problem. We recall that
N depends on. (B§). As a consequence, the CRBwf(Rg) and the CRB o¥/,. (8d) both depend on. and V.., while the
CRB of ¢, 1) is independent of.



C. Asymptotic behavior of CraégnRao Bound (CRB)

In Appendix[l], we give the expressions of the asymptotic C&B, for both case2yN < 1 (N, < 1/(27)) and
29N > 1 (Nper > 1/(2m)).

In the asymptotic caseyN < 1, we prove [6[-64) that the relative variancewpfandV,. are

3172
var(v,) > CRB(v,.) _ 1 45 1 vVzi (32)
v2 v2 SNR7427/2 D5F, F1 ~°

var(Vy.) - CRB(V,.) 1 45 1 o?

V2~ VZ  SNRe120Z DR, B (33)

Both CRBs ofv. and V,,. are proportional ta>V2, and inversely proportional té'*.. Consequently, doubling the mean
flow velocity yields anl5 dB increase of the variance of both andV,.. Similarly, doubling the amplitude of the acoustic
particle velocityV,. leads to & dB increase of the variance of both and V.. Lastly, doubling the frequency of the pure
sine acoustic wave leads tol@ dB decrease of the variance of bathandV,.. We also note that doubling the length of the
probe volumeD,, yields al5 dB decrease of the variance of bathand V..

In the asymptotic casgyN > 1, we prove that[(72-13)

1 1
> - 2
var(v.) > NR23/2D.F v Vi, (34)
and
1 1 )
var(Vye) > =——— vV, (35)

Thanks to the exac{ (P%,]3D.]31) and asymptdti¢[(32-35) esjmes of the CRB, the minimum uncertainties linked to the
velocity estimations (acoustic and mean flow velocitie® e@mpletely known. In sectiorﬂIV), the LMS-based algaritis

introduced. It is then applied in sectioE| (V) to simulatedadim order to be compared with the CRB.

IV. LEAST MEAN SQUARE ALGORITHM

From a practical point of view, the actual velocity signaluisiformly sampled. Consequently, the number of samplegs

associated to the particleis derived from [(14), as

N, = VEDuF. (36)

Ve,q

and the associated number of acoustic peri@s (15) is nowetkés

Nper = @Fac- (37)

Ve,q

The sine-wave fit is then solved by minimizing the cost fuoet’ (),
1 &

V(o) =« D (uln] —v[n: ), (38)

n=ngo



with respect to the unknown parametér@), whereu[n] and v[n; 6] are respectively given bﬂl?) anm(18), and where
N = n; —no + 1. In the Appendix 1, the equationf [60-52) respectively ghe expression of, a.. = Ve cos(¢a.) and

bae = Vuesin(¢q.) as a function ot and f,.. Oncea,. andb,. are estimated, the unknown acoustical parametefseapress

VGC = \/ dgc + 8307

Pac = atan(% .

as

(39)

V. NUMERICAL RESULTS AND DISCUSSION

In this section, we compare the CRB with the LMS-based aflyorideveloped il@/. According to the values of the acoustic

and mean flow velocities to be analyzed, the following valieesF,. andV,. are chosen :

F,. € [125 250 500 1000 2000 4000] Hz, (40)

Voe € [0.05 1.58 50] mms . (41)

The phasep,. is supposed to be equal /4, and we use an adimensional parametgifor the value ofv., such that

V(l C

Ve

Ay =

€[0.01 0.05 0.1 0.5 1] (42)

For each numerical simulation, the sampling frequenc¥is= 350 kHz, the probe volume length along the-axis is
D, = 0.1 mm and10000 bursts are analyzed. The simulator is performed by Matlab.

Fig. [3 to Fig.[b show typical results of the relative varianei(v.)/v2 (a) and vafV,.)/V2 (b), for the different values
of F,. with comparison to the theoretical CRB of @) and of V. (@). Each figure is related to a given value &f..
Furthermore, for each value d@f,., three sets of signals are analyzed, each set correspotdone of the bursts of Fid] 2,
respectivelyN,., > 1 (Burst1), Ny, > 1 (Burst2) and N,., < 1 (Burst3), whereN,., is the number of acoustic periods,

Nper = Nfac-

g ‘ ‘ ‘ 10
@ (b)
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ks ., 3
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Fig. 3. Comparison of the relative varigncesqf (a) andV,. (b) estimated by a LMS algorithm (continuous) with the tidical CRB (dashed), for
Fac = 125 Hz. Bursts { — 3) refer to Fig.|R. (Burstl) : Ve = 1.58 mm.s™!, a,, = 0.1, v = 15.8 mm.s™ 1. (Burst2) : Voo = 50 mm.s™ !, a, = 0.1,
ve = 500 mm.s~ 1. (Burst3) : Vae = 50 mm.s™!, o, = 1, ve = 50 mm.s™ 1,

