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Cell 
entered Galerkin methodsDaniele A. Di PietroInstitut Français du Pétrole, 1 & 4, avenue de Bois Préau, 92852 RueilMalmaison, Fran
eAbstra
tIn this work we propose a new approa
h to obtain/analyze 
ell 
entered methodsyielding at the same time 
onvergen
e rates and 
onvergen
e to minimal regular-ity solutions. The approa
h merges ideas from Finite Volume and Dis
ontinuousGalerkin methods and it provides a uni�ed perspe
tive.RésuméDans 
ette note, on propose une nouvelle appro
he pour obtenir/analyser des mé-thodes 
entrées aux mailles. L'analyse permet d'estimer à la fois le taux de 
onver-gen
e des méthodes et de prouver leur 
onvergen
e vers des solutions à régularitéminimale. Cette appro
he 
ombine les avan
ées ré
entes dans les méthodes de Vo-lumes Finis et de Galerkine dis
ontinues.
1 Introdu
tionDans 
ette note on propose une nouvelle appro
he pour obtenir et analyserdes méthodes 
entrées aux mailles pour un problème de di�usion hétérogèneet anisotrope. La méthode se 
ompose de plusieurs étapes : (i) on dé�nit uninterpolateur de tra
e 
onsistant pour des fon
tions su�samment régulières ;(ii) à partir des valeurs de tra
e, on re
onstruit un gradient par maille quiest aussi 
onsistant ; (iii) le gradient est utilisé pour dé�nir un sous-espa
e del'espa
e des fon
tions a�nes par mor
eaux sur le maillage, qui est en suiteutilisé dans une formulation inspirée des méthodes de Galerkine dis
ontinues.Cette 
lasse de méthodes béné�
ie aussi bien des te
hniques d'analyse parestimation d'erreurs propres à la 
ommunauté Éléments Finis que de 
ellespar 
ompa
ité propres à la 
ommunauté Volumes Finis.Email address: daniele-antonio.di-pietro�ifp.fr (Daniele A. Di Pietro).Preprint submitted to Elsevier June 24, 2009



2 The 
ontinuous settingLet Ω ∈ Rd be a bounded polygonal domain and let ν ∈ [L∞(Ω)]d,d a symmetri
uniformly positive de�nite tensor �eld pie
ewise 
onstant on a partition of Ω,say PΩ, into bounded polygonal subdomains. For f ∈ L2(Ω), 
onsider theproblem
−∇·(ν∇u) = f in Ω, u = 0 on ∂Ω. (1)Letting a(u, v)

def
=

∫
Ω ∇u·∇v, the weak formulation readsFind u ∈ H1

0 (Ω) s.t. a(u, v) =
∫

Ω
fu for all v ∈ H1

0 (Ω). (2)
3 Dis
retizationLet H ⊂ R+

∗ be a 
ountable set having 0 as an a

umulation point and let
{Th}h∈H de�ne an admissible mesh family in the sense of [4℄ parametrizedby the meshsize h and 
ompatible with PΩ. Let h ∈ H be given. For ea
h
K ∈ Th, let xT ∈ T \ ∂T be su
h that T is star-shaped with respe
t to xT(the 
ell 
enter) and, for all fa
e F ∈ Fh, set x̂F

def
=

∫
F x/|F |. The set of fa
esbelonging to an element T ∈ Th will be denoted by FT

h , the set of boundaryfa
es by F b
h. For ea
h internal fa
e we sele
t an arbitrary dire
tion for thenormal nF ≡ nT1,F and denote by T1 the element out of whi
h nF points. Forall T ∈ Th, F ∈ FT

h , set dT,F
def
= dist(xT , F ) and let dF

def
=

∑
T∈T F

h

dT,F , T F
hbeing the set of mesh element(s) sharing F . In what follows we shall assumethat, for all F ∈ Fh, dF is uniformly bounded by diam(F ) both from aboveand from below.Let VTh

def
= Rcard(Th), VFh

def
= Rcard(Fh). We 
all a tra
e interpolator I a linearbounded bije
tive operator from VTh to X ⊂ VFh su
h that, for all VTh ∋ V =

