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Abstract. We study the variational convergence of a family of two-dimensional Ginzburg-
Landau functionals arising in the study of superfluidity or thin-film superconductivity, as the
Ginzburg-Landau parameter € tends to 0. In this regime and for large enough applied rotations
(for superfluids) or magnetic fields (for superconductors), the minimizers acquire quantized
point singularities (vortices). We focus on situations in which an unbounded number of vortices
accumulate along a prescribed Jordan curve or a simple arc in the domain. This is known to
occur in a circular annulus under uniform rotation, or in a simply connected domain with an
appropriately chosen rotational vector field. We prove that, suitably normalized, the energy
functionals I'-converge to a classical energy from potential theory. Applied to global minimizers,
our results describe the limiting distribution of vortices along the curve in terms of Green
equilibrium measures.

Keywords: Calculus of variations, Ginzburg—Landau model, I'-convergence, Partial differential
equations, Equilibrium measures.
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1. Introduction

The Ginzburg-Landau theories have had an enormous influence on both physics and
mathematics. Physicists employ Ginzburg-Landau models in modeling superconductiv-
ity, superfluidity, and, more recently, for rotating Bose-Einstein condensates (BECs), all
systems which present quantized defects commonly known as vortices. In mathematics,
starting with the work by Bethuel, Brezis & Hélein [6], many powerful methods have been
developed to study the physical London limit, i.e., as the Ginzburg-Landau parameter
€ tends to 0. This limit corresponds to the Thomas-Fermi regime in BEC, and to an
analogous regime in superfluids where the characteristic length scale ¢ is very small. In
a two-dimensional setting, vortices are essentially characterized as isolated zeroes of the
order parameter carrying a winding number, and in the London limit as point defects
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where energy concentration occurs. The question of whether energy minimizers develop
vortices, where they appear in the domain, and how many there should be (for given
boundary conditions, constant applied fields or angular velocities) has been analyzed in
many contexts and parameter regimes.

In this paper, we will focus on the following Ginzburg-Landau energy, arising for
instance in the physical context of a rotating superfluid. Considering a bounded simply
connected domain P C R2, a smooth vector field V : R? — R2?, Q > 0 and € > 0, we
define the functional

u € HY(D;C) — F.(u) :=/

A {;VUP + é(l — [ul*)? - QV(x) ](u)} dz .

Identifying R? with the complex plane C, we denote by
j(u) := u A Vu € L' (D;R?),

the pre-Jacobian of u. The L'-vector field j(u) may also be written as j(u) = (iu, Vu),
where (-,-) is the standard inner product of two complex numbers, viewed as vectors
in R2.

In the case of uniform rotation, that is V(z) = z+ = (—w2,2;) and with D a

disk, Serfaty [17] studied minimizers of a closely related functional (see Remark 1.5)
to determine the critical value 3 = Q;(¢) of the angular speed 2 at which vortices
first appear (see also [10,11] for BECs). She finds that minimizers acquire vorticity at
0y = k(D)|Ine|+O0(In | Ine]) for an explicitly determined constant k(D). In a series of pa-
pers, culminating with the publication of the research monograph [16], Sandier & Serfaty
developed powerful tools to study vortices in Ginzburg-Landau models. Although they
primarily work with the full Ginzburg-Landau model with magnetic field, the methods
apply as well to the functional F. above. In particular, their results apply to the near-
critical regime in simply connected domains. In our setting, their results show that for any
simply connected domain D, the first order expansion of the critical value 2; for vortex
existence in minimizing configurations is also given by k(D)| ln ¢ for some constant k(D).
Moreover the locus of concentration of vortices for @ = 1 + o(|Ine€|) is given by the set
of maxima of ||, with ¢ the solution of the following boundary-value problem:

{—ACzcuer inD, (1.1)

(=0 on 0D.
The constant k(D) is then determined by

k(D) = —

B 2|C|max ’

where |(|max denotes the maximum value of |{|. If, for instance, V is real-analytic and
curl V' is nonnegative, then so is the solution ¢, and the maximum is generically attained
at a finite number of points in D (see e.g. [7]). In this situation, if Q = Q; + o(|Ing]),
minimizers exhibit vortexr concentration at isolated points, and the number of vortices
remains uniformly bounded whenever Q — € is of order O(In|lne¢l), see [16,17,10,11].

The case of a multiply connected domain provides a slightly different qualitative
picture. In a work on rotating Bose-Einstein condensates, Aftalion, Alama & Bronsard [1]
considered a similar functional in a domain given by a circular annulus A (centered at the
origin) and again with uniform rotation V(z) = 2 (see Remark 1.5). Unlike the simply
connected case, minimizers in the annulus may have vorticity without vortices, as the
hole acquires positive winding at bounded rotation 2. Then point vortices are nucleated
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inside the interior of A at a critical value Q;, again of leading order |Ine|. Solving
equation (1.1) in the annulus A, one finds out that the set of maxima of the function ¢
is given by a circle inside A (see Example 5.1). Hence one can expect that, rather than
accumulating at isolated points, vortices concentrate along this circle in the limit € — 0.
The main feature proved in [1] is that if Q ~ @y + O(ln|Ingl), then vortices are indeed
essentially supported by a circle ¥ and that the total degree of these vortices is of order
In |Ine|. In other words, in the limit e — 0, infinitely many vortices concentrate on %, a
phenomenon that we call vortex concentration along a curve. However the question of the
distribution of the limiting vorticity around the circle was left open. Subsequent results
of Alama & Bronsard [2,3] extend the result of [1] to multiply connected domains and to
the full Ginzburg-Landau model with magnetic field and pinning potential. In contrast
with the previous case, concentration on curves might not be a generic phenomenon for
the Ginzburg-Landau model with magnetic field in a general multiply connected domain.
Indeed, in this setting the vector field V represents the electromagnetic potential and it
is an unknown of the problem. The results in [2,3] show that, for near-critical external
applied fields, the concentration set of vortices is also given by the set of maxima of a
certain potential related to V. This set may contain finitely many points and/or closed
loops. Assuming that it contains closed loops, they prove that vortexr concentration along
a curve occurs, but the determination of the limiting vorticity was again left open.

To effectively separate the question of the nature of the concentration set from the
question of localizing vortices, we instead start with a simply connected domain D, and
we prescribe the function ¢ with ¢ > 0 in D and (|sp = 0, in such a way that ( is
maximized on a prescribed curve ¥ CC D. Then, we define

e oley (OS¢
Vix):=-V—((z) = <8x2’ 8$1>
as our vector field. We will prove that vortices will be forced to accumulate on X as e
tends to 0. The curve ¥ can be either a smooth Jordan curve or a smooth embedded
simple arc, compactly contained in D. In this setting, we shall resolve the problem of
distribution of vortices along curves, both for minimizers and in the more general setting
of I'-convergence. In the last section we will show that in a multiply connected domain,
and for more general vector fields V', the problem does not differ too much in nature,
and that a similar analysis can be performed.

To state our main result we must give more specific hypotheses on ¢ and the angular
speed 2. We assume that ( satisfies the following assumptions:

(H1) ¢ € Cg’l(D), ¢>0in D, and Cmax 1= max, 5 ¢(x) > 0;

(H2) ¥ :={x € D: ((z) = Cmaxy CC D is a Jordan curve or a simple embedded arc
of class C2.

We further assume that 2 = Q(e) is near to the critical value needed for the presence of
vortices. More precisely,

~|Ing]

° 2<max

for some function w : (0, +00) — (0, +00) satisfiying w(e) — +oo with |Ine|~tw(e) — 0
ase — 0.

+w(e), (1.2)

For u € H'(D;C) we consider the rescaled functional

R =/, {ilw b (= ) +Qavlc~j<u>}d”“
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and for a nonnegative Radon measure p on D, we define

I(p) = %/DwG(%y) du(x) du(y)

where the function G denotes the Dirichlet Green’s function of the domain D, i.e., for
every y € D, G(-,y) is the solution of

G(,y)=0 on 0D. .

Our main result deals with the I'-convergence of the family of functionals {F.}.so as
e — 0, and it is stated (as usual) in terms of the vorticity distribution given by the weak
Jacobian, that is half the distributional curl of the pre-Jacobian (see e.g. [16]).

Theorem 1.1. Assume that (H1), (H2) and (1.2) hold. Let £, — 0 be an arbitrary
sequence. Then,

(i) for any {un}nen C HY(D;C) satisfying sup,, F., (u,) < 400, there exist a subse-
quence (not relabelled) and a nonnegative Radon measure ju in H~1(D) supported
by ¥ such that

1
) curl j(uy) W strongly in (Cy'' (D))" ; (1.4)
(ii) for any {un}neny C HY(D;C) such that (1.4) holds for some nonnegative Radon

measure pi in H=1(D) supported by X, we have

limj_nf Fe, (un) > I(1t) = Cmax (D) 5

(iii) for any nonnegative Radon measure p in H='(D) supported by ¥, there exists a
sequence {uy, fneny C HY(D;C) such that (1.4) holds and

lim FEn (Un) = I(:u) - Cmax ﬂ(D) .

n—-+oo

As it is well known, the I'-convergence theory is well suited to study asymptotics in
minimization problems (see e.g. [9]). In this context, we shall derive from Theorem 1.1
the following convergence result for the vorticity of global minimizers, and hence solving
the problem on the limiting distribution of vortices along ¥, see Remark 1.3 below.

Corollary 1.1. Assume that (H1), (H2) and (1.2) hold. Let €, — 0T be an arbitrary
sequence. For every integer n € N, let u,, € H'(D;C) be a minimizer of F., . Then,

curl j(u,) — Cn}ax ps  strongly in (Cy' (D))",

w(en) n—+too 2

where [, is the unique minimizer of I over all probability measures supported on X3, and
L= I(ps).

Remark 1.1. As a direct application of the results in [16] (see also [12]), we shall
see in Section 2 that for configurations {u.} with F.-energy uniformly bounded from
above, the vorticity distribution curl j(u.) can be approximated (with respect to the
(C1(D))*~topology) by a measure of the form 27 > ic1. didq, for some finite set of points
{a;}ier. C D and integers {d;}ic;. C Z. In other words, each point a; can be viewed as
an approximate vortex with winding number d;. Thus the integer D. = >, ; |di| may
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be refered to as to approximate total vorticity of the configuration u.. It is commonly
known that approximate vortices carry a kinetic energy essentially greater than or equal
to mD.|Ine| (see Section 2 for more details). With such an estimate in hand, and using
the arguments of Section 3, we actually obtain a more refined lower bound for the energy
than the one given by Theorem 1.1, claim (4). More precisely, one has

o 1 1 1
luargélfwT(g) (/D §|Vu5|2 + @(1 — |uc)?)? dx — 7rDE|ln5|> >1(u),

and

. 1 )
lim inf ) (Q /D V+¢ - j(us) de + nD.| ln€|) > —Cmax (D) .
As a consequence, if {u.} is any recovery sequence (in the sense of (%ii) of Theorem 1.1),
the liminf’s above become limits, and equality holds in each case. In analogy with [6],
we may then say that I(u) plays the role of renormalized energy.

Remark 1.2 (Minimizers). From Corollary 1.1 and Remark 1.1, we deduce that if u.
is energy minimizing, then

Cmax
D, = — 0,
Il w(e) +olw(e)) ase—0

and from Theorem 1.1, the minimal value of the energy expands as

2
: 2 F :_Cmax 2 2 .
i @ (e)F: aL (e) +o(w(e))

Remark 1.3 (Equilibrium measures). The value I(u) gives the electrostatic energy
of a positive charge distribution p on the set ¥ CC D. The minimizer u, of I over all
probability measures on Y is called the Green equilibrium measure in D associated to the
set X, and gives the equilibrium charge distribution of a charged conductor inside of a
neutral conducting shell, represented by 9D. The value 1/1, is refered to as to the capacity
of the condenser (3,0D). The interested reader can find in [14] many results on the
existence and general (regularity) properties of the equilibrium measures as well as some
examples. For instance, if D is a disc and X is a concentric circle, then the equilibrium
measure [, is the normalized arclength measure on ¥, see [14, Example 11.5.13], and thus
vortices are asymptotically equidistributed along 3 as ¢ — 0. However for an arbitrary
curve X, the distribution is of course non-uniform in general. In case where X is an
embedded arc, it is even singular at the endpoints, see [14, Example I1.5.14].

