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PERTURBATION METHOD FOR PARTICLELIKE SOLUTIONS
OF EINSTEIN-DIRAC EQUATIONS

SIMONA ROTA NODARI

ABSTRACT. The aim of this work is to prove by a perturbation method the ex-
istence of solutions of the coupled Einstein-Dirac equations for a static, spheri-
cally symmetric system of two fermions in a singlet spinor state. We relate the
solutions of our equations to those of the nonlinear Choquard equation and
we show that the nondegenerate solution of Choquard’s equation generates
solutions for Einstein-Dirac equations.

1. INTRODUCTION

In this paper, we study the coupled Einstein-Dirac equations for a static, spher-
ically symmetric system of two fermions in a singlet spinor state. Using numerical
methods, F. Finster, J. Smoller and ST. Yau found, in [[lfj, particlelike solutions;

our goal is to give a rigorous proof of their existence by a perturbation method H
The Einstein-Dirac equations take the form

(1.1) (D —m)p=0
(1.2) R, — %R5§ = —87T}

where D denotes the Dirac operator, v is the wave function of a fermion of mass
m, R;- is the Ricci curvature tensor, R indicates the scalar curvature and, finally,
Tji is the energy-momentum tensor of the Dirac particle.

In [ﬂ], Finster, Smoller and Yau work with the Dirac operator into a static, spher-
ically symmetric space-time where the metric, in polar coordinates (¢,r,9,p), is
given by

1 1
(13) gij = dzag (ﬁ, —Z, —TQ, —7"2 Sin2 19)
. 1 1
1.4 Y= di T —A, ——, —
(14) g mg( r2’ 2 sinzﬁ)

with A = A(r), T = T(r) positive functions; so, the Dirac operator can be written
as

— At T4 3 _ A-1/2 _ﬁz N . p
(1.5) D=iy"0 + 7 <16T+T(1 A ) 5T + 1770y + 1790,

Date: October 2, 2009.

LAfter completing this work, we learned from professor Joel Smoller that Erik J. Bird had
proved the existence of small solutions of the Einstein-Dirac equations in his doctoral thesis in
2005 [E} His method is quite different from ours: he uses Schauder’s fixed point theorem.
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with

(1.6) v o= 17

(1.7) A= \/Z(*‘ylcos19+'7251n19cos<p+'7351n19sin<p)
1

(1.8) v = —(—”’ylsinﬁ—l—:chosﬁcosw—l—:y?’cosﬁsimp)
r
1 —2 =3

(1.9) NP = s (=7 sing +7° cos )

where 4% are the Dirac matrices in Minkowski space (see []).
Moreover, Finster, Smoller and Yau are looking for solutions taking the form

| " ()
(1.10) = e Whpmlpl/2

. 1 ’
’L(I)QO'T< 0 >

where 0" = (51 cos ¥ + 52 sin ¥ cos ¢ + &3 sin ¥ sin go) is a linear combination of the
Pauli matrices 5° and ®1(r), ®o(r) are radial real functions.

We remind also that the energy-momentum tensor is obtained as the variation
of the classical Dirac action

s =[50~ myu gl ats
and takes the form
; 1, 1
T! = T—Qdmg (2wT2|<I>|2, —2wT?|®|* + AT—®1®3 + 2mT (@7 — ®3),
1 1
—2T =B By, —2T D1 Dy
T T

(see [] for more details).
In this case, the coupled Einstein-Dirac equations can be written as

1
(111) \/A(I)/l = ;‘1)1 — (wT+m)<I>2
1
(1.12) VAD, = (T —m)®;, — ~®;
(1.13) rd" = 1-A—167wT? (] + ®3)
T’ 1
AT = A=1-16mwT? (0F + B3) + 327 —T®1 Py +
T
(1.14) +167rmT (97 — ®3)
with the normalization condition
o T 1
1.15 PP —=dr = —.
(1.15) |-

In order that the metric be asymptotically Minkowskian, Finster, Smoller and Yau
assume that

lim T(r) = 1.