{vT}T∈Th
, X ∋ I(V) = {IF (V)}F∈Fh

with IF (V) = 0 if F ∈ F b
h. The bije
tivityrequirement on the interpolation operator I 
an usually be reformulated interms of the inversibility of (lo
al) matri
es (
f., e.g., [1, �3.1℄). Also, we denoteby ΠVTh

: W → VTh the operator that maps every element w ∈ W onto
ΠVTh (w)

def
= {w(xT )}T∈Th

. Let
W

def
= {w ∈ H1

0 (Ω) ; ν∇w ∈ H(div; Ω) and w|T ∈ H2(T ) for all T ∈ Th}.The tra
e interpolators 
onsidered hereafter are assumed to ful�ll the following
onsisten
y requirement: For all w ∈ W , there exists Cw ∈ R+
∗ depending onthe mesh regularity parameters, on some bounded norm of w but not on the2



meshsize h su
h that
∀T ∈ Th, ∀F ∈ FT

h , |w(x̂F ) − (I ◦ ΠVTh )(w)| ≤ CwhdT,F . (3)Remark 1. The above property holds, e.g., for the tra
e values providedby the L-interpolator analyzed in [1℄. Other interpolators mat
hing property(3) (possibly with additional assumptions on ν and/or on Th) in
lude the two-point interpolator (for ν-orthogonal meshes), the bary
entri
 interpolator of [7℄(provided ν is homogeneous), the O-interpolator of Aavatsmark and 
oworkers.Hybrid/mixed Finite Volume (FV) methods resembling those dis
ussed in [6℄and referen
es therein 
an also be obtained using the pro
edure of �3. For su
hmethods, the interpolation pro
edure amounts to eliminating 
ell unknownsin favour of fa
e unknowns (su
h elimination need not be implemented).The tra
e interpolator is the key ingredient to 
onstru
t a 
onstistent gradientapproximation. For all V ∈ VTh, we let
GT (V)

def
=

1

|T |

∑

F∈FT

h

|F | (IF (V) − vT ) nT,F .For k ≥ 0, let P k
h denote the pie
ewise polynomial spa
e of lo
al degree k, i.e.

P k
h

def
= {ph ∈ L2(Ω) ; ∀T ∈ Th, ph|T ∈ Pk

d}. Consider the following approxima-tion spa
e:
Vh

def
=

{
vh ∈ P 1

h ; ∃V ∈ VTh, ∀T ∈ Th, vh(xT ) = vT and ∇vh|T = GT (V)
}

.For every vh ∈ Vh, there holds vh|T (x) = vT + GT (V)·(x − xT ) for all T ∈ Thand V the element of VTh asso
iated to vh. The spa
e Vh is thus a subspa
eof P 1
h with one single a�ne test fun
tion per element whose value at xT ispres
ribed and whose slope depends on the values at neighbouring 
ell 
enters,on the mesh and, possibly, on the problem data via the interpolator I.Remark 2. Owing to the bije
tivity of I, ea
h set of 
ell 
enter values V ∈ VThde�nes a unique element of Vh.The spa
e Vh is equipped with the following norm:

‖vh‖
2
h

def
=

∑

T∈Th

‖∇vh‖
2
[L2(T )]d +

∑

F∈Fh

1

dF

‖JvhK‖
2
L2(F ),where the jump operator J·K is de�ned as follows:

JvhK
def
=





vh|T1

− vh|T2
for all F ∈ FT1

h ∩ FT2

h ,

vh|T for all F ∈ FT
h ∩ F b

h.The above norm naturally extends to the spa
e V (h)
def
= W + Vh. Thanks to(3), the following remarkable approximation property holds:3



Lemma 3 (Approximation estimate). For all w ∈ W , there exists Cw ∈ R+
∗depending on the mesh regularity parameters, on some bounded norm of w butnot on the meshsize h su
h that

inf
wh∈Vh

‖w − wh‖h ≤ Cwh. (4)Proof. Let W
def
= ΠVTh (w) and be wh the unique element of Vh asso
iatedto W. Then, pro
eeding as in [2, Lemma 3.10℄ and using (3), one 
an provethat ‖∇w − ∇hwh‖[L2(Ω)]d ≤ Cwh. For the se
ond term, observe that, for all