Remark 1.4. In the present results the structure and regularity assumptions on the
set ¥ given in (H2) are mainly motivated by the physical context of [1,2,3]. However
it will be clear that (H2) can be relaxed into weaker statments. More precisely, the
proof of Theorem 1.1 relies on (H2) only for the I" — lim sup inequality, 4.e., claim (%ii).
The construction of the recovery sequence (see Section 4) could be applied with minor
modifications if the set ¥ is for instance a finite union of piecewise C? arcs/Jordan curves.
Actually 3 could even have a more general structure such as a non-empty interior. In
this later case we assume that 0% is made by finitely many arcs and Jordan curves of
class C2. Then, given a nonnegative Radon measure u € H!(D) supported by ¥, one can
construct a recovery sequence for p applying the approximation techniques of Section 4
to plL 0% and a more standard regularization procedure for pLint(X) as in [16].
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In Section 5 we will show how to apply the method to a multiply connected domain
and a more general vector field V. For simplicity, we shall consider only domains .4 which
are topological annuli, i.e., A = D\ B, where D, B are simply connected and B cC D. For
multiply connected domains and/or a general field V', there is an extra step involved in the
analysis. Indeed, the leading order term in the minimal energy (of order | Ine|?) is due to
the curl-free part of V' which induces a diverging phase in any minimal configuration, and
to the vorticity in the hole B which acts as a sort of giant vortex (by analogy with [1]). In
other words, to get information on the internal vorticity, one has to perform a second order
I-convergence analysis. As in [2] we first describe minimizing vortexless configurations
(i.e., energy minimizers over S'-valued maps) which nonetheless have vorticity around
the hole. Then we show that for arbitrary configurations, the energy due to the curl-free
part of V and the hole decouples nearly exactly (see Proposition 5.2). After separating
out this contribution to the energy, the residual energy functional resembles F. above,
and the I'-convergence analysis can be done in much the same way, with some care taken
to control the residual vorticity around the hole. The result is stated in Theorem 5.2.
The I'-limit again involves a Green energy for measures supported by a prescribed set.

Remark 1.5 (Related funtionals). As mentioned earlier, the methods here may also
be applied to other Ginzburg-Landau functionals which have the same structure as F..
A simple variant is

Felu) = /D {;(v —iQV)ul? + 5(1 - |u2)2} d.

This energy has been studied in more than one context. Serfaty considers in [17] the
minimization of this energy for rotating superfluids, with V' = z* and under a Dirichlet
boundary condition u|gp = 0. The minimization of the same energy under natural (Neu-
mann) boundary conditions also arises in a simplified model of thin-film superconductors
introduced by Chapman, Du & Gunzburger [8] (see also Alama, Bronsard & Galvao-
Sousa [4]). In this setting, 2.V (x) = A.(z) represents the magnetic vector potential of
the externally applied magnetic field h., = Q.curl V. With Q. satisfying (1.2), and a
sequence {u.} in the energy regime of Theorem 1.1 (which holds for minimizers under a
homogeneous Neumann boundary condition), the two energies agree very closely,

QQ
fe(ue)zfe(us)—i—?s/ |V|?dx +0(1) ase—0.
D

In the case of the homogeneous Dirichlet boundary condition some care must be taken
since a singular boundary layer arises near 0D as € — 0 (see [17]), but otherwise the
result of Theorem 1.1 should remain essentially the same.

For annular domains, another functional which resembles F. has been used in the
modeling of rotating BECs in certain anharmonic traps (see [1]),

6.00) = [ {3190 + xlalo) = PP - 0. V(o) ()} o

Here V(z) =zt is the velocity field of uniform rotation, and the function a(z), positive
in A, gives the trapping potential which contains the condensate. It is shown in [1] that
Ge-minimizers develop as € — 0, infinitely many vortices concentrating along a circle
for sufficently high rotation 2.. We believe that similar results to the ones in Section 5
should hold, but the method is not directly applicable here. Indeed, our analysis is based
on “global energy estimates” of [16] (see (2.1) in Proposition 2.1) and the presence of
the inhomogeneity a(z) requires local estimates. Moreover the analysis of vortices for
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the energy G. is complicated by the fact that a(z) vanishes on the boundary, and some
delicate estimates are required so as not to lose too much information near the boundary.

One may also consider the full Ginzburg-Landau model of superconductivity for com-
plex order parameter u : D — C and magnetic vector potential A : D — R2. For the
Ginzburg-Landau model in a simply connected domain with constant applied magnetic
field, Sandier & Serfaty [16, Theorem 9.1] have proven a I'-convergence theorem of the
form of Theorem 1.1 for applied fields of the form h., = Ho1 + w(e), where in that case
it is appropriate to take In|lne| < w(e) <« |Ine|. This problem exhibits vortex concen-
tration at points, and the limiting energy is obtained by rescaling around the points of
concentration. The rescaled vorticity measures of minimizers converge to an equilibrium
measure associated to a different problem in potential theory, a “Gauss variation” prob-
lem whereby the charges are to be optimally placed in R? subject to an applied electric
field (see [14]). Concentration on curves is possible in multiply connected regions (see
[2,3]). The methods described here should apply in this situationl once adapted to the
magnetic setting, although the energy obtained as a I'-limit should be for the Helmholtz
(and not the Laplace) Green’s function, —A, H (z,y) + H(x,y) = d,(z). However, for the
full Ginzburg-Landau functional with magnetic field in general domains, it is an interest-
ing open problem in PDE to determine which (if any) non-symmetric multiply connected
domains exhibit vortex concentration on curves.

We finally mention a recent paper by Kashmar [13] exhibiting concentration on a circle
for a magnetic Ginzburg-Landau functional in the disc with an inhomogeneity a(x) as
above described by a radial step function (modelling for instance a superconducting body
made by two different species). Here again we believe that similar results should hold but
the method does not directly apply due to the inhomogeneity of the Ginzburg-Landau
energy density.

The plan of the paper is as follows. In Section 2 we prove assertion (i) of Theorem 1.1.
Section 3 tackles part (i) of the theorem. The upper bound of statement (%) is derived in
Section 4, completing the proof of Theorem 1.1. The proof of Corollary 1.1 is presented at
the end of Section 4. Section 5 sketches how the preceeding arguments must be modified
to treat annular domains.

Notations. For any open set B C D and any admissible map u, we denote by

1 1
E.(u,B) := /B {2|Vu|2 + P(l - |u2)2} dx
the so-called Ginzburg-Landau energy of u in B. Given € > 0 we define
D.:={x € D: dist(x,0D) > ¢},

and for a sequence &,, — 0T, we shall write w,, := w(e,) and Q,, := Q..

2. Compactness of normalized weak Jacobians

This section is devoted to the proof of claim (i) in Theorem 1.1. The key ingredient to
prove compactness of normalized weak Jacobians is the so-called “vortex balls construc-
tion” taken from [16, Theorem 4.1].

Proposition 2.1. There exists a constant €9 > 0 such that for any 0 < e < g¢ and any
u € H'(D;C) N CY(D) satisfying E.(u, D) < \/g, the following holds. For any Coe'/* <
r < 1 there exists a finite collection of disjoint closed balls B, = {B(ai, pi)}ier, such
that, writing B; == Bla;, p;),
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(Z) r:Zpi;

i€l
(ii) {|1 = [ul| > /%}nD. cD.n | | Bi=V;
iel,

(i) setting d; == deg(u,0B;) if B; C D., and d; := 0 otherwise,

E.(w,V) > D, (m (d’;r) - 01> : (2.1)

where D, := E |d;| is assumed to be positive;
i€l

(iv) D, < Cy|lne| ' E.(u,D);

and Cy, C1, Co are universal constants. Moreover, if Coe'/* < ri < ry < 1 and By, B
are the corresponding families of balls, then every ball of By is included in a ball of Bs.

In the remainder of this section, we consider an arbitrary sequence ¢, — 07. In
the following lemma, we prove an upper bound on the Ginzburg-Landau energy for a
sequence having an F, -energy uniformly bounded from above. It will allow us to apply
the previous proposition to such a sequence.

Lemma 2.1. Assume that (H1) and (1.2) hold. Let {u, }nen be a sequence in H(D;C)
such that sup,, Fr, (un) < +o00. Then there exists a constant C independent of n such
that |luy | a¢py < C and E., (un, D) < C|lng,|?.

Proof. Observe that
Be (D) = 2 Fo (1) = R [ 94C ) dir < RV o [ o] [Vitn|d+ O
D D

1
< */ |Vun|2da: + QiHV(Hgo/ |un|2d:c + O(wg). (2.2)
4 D D
In particular,
/ (Junl® — 201 + 22202 V2 lun[? + 1)dz < O(202).
D

so that ||u,|rs(py < C for a constant C' independent of n. Inserting this estimate in
(2.2), the announced result follows easily. m|

The first step in proving compactness of the normalized Jacobians is to show that
the approximate total vorticity is bounded by the excess rotation w,,. We emphasize that
here ¥ could be any compact subset of D.

Proposition 2.2. Assume that (H1) and (1.2) hold. Let {un}nen be a sequence in
HY(D;C) N CY(D) such that sup,, Fr, (u,) < +oo. Then there exist r, — 0% and a
sequence of families of balls B,, = {E(af,pim)}ielm as in Proposition 2.1 such that
D, < Cuw, for some constant C > 0 independent of n.

Proof. Let r, := |In 5n|_4. In view of Lemma 2.1 we can apply Propgsition 2.1 to uy,
with » = r,, and n large enough. For each such n we denote by B, = {B(a?i)i n)}igrn

the corresponding family of balls. For convenience we write I, := I, , Bl :== B (;L?, Pin)s
d; , := deg(u,dB}) if B C D, , d;n = 0 otherwise, and D,, := D,., .
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Step 1. We first claim that

Qn/ V¢ jluy) de = =278, Z dinC(al)+0o(1) asn— 4oo. (2.3)
D i€ln

Indeed, applying [16, Theorem 6.1] with the balls {B!'};c, we derive the estimate
curl j(uy,) — 27 Z din Oar
i€l,

thanks to Lemma 2.1. Then (2.3) follows since €, = O(|Ine,|) and ¢ € C5' (D).

< C?"n(l + B, (un,D)) < C|lne,|72, (2.4)
(CoH (D))"

Step 2. Without loss of generality we may assume that w, = O(D,), otherwise there
is nothing to prove. In view of claim (%) in Proposition 2.1 and Lemma 2.1, we have
D,, < O(]lney,]|). Next, combining the lower bound (2.1) with (2.3), we infer that

O(w?) > wiF., (un) > wDp (|| — Cln|Ine,|) = 2790, Y dinC(al) +

i€ly
+/ \Vun|?dr +o(1)  (2.5)
D\Uie]n B;L
as n — +0o.
Let us now fix a sequence n,, — 07 such that
max{wn,In|lne,|} = o(n,|Ine,]) asn — +oo. (2.6)
We group the vortex balls into the following classes and we define:

D= din, Ij={i€l,: din>0and ((a}') > Cnax — Mn};

icly

D;t = Z di,'n.a I;LF = {Z € ITL : di,n Z O and C(a?) S gmax - nn}7
iel}

D= ldinl, Iy :={i€l,: din<0}.
iel,

Observe that D,, = D + D} + D, . We claim that

max{wn,In|lne,|} D,

D <C 2.7

n < e ; (2.7)

p-<cC max{wn,In|lne,|} D, ’ (2.8)
[Iney|

D,, < Cmax{wy,In|lne,|}, (2.9)

for a constant C' > 0 independent of n. In particular, if w2 = o(|Ing,|), then we can
choose 7,, satisfying in addition max{w?, (In|Ine,|)?} = o(n,|Ine,|), and consequently
(2.9) yields D, = D, =0 for n large enough.

