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TRANSPORTATION DISTANCES ON THE CIRCLE

JULIEN RABIN, JULIE DELON, AND YANN GOUSSEAU

ABSTRACT. In this contribution, we study Monge-Kantorovich distasdetween dis-
crete set of points on the unit circlg!, when the ground distance between two points
andy on the circle is defined agz, y) = min(|z — y|,1 — |z — y|). We first prove that
computing a Monge-Kantorovich distance between two givets sf pairwise different
points boils down to cut the circle at a well chosen point andadmpute the same distance
on the real line.

This result is then used to prove a formula on the Earth Mev@istance [[IB], which
is a particular Monge-Kantorovich distance. This formudaets that the Earth Mover's
Distance between two discrete circular normalized histogf = (f[i]);=o0,....n—1 and
g = (9[i])i=0,...,n—1 ON N bins can be computed by

1 CEMD(f, g) = min ||Fk — Gglh,

ke{0
where F;, and G, are the cumulative h|stograms fand g starting at thek!" quanti-
zation bin. This formula is used in recent papﬂ 1, 2] onntizgching of local features

between images, where the Earth Mover’s Distance is useshtpare circular histograms
of gradient orientations.

1. INTRODUCTION

Consider two discrete set of poin{s:,...zp} and{y,...yp} on the unit circleS?!,
and the corresponding discrete distributions

1 & 1 &
f= ﬁ;&gk, andg = F;dyk,

where the notations;, ¥ are used equally for points on the unit circle or for theirreoo
dinates in[0, 1[. For anyA > 0, the A-Monge-Kantorovich distance betwe¢randg is
defined as

(2) MKA(f,9) == min a; (i, yi) , Where
( (i j)EM ;]Zl J J
1 1
(3) M ={(ai;); ai; >0, Zai,j =5 Zai,j = F}
J i

and where:(., .) is the periodic distance df, 1]
4) c(z,y) =min(|lz —y|,1 — |z —y|).
The Earth Mover’s Distanceﬂ[S] is the distance obtained when1.

Now, it is well known (see for example the introduction §|f)[4!hat the \-Monge-
Kantorovich distance betweghandg equals

(5) MK)\(fag) = Iélln W (f7 )

1
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F K

FIGURE 1. F on the left andF, on the right.

whereX p is the set of permutations ¢f, . .. P} and where

©®) WAf9) = (Zcm,ya(k)ﬁ)

k

is the cost of transportinfjto g with the permutation. In other words, finding the optimal
transportation betweefiandg boils down to find the optimal permutatienbetween the
points{x} and{yx}.

1.1. Paths. If x andy are two different points of', we considery(z, y) the geodesic
path linking z and y on S* (the path is supposed open : it does not contaamdy). This
path is always unique except in the case wheandy are in opposite positions on the
circle. In this case, we chooséz, y) as the path going from to y in the trigonometric
direction. A pathy(z,y) is said to bepositive if it goes fromz to y in the trigonometric
direction. If the path goes fromto y in the opposite direction , it is said to negative.

1.2. Cumulative distribution functions. We define the cumulative distribution function
of f =+, 6, 0on[0,1]as

P
1

Observe that off), 1] seen as a the unit circlg!, no strict order can be defined between
points. We can define as many cumulative distribution fuumstias there are starting points
on the circle. Ifz is a pointin[0, 1], thez-cumulative distribution functioi,, of f can be
defined by chosing as the reference point on the cirdé and by cumulating the mass in
the trigonometric order from this new reference point. Manecisely,F,, can be computed
as

ify<1-—uzx,

F Yt Lispeleytal)
(8) Yy € [0,1], Fyly) =4 P &h=1 ~{owcloyte _
% Zk:l 1{mk€[w,l[u[0,y—1+w[} ify>1—=x.

Observe thatf’, is an increasing function and that for eaghy) in [0,1[%, F,(y) =
Fly+x—-1)+1-F(2)ify>1—x,andF,(y) = Fly+x) - F(z)ify <1 —2. An
example of a cumulative distributidf and its corresponding-cumulative distributiorf,
is shown on Figurf] 1.
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2. COMPUTING THE MONGE-KANTOROVICH DISTANCE ON THE CIRCLE

In the following, we show that the Monge-Kantorovich distaron the circle can be
computed very easily fok = 1 (this case corresponds to the EMD distance). In short, we
show that ifs is an optimal permutation fo[|(5), there is always a pointtondircle which
is not contained in any optimal path ef This result is proven first fok > 1 and for any
optimal permutatiotr, then forA = 1 and a well chosen optimal permutation. The main
consequence of this result is that the computation of thegdeafantorovich distance on
the circle boils down to the computation of the same distamcan interval ofR.