T—00

Finally, they also require that the solutions have finite (ADM) mass; namely

lim g(l — A(r)) < .
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In this paper, we will prove the existence of solutions of (E‘E) in the form
(I.10) by a perturbation method.
In particular, we follow the idea described by Ounaies in [ (see also [{] for a
rigorous existence proof of nonlinear Dirac solitons based on Ounaies’ approach).
Ounaies, by a perturbation parameter, relates the solutions of a nonlinear Dirac
equation to those of nonlinear Schrédinger equation. Imitating the idea of Ounaies,
we relate the solutions of ours equations to those of nonlinear Choquard’s equation
(see [[l], [l for more details on Choquard’s equation) and we obtain the following
result.

Theorem 1.1. Given 0 < w < m such that m —w is sufficiently small, there exists

a non trivial solution of (L.11{.1]).

In Section E, we solve the Einstein-Dirac equations by means of the perturbation
method suggested by Ounaies; in particular in the first subsection we describe
a useful rescaling and some properties of the operators involved, whereas in the
second subsection we prove the existence of solutions generated by the solution of
the Choquard equation.

2. PERTURBATION METHOD FOR EINSTEIN-DIRAC EQUATIONS

First of all, we observe that writing T'(r) = 1+ t(r) and using equation ([.13),
the coupled Einstein-Dirac equations become

(2.1) VAD, = %@1 — (W +m)Dy — wtdy
(2.2) VAD, = (w—m)®; +wtd; — %@2
2rAt = (A—-1)(1+1t) — 167w(l +1)° (3 + ®3) +
(2.3) +327r%(1 + )21 Py + 167m(1 +1)? (9 — D3)
where
(24) Ap)=1-17¢ /O (14 £(5))? (@1(5)° + B3(5)%) ds 1= 1 — 222 Q(1).

Furthermore, because we want A(r) > 0, we have that the following condition must
be satisfied

(2.5) 0< < —

T 167w

for all » € (0, c0).

Now, to find a solution of the equations (E—E), we exploit the idea used by
Ounaies in @] In particular, we proceed as follow: in a first step we use a rescaling
argument to transform (R.1.9) in a perturbed system of the form

A(‘Eu@?XuT)%SO_ %QD+2’ITLX+K1 (E,QO,X,T) =0
(2.6) A, 0T x4+ Ix+ o —mpT + Ky (5,0,x,7) =0
Ae, 0, x,7) b7 + 85 [T o2 ds + K3 (,0,x,7) =0

r2
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where ¢, x,7: (0,00) — R.
Second, we relate the solutions of @) to those of the nonlinear system

—;—:290 + 2mp — 16mm? (fooo Faf;m) ds) =0
(2.7) X(r) = 5 (39 = 5:%)
0o 2
7(r) = 8mm fo #(r,s) ds.
We remark that ¢ is a solution of (R.7) if and only if u(x) = wm\) solves the
nonlinear Choquard equation

(2.8) —Au+ 2mu — 4m? (fu@ Lu(y) dy) u=0 inH"(R?).

|z—yl

To prove this fact it’s enough to remind that for a radial function p,
1d d
Np=—— (rP—
P=a (T dr p>

)

o max(r,s)

and
(1) () = 1
with r = |z|.
We observe also that if we write
1

ulz B (r)
( vgxg ) = i:zr)ar((o(l)))
with r = |2/, (¢, x) is a solution of (R.7) if and only if (u(z),v(z)) solve

lz—yl 2m

(2.9) —Au + 2mu — 4m? (fR3 lu)® dy) u=0 v==Vu

in R? where 6V = 2?21 50;.

