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UNIFORM ESTIMATES FOR METASTABLE TRANSITION TIMES IN A
COUPLED BISTABLE SYSTEM

FLORENT BARRET, ANTON BOVIER, AND SYLVIE MELEARD

ABSTRACT. We consider a coupled bistable N-particle system on RY driven by a
Brownian noise, with a strong coupling corresponding to the synchronised regime.
Our aim is to obtain sharp estimates on the metastable transition times betwen the
two stable states, both for fixed NV and in the limit when N tends to infinity. These
estimates would be the main step for a rigorous understanding of the metastable
behavior of infinite dimensional systems, as the stochastically perturbed Ginzburg-
Landau equation. The quantities of interest are objects of potential theory, as ca-
pacities and equilibrium measure. We prove estimates with error bounds that are
uniform in the dimension of the system.

MSC 2000 subject classification: 82C44, 60K35.

Key-words: Metastability, Coupled bistable systems, Metastable transition time,
Capacity estimates.

1. INTRODUCTION

Our aim in this paper is to analyze the behavior of metastable transition times
for a gradient diffusion model independently of the dimension.

More precisely, we deal here with a model of a chain of coupled particles sub-
jected to a double well potential driven by Brownian noise (see e.g. [2]). We
consider the system of stochastic differential equations

AdX (1) = =VF, n(X.(t))dt + V2ed B(t) (1.1)
where X_(t) € RY and

Z x ——x +VZ xlﬂ , (1.2)

€A 1EA

with A = 7Z/NZ and v > 0 is a parameter. B is a N dimensional Brownian motion
and ¢ > 0 is the intensity of the noise. Each equation of this particle system has a
bistable one dimensional drift. The equations are coupled to their closest neighbor
with intensity v and perturbed by independent noises of uniform magnitude ¢.
While the system without noise, i.e. ¢ = 0, has several stable fixpoints, for ¢ >
0, transitions between these fixpoints will occur at a suitable timescale. Such a
situation is called metastability.

For fixed N and small ¢, this problem has been widely studied in the literature
and we refer to the books by Freidlin and Wentzell [8] and Olivieri and Vares [12]
for further discussions. In recent years, the potential theory approach, initiated by
Bovier, Eckhoff, Gayrard and Klein [5] (see [4] for a review) has allowed to give
very precise results on such transition times and notably led to a proof of the so-
called Eyring-Kramers formula which gives sharper asymptotics for this transition
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times, for any fixed dimension. Nevertheless, the techniques used in [[5] cannot be
directly applied to get results that are uniform in the dimension of the system.

Our aim in this paper is to obtain such uniform estimates. These estimates would
be the main step for a rigorous understanding of the metastable behavior of infinite
dimensional systems, i.e. stochastic partial differential equations (SPDE) such as
the stochastically perturbed Ginzburg-Landau equation. Indeed the deterministic
part of the system (L.I) can be seen as the discretization of the drift part of the
SPDE, as it has been noticed in [3]. For a heuristic discussion of the metastable
behaviour of this SPDE, see e.g. [11] and [14].

In the present paper, we consider only the simplest case, the so-called synchro-
nisation regime, where the coupling v between the particles is so strong that there
are only three relevant critical points of the potential F, y (L.2). A generalization
to more complex situations is however possible and will be treated elsewhere. As
in [5], we will express in this paper the quantities of interest (hitting probabili-
ties and transition times) in terms of objects of potential theory as capacities and
equilibrium measure.

The remainder of this paper is organised as follows. In Section 2 we recall briefly
the main results from the potential theory approach, we recall the key properties
of the potential F, y, and we state the results on metastability that follow from the
results of [5] for fixed N. In Section 3 we deal with the case when N tends to
infinity and state our main result, Theorem [3.1l In Section 4 we prove the main
theorem through sharp estimates on the relevant capacities.

In the remainder of the paper we adopt the following notations:

e fort € R, |t] denotes the unique integer k such that k <t < k + 1;

e 7p = inf{t > 0 : X; € D} is the hitting time of the set D for the process
(Xt);

e B,(z) is the ball of radius » > 0 and center z € R";

e V(A) denotes the volume of a set A C RY;

e for p > 1, and (z;)4_, a sequence, we denote the L”-norm of = by

N 1/p
]l = (Z |ﬂfk|p> - (1.3)
k=1
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2. PRELIMINARIES

2.1. Key formulas from the potential theory approach. We recall briefly the
basic formulas from potential theory that we will need here. For A, D regular
open subsets of RY, let hy p(z) be the harmonic function (with respect to the
generator, L, of the diffusion) with boundary conditions 1 in A and 0 in D. Then,
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for x € (AU D)®, one has ha p(x) = P,[74 < 7p|. Let us firstly define, (cf. [7]), the
equilibrium measure ey4 p as the unique measure on 0A such that

hap(x) :/ e PN WEG L (2, y)eap(dy), (2.1)
0A

where Gp. is the Green function associated with the generator L on the domain
De. The following formula for the hitting time of D has been proved in [5]:

/ E.[rple ¥ &/eey p(dz) = / hap(y)e ™ VW/dy, (2.2)
0A c
The capacity, cap(A, D), is defined as
cap(A, D) = / e P @/ee, b(dz). (2.3)
0A

Therefore,

e~ @/Ee, b(dz)
cap(A, D)

is a probability measure on 0A, that we may call the equilibrium probability. The

equation (2.2]) then reads

(2.4)

vap(dz) =

ch hap(y)e” W/ dy
) . _ 7 _ 2.
/BA 2[Tplva,p(dz) van[TD] cap(4, D) -

The strength of this formula comes from the fact that the capacity has an alternative
representation through the Dirichlet variational principle as in [9],

cap(4, D) = gg{@(h), (2.6)

where
H= {h € WHA(RN, e v ®/Eqy) | V2 h(z) € [0,1),hja=1,hp = 0}, 2.7)
and the Dirichlet form ¢ is given for h € H as

d(h) =¢ / e~ PN W/E TR () || 2du. (2.8)
(AuD)e

Remark. Formula (2.5) gives an average of the transition time expectation with
respect to the equilibrium measure, that we will extensively use in what follows. A
way to obtain the quantity E.[rp] consists in using Holder and Harnack estimates
(as developed in Corollary [2.3)), but it is far from obvious whether this can be
extended to give estimates that are uniform in N.