We evaluate the lower bound for each class of vortex ball separately. First, we use the
explicit form of €, (see (1.2)) and the bound {(z) < (mnax to obtain,
7D} Ine,| — 20 > dinC(al!) > —27wnCmax D, - (2.10)
i€l
For negative degrees we have the simple estimate
7D, |Inen| — 27, > dinC(a}) = 7D, [Iney,|. (2.11)
iely
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Then for the vortex balls staying away from X, we have
7D} [ Ine,| = 20Q Y dinC(al’) > (n]Inen| — 270 Cmax) Dif +
ielt

+21Q2 > din(Gax — €(a)) = D (—27wn s + 27Q110) >
ielt
> 0. DY, (2.12)

since wy, = o(n, ). We now insert (2.10), (2.11) and (2.12) into (2.5),

O(w?) > 7D, (|lng,| — CyIn|lne,|) — 2790, Z d; nC(af’) + / |V, [2dz + o(1)
iel, D\UB!

> —nC1 D, In|Ine,| — 27w, Cmax D + 7D, | Ine,| + Cnp$n D +

+ / |V, |*dz . (2.13)
D\UBY

Rearranging all terms we derive

Dy |Ine,| + D0y Qy < C (wn D}y + In|Ine,|Dy, + w?)
< Cmax{wy,In|lne,|} D, ,

which proves (2.7) and (2.8).
To prove (2.9), we argue as in [2, pg. 58-60] to obtain a constant C’ > 0 (independent
of n) such that

/ |Vu,|?de > C'D? . (2.14)
D\UB

Accepting (2.14) we return to the lower bound (2.13) to deduce
D2 — C(w, +In|lne,|) D, < O(w?),

so that D,, < C'max{wy,In|lne,|} and estimate (2.9) is established.

It remains to show (2.14). To this aim we identify an annular band lying outside of
3 and use the fact that the total degree is approximately constant in that band. Since
the boundary 9D is assumed to be smooth, there exists 0 < §y < 3dist (X, D) such that
the function o(x) := dist (x,dD) is smooth in D2 with

DY :={x €D :e,<o(x)<d}.
The level sets
C={reD: ofe) =1},
are smooth and diffeomorphic to 9D for all ¢ € [0, §p]. Define the set T;, C [0, Jp] by
T, :={t € (en,d0] : Ct NU;er, B =0} .

By the choice of r, and claim (i) in Proposition 2.1, T}, is a finite union of disjoint
intervals and £1((g,,, 0]\ T) < O(|Ing,|™*). From claim (7) in Proposition 2.1, we can
define the degree of u,, on C; for every t € T,,, i.e.,

n 1 n n
D(t) == deg( ¢, :7/ Hn nw () ant
Iun‘ 27 Je, ‘un| |un|
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where V. denotes the tangential derivative along C; oriented counterclockwise. Setting
I,(t):={i eI, : o(al) > pin+t} (pin being the radius of the ball B}'), we have

Do(t)= > din.

1€ (t)

Using (2.7) and (2.8) we infer that for n large enough,
1
D, (t) > D, — 2D, — D > §Dn for every t € T, .

Denote vy, := uy/|uy|. In view of claim (4i) in Proposition 2.1, using the Coarea Formula
and Jensen Inequality we can estimate for n large enough,

1 [%
/ Vup|2da 2/ | Vo Pl > f/ ( an|2d7-[1)dt >
D\UB? DO \UBP 2 /e, Cs

1 |Da(t)[?
> = v A V0, ZdHl)dt > 271'2/ o dt > C'DZ,
SIN0A | 22 ) wie) 2

n

which completes the proof of (2.14).

Step 8. If In|lne,| < o(wy,) the conclusion follows from (2.7), (2.8) and (2.9). If w,, <
O(In|lne,|) we must refine our lower bound by growing the vortex balls. First observe
that in this regime, (2.7) and (2.8) ensures that

D, =D =0 (2.15)

for n large so that each ball B}* C D, carries a nonnegative degree and D,, = D;.

We choose a new radius s,, := e~V¥" and thus s,, > 7, for n large enough. We now
reapply Proposition 2.1 with » = s, to obtain a new family of larger balls {B}l}jejn,
each new ball B]” containing one or more of the smaller balls {B!'}. By claim (i) in
Proposition 2.1 and (2.15) we have Dy, = D,,. Using the lower bound (2.1) together
with (2.3) and (2.15), we can argue as in Step 2 to derive

O(w?) > w?F., (uy) > 7D, (m (6 SB ) - Cl> — 270, Cmax D + C'D?
> 7D, (ln (;)") - 01> — 27w Canax D + C"D2.. (2.16)

Next we distinguish two cases. First assume that In D,, < O(w,,). In this case, (2.16) yields
the inequality D2 —Cw,, D,, < O(w?) (with C' > 0 independent of n) so that D,, < O(wy)

as claimed. If w,, = o(In D,,), we obtain the bound D? — CD,, In D,, < O(w?) which also
yields D,, < O(w,,), and the proof of Proposition 2.2 is complete. |

We are now ready to prove claim (i) in Theorem 1.1.

Theorem 2.1. Assume that (H1) and (1.2) hold. Let e, — 07 and let {u,}nen be a
sequence in H'(D; C) such that sup,, Fr, (un) < +00. Then there exist a subsequence (not

n

relabelled) and a nonnegative Radon measure p supported by X such that

1 x
fn = —curlj(u,) — p  strongly in (C’g’l(D))

Whn, n—-+4oo
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Proof. Step 1. We first assume that {u, },eny C H'(D;C) N CL(D). Using the notations
of the previous proof, we apply Proposition 2.2 to obtain the family of vortex balls
{B'}ier,, - Define the measure

i = Zl Z di,néa{‘ .

n €1y,

Since D,, < O(wy,) we have |fi,|(D) < C for a constant C' independent of n. Therefore,
up to a subsequence, ji,, — p as n — +oo weakly* in the sense of measures on D for some
finite Radon measure p. We claim that p is nonnegative and supported by X. Indeed,
decompose i, in its Hahn decomposition, i.e., write fi, = i} — i, where i, and —f,,
are respectively the positive and the negative parts of fi,,. Then we have

2rD;;
i, (D) = ™n g as n — 400,
Wn

thanks to (2.8), and the nonnegativity of u follows. Now consider the sequence of sets
Vi = {{() < {max — 7} where 7, is given by (2.6). In view of (2.7), we have
27D}

Wn

fiy (Vn)

— 0,

which clearly implies that supp pu C X.
By the compact embedding (C9(D))* — (C5'(D))*, we deduce that fi,, — u strongly
in (CJ(D))*. On the other hand, (2.4) yields

i = Bl g1 0y, =720
and the conclusion follows.

Step 2. We now consider the general case. In view of the strong continuity of the functional
F., under strong H!'-convergence, we can find a sequence {iy, }ney C H1(D;C) N CY(D)
such that for every n,

||un _ﬂ/nHHl(D) <en, (2.17)
and
F. (u,) < F., (un)+1, (2.18)

so that sup,, F, () < +00.
Given an arbitrary ¢ € Cg’l(D) satisfying |Vo| < 1, we estimate

[ ) = ) o <
< lun = tallL2(0) [ Vuall 2oy + @nllL20) 1V (Un — @)l 22(p) < Cen|Iney],
using (2.17) and (2.18) together with Lemma 2.1. As a consequence, setting [, :=
wy teurl j (@, ), we have

— 0. (2.19)

n—-+oo

H,un - /J’TLH(C(()H(D))*

Applying Step 1 to {i,}, up to a subsequence we have fi,, — p in (C3'(D))* for some
nonnegative Radon measure p supported by . Then (2.19) yields p, — w in (Co'' (D))*
and the proof is complete. O
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3. The lower bound inequality
This section is devoted to the proof of claim (%) in Theorem 1.1 that we summarize in

the following result.

Theorem 3.1. Assume that (H1) and (1.2) hold. Let e, — 07 be an arbitrary sequence
and let {uy ynen C HY(D;C) be such that

1
tn = —curl j(uy) oK strongly in (Co' (D))", (3.1

n

for some nonnegative Radon measure p supported by 3. Then,

ET_}_{E F., (un) > I(M) — Cmax M(D) : (32>

In particular, if the left hand side in (3.2) is finite, then p € H=(D).

Proof. We will use in this proof the notations of the previous section. Without loss of
generality, we may assume that

liminf F. (u,) = lim F. (u,) < 4o0. (3.3)

n——+oo n——+oo

Moreover, by Step 2 in the proof of Theorem 2.1, we may also assume that {u,}nen C
HY(D;C) N C'(D). We shall distinguish two cases.

Case 1. We first assume that In|lne,| < o(w,). We consider the family of vortex balls
{B7}ier, constructed in the proof of Proposition 2.2, and we refer to it for the notations.
Arguing as in (2.3) we obtain

Ine, )
Qn/ V¢ jun) do = ~ T2 §™ g efan +wn/ V¢ jun) dz+ (1)
D max iel,
> —nDy|Iney,| — w? (i, ¢) + o(1) (3.4)

as n — +oo, where (-, -) denotes the duality pairing (C5")*~C".
Combining the lower bound (2.1) with (3.4), we infer that

1
w?LFEn (un) > 7Dy, (hl ( In Cl) 7/ |vun‘2d$ + Qn/ VLC : ](un) dz
nDn 2 Jo\usr D

D\UB?

> a0y (i () =0 ) g [ (s - w6+ o).
<

Since r,, = |Ing,|~* and D,, < O(w,,) by Proposition 2.2, dividing the previous inequality

by w? yields

1
P () 2 5z [ Vo = (un, Q) + o)
2wy Jp\uBy
1 / 9
> — Vuy|“dr — Cnaxpt(D) + 0(1) .
57 Jovoe 7 (D) +o(1)

In the last inequality, we have used (3.1) and the fact that p is supported by X. In view
of claim (7i) in Proposition 2.1, we estimate

1
D\UB? 1+ &y D.,, \UB}
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Next we define

Ful@) = {:Elj(un(a:)) if z € D \ User, B, 55)
otherwise ,
so that by (3.3),
o) 2 F, / (@) P — Gunaess(D) + 0(1). (3.6)

Hence there exist a subsequence €, — 0 (not relabelled) and j. € L?(D;R?) such that
jn — j, weakly in L?(D;R?) as n — +o0. By lower semicontinuity, we have

lm L (1) > / 1je2d — Coaept(D) . (3.7)

n—-+4oo

It remains to tie the limit j, to the limit x4 of the normalized weak Jacobians. To this aim
we fix ¢ € Z(D). Using Lemma 2.1, claim (i) in Proposition 2.1 and Holder Inequality,
we estimate

‘/ VL@'j(un) dx
uBy

1/4

< (52( Uier, B?)) IVolloolltnll L2 () | Vi L2 (D)

< Crl?|Ine,| =o(1).