Proposition 1. Assume that > 1. Letzy,...xp andys,...yp be P points in[0, 1].
Assume that all these points are pairwise different. Thereéeh permutatiorr of X p
which minimizes[]5) with the cod{ (4), there exists {1,... P} such that for alll # F,

o & V(T Yor))-

The proof of this proposition needs the following lemma, ethdescribes some prop-
erties of the geodesic pathéz;, y,(;)) obtained whemw is a minimizer of [IS) with\ > 1.

Lemma 1. Assume thah > 1. Leto be a minimizer of|]5) and lef; = v(z1,y,(;)) and
Y = Y(Tk, Yo(r)) (With I # k) be two geodesic paths for the assignment defined. by
Assume also that; # x;. andy,(;) # yo(x)- Then, one of the following holds:
e Ny =0;
e 7 N~ # 0 and in this case;; and~; have the same direction (both positive or
both negative) and neither of them is contained in the other.

Proof. Assume thaty, Ny # 0. If 7 N, is equal toy (21, 2x) OF ¥ (Yo, Yo (k) )» then

(@1, Yo ) + @k Yo() > (a1, Yori)) + (@, o))

which contradicts the optimality af. Moreover, if for example the path is included in
Y, then the strict convexity of the function— |x|* (for A > 1) implies

C(.I'l, ya'(l))A + C(xka yo(k))A > C(.I'l, ya'(k)))\ + C((Ek, ya(l))Aa

which also contradicts the optimality of. Thus,~; Ny is equal toy(z;, y,(x)) or to
v(zk, Yo(y) and it follows thaty, and~, are either both positive or both negative. [J

Proof of Propositionﬂ Leto be a minimizer of|Z|5). In the following, we will denote by
71 the geodesic path(z;, y-(;)). We can assume without loss of generality that the points
x1,...xp arein trigonometric order on the circle.

Assume that for eache {1, ... P}, there existg(l) # [ such that; belongs to the
open pathy,;). Then, for eacti, we havey,;y N~ # 0, which means that the geodesic
pathsv,(y and~; are either both positive or both negative (from Ier‘r‘ﬂ'la 1). uhss for
instance that they are both positive and let us show thatitndhsexr; € ~,—; (with
l—1=Pifl =0). If () =1 -1, there is nothing to prove. H(I) # 1 — 1, it
means in particular that,;y, z; 1, ; are in trigonometric order on the circle. Singg;,
is a positive path starting from, ;) and containing, it follows that~,;, containsr;
(recall that the points are assumed to be pairwise diffeiamarticularz;  # z4)).
Thusy;—1 N vg # 0, which implies thaty,; is positive. Now,z; must be iny,_;,
otherwise we would have; 1 C ~,(, Which is impossible from lemmf 1. Thus, if the
pathsy,(;) and~; are both positivey; € ;1.

In the same way, ify,;) and~; are both negative, then € ;4. In any case, for each
le{l,... P}, x; € v—1 U~41 (with the obvious conventiofp1 = v1, vo = vp)-
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Now, suppose that for a givéne {1,... P}, zx iSin~y,_1. Then,y,_; andy; have the
same direction. From Iemrrﬂa 1, it follows that_; cannot be contained iy,. Since we
know thatzy—1 € vi—2 Uk, zx—1 Must be imy_o. Recursively, for eache {1,... P},
x; € y—1. Itfollows that for each € {1,... P}, c(21, ¥o-1)) < c(21-1,Y50-1)), @and
then

P P
9) D@ yom) > D @i, gow)™

1=1 1=1
which contradicts the fact thatis a minimizer of [f). We come to the same conclusion if
foragivenk € {1,... P}, x IS in Y41 O

The same result can be proven for= 1 with the difference that it is only satisfied for
a good choice of the permutatierwhich minimizes ﬂS), and not for all of these permuta-
tions. This result can be seen as a limit version of propmﬂiwhen/\ — 1.