Formula (2.5) highlights the two terms for which we will prove uniform esti-
mates: the capacity (Theorem[4.3) and the mass of 44 p (Theorem[4.9).

2.2. Description of the Potential. Let us describe in details the potential F, y, its
stationary points, and in particular the minima and the 1-saddle points, through
which the transitions occur.

The coupling strength ~ specifies the geometry of £, y. For instance, if we set
~ = 0, we get a set of N bistable independent particles, thus the stationary points
are

vt = (£,...,&y) Vie[1,N], & e {-1,0,1}. (2.9)



UNIFORM ESTIMATES FOR METASTABLE TRANSITION TIMES IN A COUPLED BISTABLE SYSTEM 4

To characterize their stability, we have to look to their Hessian matrix whose
signs of the eigenvalues give us the index saddle of the point. It can be easily shown
that, for v = 0, the minima are those of the form (2.9) with no zero coordinates
and the 1-saddle points have just one zero coordinate. As v increases the structure
of the potential evolves and the number of stationary points decreases from 3V to
3. We notice that, for all ~, the points

I =+(1,1,---,1) O=(0,0,---,0) (2.10)

are stationary, furthermore /. are minima. If we calculate the Hessian at the point
O, we have

-1+~y -3 0 0 -3
i e 0
) 0 = T :
ViE(0) = : Ce . 0 (2.11)
0 T
—1 0 -~ 0 -1 —1+ny

whose eigenvalues are, forall v > 0and for0 < k < N — 1,

AN = — <1 — 2vsin® (%)) ) (2.12)

Let us define, for k > 1, v = WM, then these eigenvalues take the form

A Ay aan=—-1+L 1<k<N-1

k,N N—k,N ,Y]]CV = =~ (213)
)\07]\/’ = )\0 =—1.

Let us observe that () ,EZ/fJ is a decreasing sequence, therefore as v increases the

number of non-positive eigenvalues (A, x )~ decreases. When v > ~1V, the only

negative eigenvalue is —1. Thus

1
N _
= 9sin?(n/N) (2.14)

is the threshold of the synchronization regime.

Lemma 2.1 (Synchronization Regime). If v > ¥, the only stationary points are I+
and O. I, are minima, O is a 1-saddle.

This lemma is proved in [2] by using a Lyapunov function. This configuration is
called the synchronization regime because the coupling between the particles is so
strong that they all pass simultaneously through their respective saddle points in a
transition between the stable equilibria (/).

In this paper, we will focus on the synchronization regime.

2.3. Results for fixed N. Let p > 0, we set By = B,(/4). In this setting, Equation
(2.5) gives with A= B_and D = B,

i P ()P0
cap(B_, B,)
First, we obtain a sharp estimate for this transition time for fixed N:

(2.15)

EVB,,B+ [TB+] =
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Theorem 2.2. Let N > 2 be given, for v > vV = let VN >p>e>0, we

25sin?( 7r/N
have
E., s, [m5.] = 27cyeic(1+ O(y/e[Ine])) (2.16)
with

e(

} (2.17)

2+27] H {

where e(N) = 1 if N is even and 0 if N is odd.

CN = |:1
%iv

Remark. As mentioned above, for any fixed dimension, we can replace the proba-
bility measure vp_ p, by the single point /_, using H6lder and Harnack inequalities.
We get the following corollary:

Corollary 2.3. Under the assumptions of Theorem [2.2] there exists o > 0 such that,

E; [t8,] = 27TCN€%(1 + O(V/¢|Inegl,e%)). (2.18)
Proof of the theorem. We apply Theorem 3.2 in [5]. For v > 7V = m, let us

recall that there are only three stationary points: two minima /7, and one saddle
point O. One easily checks that F, satisfies the following assumptions:

e F, is polynomial in the (;);ea and so clearly C® on RY.
o F(z)> izle/\ x; so F,, — +o0.

o [VE ()2 ~ [l as [|z]]2 — oo.
o As AR, (z) ~ 3||z|j3 (|z]l2 — o0), then [V F, ()] — 2AF, (z) ~ [|=[[5.

The Hessian matrix at the minima /., has the form

2+y -3 0 -~ 0 -3
-3 247 —3 0
0 _
V2E,(IL) = 2 . (2.19)
0 .. .. _%
3 0 0 -3 2+
whose eigenvalues are
Vk,N :Vka,N:2+%71§k§N_1 (2.20)
N =W =

Observe that unlike the (), y), those eigenvalues are always positive. The sta-
tionary points /. are always minima. Then the so-called Eyring-Kramers formula
applies and gives the following result (cf. [5]), for VN > p > ¢ > 0,

N
2mei.