1t’s well known that Choquard’s equation (@) has a unique radial, positive solution
ug with [|ug|?> = N for some N > 0 given. Furthermore, uy is infinitely differen-
tiable and goes to zero at infinity; more precisely there exist some positive constants
Cs,y such that [ D7 (ug)| < Cs,, exp(—6|z|) for z € R3. At last, ug € H'(R?) is a ra-
dial nondegenerate solution; by this we mean that the linearization of (E) around
up has a trivial nullspace in L2(R3). In particular, the linear operator £ given by

2
L6 — A+ 2me — A ( / el dy>§_8m3( EWuo(y) dy> .
R R3

s |z =y [z =y
satisfies ker £ = {0} when £ is restricted to L2(R?) (see [, ], [] for more details).
The main idea is that the solutions of ) are the zeros of a C! operator D :

Rx X, x Xy x X, =Y, xY, xY,. If we denote by D,y -(, ¢, x,7) the derivative
of D(e,-,-,-), by (o0, x0,70) the ground state solution of (£.7) and we observe
that Dy y,-(€, 0, X0, 70) is an isomorphism, the application of the implicit function
theorem (see [f]]) yields the following result, which is equivalent to theorem [L.1]

Theorem 2.1. Let (o, X0,70) be the ground state solution of (B7]), then there
exists § > 0 and a function n € C((0,0), X, x X, x X;) such that n(0) = (o, X0, T0)
and (e,1(¢)) is a solution of (2.4), for 0 < e < 4.
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2.1. Rescaling. In this subsection we are going to introduce the new variable
(¢, x,7) such that ®1(r) = ap(Ar), ®2(r) = Bx(Ar) and t(r) = y7(A\r), where
D, Oy, ¢ satisfy (E—E) and a, 8,7, A > 0 are constants to be chosen later.

Using the explicit expressions of A, given in (@)7 we have

r 2
A(Pq, P, t) = 1-— 167rwa2/ (1—1—77)2 (cpz—i— (ﬁx> ) ds
0

T «

(210) = Aa,ﬁ,'y(@vXaT)

It’s now clear that if @1, P9, ¢ satisfy (EI—@, then ¢, x, 7 satisfy the system

Aapr G ibo— Lo+ (m+w)x+wyTx =0
(211) \ Aa.ﬂ,'y%X + %X + %\(m — (.())QD — %WT(P =0

2Aa)ﬁ_’»y'r%7' —|— KO&,Q,’Y = 0

with

Tw o r 2
Kapy(p,x,7) = 16T o (/0 (14~7)? <s02 + (§x> ) ds) (14 ~7) +

a? s o 2 Aaf 1 )
+167w7(1+”y7') °+ | —x —32#7;(14—77) ex +

@

Q

@

—167Tma72(1 +v7)? (ﬁ - (—x)2> :

o

. .. o a (e o?
By adding the conditions m(m—w) =1, FA =1, ﬁ—z =12 =1 and m—w > 0,
we obtain a = (m —w)/2, A= (m —w)/?, B=m —wand y=m — w.

Denoting e = m — w, () is equivalent to

vA(E,QD,X,T)%(p— %QD+2’ITLX+K1 (57907)(77') =0

(2.12) A, 0T Ex + Ix+ o —meT + Ka (5,0,x,7) =0
Ale, o, x,7) 27+ 822 ("% ds + K3 (,90,X,7) =0

where A (e,0,x,7), K1 (e,0,x,7), Ka(¢,0,x,7) and K3 (¢, ¢, x,T) are defined by

167(m — €)e

(2.13) Ale,0,x,7)=1— . / (1+e7)? (¢* +ex?) ds;
0

(2.14) Ky (e,0,x,7) = —ex +e(m —e)7x;
(215) K2 (Ea 20 ¢ T) = ETY;
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and
Kale o) = 87:?8/0 X* ds +16: E/0 7 (¢* +ex?) ds+
87r:2152 /OTTQ (902+5X2) ds +

_% </OT(1 +e7)? (¢* +ex?) ds) T+
+w (/0’“(1 L er) (0 +ex?) ds) -
+167ngx72 + 8rme(37 + 3672 + 5273)M N
—8me(l+ ET)SM — 16me(1 + 57)2% +

(2.16) —8mme (21 + 57—2)M_

For ¢ = 0, (£.13) becomes
%%" %gﬁ+2mX:0
(2.17) %X-ﬁ-%x—l—(p—mgm':o
d 2ds=0

that is equivalent to

d? o0 2 _
——gﬁ+2mgp—167rm3 (fo #(T’S)ds)ga—()
(2.18) X(r) = 5 (3¢ — &)

2

7(r) = 8mm fo #(Ts)d
Then, we denote by (o, X0, 7o) a solution of (), in particular

r d
o) = g (5 )
() = 87Tm/ maxrs ds.