F ∈ Fh and for almost every x ∈ F , JwhK = Jwh − wK and use a 
lassi
altra
e inequality together with the lo
al regularity of w to expand w|T , T ∈ Th,around xT to 
on
lude.Consider the following bilinear form inspired from the SIPG dis
ontinuousGalerkin (dG) method of Arnold (see [3℄ for a review):
ah(uh, vh)

def
=

∫

Ω
ν∇huh·∇hvh −

∑

F∈Fh

∫

F
[{ν∇huh}·nF JvhK + JuhK{ν∇hvh}·nF ]

+
∑

F∈Fh

η

dF

∫

F
JuhKJvhK,where ∇h denotes the broken gradient, η ∈ R+

∗ and
{vh}

def
=






1
2
(vh|T1

+ vh|T2
) for all F ∈ FT1

h ∩ FT2

h ,

vh|T for all F ∈ FT
h ∩ F b

h.Remark 4. The bilinear form ah yields a globally 
onservative method, sin
ethe 
hara
teristi
 fun
tion of Ω is in Vh. Its implementation does not re-quire 
ubatures. Indeed, the 
onsisten
y and symmetry terms 
an be rewrittenas ∑
F∈Fh

|F |{ν∇huh}·nF Jvh(x̂F )K and ∑
F∈Fh

|F |{ν∇hvh}·nF Juh(x̂F )K respe
-tively and the penalty term 
an be safely approximated using the middle pointrule by ∑
F∈Fh

η|F |
dF

Juh(x̂F )KJvh(x̂F )K.We 
onsider the following approximation of (2):Find uh ∈ Vh s.t. ah(uh, vh) =
∫

Ω
fvh for all vh ∈ Vh. (5)Problem (5) has only one unknown per 
ell, as the elimination of fa
e un-knowns has been 
arried out in the interpolation pro
ess. Su
h an operation
an be performed in pra
ti
e when, for a given V ∈ VTh, the dependen
e ofea
h IF (V) on V is limited to a few 
ell values (whi
h is the 
ase, e.g., forthe L-interpolator). On the other hand, when ea
h IF (V) potentially dependson all the values {vT}T∈Th

(as it is the 
ase for the interpolator obtained byexpressing fa
e unknowns in terms of 
ell unknowns in the hybrid methods of[6℄), su
h an elimination need not be implemented in pra
ti
e.4



4 Main results and 
ommentsDe�ne, for allw ∈ V (h), ‖w‖2
h,∗

def
= ‖w‖2

h+
∑

T∈Th
diam(T )2|w|2H2(T ) and observethat, owing to (4), infwh∈Vh

‖w − wh‖h,∗ ≤ Cwh.Theorem 5 (Convergen
e to pie
ewise regular solutions). Let u solve (2) andassume, moreover, that u ∈ W . Denote by {uh}h∈H the sequen
e of solutionsof (5) on the admissible mesh family {Th}h∈H. Then, there exists Cu,ν ∈ R+
∗depending on the mesh regularity parameters, on some bounded norm of u andon ν but not on the meshsize h su
h that

‖u − uh‖h ≤ Cν,uh. (6)Proof. Upon 
hoosing η large enough (see [3℄), ah is un
onditionally uniformly
oer
ive and, for, all (w, vh) ∈ W ×Vh, ah(w, vh) ≤ C‖w‖h,∗‖vh‖h with C ∈ R+
∗independent of the meshsize h. Finally, ah is 
onsistent in the �nite elementsense, i.e., ah(u, vh) = −

∫
Ω △uvh. The result follows.Remark 6. The dependen
e on ν in estimate (6) 
an be removed pro
eedingas in [5℄. The estimate (6) is optimal for the ‖·‖h norm. Under usual ellipti
regularity assumptions, the Aubin-Nits
he tri
k yields ‖u−uh‖L2(Ω) ≤ Cν,uh

2.For all vh ∈ Vh and for all F ∈ Fh, let rF solve the following problem:Find rF (JvhK) ∈ [P 0
h ]d s.t. ∫