Bup_ s, 7] = Vdet(V2E, y(1))

- (14 O(Vellne])).  (2.21)
V/Idet(V2E, v (0))]
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Finally, (2.13) and (2.20Q) give:

N—1 |55+ 1854

2
_ _ o,,e{N) _ e i
(V2 F (1) = [T =230 T] vt =200 T (14 5
k=0 k=1 k=1
(2.22)
155 125 2
[det(V2F, v (0))] = H AN = N/2N H )\kN =(2y - 1)6(N) (1 - W_N) .
k=1 k
(2.23)
Then,

CN =

Vet (V2E, v (L)) _ {1_ 3 } E
VIdet(V2E, v (0)))

and Theorem [2.2]is proved. O

Proof of the corollary. We refer to Proposition 6.1 in [5]: wg, (z) = E;[75,] solves
an inhomogeneous Dirichlet problem with the generator L of the diffusion:

{Lw3+(a:) =1, ze€Bf

2.25
wp,(r) =0, zeB,. ( )

Then, we can apply usual pointwise estimates from elliptic partial differential equa-
tions theory such as Harnack and Holder estimates (e.g. Corollaries 9.24, 9.25 in
[10]) to obtain: there is o > 0 such that, for x € 9B_

wp, (v) = wp, (1) (1 +0(7)). (2.26)

We conclude by an integration with respect to the equilibrium measure. O

Let us point out that the use of these estimates is a major obstacle to obtain a
mean transition time starting from a single stable point with uniform error terms.
That is the reason why we have introduced the equilibrium probability. Although,
there are several difficulties to be overcome if we want to pass to the limit N T oc.

(i) We must show that the prefactor ¢y has a limit as N 1 co.

(ii) The exponential term in the hitting time tends to infinity with N. This
suggests that one needs to rescale the potential F,, y by a factor 1/N, or
equivalently, to increase the noise strength by a factor N.

(iii) One will need uniform control of error estimates in /N to be able to infer
the metastable behavior of the infinite dimensional system. This will be the
most subtle of the problems involved.

3. LARGE N LIMIT

As mentioned above, in order to prove a limiting result as N tends to infinity,
we need to rescale the potential to eliminate the V dependence in the exponential.
Thus henceforth we replace F, (z) by

Gyn(z) = N'F, n(2). 3.1
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This choice actually has a very nice side effect. Namely, as we always want to
be in the regime where v ~ v/ ~ N2, it is natural to parameterize the coupling
constant with a fixed x> 1 as

N2

2sin*(%) 272

Then, if we replace the lattice by a lattice of spacing 1/N i.e. (x;);en is the dis-
cretization of a real function z on [0, 1] (z; = x(i/N)), the resulting potential con-
verges formally to

Foa@) [ (Gt = Jwor)ass 5 [0 @

N—oo 47T2 2

with z(0) = z(1).

In the Euclidean norm, we have ||I.||, = v/N which suggests to rescale the
size of neighborhoods. We consider for p > 0, henceforward the neighborhoods
BY = B, /5(I+). The volume V(BY) = V(BY) goes to 0 if and only if p < 1/2e,
so given such a p, the balls BY are not as large as we could think. Let us also
observe that,

1 ! )
—||zlls, — ||z = z(s)|"ds. (3.4
lells = llelsnn = [ lats)
Therefore if z € BY for all N, we get at the limit, ||z — 17201 < p-

The main result of this paper is the following uniform version of Theorem [2.2]
with a rescaled potential G, .

Theorem 3.1. Let 1 €]1, oo, there exists a function V¥ (e, N) such that |V(e, N)| < C
uniformly in N and for all € < €y, such that

1

B oy [7ay] = 2mene! (1450 (e, N)). (3.5)
Moreover,
1 .
lim B, Iy = 20V (el (14 0(7) (3.6)
where N
3 ruk?—1
Vi) = [ ] . 3,
() kHl el < (3.7)

The proof of this theorem will be decomposed in two parts:

e convergence of the sequence cy (Proposition[3.2));
e uniform control of the denominator (Theorem [4.3) and the numerator
(Theorem [4.9)) of Formula (2.15)).

Convergence of the prefactor cy
Our first step will be to control the behavior of ¢y as N T oco. We prove the
following:

Proposition 3.2. The sequence cy converges: for u > 1, we set v = u~Y, then
}flglo ey = Vi), (3.8)

with V() defined in (3.7).
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Remark. This proposition immediately leads to

Corollary 3.3. For y €]1, 00|, we set v = uvyY, then

_L
€ 4e

lim lim E
Niso el0 N = /BN.BY

[ra] = 27V (n). (3.9)

Of course such a result is unsatisfactory, since it does not tell us anything about
the large system with specified fixed noise strength. To be able to interchange the
limits regarding € and N, we need a uniform control on the error terms.

Proof of the proposition. The rescaling of the potential introduces a factor % for the
eigenvalues, so that (2.21)) becomes

et
Lo = - (1+O(Vellne|))
ARSI N_N/2\/det(VZF%N(I_))N*N/Q\/\d]e\:;(;QFﬂ,N(O))|
= 2rNeyer (14 O(Ve|lne))). (3.10)
Then, with u}f = —2 ,
24uly

6

—|1—
o { 2+2mj

To prove the convergence, let us consider the (

H {1 —uk} (3.11)
k=1
)

N-!'. For all k > 1, we have

km 2
71 __sin ( ) 2 2 1
= =k +(1-k)—— 3.12
Y sin (N) * )3N2+0 N2 ( )
Hence, u}’ N Uk =3 + s—7z- Thus we want to show that
+o00
N T (1 —v,) =V(p). (3.13)
k=1
Using the following inequalities: for 0 <t < 7,
t2
0 < (1 — §) < sin?(t) < 2, (3.14)

2,2 N in2(km 2
ak? (1——)k2<k:2( i ”2) < STHQ(ﬁ < @i
12 3N Vi sin (N) l1- 9%

Then, for N > 2 and forall 1 < k£ < N/2,

. N
we get some estimates for lN: set a = (1 — 7{—;), for 1 <k < N/2,
Tk

kA2 N s 2 kT k272 k272
L LN ) T <2 @16
3N Tr sin®(%) ~ 3NZ%(1— W) N
Let us introduce
Bl |25 ]
V= T (1=w), Uyxm= (1 - ukN) (3.17)
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Thus
U LMJ1 uly Lz 1—uly
N,N - Y% - Y
— | ’< ‘1 ’ 3.18
R S IEE TR
Using (3.15) and (3.16)), we obtain, for all 1 < k£ < N/2,
_ N SEN— o 4,2
Uk — Uy | _ e < pktm <£ (3.19)
1—Uk