Since supp ¢ C D., for n large enough, we deduce that

/Vlw'j*dx: lim VJ‘QO jnda:— lim w, 1/ Vie - jlun)de =
. D., \UBT

n—-+oo — 400
= lim w, /Vltp-j(un)d:c:— lim (un,<p>=—/<pdu-
n—-+00 D n—-+0oo D
Consequently,
curl j, = p in 2'(D). (3.8)

In particular, p € H~ (D) since j. € L*(D;R?).
Next we introduce h,, € Hj(D) to be the unique solution of

{—Ahu =u in HY(D),
h, =0 on 9D .
In view of (3.8) and the definition of h,, we have
curl(j, + V*h,) =0 in H (D),
so that we can find g, € H'(D) satisfying Vg,, = j. + V1h,,. Therefore,

/|j*|2dx:/ |th|2da:+/ Vg,|*dz,
D D D

since an integration by parts yields fD VLh, - Vg, =0 (using the fact h, is constant on
D). Going back to (3.7), we infer that

lim F Un e /|Vh#| dx — Cmaxﬂ( )

n—-+oo

On the other hand, using the Green representation of h,, we have

1 9 _ 1 _
3 L1Vl [[ Gy dute) duw) = 160,
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and the conclusion follows.

Case 2. We now treat the case w, < O(In|Ine,|). Consider the family of vortex balls
{B?}je‘]” (of size s, = e~ V¥n) constructed in Step 3 in the proof of Proposition 2.2.
Recall that this family satisfies Ds = D, for n large. Combining the lower bound (2.1)
for the family {B}l}jeJn with (3.4), we derive

S n

Dy,

1
W2F. (u,) > 7D, <ln ( ) — C’1> + f/ |V, 2dz — w2 {pn, ¢) + o(1).
2 D\UB?

Then arguing as in (3.6), we infer that
1 ~ 2
Fan (un) 2 5 . |.77’L(x)| dx — CmaxM(D) + 0(1) ’

where

. wrl(un (@) if @ € Do, \ Ujes, B,
Jn(z) = .
0 otherwise .

As previously, up to a subsequence we have 3,1 — j. weakly in L?(D;R?), and

tim P, () 2 5 [ 17:(2)de = Guasn(D).
n—-+4o0o 2 D

Now it remains to show that curl j, = p in 2'(D), and then the proof can be completed
as in Step 1.

We proceed as before, taking an arbitrary ¢ € (D) and using the weak formulation
of the Jacobians. The key observation is that the contribution of the vortex balls will be
negligible provided we can restrict our choice of test functions ¢ to functions constant
in each vortex ball. This can be achieved thanks to [16, Proposition 9.6], i.e., given an
arbitrary ¢ € Z(D), there exists a modified function @, which is constant on each ball
B? and such that

o = @nllcoa(py < Csp™ %, Vo = V&nllLipy < Csy, (3.9)

for each 0 < a < 1. Moreover, ¢,, has compact support in D for n large enough. From
(3.9) and the L2-boundedness of the normalized currents j,, we derive

< ||3n||L2(D)||VS0 — Véulrzpy < Cs/?. (3.10)

/ (Vi — V@) - juda
D

Then (3.9), (3.10) and the strong convergence of p, to p yield

/Vlcp-j*dx: lim /VLw-j'ndx: lim /VLén-j'ndx:
D D D

n—-+oo n—-+oo

n—-+o0o n—4oo

= lim wil/VL%-j(un)dx= lim (—/¢ndu+<u—um<ﬁn>>=—/<ﬂdu,
D D D

and the conclusion follows. O
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4. The upper bound inequality

Throughout this section we shall use the following notation. For a nonnegative Radon
measure y € H~!(D) compactly supported in D, we denote by h,, € Hg(D) the solution
of

{_Ah,u:'u in H_I(D)’ (4.1)

h, =0 on 0D.
Using the Green representation h,(z) = [, G(z,y) du(y), we have

1
I(M)zi/ |Vh,|*dz,
D

and the following elementary lemma holds.

Lemma 4.1. Let {{in}nen be a sequence of nonnegative Radon measure in H~=1(D) with
compact support in D. Assume that p, — p weakly™ as measures on D as n — +oo, for
some p € H=Y(D) compactly supported in D. Then I(p1,,) — I(p) if and only if hy,, — h,,
strongly in H*(D) as n — +oo.

We may now start the proof of claim (%) in Theorem 1.1 in the case where the
measure j is absolutely continuous with respect to H!L .

Proposition 4.1. Assume that (H1), (H2) and (1.2) hold. Let €, — 0 be an arbitrary
sequence. For every nonnegative Radon measure i of the form
p=flx)H' LY (4.2)
with f € L>®(X), there exists a sequence {un}nen C HY(D;C) such that
1
— curl j(up,) — p strongly in (C3" (D))",
Wn n—-4oo

and

lim F., (un) = I(p) = Gmaxpt(D) -

n—-+4oo

Proof. Without loss of generality we may assume that f #Z 0, the case u = 0 being
easily true. It is well known that a measure of the form (4.2) belongs to H~1(D), see e.g.
[18, Theorem 4.7.5].

We recall that the Dirichlet Green’s function G in D defined by (1.3) satisfies

(i) G(x,y) >0 for every z € D\ {y} and for every y € D;
(i1) for any compact set K CC D there exists a constant Cx such that

1
Gla,y) + 5-Infe —yl| < Ok (4.3)

for all y € K and z € D.

In the three first steps below, we assume that the density function f does not vanish
on Y, i.e., f > 6 H'a.e on X for some constant § > 0. The general case is considered in
Step 4.

Step 1. We will construct a trial function using the Green function G(z,y) in the spirit
of [15]. Let v : [0,¢] — X be an arclength parametrization of the curve ¥ (so that
¢ ="HYX)), and define for ¢ € [0, /],

M(t) == pu(y([0,1)) -
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Then M () is strictly increasing, M (0) = 0, and M (¢) = u(X) = p(D). Moreover M (-) is
continuous since p € H~!(D) and thus atomless.
Next we introduce for n large enough,

2T

where [-] denotes the integer part. Since M is continuous and increasing, we can define
for k=0,...,D,,

thm 1= M_l(kawgl) .
Now we set for k=0,...,D,,
ag = Y(tkn)
and we claim that
Cw,t <laf —al_y| <210 tw, ! (4.4)

for each k € {1,...,D,} and for some constant C' > 0 independent of n. Write X :=
Y([tk=1,n,tkn)) for k=1,..., D, so that ¥j is a smooth curve whose end-points are ay
and af_,. By construction, we have

27rw;1 = M(tk’n) — M(tkfl’n) = N(Zk) Z 5H1 (Ek) 2 (5|az - ag71| .
Now the curve ¥ being smooth and |a} — a}_,| small for n large, we deduce

2wyt = u(Ek) < Fllpe " (Bk) < Cllfllpes)lai —af_1]-
Define the family of measures

D

_ 2w
Hn = —— Z 6aﬁ .
k=1

Wn

We claim that fi, — p weakly* as measures on D and fi,,(D) — u(D). To prove the
weak* convergence of fi,,, we fix an arbitrary function ¢ € CJ(D). Observe that by (4.4)
and the smoothness of 3, we have diam(3;) < Cow;, ! for a constant Cy independent of
k and n. Therefore, using p(Xy) = 2mw; !t we derive

‘/Z)¢du—/pwdun

D,
> [ () =ptap)d|+ol1) < CpDlose(s Cowy ) +o(1).
k=1 k

where
osc(¢, Cowy, 1) i= sup  |ip(x) —P(y)] — 0,
|2~y <Cowy, ! notee
and the claim is proved.
Next we must regularize the measure [i,,. Let us define for k =1,..., D,,
1
fk,n(x) = E XBE,,L (aZ') )

where X, (a7) denotes the characteristic function of the ball B, (ay). Set

D
fulz) == il fen(x) and  fi, := fo(2)C2LD. (4.5)
" k=1
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Since &, = o(w,;!), the functions f , have disjoint supports for n large by (4.4). As a
consequence, ,un(D) = [in(D) — p(D). Since fi, — u, one may also easily check that
fip, — 1 weakly* as measures on D.

Step 2. According to (4.1), we introduce
hn = hwnﬂn = wnhﬂn .

Then

AﬁmﬁwﬁWi[LwwaHM@thMy (4.6)

//DXD ) fin (2) fin(y) dady . (4.7)

i,j=1

We need to estimate the integral term in the right handside of (4.6). We proceed as in
[1] and we provide some details for the reader’s convenience. Let Ny CC D be a small
tubular neighborhood of ¥. Let 0 < o < 1 be given small, and set A, := {(z,y) €
Dx D : |x—y| <a}. Since G is continuous on (Ny x Np) \ A,, and the support of i,
lies in Nj for n large, by the weak* convergence of [, to u we have

:zlmtwgw G(@.y) fu(@) fuly)dady =

n—-+oo

=//(NoxNo)\Aa G(z,y)dp(x //zm z,y)du(z)duy) = 21(u) . (4.8)

Near the diagonal A, we split the sum in (4.7) in two terms. Using (4.3) we estimate

D’Vl
o= 7T2 in in =
Iy =4 ;:1 //Au G(z,y) fin(@)fin(y)dudy

— 42 // (al +epz1,al + ep22) dz1dzo
BI(O XBl(O

2 1
< 42// < In () + C’> dz1dzo
B1(0)x B1(0) Enl21 — 22|

< 27D, |lne,| + O(wy), (4.9)

and

I =4r> Y // G(z,y) fin(2) fin(y)dzdy <

0<‘an n|<a

<C In|al — a” 4.10
S e —a}]] . (4.10)

0<|a}—a}|<a

By the smoothness of ¥ and (4.4), there exists a constant ¢y > 0 independent of n such
that for every i # j and every (z,y) € &; x X,

|ai" = aj| = colz —y].

Since 1 € H~*(D) and it is supported by %, the map (z,y) — |In(co|z — y|)| belongs to
LY(3 x ¥, u @ p). Therefore, by the Mean Value Theorem, for every i # j we can find a
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pair (z}',y}') € X; x ¥; such that
wy

o [ nteole = Dlaty)inte) = [meole? 55D,
0 2 X%,

noticing that 4n?w,? = p(3;)u(E;). Applying the previous inequality to (z},y}) we
deduce from (4.10) that for n large,

mnp<c Y |In(elay -y}

0<l|a}—a}|<a

<t ¥ [  Iiateols =) duointe)

0<]a}—al|<c
<cat /[ | n(colar — )| du(y)du(a). (411)
(EXZ)ﬂAQQ

On the other hand p € H~ (D) so it is atomless, and thus u ® pu does not charge
{z =y} ND x D. Consequently the integral term in the right handside of (4.11) vanishes
as o — 07. Hence,

lim limsup w, 2ITI" =0. (4.12)

a—0t+ n—-+oo

Gathering (4.8), (4.9) and (4.12) yields

lim sup ( [ ot f@nw dmdy—zwnunanlw;?) <
DxD

n—-+oo

a—0t n—-+4oo

< lim sup (Ia +limsup ((II2 — 27Dy |Iney, w2 + w;21113)> < 2I(p),
and in view of (4.6), we conclude that

1
3 / |Vhp|?de < 7D, |Ine,| +w2I(y) + o(w?). (4.13)
D

Step 8. We shall now define a complex-valued order parameter u,, associated to h,. We
proceed as follows. Since

curl (—VJ‘hn) = —Ah, = wnfn (4.14)
is supported by Uy B., (a}), we may locally define a phase ¢,, in D\ UgB., (a}) by
Vn(z) = =Vihy(z) for z € D\ UpBe, (a}).