Corollary 1. Assume thah = 1. Letzy,...zp andy,...yp be P points in [0, 1].
Assume that all these points are pairwise different. Thenetlexists a permutation of
¥ p which minimizes[{S) and a pointy € {x1,...xp} such that for alll # k, zi ¢

V(&1 Yo 1))

Proof. We know that for anyA > 1, if o minimizes the cost — W2\ (f, g), there exists
ke {1,... P} suchthatforall # k, zi. & vi = Y(x1, Yo, 1))

Now, observe that itr and the pointscy,...zp,y1,...yp are fixed, W) (f,g) is a
continuous function of\. Thus, for eacke > 0, there exists3 > 1, such that for all
A€ (L8], [WX(f,g9) — WL(f,9)| < e. SinceXp is a finite set, we can chogeclose
enough tol such that this property holds for evesyin ¥p. We can also chosg such
that| min, W1(f,g) — min, W2 (£, g)| < e (the minimum of a finite set of continuous
functions is a continuous function). It follows that fbre [1, 5],

|m;nWal(fag) - W;A(fvg)|
< IminWy(f,9) — min W2(£, )]
+HW2 (f.9) = W2 (f.9)
< 2e.

Thus, when) is close enough ta, a minimizeroy of W (£, g) is also a minimizer of
WXL(f,g). Which proves that there exists at least one minimizef o — W}(f, g) such
thatzy, & (21, ys, 1)) for somek € {1,..., P} and alll # k. O

We can now draw a first conclusion on the form of the Monge Kiavich distance
when all points are pairwise differents.

Corollary 2. Assume thaty,...zp andys,...yp are pairwise different. Then,

1/
(10) YA>1, MKy(f,9) = (msf /|F;1 —G;1|A> ,
zeS?t

where F,; 1 and G ! are the pseudo-inverses of the increasing functipsand G,
defined ad, 1 (y) = inf{t; F.(t) >y} andG, (y) = inf{t; G.(t) > y}.

Proof. Propositiorﬂl and the above corollary show that for any 1, if z1,...zp and
11, ... yp are pairwise different, we can choose some optimal perioutat for which
there is some point; which is not contained in any path (recall that paths are ddfin
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as open: they do not contain their boundaries). Since alitpare supposed pairwise
differents, the only path meeting all the neighborhoods;ofs ~;. It follows that there
exists some open set on one sidepfand not containing; which does not cross any path
of the optimal permutatios. The middler of this open set is not contained in any path of
o. We can thus cut the circlg' atx and reduce the transportation problem on the circle
to the transportation problem on the real line. The optinesthputatiors is thus given by
the sorting of the points (formula (72) iﬂ [4]), takingas the reference point on the circle.
This means that when points are pairwise different, we have

1/A
(11) 1 MK = (af, [IR -G
xrc
whereF ! andG_ ! are the pseudo-inverses of the increasing functionandG,,. O
Observe that in the case wheye= 1, this result can be rewritten
(12) MKl(fag): inf HFm_GmHl
reSt

In order to generalize this result to the case where the point .. zp andyy,...yp can
coincide, we first show that MK f, g) can also be writteminc;_p . py [|[F' — G — % 1,
which will be easier to handle. Obviously, the quantif}, — G.||; can be written as

|1Fy — Gglln = /o I|F(t+x)—F(x)—G(t+:c)+G(:c)|dt

+/1 |[F(t+x—-1)— F(z) —G(t+z—1)+ G(z)|dt

/ P (1) G(t)+G(:c)|dt—|—/0m F(t) — F(z) — G(t) + G()|dt
= |[F=F(z) -G+ G(@)[.

Now, observe thaf'(z) — G(z) takes its values if&; | = —P,... P}. Moreover, since
F — G takes only a finite number of values, it is easy to see|tfiat- G — +||; reaches
its minimum at one (non necessarily unique) of these valliess,
l
7 mln F-G-—=|.
Ki(f.g)=,_ min | 5l
In the following corollary, we show that this formula can bengralized to the case

where some of the points, ... zp andys, . .. yp coincide.

Corollary 3. Let f = LS+ 4., andg = >, &, be two discrete distributions
on S (some of the points;,...zp andyy,...yp can coincide). Then, the-Monge
Kantorovich distance betweghand g can be computed as

l
F—G——|.
Kilf.0)=_min |IF=G =5l

Proof. Let z1,...zp,y1,...yp be 2P points onS!, not necessarily different. For ev-
erye > 0, we can buildzs, ... 2%, y5,...y5, all pairwise different, such thatk <

{1,... P}, c(a5,ax) < cande(yf,yx) < e. Letfe =3 kazl dz= andg® = + kazl dy
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be the corresponding distributions. Then,
(13)

P
Vo € Xp, [Wi(f¢, ¢%) — Z (5, Yo k) — (T Yo (k) )| < 2Pe = Ce.
k=1

Since MK; is a minimum over a finite set, it follows that

MK1(f%,9%) — MK (f,9).