(=1 + pk?) (2+u%) = N2 (=14 pk?) (2 + pak?) — N2
k

with C a constant independent of k. Therefore, for N > N,

1 —uly vp — ulY '
1 ’“‘:1 1 )< 2 3.20
’nl—vk ‘n< + 1—Uk)’_N2 ( )
Hence
!
‘1 M < (3.21)
NN—>+oo

As > |vg| < 400, we get limy 1 VN = V() > 0, and thus (3.13) is proved. [

4. ESTIMATES ON CAPACITIES

To prove Theorem [B.1] we prove uniform estimates of the denominator and
numerator of (2.5)), namely the capacity and the mass of the equilibrium potential.

4.1. Uniform control in large dimensions for capacities. A crucial step is the
control of the capacity. This will be done with the help of the Dirichlet principle
(2.6). We will obtain the asymptotics by using a Laplace-like method. The expo-
nential factor in the integral (2.8) is largely predominant at the points where / is
likely to vary the most, that is around the saddle point O. Therefore we need some
good estimates of the potential near O.

4.1.1. Local Taylor approximation. This subsection is devoted to the quadratic ap-
proximations of the potential which are quite subtle. We will make a change of
basis in the neighborhood of the saddle point O that will diagonalize the quadratic
part.

Recall that the potential G, v is of the form

Gy () =~ (.11~ Do) + el (4.1
where the operator D is given by D = [Id — 1/2(X + £*)] and (¥z); = x;41. The
linear operator (1 —D) = —V?F,(O) has eigenvalues —\; and eigenvectors v;, with
components vy (j) = w’*, with w = /N,

Let us change the basis by setting
N-1
T = Zw‘jkxk. (4.2)
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Then the inverse transformation is given by
1 N-1
= Z w35 = 1(7). (4.3)
=0

Note that the map » — & maps R” to the set
(P eC i =) (4.4)

endowed with the classical inner product on C¥.
Remark that, expressed in z, the potential (1.2) takes the form

G (o) = 51 Z Moalinl? + Tl @) (4.5)

Our main concern will be the control of the non-quadratic term in the new coordi-
nates. To that end, we introduce the following norms on the Fourier space:

| V- 1/p ]
127 = (ﬁ > |55|p> = Wﬂfﬂp- (4.6)

i=0
The factor 1/N is the suitable choice to make the map + — 2 a bounded map
between L? spaces, as implied by the Hausdorff-Young inequalities (see [13]], Vol.
1, Theorem IX.8). More precisely, the following lemma holds.

Lemma 4.1. With the norms defined above, we have
(i) the Parseval identity,
[z][2 = [|2l2,7, 4.7)
and
(ii) the Hausdorff-Young inequalities: for 1 < ¢ < 2 and p~* + ¢! = 1, there
exists a finite, N-independent constant C, such that

l2lly < CollZ]lg,7- (4.8)

In particular
[zlla < Caysll@]lays,F. (4.9)

Let us introduce the change of variable, defined by the complex vector z, as

i= (4.10)

Let us remark that 2 = + > 7, € R. In the variable z, the potential takes the

form
N—

H

1
Co(2) = G Neowlal? + T la(V2) . (4.11)

k=0

wl»—‘

Moreover, by (4.7) and (4.10)
1
|2(N2)|l3 = INz]l5 - = NHNZH%- (4.12)

In the new coordinates the minima are now given by
I = =+(1,0,...,0). (4.13)
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In addition, z(BY) = z(B, n(1-)) = B,(I-) where the last ball is in the new
coordinates.

Lemma (4.1 will allow us to prove the following important estimates. For § > 0, we
set

Cy=42eRY: |5 <o—LN g<k<N-—1 (4.14)
VALY

where ), v are the eigenvalues of the Hessian at O as given in (2.13). Using (3.15)),
we have, for 3 < k < N/2,

12
Thus () y) verifies Ay x > ak?, for 1 < k < N/2, with some a, independent of N.

2
Aoy > k2 (1 - ”—) o 1. (4.15)

The sequence (74 ) is constructed as follows. Choose an increasing sequence,
(pr)k>1, and set

{”“V =1 (4.16)

N =TNopN =pr 1 <k< [T
Let, for p > 1,

/
K = Zﬁ " (4.17)
= o . .

k>1

Note that if K, is finite then, for all p; > py, K, is finite. With this notation we
have the following key estimate.

Lemma 4.2. For p > 2, there exists a constant B,, such that, for z € C,
|z(N2)|[, < 6"NB, (4.18)
if K, is finite, with | 4+ = 1.

Proof. The Hausdorff-Young inequality (Lemma [4.1]) gives us:

le(N2)lp < Coll Nzllgr. (4.19)
Since z € Uy, we get
— ThN
_1 9
IN2[8 5 < SN Vi (4.20)
k=0 "k
Then
N-1 IN/2] q N/2] 4

q
Tk, N 1 Tk N 1 2 o 1 2
N = iz T2 S amt Ph < — 4 - K1=D! (4.21)
kZ:O )\Z/Q )\8/2 ; )\Z/Q )\8/2 aq/2 ; ka )\8/2 aq/2 q q

which is finite if K, is finite. Therefore,
lz(N2)|b < o*N@Vacrpe, (4.22)
which gives us the result since (¢ — 1) = 1. O

We have all what we need to estimate the capacity.
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4.1.2. Capacity Estimates. Let us now prove our main theorem.