First of all, the LMS-based estimator is near the theorktifaB, so that we can maintain that this estimator is efficient

Moreover, the relative variance of is weaker than the one df,. (except fora,, = 1). Indeed, for values of. andV,. such



10

10 ; ; ; 10
(Burst 2) ® o (Burst 2) )
urs

S w07} = 5
Ls ts 10" -
g - g
g 0 (Burstl) =
< - 3 .
‘= — B 102F
C \ 2
” 100t — Burst 3
£ F—__  (Burst 3) £ ""(\n\\ )
= & T B0~ T
g 1w o o — |
= — = (Burst 1) -

9 i % % ® w5 i % % %

SNR (dB) SNR (dB)

Fig. 4. Comparison of the relative variancesf (a) andV,. (b) estimated by a LMS algorithm (continuous) with the thdical CRB (dashed), for
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Fig. 5.  Comparison of the relative variancesf (a) andV,. (b) estimated by a LMS algorithm (continuous) with the thkdical CRB (dashed), for
F,c = 4000 Hz. Bursts { — 3) refer to Fig.l]z. (Burstl) : Vge =50 mm.s™!, oy, = 0.1, ve = 500 mm.s 1. (Burst?2) : Ve = 50 mm.s™ !, o, = 0.01,
ve = 5000 mm.s~ 1. (Burst3) : Vae = 50 mm.s !, o = 0.05, v = 1000 mm.s™ 1.

thata, = V,./v. < 1/4/2 as CRBv.) ~ CRB(V,.)/2, we have

CRB(v.) _ CRB(V,.)
< .
Ug - Vllzc

(43)

Moreover, the values of the relative variancesupfand V, . drastically depend on the values @f, V,. and F,. as shown
by (@3) and [30).

- For N, > 1 (Burst1), the relative variances af, andV,,. are respectively in—70, —42] dB and[—52, —30] dB.
Such estimations may consequently be considered as venyaaec

- For N,.» < 1 (Burst2), the relative variances ef. andV, are respectively ifi—27, 1] dB and[10, 20] dB. The estimation
of v, is accurate enough for low values ©fV;2,/F2 (B3), while the estimation oF,. is clearly unacceptable, whatever
the parameters,, V,. and F,. (B3).

- For N, <1 (Burst3), the relative variances af. and V. are respectively if—70, —30] dB and[—30, —23] dB. Such

estimations may also be considered as very accurate.

Furthermore, for velocity signals with time length largébyver than one acoustic period, we can use the asymptot& cas

expression of CRB of, and V,.. Giving a maximum value of relative error, respectivély, for v. and E,,, for V,., we

ac



consequently have
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CRB(v.) 1 45 1 V2
v = SNRF1Z DEF, Pl <E, (44)
and
CRB(Vac) 1 45 1 ’U?
VE = SNRFD D.F. FL <E,,.. (45)

As a consequence, for a given set of setup known paramétgrs’; and F,., we may give the maximum valuegV2

andv? have to reach for yielding an error less than respectivgly and £, .

Lastly, from the expressions of the CRB af (@) andV,. ), we can calculate the number of acoustic periods the tim
length of the velocity signals may have, for leading to ameless than a given valug. Tablesﬂlm give a summary of such

results. Each table corresponds to a given burst ofﬂ:ig. 2.

TABLE |

NUMBER OF ACOUSTIC PERIODSVper (FORv: AND FOR V) LEADING TO AN ERROR LESS THANE (%) FOR Fe = 125 HZ AND Ve = 50 MM.s™ 1.

SNR (dB) 10 20 30

E (%) 01 [1 [10 01 [1 J10 01 [1 [10

Nper (0) | >08]>03 [>02 [ >045]>02] >009] >03] >0.12] > 0.05

Nper (Vae) | >10 | >075 | >025 | >5 | >05]>02 | >08|>025]>0.1
TABLE 1l

NUMBER OF ACOUSTIC PERIODSV e (FORwv: AND FOR V) LEADING TO AN ERROR LESS THANE(%) FOR Fye = 500 HZ AND Ve = 1.58 MM.S™1L,