Now, to obtain a solution of () from (o, X0, 70), we define the operators Ly :
RxX,xX, xX; =Y, Lo : Rx X, x X, xX, =Y, L3 : Rx X, x X, xX;, =Y,
and D:Rx X, x X, x X, =Y, xY, xY, by

Li(e,o.x,7) = VA(e, 0, X )ldiw——ﬂ%m +1K1(E P X:T)
Ly(e, o, x:7) = VA, 0.x )ldierﬁJrf—meJrle(E P X:T)
Ls(e, 0, x,7) = A(E,%X,T)d%TﬂLir—gm ; > ds + K3 (2,9,X,7)

and

D(Ev P, XvT) = (Ll(aa P X5 T)a L2(57 P, XvT)v L3(57 P, XvT))
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where
X, = {@:(0,00)HR 9"?'7” ( (1) ) e H' (R3,R2)}
x
X, — . x(z) (1 1 (3 2
x = 9x:(0,00) =R 2] S € H' (R* C?)
d
X, = {7‘ :(0,00) = R| lim 7(r) — 0, pals Ll((O,oo),dr)}
Y, = Y, =L*(R?
Y, = L'((0,00),dr).
Furthermore we define the following norms:
o(|=[)
lellx, = :
|| H1(R3)
x(|]) 1
Ixllx, = || ;
* |z| 0 ) e
I e
X, = || .
Adr -l £1((0,00),dr)

It’s well known that
Hl(R3)(—>Lq(R3) 2<q¢g<6
X; — L ((0,00),dr) .

Moreover, using Hardy’s inequality

|f|2 dr < 4 2
Tdr < VI da,
R3 || R3

we get the following properties:
p € H ((0,00),dr) — L* ((0,00),dr)

(2.19) L e L2((0,00),dr).

Vpe X,,VpeX,.

Since the operator A(e, ¢, x, ) must be strictly positive, we consider By, By,
B;, defined as the balls of the spaces X, Xy, X;, and €1, €2, depending on m and
on the radius of By, By, B-, such that

_ 167m(m —¢)e

1 / (I4+em)? (¢*+ex?) ds>6>0
0

r

for all (e, ¢, x,7T) € (—e€1,€2) X B, x By x B;. The existence of €1, ¢ is assured by
the fact that ¢, x, 7 are bounded; in particular, if € > 0,

167(m — ¢

1 Je / (1+e7)* (¢* +ex?) ds >
0

r

2 2 2
> 1 - 20melpllk, - 8me? (517l llell, + Ixlk, ) +

2 2 2 2
—4me® |7l (51, llelk, +4lIxI%, ) = 8met Irl% Il
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then there exists e > 0 such that A(e, ¢, x,7) > 0 for all € € [0,e2). In the same
way, if € < 0,

16 — "
1- 16m(m — e)e / (1+e7)? (cp2 + 5)(2) ds >
r 0
2 2
>1—8me? x| x, —8mlel® Ixllx, (1+2]7llx,) +

2 2 2
—8me* Ixllx, I7llx, 2+ Ll7llx,) = 8mle lI7ll%, Ixllx, -

then there exists €1 > 0 such that A(e, ¢, x,7) > 0 for all € € (—&1,0).

Lemma 2.2. The operators L1, Ly € C* ((—1,e2) x By, X By x B;,Y,,) and L3 €
C! ((—e1,e2) x By, X By x B, Y;).

Before starting the proof of the lemma we observe that for a radial function p
such that 2 € H} (R?) we have
d (W))
dr r L2,

We remind that H} (R®) = {u € H' (R®)| u is radial }.

(2.20) lp(r)| < r'/?