In fact, since the balls B, (a}) are pairwise disjoint (assuming n large enough) and the
mass of w, fn is quantized in each such ball, it is easy to show that ¢,, is single-valued
modulo 2, i.e., for any smooth Jordan curve © inside D\ Ui B;, (a}),

1
— | Vo, -7 €L,
2 <)
where 7 : © — S! is any smooth vector field tangent to ©. Hence exp(i¢,(z)) is well
defined for every x € D\ U B., (a}).
Then consider a smooth cut-off function p : R — [0, 1] such that p(¢) = 1 for ¢ > 2,
and p(t) =0 for ¢t < 1. Define
p (M> if x € Bae, (a}) for some k=1,...,D,,,
pn(x) = En (4.15)

1 otherwise,
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and observe that
E., (pn,D) = O(wy). (4.16)
Then set

iy (1) = pn(x)ew”(m) for x € D\ Uy B, (a),
" "o otherwise .

One may easily check that u,, € H'(D;C). We claim that
pin = w;, teurl j(uy,) e strongly in (Cy' (D))*. (4.17)
A simple computation gives
j(un) = p2Vép = —p2V*th, ae inD.

Given ¢ € Cg ’I(D) satisfying |Vy| < 1, we deduce from (4.14) and the previous indentity,

1 1
(Hnsp) = 7/ Vo Vhyde +— [ (p2 — 1)V - Vhyd
Wn JD Wn Jp
1

— (e + | (02 — 1)V Vo (4.18)
Ug BZE” (ak')

Wn

In view of the compact embedding (C9(D))* — (CO*(D))*, fin — p strongly in
(Cy'' (D))*. Hence we can estimate using (4.13),

[t = 1 )] < om = i1l g0y + @i (L2 (UpBae, (a) 2Vl 2(p) <
< lm = nll o1 (pyy. + Conlmen]? — 0, (4.19)

and (4.17) is proved.
We now compute the energy F. (u,). We infer from (4.13) and (4.16) that

1
E., (un,D) = E., (pn, D) + 5/ o p%|v¢n|2dx <
D\URBETL(G‘Z)

1
<5 [ IVhal? + Ofwn) < Dy e+ 2T(0) + o), (4:20)
D

and it remains to evaluate the interaction with the rotation potential. First (4.17) yields

NI _ |Iney| Ly . 2 _
0 [ Vs do = G2 [ VG jun) do =k n,€) =

Ine,

| | / V¢ i (un) dz — Cnaxt(D)w? + o(w?).
" 2max

Arguing as in (4.18)-(4.19) we derive

/ V¢ j(un) do = —wn(fin, ¢) + Oenwn| Ing,['/?) =

=27 Z 7r52 / z)dz + o(e,|In 6n|3/2) =27 DpCmax + O(En‘ In En‘3/2) )

s(a

and consequently,

Qn/ VLC < j(up)der = —mDy|lne,| — Cmaxu(D)wi + o(wi) . (4.21)
D
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Combining (4.20) with (4.21) finally leads to

F. (un) < I(1) = Cmaxp(D) + 0(1) .

In view of Theorem 3.1, the conclusion follows taking the limsup as n — 400 in the
previous inequality.

Step 4. We now consider the case where the density f is allowed to vanish. Let {dx} C R
be a sequence decreasing to 0 as k — +o0o. Then for k£ € N, we consider the measure

i = p+ G H' LY = (f(z) + 0p)H' LS.
By monotone convergence, one has

() e I(p)  and (D) N (D) (4.22)
Obviously s, also converges to p strongly in (Cg''(D))*. Applying Step 1 to Step 3, we
find for every k € N a sequence {vf},en C H'(D;C) such that w, 'curl j(vF) — gy
strongly in (COH(D))* and F., (vF) — I(ju) — Cmaxpin(D) as n — +oco. Hence for every
k € N, we can find Ny € N such that for every n > Ny,

erilcuﬂj(vﬁ) - N‘l(cgﬂl(p))* <27k

and

|Fe, (0F) = I(11) + Gaxpe(D)| < 275

Moreover we can assume without loss of generality that the sequence of integers { Nj }ren
is strictly increasing. Therefore given any integer n large enough, there is a unique k,, € N
such that N <n < Ng, 41, and k, — +00 as n — +o0o. We may then define u,, := vﬁn.

By construction, the sequence {un} satisfies the required properties. O

To consider the case of a general measure p in H (D), we shall need the following
continuity lemma.

Lemma 4.2. Let ji be a nonnegative Radon measure in H (D) such that supp u CC D.
For £ € R?, let Tep be the translated measure defined by

Tep(B) = w(—& + B)  for any Borel set B C R?.

Then there exists 0 < § < dist (supp u, 9D) such that Tep € H=1(D) for every & € Bs(0),
and the mapping & — hy,, € H'(D) is strongly continuous on Bs(0).

Proof. For ¢ > 0 we set Ds := {x € R?, dist (z, D) < 26}. Then choose § > 0 such that
0Dy is smooth and 2§ < dist (supp i, D). For every £ € Bs(0) we have D CC & + Dy,
supp 7ept = & + supp p C D and dist (§ + supp p, 0D) > 9.

Obviously ;1 € H~1(Ds) and we can set h € H'(Ds) to be the unique solution of

{—Ah:,u in Dy,

h=0 onﬁg.

By our choice of §, the function A is smooth in the d-neighborhood of D. Next, for
¢ € B;s(0) we denote by he € H'(D) the function defined by h¢ := h(z — §) for z € D.
Observe that he € H(D) and —Ahg = 7¢pu in D. Hence 7ep € H™ (D).

Now consider a sequence {{,} C Bs(0) such that &, — & € Bs(0) as n — +o00. Denote
By i= hr, . We have A(he, —hy,) = 0in D and (he, —hy,) = h(z—E,) on dD. By standard
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elliptic estimates, (he, — hy,) strongly converges in H'(D) to the harmonic function in
D equal to h(z — &) on 0D, that is hg — hrep- On the other hand, he, — he strongly
in H*(D) by strong continuity of translations in H'. Therefore h, — hr. strongly in
HY(D), and the proof is complete. O

Theorem 4.1. Assume that (H1), (H2) and (1.2) hold. Let e, — 0% be an arbitrary
sequence. For every nonnegative Radon measure € H=1(D) supported by 3, there exists
a sequence {uy tnen C HY(D;R?) such that

1
— curl j(uy) oM strongly in (Cy' (D))",
o0

Wn, n—

and

hm FEn (U’n) = I(:u’) - Cmaxu(D) :

n—-+oo

Proof. We shall prove that for any nonnegative Radon measure u € H~*(D) supported
by X, there exists a sequence of nonnegative Radon measures {py }ren of the form (4.2)
such that pp — p strongly in (C’g’l(D))*, k(D) — u(D) and

I(pg) — I(n) as k — +oo. (4.23)

Assuming that such a sequence exists, Proposition 4.1 yields for each k a sequence
{vF}hen € HY(D;R?) such that w;'curlj(vf) — p strongly in (Cy'(D))* and
F. (vF) — I(ur) — Cmaxtirx (D) as n — +oc. It then suffices to apply the diagonal argu-
ment used in the proof of Proposition 4.1, Step 4, to construct the required sequence.

Step 1. We first consider the case where ¥ is a segment in D. Without loss of generality
we may assume that ¥ = [a,b] x {0} CC D for some a,b € R with a < b. Assume in
addition that ¥’ := supp p CCla, b[x{0}. We shall regularize the measure p using the
following standard procedure. Consider a smooth function p € C*°(R) such that ¢ > 0,
suppo C [—1,1] and [; ¢ = 1. For a positive integer k and z = (z1,22) € R?, we
introduce ok () := ko(kz1), and we define

gr(z) == / ok(r —y) du(y) .

By construction, the function g is nonnegative, smooth and supported by [a,b] x R for
k large enough. Next we define for k£ large the measure

pr = gr(z) HIL Y.

One may easily check that px € H=Y(D), ug(D) — p(D) and that py — p weakly* in
the sense of measures on D as k — -+oo. In particular, y, — p strongly in (Cy' (D))*.
We claim that (4.23) holds. Indeed, using Fubini’s theorem we first derive that

Taw) =5 [[[ G dulduel) =

1
- /L (] Gz )n(e0)n (') AHLHL, ) ().
2 xSy (SNBy (2)x(SNBy (1)
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Next we observe that for k large enough, we have ¥ N By () = (1,0) + Ji, with J; :=

(%, +) x {0} for every x = (21, 22) € ¥'. Changing variables in (z, z’) and using Fubini’s

theorem again, we obtain

1) =3 [ ([[ | 6revr oo min ) duwin)

5[ ([, € dutaiint) )oute)ente) anant
5[ ([], st ) aeoe) ariar

From the Green representation of h,., we infer that for every (§,&') € Jx x Ji,

[ e dtr@den) = [ (Vi) (They) de.
DxD D
Then from Lemma 4.2 we deduce that the function
0:(6,¢) - / (Vhrep) - (Vhe,p) de
D
is continuous on Bs(0) x Bs(0) for some 0 < ¢ < dist (£, 9D). Therefore,

1
lim [ = i -
k—l}-&l-loo ('uk) k—lglr—loo 2

I eeeia@ee) antant = 500.0 = 1.

and (4.23) is proved.

Step 2. We now consider the case where X is a smooth embedded arc. We further assume
that there exists a C'-diffeomorphism ® : D — D such that ®(x) = x in a neighborhood
of D and ¥ := ®(X) is a segment compactly included in D. Let u be a nonnegative
Radon measure in H (D) whose support is compactly included in the relative interior
of ¥. Denote by fi the push-forward of p through ®, i.e., i := ®xu. Then supp i is
compactly included in the relative interior of ¥ and ji € H~!(D). Indeed, we easily check
that

10 =5 [| Gamdaidnt) =5 [ 6@@.80) duw)int)
1
< [ wle@ o) du@aut) + ¢

1
L / / In |z — y) du(z)du(y) + C < +o0,
4 )

where we have used (4.3) and the constant C' only depends on ¥, () and [|[V®|| e (p).

Therefore we can apply Step 1 to i to find a sequence of measures {fix }ren of the
form (4.2) such that supp fix, C %, fir(D) — (D), fix — [i weakly™ as measures on D,
and I(fix) — I(fi) as k — +o0o. Then we set py := (®71) iy for every integer k. Observe
that uy, is of the form (4.2). Indeed, writing jiy = gi(x) H'L ¥ with g € C°(), the area
formula (see e.g. [5]) yields

k= gy o ®(2)|V,®(z)| H' LY,

where V.® denotes the tangential gradient of ® along ¥. Then one may check that
k(D) — w(D), ur, — p weakly* as measures on D as k — +oo.
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We claim that (4.23) holds. First write

T =5 [[GO7@.07 W) dinta)dinly)

:%/ixis(q’_l(ﬂf)v@"l(y)) djig,(x)djix (y)

1 1 ) )
i //ixi = <|<I>1(:c) — <I>1(y)|) dfig(x)dfir(y)
st (4.24)

where S denotes the regular part of the Green function G, i.e.,
1
™

(which is a locally smooth function on D x D). Since [i converges weakly™ as measures
to fi, we have

fg ® iy — g ®p  weakly* as measures on D x D, (4.25)

and we deduce that

Jim 5= [ s@ @07 ) ditdat) = 5 [[ St dut@ints).