SNR (dB) 10 20 30

E (%) 01 [1 [ 10 0.1 |1 [ 10 01 |1 [ 10

Nper (0e) | =04 ] >0.16 ] >0.06 | >025] >0.1 | >0.04 >0.18 [ >0.06 | > 0.02

Nper (Vao) | >10]>6 | >04 | >10 |>075]>025|>5 |>09 | >0.15
TABLE Il

NUMBER OF ACOUSTIC PERIODSVper (FORwv: AND FOR V) LEADING TO AN ERROR LESS THANE(%) FOR Fge = 4000 HZ AND Vg = 50 MM s~L

SNR (dB) 10 20 30
E (%) 01 J1 [ 10 01 J1 [ 10 01 J1 J10
Nper (ve) >06|>025(>01|>04]>015|>0.05|>025] >0.1]| >0.03
Nper (Vae) | >20 | > 5 >06|>10|>45 | >004|>10 | >0.7|>0.25

For example, tablﬂ I may be read as follows. To obtain a k&airor forv. less tharD.1 % for SNR= 10 dB, the minimum
number of acoustic period for the velocity signal0is. In the same way, to obtain a relative error fdr. less thanl % for
SNR= 20 dB, the minimum number of acoustic period for the velocitynsil is0.5. Tablesml}m give the minimum number
of acoustic periods the velocity signal should have for ivliig relative errors less thanl %, 1 % and10 %, for SNR equals

to 10 dB, 20 dB and30 dB for 500 Hz and4000 Hz respectively.



12

As expected, the mean flow velocity is estimated with a great accuracy from a very low number oliatic period. For
example, to obtain a relative error 6 for v., the number of acoustic period is always less thanwhatever the SNRF, .
andV,.. On contrary, the results for the estimation of the acoustiocity are much more contrasted. For a SNR30fdB,
the estimation ofV,,. associated with a relative error less thafb is possible for a number of acoustic peridg., > 0.9.
But, when the SNR is less tha® dB, the number of acoustic periods associated with a relaivor less than % may be
largely bigger than.

The tables also show the influence of the acoustic frequenap® estimation of the particle acoustic velocity. The kigh
the frequency, the higher the number of acoustic periodsfoaccurate estimation df,.. For a relative error equals t
%, the number of acoustic periods are the same whatever ¢hedncy. But for a relative error equalsid¥ or 0.1 % the
estimation of the particle acoustic velocity is easier fdow frequency. On contrary, the influence of the frequencytion
estimation of the mean flow velocity is the opposite. The igihe frequency, the lower the number of the acoustic psriod
for an accurate estimation.

With regard to the results of these study, a three-steps mgroach can be proposed to improve the estimation of the
acoustic particle velocity in presence of mean flow. The fitep consists in the estimation of the mean flow velocity fmhe
burst with the least mean square (LMS) algorithm. Then, #teénation of the mean flow velocity may be subtracted from
the velocity signal. Finally, a "rotating machinery” teéue associated with a synchronous detection allows tonagti the

acoustic particle velocity with a great accuracy [9].

VI. CONCLUSION

A new method for estimating jointly the acoustic particlelahe mean flow velocities from a LDV signal is presented. It
is based on the least mean square (LMS) algorithm and it pasfevell in the estimation of the velocities. The performanc
of the method has been investigated by means of numeridaldes the results of the simulation have been compared to the
Cramér-Rao bounds of the associated problem. It is shoainttie LMS-based estimator is near the theoretical CRB, &b th

the estimator is efficient.



APPENDIX |

DERIVATION OF LMS PROBLEM

Inserting [1B) into [(38) leads to

2
V(0) = 1 Z (un — (Ve + aacCOK 27 fren) + bacsin(27rfacn)> ,

where
Age = Vaccoq¢ac)7

bac = acSin(¢ac)-

Solving the following linear problem

allows to write analytically the unknown parameters. In tbikowing, we note

n=ni n=ni n=ni 2
D = % Z cOS (27 faen) Z SIN? (27 foen) — %( Z cos(27rfacn)sin(27rfacn))

n=ngo n=no n=ng
1 n=niy n=mni 2 1 n=mni n=mni 2
- sir (27 facn)< Z cog2r facn)> -3 cos (27 facn)< Z sin(27 facn)>
n=ngo n=ngo n=ngo n=ngo
2 n=niy n=niy n=mni
+m Z COS27 focn)SIN27 focm) Z COS 27 fycnt) Z SiN(27 fuen).
n=ngo n=ngo n=ngo

The mean flow velocityy may then be written as

13

(46)

(47)

(48)

(49)

Z U SIN(27 foem)

(50)