Theorem 4.3. There exists a function ¥, bounded uniformly in € and in N such that,
forall e < gy and for all N,

cap (Biv, BJ_V)) N—2 1 1/8
= 2 1 |\ N)). .23
N VI S Eay e EN) @23)

The proof will be decomposed into two lemmata, one for the upper bound and
the other for the lower bound. The proofs are quite different but follow the same
idea. We have to estimate some integrals. We isolate a neighborhood around
the point O of interest. We get an approximation of the potential on this neigh-
borhood, we bound the remainder and we estimate the integral on the suitable
neighborhood.

In what follows, constants independent of N are denoted A,;.
Upper bound
The first lemma we prove is the upper bound for Theorem [4.3]

Lemma 4.4. There exists a constant A, such that for all € and for all N,

cap (Biv, B]_V) N—2 1
——— > < g/ 27e 14+ Apvellnel). 4.24
NN = EVER V] det(VFmN(Om( ovelInel) (*:24

Proof. This lemma is proved in [5] in the finite dimension setting. We use the same
strategy, but here we take care to control the integrals appearing uniformly in the
dimension. N

We will denote the quadratic approximation of G, y by Fp, i.e.

N-1

Mo v | 2i]? 2 Tl
Fo(z) =) 7'“”2‘ L T 7’“’N2| i (4.25)
k=0 k=1

On Cj, we can control the non quadratic part through Lemma [4.2]

Lemma 4.5. There exists a constant A; and 0y, such that for all N, 6 < g and all
z € C(s,

Gyn(2) — Fo(z)] < A6 (4.26)

Proof. Using (4.11)), we see that

Gyn(2) — Fo(z) = (N2)|l;. (4.27)

1
AN [Eg
We choose a sequence (py)r>1 such that K, 5 is finite.

Thus, it follows from Lemma [4.2] with A; = B, that

N-1

1
Gyn(z) — B} Z A, |2k

k=0

< Aot (4.28)

as desired. O
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We obtain the upper bound of Lemma [4.4] by choosing a test function ht. We
change coordinates from x to z as explained in (4.10). A simple calculation shows
that

IVA(z)[15 = NI VA(2)]3, (4.29)
where h(z) = h(x(z)) under our coordinate change.
For ¢ sufficiently small, we can ensure that, for z ¢ Cs with |z| < 9,
2 N-1 2

1 5
Gov(z) > Fo(z) = -2 ¢ SO Aewlaf? 2 =5 + 207 2 6 (4.30)

2
k=1

Therefore, the strip {z|z = x(Nz), |20| < J} separates RY into two disjoint sets,
one containing /_ and the other one containing /,. Thus, setting

S5 = G- ([0%, +o0]), (4.31)

we have
{z|x =2(Nz), |20| <} \ Cs C Ss. (4.32)
Hence the complement of S5 U Cs is made of two connected components I',, "

which contain 7, and /_, respectively. Then, we define

1 forzel'_
0 forzel',
f(zo) forz € C
arbitrary onS; \ Cs but||VAT|; <

ht(z) = (4.33)
3
where f satisfies f(0) = 0 and f(—0) = 1 and will be specified later.

Then, taking care of the change of coordinates, the Dirichlet form (2.8) evalu-
ated on h™ provides the upper bound

Oy = NV [ SR s (434
((BNUBY)e)

< NN/2L {5/ e G (z)/e (f’(zo))2d2+€5_202/
Cs

e‘é%N(z)/adz] .
S5\Cs

The first term will be the predominant term, let us focus on it. We replace G, x
by Fy, using the bound (4.26), we get for well chosen 4,

_ 4
/ e GO (f(z)) dz < <1+2A15;>/ e OV (f'(20))" d2 (4.35)
Cs Cs

5
1 N-1
= / e 2 Zkmt ANl g .dzN_l/ (f'(20))” €0/ dz.
Dy -5
Here we have used that we can write Cs in the form [—0,d] x D;. As we want
to calculate an infimum, we choose a function f which minimizes the integral

I 5 (f'(20))” €%/%dz,. A simple computation leads to the choice

f(s e t*/2 ¢
e (4.36)

f(z) = .
( 0) ffé 67t2/2€dt
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Therefore

(4.37)

—3= Tico Pellzkl? g 4
€~ 2e 2vk=0 ) z )
Je, . <1+2A1—).
6 _ 1.2 £
(Lge 2520d20>

Choosing 6 = K\/¢|In¢|, a simple calculation shows that there exists A, such that

[T () d <
Cs

—52 Lo Pweallzrl? g
€ 2e £<4k=0 ) z — 1
Je, <\ome (1+ Ase).  (4.38)

(Jgertreaz) VIV E, v (0)

The second term in (4.34) is bounded above by the following lemma.

Lemma 4.6. For § > K/¢|ln(e)| and pr = k%, with 0 < a < 1/4, there exists
Az < oo, such that for all N

/ e Geqy < Ayele (4.39)
Ss\Cs

where S5 = {z Gn(z) > 52}.