(4.26)

Next we consider a decreasing sequence «, — 0. For every integer n, we introduce

a smooth cut-off function y,, € C°(D x D) such that 0 < x,, < 1, xn(z,y) = 0 if

|0~ L(z) — @7 H(y)| > an, and x,(z,y) = 1if [®7(z) — 27 1(y)| < auy1. Note since

ji € H=Y(D), the measure ji has no atoms, and hence ji ® ji does not charge the diagonal
{z =y} ND x D. Consequently, x, — 0 i ® fi—a.e. in D x D. Then write

I, = % //ixixn(%y) In <¢_1(x) i @_1@”) diu () dpu(y) +

1 1 ) i ) )
(4.27)

By the choice of x,, and (4.25), we have for every n,

. n_ 1 1 _ _
i v = [ 0w (G gy ) et

Next observe that

o 1 e
[z =yl = |[@-1(x) — @~ 1(y)| ~ |z —y

for every (z,y) e Dx D,z #y, (4.28)

for some constants C; > 0 and Cy > 0 independent of x and y. Since I(i1) < +oo,
estimate (4.3) tells us that the function In |z — y| belongs to L' (D x D, i @ ji). Therefore
we may apply the dominated convergence theorem to derive

S 1 -
i 1 = [ n () o a2
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Let us now treat the term I1I}}. We first deduce from (4.28) that

7//&2 (@,y) ln<| “ |) dfir,(x)dun(y) < 111} <

Co
— Xn;v,yln( )d_ x)dpuk(y). (4.30
L et (C2 ) di@din). (430)
Since the function

Xn(2,y) Ci 1= xn(z,9) Xn(7,Y)
. 1 - 2T X Y) g 1y = XYy
Glo) X0 (8 ) = st + 5 e -y - X n(cy)

is locally smooth in D x D and I(fix) — I(f), we infer from (4.25) that

k—>+oo Ar //mz @y 1n<| = |) (@ )dﬂk(y) -
7//2Xixn(a?,y) In (mcy|> di(x)dji(y) fori=1,2. (4.31)

Using that x, — 0 i ® fi—a.e. and In |z — y| belongs to L'(D x D, i ® ji), we infer as
previously that

C;
lim // xyln( )d z)dp(y) =0 fori=1,2. 4.32
Jm =[] S ) diwdity) (432
Combining (4.30), (4.31) and (4.32) we derive

lim liminfI7I}! = lim limsupl/I] =0,

n——+o00 k——+o0 n—=+00 ki

which yields together with (4.27) and (4.29),

i 1= [ 0 (e )

47r//glen(|x_ |) w(x)du(y) . (4.33)

Then (4.23) follows gathering (4.24), (4.26) and (4.33).

Step 3. We now consider the general ¥ case. If 3 is an embedded arc, we may assume
without loss of generality that ¥ C %’ for some C2-Jordan curve ¥ compactly included
in D. Hence it suffices to consider the case where ¥ is a Jordan curve. We shall use the
following lemma. Its proof is postponed at the end of the section.

Lemma 4.3. Assume that ¥ is a C?-Jordan curve. Then there exists 61 > 0 such that
for every xg € 3, there exists a Cl—diﬁeolnorphism ® : D — D satisfying ®(z) =z in a
neighborhood of D and such that (XN Bs, (x0)) is a segment compactly included in D.

Now let v : [0,1] — ¥ be a constant speed parametrization of 3. Let N be a positive
integer to be chosen and set ¢, =n/N for n =0,..., N, and

Yo i=v([tn-1,ts]) forn=1,... N.

We choose N in such a way that diam(%,,) < §; for each n, where the constant d; is given
by Lemma 4.3. Setting =,, = v((tn—1+1,)/2) forn=1,..., N, we can apply Lemma 4.3
to each x,, to find a C'-diffeomorphism ®,, : D — D such that ®,(%,) is a segment
compactly included in D, and ®,,(z) = x in a neighborhood of dD.
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Let p be an arbitrary nonnegative Radon measure in H~*(D) supported by . Con-
sider a decreasing sequence oy — 0 and define for k large enough,

YR = y([thot + agstn —ag]), pf=plXF forn=1,...,N.

Oviously pf € H=Y(D) with suppuf C XE. Applying Step 2 for each n and k, we
find a sequence of measures {y} , }men of the form (4.2) such that supppul . C Sy,
pk (D) — pk(D), pk,, — pk weakly* as measures on D, and I(uy ) — I(uk) as
m — +o00. Define the measures

N
phy = ph o, and g Zun pL(UnER).
n=1

Then p* (D) — p*(D) and pk, — p* weakly* as measures on D as m — +oo. In addition,
from Lemma 4.1 we infer that h,x — h,x strongly in H (D) for every integers n and
k. Hence 7

N
1
() = 5 E / s G, ) dpp i, = 5 / Vhe - Vhye dr
N ,j=1

Vh, - thdx— // G(z,y) duFdu® = I(u*).
mwz/ 2> [ st

Zj 1
Next recall that u is atomless. Hence, by monotone convergence we have p (D) —
w(D) and I(p*) — I(p) as k — +oo, as well as the weak* convergence of u* to p.
Consequently,
lim  lim_|pp (D) = (D) = lim  Tim |I(uy,) — ()]

k— 400 m—-+o0 k— 400 m—+4oo

o . . ko o
= Jim Hmfl, = gl ooy =0
(here we use again the compact embedding (C§(D))* < (Co''(D))*), and the conclusion
follows for a suitable diagonal sequence uy = u’fnk. O

Proof of Lemma 4.3. By assumption on X, there exists dg > 0 such that for every zy € %,
¥ N Bas, (T0) is the graph of a C2?-function and Bas, (z9) C D. Now fix 2o € ¥ and write
every x € D as x = xg + sT + t7+ where 7 denotes a unit tangent vector to 3 at x.
Then ¥ N Bas, (10) = {wo + 57 + f(8)71, 5 € [Smin, Smax]} for some 0 > syin > —26,
0 < Smax < 200, and a C2-function f : [Smin, Smax] — R satisfying f(0) = f/(0) = 0. Since
¥ is C?, there exists a constant £ > 0 which only depends on X such that |f”(s)| < &
for every s € [Smin, Smax|- Hence we may choose 0y smaller if necessary (uniformly with
respect to xg) in such a way that |f/| < 1. Then syin < —00, Smax > 0o and X N Bs(o)
is still a connected arc for any ¢ < 24g.

Set 61 := 60/(2+ k). We claim that XN B, (7¢) satisfies the requirement. Indeed, we
may construct a C'-diffeomorphism ® : D — D as follows. Consider a smooth cut-off
function y : R? — R such that 0 < x < 1, x(z) = 1 if |2| < &1, x(z) = 0 if |x| > 26y and
|Vx| < 6" Then we set for z € D,

®(z) := a — x(z — o) f((x — o) - 7) 7"

The reader may check that ¢ maps D into D, ¢ is one-to-one and defines a C'-
diffeomorphism. Moreover ®(X N Bs, (x0)) = {xo + s7, —01 < s < 61} is a segment
compactly included in D. O
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Proof of Corollary 1.1. Step 1. For any nonnegative Radon measure p supported by
3> we have

I(:u) - CmaxN(D) > 1, (M(D))2 - Cmax“(p) ) (434)

and equality holds if and only if 4 = Au, for some constant A > 0. We recall that u.
is the unique minimizer of I among all probability measures supported by X and that
I, := I(p). The existence and uniqueness of pu, is classical, and we refer to [14] for
further details. Optimizing (4.34) with respect to A for measures of the form p = Ay, we
derive that %% ftx is the unique minimizer of p — I(u) — Cmaxt(D) over all nonnegative
Radon measures supported by X.

Step 2. Let €, — 07 be an arbitrary sequence. The existence of a minimizer u, of F;,
is classical and follows from standard arguments based on coercivity and lower semi-
continuity properties of F. . We first observe that F. (u,) < F. (1) = 0. Hence, by
Theorem 1.1, there exists a subsequence {e,,, } such that

§(un,) — po  strongly in (C(D))* as k — +oo,

Wny,

for some nonnegative Radon measure pg € H~!(D) supported by ¥. Moreover,
lklglirgof FE-,Lk (unk) > I(MO) - CmaXMO (D) . (435)

On the other hand, by Theorem 1.1, any nonnegative Radon measure u € H~ (D)
supported by ¥ can be strongly approximated in (C"* (D))* by some sequence {w;; Li(vr)}
with {vy} C HY(D;C) satisfying

Jim P, (00) = 1(2) = Guaett(D)

Since Fy, (un,) < Fr, (vg) we infer that po minimizes 1 — I(1) — Cmaxpt(D) over all
nonnegative Radon measures supported by 3. Consequently, g = %“% s and the lim inf
in (4.35) is actually a limit. Then the result along the full sequence {e,} follows from a
standard argument on the uniqueness of the limit. O

5. I'-convergence analysis for annular domains

In this section we briefly show how to extend the above techniques to the case of a
multiply connected domain. The method we outline here may be applied for any finite
number of holes (see [2]), but for simplicity we restrict to domains which are topological
annuli. Let D denote a simply connected domain in R? with smooth boundary, and
B CC D a smooth, simply connected domain compactly contained inside D. Then let
A =D\ B. For u € H'(A;C) we define the functional

Je(u) == /A {;|Vu|2 + $(|u|2 —1)2 - Q. V() j(u)} dx .

Here the given vector field V : R? — R? is assumed (for simplicity) to be locally Lipschitz
continuous. We are interested in the asymptotic behavior of J. as € — 0, with an angular
speed €2, as in (1.2).

5.1. Asymptotic vorticity of the hole

For multiply connected domains, the highest order term in an expansion of the minimal
energy is partially due to the turning of the phase of a minimizer around the holes. The
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first step in studying vortices in the interior is to identify the asymptotic vorticity of the
hole, and then split the energy into contributions from the hole and from the interior. To
this purpose we first study the minimization of the functional J, over S'-valued maps.
Observe that for S'-valued maps, the functional .J. only depends on the angular speed
and not anymore on ¢ itself, i.e., for every u € H(A;S!),

0 = Hal)i= [ {390 - V@) it | as.

with Q = Q.. We are therefore interested in minimizing Hq over the class H'(A;S!),
and here Q > 0 could be any positive parameter. It is well known that maps in H'(A;S?")
are classified by their topological degree, i.e., their winding number around the hole B.
Hence, minimizing first in each homotopy class and then choosing the lowest energy level,
one reaches the minimum of the energy of Hgq, i.e.,

minHq = I;lé%lg((t Q), (5.1)
where
9(d, Q) :=min {Hq(u) : ue H' (A4;S"), degu =d}. (5.2)

Concerning the minimization problem (5.2), we have the following result.

Proposition 5.1. For every d € Z, the minimization problem (5.2) admits a unique
solution ug up to a (complex) multiplicative constant of modulus one. Moreover,

1
g(d,Q) = 5/ {IV®4*> — Q*|V|*} d, (5.3)
A
where @4 is the unique solution of the linear equation

—Ad,; =QcurlV in A,

B,=0 on 0D,

®,; = const. on 0B, (5.4)

0Py

— =2rd—Q V.t
o OV 0B

Proof. We follow here some of the arguments in [6, Chap. 1], and we provide some
details for the reader conveniance.

Step 1. We claim that for any u € H'(A;S!) such that degu = d, we have
1
Ha(u) > 5/ {IV®4> = Q*|V|*} dx.
A

Indeed, we first observe that curlj(u) = 0 since u is S!'-valued. On the other hand,
VLd,+ QV is also curl-free and

P
/ (j(u)—VL@d—QV)-T:%rd—/ Q—Q/ V.-r=0,
o8 oB OV oB

so that we can find a scalar function H € H'(A) such that j(u) = VH + V+®, + QV.
Since u is S'-valued, we have |[Vu|? = |j(u)|?, and thus

Ha(w = 5 [ i) - VP - 22V} do

1 1
:*/ {|V‘I’d\2—92|V|2}dx+f/ IVH|2d:c+/ V1o, VHdz.
2Ja 2 Ja "
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Then, using the fact that the function ®4 is constant on 0.A, an integration by parts
yields [, V+®4 - VH dz = 0 and the claim follows.

Step 2. We claim that there exists ug € H'(A;S!) such that deguy = d and
jlug) = VE0, +QV .
Indeed, since curl(V+®, + QV) = 0 and

1
— | (Vie,+QV) .71 =deZ,
2w o8

we may locally define a scalar function ¢ in A such that
Vip = V@, +QV .