Ω
rF (JvhK)·τh =

∫

F
JvhK{τh}·nF for all τh ∈ [P 0

h ]d,and set R(JvhK)
def
=

∑
F∈Fh

rF (JvhK). Then, pro
eeding as in [4, Theorem 2.2℄one 
an prove that, for all sequen
es {vh}h∈H bounded in the ‖·‖h norm,(i) there is v ∈ H1
0 (Ω) su
h that vh → v in L2(Ω) and (ii)∇hvh−R(JvhK) weakly
onverges to ∇v in [L2(Ω)]d. Following the guidelines of [4, Theorem 3.1℄ andusing a suitable test spa
e (see, e.g., [1, Lemma 6℄ for the L-interpolator), one
an prove thatTheorem 7 (Convergen
e to solutions with minimal regularity). Let u solve(2). Denote by {uh}h∈H the sequen
e of solutions of (5) on the admissiblemesh family {Th}h∈H. Then, as h → 0, (i) uh → u in L2(Ω), (ii) ∇huh → ∇uand ∇huh − R(JuhK) → ∇u in [L2(Ω)]d and (iii) ∑

F∈Fh
d−1

F ‖JuhK‖
2
L2(F ) → 0.Some 
omments are of order. The derivation of the method outlined in �3remains valid taking inspiration from any alternative dG method for problem(1); see, e.g., [3℄. Moreover, provided suitable interpolation operators satisfyingestimates of the form (3) are found, the te
hnique exempli�ed in �3 virtuallyextends extended to any linear problem for whi
h a dG method has beendevised (a brief literature review is provided in the introdu
tion of [4℄). At the5



Table 1Numeri
al example on a triangular mesh family.
h ‖u − uh‖L2(Ω) order ‖u − uh‖h order2.5000e-01 1.1864e-02 � 3.7139e-01 �1.2500e-01 2.9512e-03 2.00 1.7427e-01 1.096.2500e-02 7.4631e-04 1.98 8.3669e-02 1.063.1250e-02 1.8824e-04 1.99 4.0943e-02 1.031.5625e-02 4.7304e-05 1.99 2.0241e-02 1.02same time, the analysis te
hniques developped by Eymard, Gallouët, Herbinin the 
ontext of FV methods and later extended to dG methods in [4℄ alsoapply, so that valuable tools for the analysis of nonlinear problems are alsoavailable.Referen
es[1℄ L. Agélas, D. A. Di Pietro, and J. Droniou, The G method for heterogeneousanisotropi
 di�usion on general meshes, M2AN Math. Model. Numer. Anal.(2009), To appear. Preprint available at http://hal.ar
hives-ouvertes.fr/hal-00342739/fr.[2℄ R. Agélas, D. A. Di Pietro, R. Eymard, and R. Masson, An abstra
t analysisframework for non
onforming approximations of anisotropi
 heterogeneousdi�usion, Preprint available at http://hal.ar
hives-ouvertes.fr/hal-00318390/fr,September 2008, Submitted.[3℄ D.N. Arnold, F. Brezzi, B. Co
kburn, and D. Marini, Uni�ed analysis ofdis
ontinuous Galerkin methods for ellipti
 problems, SIAM J. Numer. Anal. 39(2002), no. 5, 1749�1779.[4℄ D. A. Di Pietro and A. Ern, Dis
rete fun
tional analysis tools for dis
ontinuousGalerkin methods with appli
ation to the in
ompressible Navier-Stokes equations,Math. Comp. (2009), To appear. Preprint available at http://hal.ar
hives-ouvertes.fr/hal-00278925/fr/.[5℄ D. A. Di Pietro, A. Ern, and J.-L. Guermond, Dis
ontinuous Galerkin methodsfor anisotropi
 semi-de�nite di�usion with adve
tion, SIAM J. Numer. Anal. 46(2008), no. 2, 805�831.[6℄ J. Droniou, R. Eymard, T. Gallouët, and R. Herbin, A uni�ed approa
h tomimeti
 �nite di�eren
e, hybrid �nite volume and mixed �nite volume methods,Preprint available at http://hal.ar
hives-ouvertes.fr/hal-00346077/fr/, November2008, Submitted.[7℄ R. Eymard, T. Gallouët, and R. Herbin, A new �nite volume s
heme foranisotropi
 di�usion problems on general grids: 
onvergen
e analysis, C. R. Math.A
ad. S
i. 344 (2007), no. 6, 3�10. 6