1 n=mniy ] n=ni ] n=niy n=mni ] n=mniy
ve = W( Z SIN(27 facn) Z COS 27 foen)SIN(27 foen) — Z cog 27 fae) Z sin (27 facn)> Z U COS 2T f o)
n=ngo n=ngo n=ngo n=no n=ngo
1 n=niy n=ni n=niy n=mni n=niy
+m< Z COg 27 focn) Z COY 27 focn)SIN(27T faent) — Z SIN(27 facn) Z co§(27rfacn))
n=ngo n=ngo n=ngo n=ngo n=ngo
1 n=niy n=niy n=niy 2 n=niy
+—N3D< Z COS (27 fucn) Z SIM? (27 faem) — < Z Cos{2wfacn)sin(27rfacn)) ) Z U,
n=ngo n=ngo n=ngo n=ngo

Similarly, the acoustic parameters express as

2

Oge = N—iD ( :Zl Sin2(2ﬂ'facn)< :Zl Sin(2ﬂ'facn)) > :Zl UpCOY 27 frcm)

n=ngo n=ngo n=ngo

+ﬁ (H_Zm cog 27 focn) n:Zm SiN(27 focn) — nil cog27 fucn)sin(2m facn)) n:Zm U SIN(27 foem)

n=ngo n=ngo n=ngo n=ngo
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+ Ni 5 (nil Sin(27 facn) nil COY27 focn)SIN2T foen) — nil COg27 foen)SIN? (27 focn) ) ”il tn, - (51)

n=ngo n=ngo n=ngo n=ngo

and

2

boe = N§D< _Z COS2(27TfaCn)< _Z COiQﬂ'facn)> > _Z UpSIN2T faen)

n=ngo n=ngo n=ngo

Ni 5 (nil cog27 fa.n) nil Sin(27 facn) — nil COS 27 foc)SIN(27 facn) ) nil Un CO 27 faen)

+
n=ngo n=ngo n=ngo n=ngo
1 n=mni n=mni n=mni n=niy
+m< Z coq27 focn) Z €O 27 foen)SIN(27 foent) — Z SiN(27 f4.n)COS (27 foen) > Z Up. (52)
n=no n=ng n=ng n=no
APPENDIXII

AsymTOTIC CRB
In this Appendix, we write the CRB of.. (R§), V.. (BQ) and¢,. (B1) respectively in both asymptotic cases
2yN < 1, (53)

and

2yN > 1, (54)

wherey and N = N, are given by [(@2) and (B6). Usin§ {36) arld](22), we note thd) &éhd [Sh) are respectively equivalent

to

V21 Dy Foe < v, (55)

and

221Dy Foe > ve. (56)

Firstly, we suppose thatyN <« 1 and thaty <« 1 which means that the actual velocity signal correspondsuigely less

than one acoustic period. The Taylor expansion at the 7tararfithe sine functions if] (R5), (30) and}31) respectivagids

45 1
Var('l}c) Z 0'2 7'(4 :llc ﬁ’ (57)
o2 45 1
var(V,.) > 5 AN (58)
245 1
var(gac) > (59)

= 2V2 7r4f4 N5
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Using (36) and[(32), we note thdt [$7}59) may respectivelyvkiien as

45 1 o]
2 45 1 wg
var(v.) > o 19572 DR, FiL (60)

5 1 0
2 C
var(Voe) > o 7127/2 D3F, FA’ "

45 1 V2
m427/2 DSF, FAV2'

ac’ ac

var(ge.) > o2

(62)
writing (24) into (60f6R) leads to

1 45 1 V2
var(ve) 2 s p—io77 DiF. Fi (63)

1 45 1 oiV2
VaI’(Vac) > SNR7T429/2 DgFe Fz:lc ’ (64)

1 45 L v
Valldec) 2 SNR719972 DI, Fii v

where SNR is the linear signal-to-noise ratio.
Secondly, we now suppose thHai/N > 1 which means that the actual velocity signal correspondargely great than one

acoustic period. The asymptotic CRB is then such that

e) 2 ==, 66
var(ve) > — (66)
202
ac Z AT 67
var(Vae) > = (67)
and
202
var(¢ac) > NVZ (68)
Using (36), we note thaf (Bp8) may respectively be writien
o 69
var c 2 T = - Yo
(ve) JAD.E" (69)
2
var(Vy,) > V2o Ve (70)

D,F,



and

and
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V202 v,
var(gge) > DE VT (72)
Lastly, inserting [(24) into[(§§-71) finally leads to

ar(v,) > ! ! V2 (72)

vartve) = sNRovD, F, Ve
var(V,.) > LN S (73)

ac - SNR»\/iD:EFe cVac
var(¢ae) > ! = (74)

ac) = SNR\/ZDIF@UC
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