Proof. By using Cauchy-Schwartz inequality, ||z||3 < N|z||; for x € RY, then we

have (cf. (4.12)
1 1 1
l(N2)[5 > NHJS(NZ)HEl = NHNZH%,;E = WHNZHEl = N||zl5- (4.40)

We get (cf. (4.11))

~ 2 1= 1 1]/
Grasts) = 3 = 5 2 Mwalaal’ = =sf + eVl 2 —lalf + 252 (a4
Therefore, for ||z|| > 2, the right hand side of (4.41) is non-negative, and
2Vl =
~ 0 2 _ 2
Gyn(z) > 5+§ZAR,N\%| = 52 e |zl (4.42)
k=1 k=0
Thus
/ e Gun@eg, < / oG (/e gy 4 / o—Con()e g,
Ss\Cs Ss\Cs, lz[l2>2 S5\Cs,llz[l2<2
< / =2 Lo PenllEl gz 4 o9 /2) (B, (0). (4.43)
cs
The first term of (4.43)) satisfies
N-—1
/ 6*2*15 Shso |>\k,N||Zk|2dZ < / G*Zg/%dZO Z 65271%,1\#26/ 672_15 i\!l,li#k )‘i7N‘Zi|2dZ
s R k=1 RN=2

(2Nl = 2 e
< VT PRV (4.44)

Hi=1 LN =1
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Using the standard inequality %t <sint < t, we see that, for 2 < k < N/2,

N 2
%Okzu < %k‘Qu — 1< Aoy = u% -1< %W- (4.45)
Hence,
N-1 12 | §)-1 N 2
(H AZ,N> > TT dw > (-1 (1L()2)L7J_2 [(gJ - 2) !] . (4.46)
i=1 =1
Moreovetr,
N-1 L5
Z\/me—am N2 \/me—a%g /2% Z Ny 813y /2
k=1 =1 k=% ]+1
N/2
< “ Vi Zk 0%/, (4.47)

We choose p, = k* with 0 < a < 1/4 to ensure that K,/ is finite. Then, setting
a=e /(29 we get

N/2 5 N/2

) N2 (S ot N2 N2 e In() N2 G ¢
Zkapk§a+— — < a+— 7dx<a+— —dt
— 4 2 k’ 4 1 X 80( ln(%)

(4.48)
Here we used that f(z) = a**" /x is decreasing for z > 1, and the last inequality
follows from the change of variables t = 2?*In(1/a). For 1 < r < s, we have

s _—t S
/%dtﬁ/ etdt <e . (4.49)

Then, as § > K+/¢|In(¢)|, a goes to 0 with ¢, hence In(1/a) > 1. Then (4.49) with
(4.48) gives

N/2 2 2
Z ka’* <a-+ ﬂa =a [1 + ﬂ] (4.50)
— S« Sa
Putting all the parts together, we get that
/ e’é%N(z)/edz < Cya (4.51)
Ss—Cs
with
v/ (2 1
Cx = V(By)+ -V {1 } TN - (4.52)
e —1) (#)L [(LEJ —2)'}
(4m)N/2 2m2e10? 1
+ ) h + —
I[(N/2+1) 4(# 10 2 [(L%J -2)1]
and iy = |¥| — 2 — &L, Therefore Cy is bounded by some constant A3, and

Lemma [4.6]is proven. O
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Finally, using (4.35), (4.38) and (4.39), we obtain the upper bound

@(h+) N—2 ]_ ( 54> 752
< eV2nme 1+ Age) (1+24;— ) + Aze™® /% (4.53)
e Vi E e)
with the choice p, = k%, 0 < @ < 1/4 and § = K+/¢|Ine|. Thus Lemma [4.4] is
proven. 0

Lower Bound The idea here (as already used in [6]]), is to get a lower bound by
restricting the state space to a narrow corridor from /_ to I, that contains the
relevant paths and along which the potential is well controlled.

We will prove the following lemma.

Lemma 4.7. There exists a constant A, < oo such that for all € and for all N,

cap (BY, BY) N-2 1 1
i e o Bt S5 710 1 — Aue'/®). (4.54)
NN Vet (VE, x (0))) (1= 4
Proof. Given a sequence (py)r>1, 7 is defined as is (4.16),
Cs = {20 €l =1+ p, 1= pl. 1ol < 8w/ Ve | - (4.55)

The restriction |z9| < 1 — p is made to ensure that Cs is disjoint from B. since in
the new coordinates (4.10) /. = +(1,0,...,0).
Clearly, if h* is the minimizer of the Dirichlet form, then

cap (BY, BY) = ®(h*) > ®g (h"), (4.56)

where @4 is the Dirichlet form for the process on Cs,

D, (h) = ¢ /A e~ Gv @)/ T h()|2dz = NV/21e / e~ Crn /e |7 ()2
Cs

2(Cs)
(4.57)
Then, since
Sowe [ |oie |
Vh(z)|3 = > 4.58
IVAGIE = X oo | = o] (4.58)
we keep only the derivative with respect to z,
_(I)(h*) -G z)/e 8B* 2 X 7 * F >
e / o ¢ O B de=20,00) 2 min®e (). (4:59)
z(Cs

Thus we minimize along the first (real) coordinate z,, the other ones, z;, =
(zi)1<i<n-1, are considered as parameters. The corresponding minimizer is readily
found explicitly as

. fl*ﬂ eé”/’N(ZO’Zl)/EdZO
h™(z0,2.) = =2

— (4.60)
e

and hence the capacity is bounded from below by

cap (BY, BY ~ lI-p e -1
% > b, (b ):5/@ (/ ooz ) da 46D
LN
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To go further, we have to evaluate the r.h.s. integral above. To this aim, we show
in the next lemma an approximation of the potential on Cj. Since z, is no longer
small, we only expand in the coordinates z, .

Lemma 4.8. There exists a constant, As, such that, for all N and § < &y, on 65,

< AgS° (4.62)

~ 1, 1, 1. 3,
k=1 k=1
provided that we choose (p;;) such that K3 is finite.