Proof. We begin with Ls; first, we have to prove that it is well defined in Y, =
L'((0,00),dr). We remark that

d
—T

|L3 (87@7X7T)| < Cl dr

+—/ |0 + ex ]ds—i——}so +ex?| +

+— lox| & }w —ex’|

where C7,C5, Cs,Cy,Cs are positive constants and, by definition, we have that
41 e LY((0,00),dr).
Next, we have

ool T o) 2+€ 2
/ —2/ ‘<p2—|—ax2‘dsdr:/ uds<+oo,
o ™ Jo 0 s

using Holder’s inequality, then %2 for ‘@2 + 5X2| ds € Y;. In the same way, we can
conclude that L (¢ +ex?), 2 (¢? —ex?) € Y.

Finally,
/°° el Ixl . <0H<p’
0 r.r

thanks to (2.19), then Loy € V5.
Now, we have to prove that L3 (g, ¢, x, 7) is C!; by classical arguments, it’s enough

to show that for (hi, o, h3) € B, X By x B

< 400

L2((0,00)) ’ ((0,00))

0
6_30 (L3 (Ea 907Xa7-)) hy € YTv

0
6_)( (L3 (Ea 907Xa7-)) hy € YTv

0
8_ (L3 (Ea 907)(57-)) h3 €Y.
=
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We begin with % (L3 (g,0,%,7)),
0 9 d
% (L3 (57 ©5 X5 7—)) hi = (a—w (A (E, ©, X, T)) hl) %7— +
16 — r
A ([ erpomas) (L en) +
0

h h
+16m(m —e)(1 + 57’)3% — 167e(1 + 57)2% +

—16mm(1 + 57-)290—]11;
r
for % (L3 (Ea '29.¢ 7-))7
0 9 d
BN (L3 (e,9,x,7)) ha = (3_X (A (E,@,X,T))]w) —r+
1 _ T
+W </ (1 +e7)*xhe d$> (1+e7)+
0

h h
+16m(m — e)e(1 +e7)* X2~ 16me(1+e7)? L2 +

h
—16mme(1 + 57')2%

and, finally,

0 o d
57 Ls (e @ x.m) hs = (5 (A (W,X,T))hs) T+

d
+A (57 P, XvT) %hB +

+16”<7:}72—5>5 (/Oru +em)hs (9% +ex) ds) (L+er)+
8m(m

+72—5)5 (/Or(l +e7)? (¢* +ex?) ds) hs +

T
2 2
+e
+24m(m —e)e(1 + 57)2uh3 — 327me?(1 + ET)(p_;ch3 +
r T

2 _ o2
—167rma(1+a7')7(<p . X )hg.

First of all, we remark that if ¢,hy € By, x,ho € By and 7,h3 € B., then

6&1} (A (E X T )) hla %(A (55@7X5T))h2 and %(A (€7¢5X7T)) h3 are bounded.

So, we have that

oL d C. " h h

_3h1 S Cl —T +_2 / |90h1| ds _i_cslsp 1| +C4| 1X|

de dr r2 \Jo r2

oL d C " h h

Ox dr r2 \ Jo

oL d d C " 2 4 ex?
—3h3 < Cy|—1|+ Cio hg +$/ |<P2+EX2| dS"’OlQu"’
or dr r

P- —EX
+013|i—§| + 014’77“
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with C; positive constants. With exactly the same arguments used above, we
conclude that

>l o
A 5 Lae.p ) b dr < 00

<0
/0 a_X (L3 (87 ®, X?T)) h2 dr < 400

<19
/ 9 Ly (e, . x.7)) ha dr < 400
0 87_

if (e,,x,7T) € (—e1,€2) X By, X By x B;, and (h1, he, hs) € B, X By X B;.
Furthermore aaf; , %—LX‘* and % are continuous; thus the proof for Ls.
We consider now Ly; first, we have to prove that it is well defined in Y,. We

observe that

|L1 (53@7X5T)| <G

1d ® X
Lo fgla
rdr@'+’r2‘+ 2y

with Cy, Cy positive constants then, L; (¢, ¢, x,7) € L? (Rg), thanks to conditions