Then ug := exp(iy)) is well defined and satisfies the required properties. Clearly the
construction of ug is unique modulo a constant phase, and the proof is complete. O

In order to solve problem (5.1), it now suffices to express (5.3) explicitely in terms of
the integer d. To this purpose, we first introduce the solution £ of the linear problem

AE=0 in A,
E=0 ondD, (5.5)
E=1 on 0B.

The function ¢ is smooth in A and 0 < ¢ < 1 by the maximum principle. Moreover,
the Dirichlet energy of ¢ is the so-called H!-capacity of B inside D which we denote by
cap(B), i.e.,

cap(B) = / wepdr=— [ % 5. (5.6)
A o v
Next we consider the unique solution ¢ of
—Al=curlV in A, (5.7)
(=0 on 0A.

From the Lipschitz assumption on V' and standard elliptic regularity, we infer that ¢
belongs to Cy*(A) for every 0 < e < 1. We set

._ [
7V~—/8D{8V+V T}.

%:’YV_/ V'Tv
oB OV oB

we find that for every integer d, the function ®,; determined by (5.4) is explicitly given
by

Observing that (5.7) implies

o — v Q —2nd
= cap(B)

Moreover, using (5.5), (5.6) and (5.7) we readily obtain that for every d € Z,

>£+Q<. (5.8)

1 |yvQ — 27d)? QQ/
z P2 — VI Jp = L0220 2 _ 21 dx .
5 [ AV0uR =02V} ao = DEZEE S [ (v - (9} e
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As a consequence, an integer dg is a minimizer in (5.1) if and only if dg minimizes the
function d € Z — |yvQ — 2xd|.

We may now state our result concerning problem (5.1).

Theorem 5.1. Up to multiplicative constants of modulus one, the minimization problem
(5.1) admits exactly two solutions (of distinct topological degree) if vy /7 is an odd
integer, and a unique solution otherwise. Moreover, if do € Z is a minimizer in (5.1),
then dq € {[%], [%] + 1} where [-] denotes the integer part, and

QQ
min Hg = —7/ {IVI? = |V¢} dz+ O(1)  as Q — 4o0. (5.9)
A

5.2. The I'—convergence result

To state the parallel I'-convergence result for the anular domain case we must give more
specific hypotheses on the potential V' and the angular speed {2.. In addition to the
Lipschitz regularity, we assume in the sequel that V satisfies the following assumptions:

(H1”) the solution ¢ of (5.7) is such that (max := max, 4 ((x) = max 5 |¢(z)] > 0;

(H2') the set ¥ :={z € A: {(x) = (max} CC A is a Jordan curve or a simple embedded
arc of class C2.

We note that in (H1’), the assumption that (.« is achieved at positive values of ¢ is not
restrictive. Indeed, considering the complex conjugate of an admissible function replaces
V by —V in the energy and hence ¢ by —C.

As for the simply connected domain case, we assume that 2. is near the critical value
needed for the presence of vortices which again reads
~ |Ing]
2Cmax

for some positive function w satisfying w(e) — +oo with w(e) < o(|In¢g|) as e — 0T,
exactly as in (1.2).

Q.

+w(e), (5.10)

In the sequel, for an arbitrary sequence €, — 0%, we will denote by u* a minimizer
of Hq,,, i-e., a solution of (5.1), and its corresponding topological degree will be denoted
by d,,. For brievety we shall also write (5.8) as

’)/in — 27Tdn
cap(B)

We emphasize that «,, = O(1) as n — +o0o thanks to Theorem 5.1.
For v € HY(A; C), we now define

. \V4 2 1— 2\2
F. (v) 3:Wn2[4{| 2U| —|—( 45‘12}” —|—Vl<13n-j(v)}dx.

D, =Dy, =+ Q¢ with «p =

The following proposition shows that the functional F. (u5u) captures the energy in-
duced by interior vorticity of a given configuration .

Proposition 5.2 (Energy decomposition). Assume that (5.10) holds. Let €, — 0%
be an arbitrary sequence and {un }nen C H'(A; C). Then, setting v, = tiiu, € H'(A;C),
we have

sup Q2. (u,) < +oo if and only if sup Q,%w2F., (v,) < +oo. (5.11)
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Moreover, if one of the conditions in (5.11) holds, then

Jo, (un) = minHg, +w2F., (v,)+o(1) asn— +oo. (5.12)

Proof. Straightforward computations yield

[V, |* Vup  [Voal®

T |un|2 9 + 9 + j(uy) - 3(vn) 5
and

G(un) = [unl?j(up) + j(vn).- (5.13)
By the proof of Proposition 5.1, we have j(u%) = V+®,, + Q, V. Hence,
: 27 2 [V | -
Je, (up) =minHq, +wiF. (vy)+ [ (Jup® —1) — T 0,V - j(ul) ¢ de.
A

Then we observe that

[V ay = 13U lpoeay = IV @n + V| 2o (a) = O(Rn) -

Therefore,
Yu* 2
[l = TR -0,y f o] <0 (2,02 VB T )
A
Since |u,| = |v,|, we also have the same estimate as above with E. (v,,.A) instead of

E., (up,A). Assuming that one of the conditions in (5.11) holds and arguing as in (2.2),
we derive that either \/E. (un,A) < O(Q,), or v/ Ee, (vp, A) < O(,). Consequently,

if one of the conditions in (5.11) is satisfied, (5.12) holds and the conclusion follows
combining (5.12) with (5.9). O

For a nonnegative Radon measure p on A, we define
_ 1 _
I =3 [ Gl dn ),
AxA

where the function G denotes the Dirichlet Green’s function of the domain A, i.e., for
every y € A, G(-,y) is the solution of
~AG(,y) =6, i !
G(,y) =0 on 0A.
We may now state the I'-convergence result for annular domains which involves the family
of “reduced” functionals {F.}.~o.

Theorem 5.2. Assume that (H1’), (H2’) and (5.10) hold. Let e, — 0% be an arbitrary
sequence. Then,

(i) for any {vp}nen C HY(D;C) satisfying sup,, Fe, (v,) < +00, there exist a subse-
quence (not relabelled) and a nonnegative Radon measure p in H=1(A) supported by
> such that

w(in) curl j(vn) ey strongly in (CY" (A))*; (5.15)
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(ii) for any {vp}nen € HY(D;C) such that (5.15) holds for some nonnegative Radon
measure i in H=1(A) supported by 3, we have
tim nf e, (0) > 7(1) — G 1(A)

(iii) for any nonnegative Radon measure p in H~(A) supported by ¥, there exists a
sequence {vy fnen C HY(A; C) such that (5.15) holds and

hm Fan (Un) - I_( ) Cmax M(A) .

n—-+4oo

As in the simply connected case this I'-convergence result could lead to the asymptotic
description of the vorticity in F'.-global minimizers. Actually Theorem 5.2 combined with
Proposition 5.2 also gives the asymptotic behavior of vorticity in J.-global minimizers.
The key observation here is that minimizers for .J. yield quasi-minimizers for F., and
conversely.

Corollary 5.1. Assume that (H1"), (H2’) and (5.10) hold. Let €, — 0" be an arbitrary
sequence. For every integer n € N, let u,, € H'(A; C) be a minimizer of Je, (-). Then,

<m ax

iy fi.  strongly in (Co'' (A))*,

curl j(uy,)

1
w(en)

where fi, is the unique minimizer of I(-) over all probability measures supported by %,
and I, :== I(fi.). In addition,

o (un) = —/ {IVIP = V¢ } dz — maxw +o(w?). (5.16)

We conclude this subsection with an elementary example motivated by [1,2,3].

Example 5.1. Assume that D = B;(0), B = B,(0) for some 0 < p < R and V(z) = z*.
Then the solution ¢ of (5.7) is given by

|m\2 R%? — p? pPPInR— R?Inp

* b S R )

@) =5+ (R/)

In particular, the set ¥ is given by the concentric circle B, (0) with

R2 — p2

2ta(w/p) < P

Ty =

Here again, the uniform measure p. = (27r7“i)*1d7-(1l_2 turns out to be the Green
equilibrium measure for ¥ in A, i.e., I(us) = I.. Indeed, one may easily check that the
function

In(R/r.) |
1 fp<|z|<ry,
he(z) = 2n(In(R/rs) + In(r./p)) n(|zl/p) it p<zf <
U In(r./p) .
I fr.<|z| <R,
Sn(n(R/r.) + n(rs/p)) /) e <ol < R
solves —Ah, = p. in A with hyjg4 = 0. Hence h.( fA x,y) dux(y), and since h,

is constant on X the conclusion follows from Theorem I1.5.12 in [14].
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5.3. Compactness of normalised weak Jacobians

In this subsection we shall be concerned with the proof of claim (i) in Theorem 5.2.
We consider an arbitrary sequence &, — 07. For any {v,}n,eny C H'(D;C) satisfying

sup,, F., (v,) < 400, we first derive exactly as in Lemma 2.1 the estimates
E., (vn, A) <O(|lng,|?) and vl Lacay < O(1). (5.17)

Hence, assuming in addition that {v,},en € C1(A), we can apply the vortex ball con-
struction in Proposition 2.1 with A in place of D, and A, := {z € A : dist(z,0A4) > ¢}
in place of D.. We choose again r = r,, := |In £,|74, thus obtaining a finite collection
of disjoint closed balls {B(al, pin)}icr, (written Bl := B(al,pin)), with associated
degrees d; , and total approximate vorticity

Dn = Z |di,n|7
i€ly,

as in Proposition 2.1.

The first difference with the simply connected case arises in an estimate analogue to
(2.3), as we must take into account an additional contribution to the potential term due
to the boundary 0B. Since one or more of the vortex balls B may intersect 0.A. \ 9D,
we will need to perturb this boundary slightly. When calculating the boundary term it
will be convenient to choose a level set of £. For 0 < s <t < 1, denote by

op:={reA:&x)=t}), and A;y:={recAd: s<&<t}. (5.18)

As an easy consequence of the Maximum Principle and the Hopf boundary lemma, each
curve oy is smooth and the family {o:}o<t<1 realizes a foliation of A. Then, for every
t € (0,1) the curve oy is diffeomorphic to dB, and the set A, ; is a neighborhood of 9B
in A. Now we shall choose an appropriate level set of £. Define

Jo={t€(0,1) : 04N (Uier, B') =0} . (5.19)

We note that the measure of the complement (0,1) \ J,, is of the same order as r, =
|lne,|~*. Hence we can find t,, € J,, such that the level curve v, := o, satisfies

en < dist (,,0B) < O(|Ine,|73),

and consequently t,, = 1+ O(]Ine,|~3).
This construction allows us to define to topological degree of v, around =, since v,

does not vanish on ~,, i.e.,
v
O 1= deg(n,wn) .
|vn|

Then an approximate total vorticity in A of the configuration v,, is given by |4, | + Dy,.

We may now state the following proposition which parallels Proposition 2.2.
Proposition 5.3. Assume that (H1’) and (5.10) hold. Let {v, }nen C HY(D;C)NCY(A),
D,, and 6, as above. Then |6, + D, < O(wy)-

Proof. Step 1. Arguing exactly as in the proof of (2.3), we first derive

Qn /Av%.j(vn) = 2710, Z di nC(al) +o(1). (5.20)

i€l
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Then following essentially the proof of Lemma 3.4 in [2], we obtain

/ vie. jlup) = —2m Z d; n&(al) — 2wty 0, + o(1) . (5.21)
A

el
Here the fact that -, is a level set of £ is essential in obtaining the degree §,, from the
boundary term when integrating by parts.