Proof We study the non-quadratic part of the potential on Cjs, using (@.11) and
4.3

=2
W~
i

1+ il

le

1
~l2(N2) § (N =~
”.CU Z ”4 |.T ’Z N

gM

Il
o

i

N—
;
- (4.63)

where u; = - Zk w2, Remark that S ' u; = 0 and u = =2 (N(0,21)).
Then, usmg

1 +ul* =1+ 2(u+a) +2ut + (u+ ) + 2(u + w)ut + (ui)?, (4.64)

—~

we get that

4
Slava)lt - (1 + Zmz (i 0)?) | < 22 (4wl + ull) . (4.65)

A simple computation shows that
1 6
szm + (u; + ) = ?Zmﬁ. (4.66)
i 0 k0

Thus as |2y < 1, we see that

1 1
Sl (NG =25 =625 ) el < S (4llz(@V (0, 2[5+ [12(N (0, z0))II5). (4.67)

k0

Since K,/3 is finite, K35/, also, then Lemma [4.2] for p = 3 and 4 shows that:

(N0, z))[l5 < BaN&® (4.68)
[2(N (0, 20))[l7 < BaN§™.
Therefore, Lemma [4.8]is proved, with A5 = B3 + B,dg. O

We use Lemma [4.8]to obtain the upper bound

1—p
/ eG’«,,N(zo,zL)/edzO < exp (2_15 Ek;&o )\k,N|zk‘|2 + A5753> g(zj_)\/Qﬂ'E, (469)

1+p

where

e 1 1 3
9(z1)V2me = /_ exp <_2_5Z§ + 4—6,23 + 2—6,28 Z |Zk|2> dz. (4.70)

I+p k40



UNIFORM ESTIMATES FOR METASTABLE TRANSITION TIMES IN A COUPLED BISTABLE SYSTEM 18

We first deal with ¢g(z,). We fix 2, and by the change of variable ¢t = z,/+/z, we
get

1 \;Ep 1,2 A5t
1 308 0l P 5 gy 471
z € . |
e == [ o

Then, we set o(z,) = 1 — 33", ,, |2/, and split the integral into

Qe e
g(z1) = i / 6—%t2+§t4dt+/ o <2ﬂtz+%t4dt
2m | Jo (1=p)e=1/4
[ r(1—p)e—1/4 1 p)e-1/2
< 2 /( e 6—@t2+7@*’22ﬁt2dt + /( " e—_a(;L)t2+(1;p)2t2dt
2m | Jo (1-p)e=1/4
+
< / ~ _ﬁ J(Zl) - d + / U(ZL p) )d
27 (1) 1/4

(- /))2\/5)1/2 2(1 Yel/4 _eey)-0- »2/2
< (O’(ZL) —_ + \/%( (Zi) — 1/2)6 Ve . 4.72)

Since z, € a;, by the same procedure as in (4.21)), there exists Ag s.t.
2 2
Tk,N P
D olalF <6y oS Aad D= Ak (4.73)
kA0 kA0 R kA0

Then, because Ky; is finite, K, also. Hence o(z,) = 1 + O(4?), therefore from
(4.72), there exists Ay s.t.

g9(z1) < (1+ A7(6* + Ve)) (4.74)

uniformly on (0,z,) € Ci.
Then changing variables t;, = ||/ Ak n/¢, the right hand side of (4.61) can now
be written as

Ags3
1-N/2 N pN V2me 2 o Akl 2k |2 c -
N eap(BZ, By) 2 /Cf i A VR
> 27T€ 1 H [/nk etﬁcdtk}
2 2w \/|det(V2F%N( I#O V2T
_ A58
€ 5
% 4.75
1+ A7(8% + Ve) ( )

with Nk = (STk,N/\/E.
To bound the product of integrals in (4.75]), we use that

\ﬁQ / Tt / et 2 % (4.76)
—7 t=1— e 2dt >1— T2, 4.7
271’ 0 Mk 27T7]k

To conclude, we specify the sequence (p). As in the case of the upper bound,
we choose p, = k% with 0 < o < 1/4, such that K,/ is finite. Thus, taking




UNIFORM ESTIMATES FOR METASTABLE TRANSITION TIMES IN A COUPLED BISTABLE SYSTEM 19

N-1 1 r%(SQ N/2 1 p%éQ 2 1 20
—e 2 S 22 —e 2 S 22 —ak = Sa < Sa() < 400 (4-77)
1 | kN =1 Pk = ke

uniformly for a < ag < 1.
Then, if we choose 62 = K34, we have a = e %/%"" — ( as ¢ goes to O.
Therefore

M= | Tl - 2o m1 - 2o o
— e zdt > 1— e 2] =1—-—=c"+0(c (4.78)
kel 2w 0 b1 27T?7k 2w

uniformly in N. At last, we have an error term from the approximation (4.62).
Settlng Ag = K3/2A5,

€7A553/5 — e*Agsl/S —1_ A8€1/8 + 0(81/8). (479)
Thus, (4.75) becomes
BN BY) _ e 1
waplB-.By) , vione (1— Age"/®), (4.80)
N 2 \/|det(V2F, x(O))]
]

4.2. Uniform estimate of the mass of the equilibrium potential. We will prove
the following theorem.

Theorem 4.9. There exists a function V4 such that, for all ¢ < g and all N,

1

1 -G N €4e

— ; z)e G @/Eqr = \/ore 14 e/80y(e, N

NN/2 /ch 5.y (2) \/det(VF%N(I_))< (e M)
(4.81)

with V¥, bounded uniformly in ¢ and in N.

Proof. The idea of the proof is to use the Laplace method. The predominant contri-
bution to the integral comes from the point where the argument of the exponent
realises its minimum. Since 6‘% ~ reaches its minima at /., with the value —i, the
mass is concentrated around /_ (/. is not in the domain). We introduce

. -1
Gy =G+ 7 (4.82)

Changing variables as before, we get that

/ “n g (@)e N @/Edy = NN2ea /
Bye T

z(ch)

oy gy (2)e” Oz (4.83)

We will split the integral in two parts: one over a suitable neighborhood of 7_
and the remainder. The idea is to use the level set S; = G;}V(W, oo[) to bound the
second part. Let us recall that the diameter of BY depends on N by BY = B (1)

with p > 0 and that 2(B") = B,(I_) where the last ball is in the new coordinates.
We define a neighborhood of I_, Cs(1_), as in (4.14),

TE,N

v/ Vk,N

~ 0
Cs(I)=RzeRN |20 —1| < —, |z| <6 lngN—l}. (4.84)
() { 0=11< = |l
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Here (v ) are the eigenvalues of the Hessian at /_. These eigenvalues have the
following property that allows us to use Lemma [4.2] with (v ) instead of (A, v):
for1 <k < N/2

4 4
VN > 2R 42> K (4.85)
s ™
Therefore, provided K is finite, for z + I_ € Cys(1_) there exists Ay s.t.
N-1 T]% N
2[5 < &2 kE_O oS 52 Ag K. (4.86)

This means that, for ¢ small enough Cys(/_) C 2(B-).
We prove a suitable approximation of the potential on Cys(7_).