(19).
Now, we have to prove that L (g, ¢, x, 7) is C!; by classical arguments, it’s enough
to show that for (hi,hs, h3) € B, X By x B

0
% (Ll (57@7)(77—)) hl S Yg&u

0
a (Ll (€7¢5X7T)) h’2 S Ytpa

0
E (Ll (€7¢5X77-)) h3 S Yap-

By a straightforward computation, we find out

0L, 1 0A 1d 1d hy

Iy — a2 (L2 V2L 2l

dp 12 (&p 1) o’ rdr 2

0L, 1 0A 1d ho ho
g — — A2 - I — )2 e\ 2
ox D) (6)( )rd +(2m E)T+E(m E)Tr’
OLy, 1, s (04 \1d X,

WhB 2A (87'h3) rdr g P Helm E)h3r7

and, using the positivity of A,

0L, 1d 1d hy
Thaml < o= Lo+ G|z iy |+ |2
dp o= Mra? e rdr ! + r2
oL 1d h

——ha| < Cs|-—| +Ca| =

ox rdr r

oL 1d

“Bhy| < Cs|=| +Co |X].

or rdr r
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with C; positive constants. Then, we can conclude that
2

0
~/1R3 8_90 (L3 (57307X7T))h1 dr < +0oo

2

0
/}R3 a(Lg(a,gp,X,T))hg dx < +00

0 2
/3 E (L3 (57 907X77—)) hg| dxr < +oo
R

if (e,,x,7T) € (—e1,€2) X By, X By x B;, and (h1, he, h3) € B, X By X B;.
Furthermore %_Ls;’ %—Lxl and % are continuous; thus the proof for L; and with the

same arguments for L.
O

2.2. Branches generated by solutions of Choquard equation. In this sub-
section, we show that a solution @9 = (g0, x0,70) of (P.7]) can generate a local
branch of solutions of (P.6).

First, we linearize the operator D on (i, x, ) around (0, ¢g)

Ldp— Boyomk

rdr
Dyr(0,¢0)(h, k1) = | tdp+ k4 h_mbhry—meog
L+ 255 [ pohds

Now, if we prove that D, y ~(0, ¢o) is an isomorphism, the implicit function theorem
can be applied and we can find solutions of @) near the ground state ¢g.

Lemma 2.3. We define the operator V : X, x Xy, — Y, x Y, by

1d 1 1
Vigy) = [ 7%~ 2+ 2mex
¥ X) = 1d 1 1
rarXtEX Ty
then V' is an isomorphism of X, x X, onto Y, X Y, .

This lemma is obvious if we remind that L?(R?, C?*) can be written as the direct
sum of partial wave subspaces and that the Dirac operator leaves invariant all these
subspaces (see [{]). So, thanks to lemma 2.3 of [, we know that V' : H! (R?, C?) x
ot (Rg, (CQ) — L2 (R3, (CQ) x L? (R3, (CQ) defined by

— [ twoVu+2mvu

Vi(u,v) = < —icVv +u >
is an isomorphism of H'! (R3, (CQ) x H1 (R3, (C2) onto L? (R3, (CQ) x L? (R3, (CQ) and
then E is an isomorphism of each partial wave subspace. In particular, V' coincide
with V' on the partial wave subspace X, x X,.
Lemma 2.4. We define the operator W : X, x Xy, x X; =Y, x Y, xY;, by

14ph— 2 omk
4
dr

then W' is an isomorphism of X, x X, x X; onto Y, x Y, x Y,.
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Proof. First we prove that W is one to one. We observe that W (h, k,1) = 0 if and
only if (h, k,1) satisfies

1dp— B omk =0
Rkt A E—meel =0
djy _

41=0

in Y, x Y, xY;. In particular, we must have { = 0 and (h, k) solution of

that is equivalent to V' (h, k) = 0. So, thank to lemma E, h=k=0and W is one
toone in Y, x Y, x Y.