Step 2. As in the proof of Proposition 2.2, we may assume that w,, < O(D,, + |d,|). From
(5.17) and claim (iv) in Proposition 2.1, we have D,, < O(|Ine,|). Then we infer from
(2.1), (5.20) and (5.21) that

O(w?) > wiFe, (vn) > 7Dy (| Inen| — Cln|Iney|) — 270, Y din((a}) — 2mlan| Dy

n
i€l

—27r|ozn||5n|+/ |V, |>dz +o(1), (5.22)
Uier, B}

where we have used the fact that 0 < ¢ <1 and 0 < ¢, < 1.

Next we consider a sequence 7, — 0 as in (2.6), and we group the vortex balls into
different classes as in the proof of Proposition 2.2 (we refer to it for the notation). Exactly
as in (2.10) and (2.12), we derive that

7D} Ine,| — 20, > dinC(al!) > —27wnCmax Dy, (5.23)
ielr
and
7Df | Ine,| =272, Y dinC(al) = CQunn D} . (5.24)
iel;l

For negative degrees, we observe that {¢ < 0} NX = 0 since (max = ||max > 0. Hence
we can estimate as for the class I},

7D, [Iney| = 20Q, Y din((a) > 7D, [Ine,| —20Q, > dinClal)
iely i€l ,¢(al)<0
> CQunnDy . (5.25)
Inserting (5.23), (5.24) and (5.25) in (5.22) yields
O(w;) > —nC1DypIn | Iney| — 27wnCmaxDn + Cin (DY + D)
1
— 27|, |[0,] + f/ |V, |2 dz.  (5.26)
2 A\UB?
Using the fact that |, | = O(1), we easily deduce the estimate
max{wn, In|lne,|}(Dy + [0n])

Df+D. <C 5.27
for a constant C' > 0 independent of n.
We claim that
/ |V, |*de > C(D,, + [6,])%. (5.28)
A\UB?

Accepting (5.28), we infer from (5.26) that
(D, + |6,]) — C max{w,,,In|Ineg,|} (D, + |6,]) < O(W?),
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which clearly implies
D,, + 6,] < O(max{wn,In|lne,|}). (5.29)
To prove (5.28) we introduce
to:=1/2min{t € (0,1): o: NE # 0}, t1:=1/2(1+max{t € (0,1): 0t NT #0}),
and
Jb = {t € (en,to) : 01 N (User, BYY) = [Z)}, J?2 = {t € (t1,tn) : 0 N (User, BPY) = @}.

Then dist (64, %) > C > 0 for every ¢t € J} U J2 and min(L(J}), £1(J2)) > C > 0 for a
constant C' independent of n. Next we consider

Un
D, (t) := deg(q}l,at> .

If 2|6,,| > D,, and n large enough, we estimate using (5.27),
Du(t)] > |16a] - D — D5 | > %w > C(Dy +|6,]) forevery t € 2. (5.30)
In the opposite case 2|0, | < D,, (and n large), we have in view of (5.27),
|Dy(t)] > | Dy — D;f = 2D, — |6,|] > %Dn > C(D,, + |6,]) for every t € J'. (5.31)

Set ¥, := vy /|vn|. Using claim (i) in Proposition 2.1, the Coarea Formula and Jensen
Inequality, we derive from (5.30) and (5.31) that

/ Vo |2 da > c/ Vi 2| VE| d > c/ < V{)n|2)dt
A\UBP A\UBP J1ug2 \ Jo,
2
zc/ (/ |@nAvT@n2dH1>dtzc Mdtzcwnﬂanp?,
7102 \ Jo, siusz H'(o)

and (5.28) is proved (here we have also used the fact that |[V¢| does not vanish in A).

Step 3. If In|lne,| = o(wy), the conclusion follows from (5.27) and (5.29). If w, =
O(In|Ine,|), we refine the lower bound by growing the vortex balls as already performed
in Step 3 of the proof of Proposition 2.2. Following the same arguments with minor
modifications yields the announced result, so we omit the details. O

Proof of Theorem 5.2, claim (7). In view of Proposition 5.3 and estimate (5.27), we
can follow the proof of Theorem 2.1, considering first a sequence {vy, }nen C H*(D;C) N
C1(A) and then the general case. O

5.4. The lower bound inequality

Proof of Theorem 5.2, claim (). We shall use the notations of Subsection 5.3. With-
out loss of generality, we may assume that

limj_nffgn (vn) = lirf F., (v,) < +o0. (5.32)
As in the proof of Theorem 3.1, we may also assume that {u, },eny C H'(D;C)NC(D).
We shall only consider the case In|lne, | = o(w,,) since the other case can be completed
as we already pursued in the proof of Theorem 3.1.
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By Proposition 5.3 and (5.21), we have

= O(wy) .

Le
an/Av £ j(vn) di

Then we can argue exactly as in (3.6) to derive that

— 1

— y 2 p—
Feulon) 2 s | oy B = G 4) (0.

Setting j,(z) as in (3.5) (with A., in place of D., ), up to a subsequence we have 7, — j.
weakly in L?(A;R?) as n — +o0. By lower semicontinuity, we obtain

— 1
liminf 7. (v,) > / o2 = Comett(A) (5.33)
n—-—+o0o 2 A
In addition, arguing as in the proof of (3.8), we deduce that
curl j, = pu in 2'(A),

and thus p € H~1(D) since j. € L*(A;R?).
Next we introduce h,, € Hg(A) to be the unique solution of

—Ah, =p in H'(A),
hy, =0 on 0A,

and we set

_ 1 | Oh,,
Py = h”cap(zs)(/agj* T 6u>f'

By construction, we have curl (j, + V+h,) = 0 in fI‘l(.A) and [, (ji« + V*hy) -7 = 0.
Hence there exists g € H'(A) such that j. + V+h, = Vg. Arguing as in the proof of
Proposition 5.1, we derive

/|j*|2:/ |VBH|2+/ |Vg\22/ [Vh,|?. (5.34)
A A A A

Then using (5.5) and hy,, , = 0, we obtain [, Vh, - V&= 0, so that

_ 1 on,\ >
Vhﬁ:/ Vh|? + (/ '*~r+“) >/ Vh,|%. 5.35
Jovmi = [ e o ([ aere ) = [ ne ea)

Finally, using the Green representation of h, we obtain

1 1
5 [nia =3 [[ Gy i), (5.36)
2)a 2 JJaxa

and the conclusion follows gathering (5.33), (5.34), (5.35) and (5.36). O

5.5. The upper bound inequality

Proof of Theorem 5.2, claim (3ii). We present here the proof in the case where the
measure p € H~1(A) is absolutely continuous with respect to H'L_ 3, and more precisely
for p1 of the form (4.2) with a nonvanishing density function f. The general case follows
by approximation as already pursued in Section 4.

For such a measure p we first proceed exactly as in Step 1 of the proof of Proposi-
tion 4.1, and we refer to it for the notation. For each integer n, we consider the function
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fn as defined in (4.5) and we set fi, := f,£L?L_.A. Then ji,, — p weakly* as measures on
A as n — +o00. Next we consider the solution A, of

_Ahn :wnfn in Aa
h, =0 on 0A.
Arguing exactly as in Step 2 of the proof of Proposition 4.1, we derive that

1 -
5/ |Vhy,|?dz < 7Dy Ine,| + w21 (p) + o(w?) .
A

Next we introduce

_ Fn Oh,, 1 Ohy,
h,n = hn ith n = — 21 | — e
* ‘33@(5)5 e o8B v [27 /BB ov ]

where [-] denotes the integer part. Noticing that &, = O(1) we deduce

/|Vh |>de = /|Vh |2dx+ B /|V§|2dx
<Dy Ing,| + w2 I(p) +o(w?). (5.37)

1 Ohy, 1 / Ohy, c7
271' o8 81/ B 271' OB 81/ ’

and since ¢ is harmonic in A,

1 8Bn 1 8hn
S - = — =1 forevery k=1,...,D,.
2 8B, (a}) ov 27 0Be,, (a}) o

In view of (5.6) we have

Hence, for any smooth Jordan curve © inside A \ Uy B.,, (a}),
1
/ Vihy T €L,
o
where 7 : © — S! is any smooth vector field tangent to ©. Consequently, we may locally
define a phase ¢,, in A\ Uy B, (a}) by
Von(x) = —V1ih,(z), ze€ A\UpB., (a}),

and then the map exp(ig,(x)) is well defined for every z € A\ Uy B., (a}).
Finally we consider a profile function p,, as defined in (4.15) and we set

on(z) = pn(x)e“z’"(m) for z € A\ Uy B., (a}),
" "o otherwise .

Since —Ah,, = wyfin in A, using (5.37) we may proceed as in the proof of Proposition 4.1
Step 3, to prove that

witeurl j(v,) — g strongly in (Co'(A))* as n — +oo,
and that
E. (vn, A) <Dy |Ing,| +wI(pn) + o(w?). (5.38)

To evaluate the rotation part of the energy, we first argue as for (4.21) to obtain

Qn/ V¢t j(vn)de = =Dy Ing,| — Cnaxpt(A)w? + o(w?). (5.39)
A
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In a similar way we derive that
ozn/ Ve j(vn)de = —an/ Vh, -Védr +o(1) = —ank, +0(1) = O(1), (5.40)
A A

since a,, = O(1) and k, = O(1). Then the conclusion follows gathering (5.38), (5.39)
and (5.40). |

5.6. Application to J.- minimizers

Proof of Corollay 5.1. Let £, — 0T be an arbitrary sequence. As for Corollary 1.1, the
existence of minimizers for J., and F., is classical, we omit the details. Then for every
n €N, let u,, € H'(A; C) be a minimizer of J., . Since J;, (u,) < minHg, = O(Q2), we
can apply Proposition 5.2 to the sequence {u, },en to infer that

min Ho, > J., (un) = minHe, +w2F. (v,)+o(1), (5.41)

with vy, 1= U} up,. On the other hand, for any minimizer v, € H'(A;C) of F., , we have
F. (9,) < F., (1) =0. Hence Proposition 5.2 yields

Jo, (un) < Jo, (uX0,) = minHg, + w? min F., 4 o(1). (5.42)

Combining (5.41) with (5.42), we infer that w2 F. (v,) < o(1) and that {v,} is a sequence
of quasi-minimizers for {F.,}, i.e.,

F., (v,) =minF. +o(1) (5.43)
as n — +00. By Theorem 5.2 there exists a subsequence {e,, } such that
wr:klj(vnk> — Mo

strongly in (C’g’l(A))* for some nonnegative Radon measure o € H~1(A) supprted by
Y. Using (5.43) together with claims (%) and (i) in Theorem 5.2, we deduce as in the
proof of Corollary 1.1 that o minimizes p +— () —Cmaxt(A) over all nonnegative Radon
measures supported by ¥. The minimizer is again unique and given by

_ Cmax —

Ho = 21—*

* 9

whence the convergence of w,,'j(v,) along the full sequence (recall that I, = I(p,) and
that fi. is the minimizer of I over all probality measures supported by X, see [14]). In
addition,

— _ 2
TLEI}}OO FEn, (UFL) = I(N’O) - Cmale/O(.A) = —LX}E;X ,

which combined with (5.41) and (5.9) yields (5.16).
Next it remains to prove that

w,, teurl j(uy) o Ho
strongly in (Cg 1(A))*. Indeed, given an arbitrary function ¢ € 08 1(A), we have
1 . 1 ) 1 .
— [ ) o= [ ) Vrew £ [ ePi) - v
Wn JA Wn JA Wn JA
1

/ (Ioal? — D) - T +o(1),
A

= <uo7¢)+;

n
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where we have used (5.13) and the fact that curl j(u)) = 0 in \A. Arguing as in the proof
of Proposition 5.2 we estimate

1 ) En . en2
o /A(Un|2 —1)j(u}) - Vie| < C;HJ(U:L)HLOO(A)\/E% (vn) < CT =o(1),
where the constant C' only depends on ¢, and the proof is complete. O
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