Lemma 4.10. For all N,

N—1

-~ 1

Gy (2) — B Z vilzul® = R(2) (4.87)
k=0

and there exists a constant A,y and d, such that, for § < éy, on Css(1_)
|R(2)] < A106° (4.88)
provided that we choose (p;;) such that K5 is finite.

Proof. In the neighborhood of 7_, since V*F, y = 2Id + D (cf. (41D) and have
eigenvalues (v ) (2.20) associated with the eigenvectors (v )x, we use the same
change of coordinate as around O. In this setting, the potential takes the form

N-1
~ 1
Gon(e 1) =Gy (a(N2) + 1) = 5 Y velanl” + R(2) (4.89)
k=0
with R(2) = —& SV 2i(N2)? + & || #(N2)|[4. Therefore,
1 1
IR(2)] < (V=) + o ll#(V2) ) (4.90)
then, provided K3/, and K, /5 are finite, Lemmal4.2]shows that, for z+1_ € Cs5(1_),
|R(2)] < Aypd° (4.91)
with A10 = Bg + B450. [

Lemma [4.10 allows us to show that, for 6 small enough, if z € Cs5(7_) \ Cos(1_),
then

=

~

G%N(Z + ]_) == Vk,N|Zk|2 + R(Z) Z 252 — A1253 Z 52. (492)

0

NN
>
I

Thus, C%; C Ss.
We split the integral (4.83) into:

/ h*BN BN (z)e—é%N(Z)/Edz — / h'*BN BN (z)e—é\%N(Z)/EdZ
2BYY) Cas (1)

[ s — P4

+ / * g (2)e" OV EEdy (4.93)
Cas(I-)* ~ 7



UNIFORM ESTIMATES FOR METASTABLE TRANSITION TIMES IN A COUPLED BISTABLE SYSTEM 21

The first integral is the predominant one, the second is a remainder and will be
treated as in the proof of Lemma[4.6] First, since 0 < h* <1,

/ W Bw(z)e*é%N(z)/edz < / e GGy (4.94)
Cas(I-)° Cas(I-)

— P

Then, since Cys(1_)° C §5, we get

/ Win BN(Z)G_G”N Vedz < /A e~ Grn)e gy (4.95)
Cas(1-)° Ss

— P4

< / JRRNCY / o—Con (/e g,
§5QBQ(O) §(5OBQ(O)C

< V(BQ(O))e*‘;Q/6 +/ e~ Crv@/e g,
BQ(O)C
With the notation of Lemma [4.6] for S; and Cjs, we will show that By(O)¢ C
Ss \ Cs for ¢ small enough. This follows from (4.42) and the estimates (4.45). For
|2]|2 > 2, we have, since ;> 1

r

N 1
A 25 % 2 B> )2 > i (4.96)
| Ak, || 2k] " > 5 0 4= Z —H | 2| || 15> :

0 k=1

G%N(z) >

N | —
e
Il

Thus, if § < 2/7, we get (3’77N(z) > ¢%. For ¢ sufficiently small, by the same
arguments as in (4.86), C; is included in B,(O). Then, Lemma [4.6] gives us

/ e Crn@/eg, < / e N G)e gy < e Age /e (4.97)
Bs(0) Ss\Cs

The second integral is therefore bounded uniformly in N: there exists A; s.t.

/ BN BN (z)e’é%N(z)/sdz < Ane"p/e. (4.98)
Cos(I-) o

Let us now focus on the first integral in (4.94). By definition of A*, hin gy =1
— +
on BY, and since Co5(1_) C 2(BY),

/ B*B_7B+(z)e’a%N(z)/€dz = / e Crn@/egy =T, (4.99)
Cas(1-) Cas(1-)

Due to Lemma 4.10|

Aqg8° Aqg8°
e~ e o2 Lo vioNlzkl g <IT<e - o2 Lico vkoNlzkl? g,
Cas(12) Cas(I-)

(4.100)
Finally, by the change of variable ¢;, = |z;|\/Ar.n/c and with 1, = dry n/+/5,

N N— n
/ o2 Th en el g — V2 H U ' ‘th]. (4.101)
Cos(I-) \/det VZFV N k=0

We conclude by the same arguments as in (4.78): choosing 6 = Ke%/8,
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M [
— e Tdt =1 — A/t + 51/8¢1(5, N) (4.102)
- 27T/0

with ¢ (e, N) goes to 0 with ¢ and uniformly bounded in N. At last, becomes

1 * —A xT)/ €
Tz /B - Wy gy (@)e Gron(@)/e gy (4.103)
+
\/27T€N

a At (V2 (1) (1 — Apes +esgn (e, N)) (1 + A1oes + £8 e, N))
A

+An e K/

where ¢5(e, V) goes to 0 with € and is uniformly bounded in N. ¢, represents the
remainder due to the approximation realized at (4.100). This concludes the proof
of Theorem N

4.3.

Proof of Theorem 3.1 .

Proof. The proof of Theorem [3.1]is now an obvious consequence of (2.15]) together
with Theorems [4.3]and O
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