Secondly, we have to prove that for f = (fi, fo, f3) € Y, x Yy x Y7, there exists
(h,k,1) € X, x Xy x X such that W(h,k,l) = f. This means that the system

1dp—Lpomb=1f
Lipe kvt ome =y

Sl
I
&

has a solution in X, x X, x X, for all (f1, fo, f3) € Y, x Y, x Y. We observe
that Vfs € L'((0,00),dr) there exist I*(r) = — [ f3ds such that Li* = fs;

furthermore [* € X. So, we have to show that
o Lin- v omk =,
| Lkt kb= e mar

has a solution in X, x X, for all (f1, f2) € Y, x Y.
Now, we remark that £2/* € L? (R3) and then, thanks to lemma @, () has a
solution in X, x X, for all (f1, f2) € Y, x Y.

In conclusion W is an isomorphism of X, x X, x X; onto Y, x Y, x Y~.
O

Finally, we observe that Dy, , (0, ¢o)(h, k,1) can be written as

(2.22) Doy (0, 60) (ke 1) = W(h, k1) + S(h)
with
0
(2.23) S(h) = —mlm
L6mm 7 oo ds

Theorem 2.5. Let ¢ be the ground state solution of ), then there exists 6 > 0
and a function n € C((0,0), X, x X, x X;) such that n(0) = ¢o and D(e,n(e)) =0
for0<e <.

Proof. Since D(0, ¢o) = 0 and D is continuously differentiable in a neighborhood of
(0, ¢0), to apply the implicit function theorem we have to prove that D, , -(0, ¢o)
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is an isomorphism of X, x X, x X onto Y, x ¥} x Y,.
We observe that D, (0, ¢0)(h, k,1) = 0 if and only if (h, k,1) satisfies

Lp—htomk=0

(2.24) L+ k4 h—mhrg —mpol =0
dirl + d0m fOT wohds =0

that means
(2.25)

o0 2 o0
— b+ 2mh = 167m ([ et ds ) h = 32mm® ([ 2 ds) o = 0
&h—th+2mk =0

l=16mm fooo m;f(‘)(’: ) ds

Now, if we write &(z) = h(“;“) and we remind that ¢g(|z|) = |z|ug(xz) with ug

solution of (R.§), we have that (h, k,1) is a solution of (.29) if

(50} 10 ( )

¢@) ik(r)o” < : )
satisfies

- —4m3 Juo ()| _ Q3 £(yuo(y) _
(2.26) { ~E +737;n§ Am (IR3 Iifyl dy) §—8m (I]Rfi |m7(')y| dy) ug =10
C _ —ioV¢

2m

and

(2.27) I(x) =4m SOLIE) dy.

rs [T =y
It’s well known that the unique solution of the first equation of (R.24) in H!(R3) is
& =0 (see [ for more details) and that implies ( =1 = 0. So the unique solution
of (@) ish=k=1=0and D, -(0,¢o) is one to one in X, x X, x X,.

Next, if we show that S(h) is a compact operator, we have that D y (0, ¢o)
is a one to one operator that can be written as a sum of an isomorphism and a
compact operator and then it’s an isomorphism.

First, we can easily see that T'(h) = T% ( fOT woh ds) is a compact operator from
X, on Y7; in particular, we use the fact that H! (R3) is compactly embedded in
L9 (R3), for 2 < ¢ < 6, to prove that for any bounded sequence {h,} C X, the
sequence {T'(h,)} C Y, contains a Cauchy subsequence.

Second, we have to show that the operator %TQ from X, to L? (R?’) is compact. If
{th} is a bounded sequence in H'(R3) then {%Tg} is precompact on L} (R3),
thanks to compact Sobolev embedding and, since 79(r) — 0 when r — 400, we can
conclude that {%=7;} is precompact on L?(R?).

So S(h) is a compact operator from X, on Y, x Yy x Y, and D,y -(0,¢0) is an
isomorphism of X, x X, x X, onto Y, X Y} x Y.

In conclusion, we can apply the implicit function theorem to find that there
exists 6 > 0 and a function n € C((0,9), X, x X, x X;) such that n(0) = ¢ and
D(e,n(e)) =0for 0 <e <.

O
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