Now, if we write F'¢ andG¢ the cumulative distribution functions of the distributfon
f¢ andg®, then

l l
— € — € [ — — [ —
Vie{-P,...P}, |F* -G P”lmHF G P||1.
Sincel takes a finite number of values,

min |[F° - GE——Hl IIF G——Hl
le{-P,...P} e—0 le{— P

From these two convergences, we can conclude that

l
(14) MK (f,9) = e {H}gn P}HF—G—FHL

O

Observe that an alternative proof of this last result whern 1 was proposed by Wer-
man et al. in @], with some inaccuracies in the case whenatponay coincide.

Now, using the same sequence of equalities as before, amgjoat|F — G — 5|,
must reach its minimum at one of the valygs — G — F(z) + G(x)||1, we can conclude
that formula) is satisfied in the case where points mayaioe.

3. CONSEQUENCES IN THE CASE OF DISCRETE HISTOGRAMS

Consider two discrete histogranfis= (f[¢])i=o0...n—1 andg = (g[é])i=o0... n—1, Sampled
on N equal bins. We suppose thatandg are normalized, in the sense t@tﬁi‘ol fli] =
vaolg[ ] = 1. Now, assume that these histogramsareular, which means that the
bins0 and N — 1 are neighbors. In this case, these two histograms can béeoed as
probability distributions on the unit circlé®, or equivalently as periodic distributions of
period1l onR. These distributions can then be written as

N-1 N-1
f="_ flildin, andg = > glildi/n,
1=0 k=0

Now, if all the weightsf[i] andg/[i] are rational, which is the case for numerical histograms,
it is always possible to replicate these points as many tasesecessary in order to write

1 & 1 &
= Fzéw’“ andg= FZ(SU]C,
k=1 k=1

where{z1,...zp} and{yi,...yp} are two sets of points on the unit circl. As a
result, several of these points may coincide. For instaifidgé,= 2 andf = (3/4,1/4),
we can writef = X(do + do + o + d1)-



TRANSPORTATION DISTANCES ON THE CIRCLE 7

The circular Earth Mover’s Distance between the discredgramsf andg can thus
be computed as
(15)
P

l
CEMD(fag):MKl(fvg): min HF_G_ﬁ”l: Z

. k—1
min
le{—P,...P} le{—P,...P} Py

P

Wk,

wherew;, = measure{z € [0,1[; F(z) — G(z) = £}. In other words, the valug where

this quantity is minimum can be computed as a weighted meditre values(z)—G(z).

In the case of a discrete histograms, the paint@ndyy, are located on a regular grid of
N bins. Consequently,

(16)

N-1 | V-l
MK1(f, 9) min Z|F[i]—G[i]—F[j]+G[j]|:NZ|F[i]—G[i]—H|,
=0 i=0

1
" N je{0..N—1} -
wherey is the median of all the valuds[i] — G[i].
In the same way, for discrete histograms, form{illd (12) bexsom

17 CEMD = i F, -G
(17) (£,9) =, o 15 = Gl

whereF}, andG), are the cumulative histograms pfndg starting at the:*” quantization
bin. For eactk in {0,...,N — 1}

k+i
> 1] if 0<i<N-k-1
Filil={ yoo k+i—N
STHl+ Y] ] if N—-k<i<N-1
=k =0

The definition is similar for5, by replacingf by g. Note thatF[i] = F[k+1i] — F[k—1]
ifi<N—k—1landF,[i]=Flk+i—N+1]+1—-Fk—-1)ifi>N—-k—1.

In other words, the distanagEMD(f, g) is also the minimum irk of the L! distance
betweenr, andGy, the cumulative histograms gfandg starting at the:'” quantization
bin.

Observe that this formula remains valid for any translatesion of 3, andGy. In
particular, if we define

if[j] if k<i<N-1
Fyli] = =k

'3 I

Z_f[j]Jer[j] if 0<i<k-—1
Jj=k

Jj=0

the distanceEMD( f, g) can also be computed as

18 CEMD = ' Fr — Gill;.
(18) (F9) = omin_, IFk = Gl
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