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QUALITATIVE PROPERTIES OF SOLUTIONS TO A
TIME-SPACE FRACTIONAL EVOLUTION EQUATION

AHMAD Z. FINO AND MOKHTAR KIRANE

ABSTRACT. In this article, we analyze a spatio-temporally nonlocal nonlinear
parabolic equation. First, we valid the equation by an existence-uniqueness
result. Then, we show that blowing-up solutions exist and study their time
blow-up profile. Also, a result on the existence of global solutions is presented.
Furthermore, we establish necessary conditions for local or global existence.

1. INTRODUCTION

In this paper, we investigate the spatio-temporally nonlinear parabolic equation

1 t
up + (—A)P %y = 77)/ (t—s) ulPtu(s)ds = RN, t>0,
0

(1.1) -
u(x,0) = up(x) z e RY,

where uyp € Co(RV), N >1,0< 3<2,0 <+ <1,p>1and the nonlocal operator
(—A)P/? is defined by

(=2)720(z) = F7H ([P F0)(€)) (2)

for every v € D((—A)%/2) = HP(RY), where H?(R") is the homogeneous Sobolev
space of order § defined by

HP(RY) = {u €8 (A 2y e L2(RN)} if B¢N,

HPRY) = {u e L2(RY); (—A)%/%y € L?(RN)} if BeN,

where &’ is the space of Schwartz distributions; F stands for the Fourier transform
and F~! for its inverse, I' is the Euler gamma function and Co(R”) denotes the
space of all continuous functions tending to zero at infinity.

When Eq. (1.1) is considered with a nonlinearity of the form u?, it reads

up + (—A)P 2y = P

This equation has been considered by Nagasawa and Sirao [24], Kobayashi [20],
Guedda and Kirane [14], Kirane and Qafsaoui [19], Eidelman and Kochubei [10]
and by Fino and Karch [12].

2000 Mathematics Subject Classification. Primary 26A33, 35B33, 35K55; Secondary 74G25,
74H35, 74G40.

Key words and phrases. Parabolic equation, fractional Laplacian, Riemann-Liouville fractional
integrals and derivatives, local existence, critical exponent, blow-up rate.
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2 AHMAD Z. FINO AND MOKHTAR KIRANE

The fractional Laplacian (—A)?/2 is related to Lévy flights in physics. Many ob-
servations and experiments related to Lévy flights (super-diffusion), e.g., collective
slip diffusion on solid surfaces, quantum optics or Richardson turbulent diffusion,
have been performed in recent years. The symmetric 3—stable processes (8 € (0, 2))
are the basic characteristics for a class of jumping Lévy’s processes. Compared with
the continuous Brownian motion (8 = 2), symmetric f—stable processes have infi-
nite jumps in an arbitrary time interval. The large jumps of these processes make
their variances and expectations infinite according to 8 € (0,2) or 5 € (0, 1], respec-
tively (see [17]). Let us also mention that when 3 = 3/2, the symmetric S—stable
processes appear in the study of stellar dynamics (see [9]).

As a physical motivation, the problem (1.1) describes a diffusion in a super-
diffusive medium coupled to a classically diffusive medium. The right-side of (1.1)
might be interpreted as the effect of a classically diffusive medium that is nonlinearly
linked to a super-diffusive medium. Such a link might come in the form of a
porous material with reactive properties that is partially insulated by contact with
a classically diffusive material (thanks to Olmstead [25]). For more informations
see the recent paper of Roberts and Olmstead [26].

Our article is motivated mathematically by the recent and very interesting paper
[8] which deals with the global existence and blow-up for the parabolic equation
with nonlocal in time nonlinearity

¢
(1.2) up — Au = / (t—s) ulPtu(s)ds xRN, t>0,
0

where 0 < v < 1, p > 1 and uy € Co(RY), which is a particular case of (1.1); it
corresponds to = 2.
If we set 22 )

-7

= 1 —_—
=t N e,

and 1
P = max{;,pv} € (0,4o00],

where (-)4 is the positive part, they proved that

(i): Ifv#0, p < ps, and ug > 0, ug # 0, then u blows up in finite time.

(ii): If v # 0, p > p., and uy € L9%(RY) (where gsc = N(p —1)/(4 — 27))

with [Jug||fese sufficiently small, then u exists globally.

If v = 0 then all nontrivial positive solutions blow-up as proved by Souplet in
[29]. The study in [8] reveals the surprising fact that for equation (1.2) the critical
exponent in Fujita’s sense p, is not the one predicted by scaling.
This can be explained by the fact that their equation can be formally converted
into
(1.3) Dgjyue — DgjyAu = JulP~

where Dg‘lt is the left-sided Riemann-Liouville fractional derivative of order @ €

(0,1) defined in (2.8) below (we have set in (1.3), a =1 —+ € (0,1)).

Eq. (1.3) is a pseudo-parabolic equation and as it is well known scaling is efficient
for detecting the Fujita exponent only for equations of parabolic type.

Needless to say that the equation considered in [8] is a genuine extension of the one
considered by Fujita in his pioneering work [13].
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In this article, concerning blowing-up solutions, we present a different proof from
the one presented in [8], and for the more general equation (1.1). Our proof is
more versatile and can be applied to more nonlinear equations (see the Remarks in
Section 4).

Our analysis is based on the observation that the nonlinear differential equation
(1.1) can be written in the form:

(1.4) up + (=)0 = Jg, (lufP~tu)

where o := 1 — v € (0,1) and Jg,
fined in (2.10).
We will show that:

is the Riemann-Liouville fractional integral de-

(1) For ug € Co(RY), ug > 0, ug # 0, if
B2 —1)

<1+ o <

P2t N B U7

then all solutions of problem (1.1) blow-up in finite time.

)

1
v

(2) For Ug € CO(RN) n LPSC(RN)’ where DPsc ‘= N(p - 1)/ﬁ(2 - 7)7 if

B2 —) ,1}
(N=B+87)+"v])’

and ||ug||pese is sufficiently small, then u exists globally.

p>max{1+

The method used to prove the blow-up theorem is the test function method of
Mitidieri and Pohozaev [23], Kirane et al. [14, 18]; it was also used by Baras and
Kersner [2] for the study of the necessary conditions for the local existence.

Furthermore, in the case 0 = 2, we derive the blow-up rate estimates for the para-
bolic equation (1.1). We shall prove that, if ug € Co(RY)NL2(RY), ug > 0, ug Z 0
and if v is the blowing-up solution of (1.1) at the finite time T* > 0, then there
are constants ¢, C' > 0 such that ¢(T* —t)~* < supgn u(-,t) < C(T* —t)~* for
1<p<1+22—7)/(N—-24+2y)yorl<p<1/yandallte (0,T%), where
a1 :=(2—7)/(p—1). We use a scaling argument to reduce the problems of blow-up
rate to Fujita-type theorems (it is similar to blow-up analysis in elliptic problems
to reduce the problems of a priori bounds to Liouville-type theorems). As far as
we know, this method was first applied to parabolic problems by Hu [15], and then
was used in various parabolic equations and systems (see [7, 11]). We notice that
in the limiting case when v — 0, we obtain the constant rate 2/(p — 1) found by P.
Souplet [30].

For more informations, we refer the reader to the excellent paper of Andreucci and
Tedeev [1] for the blow-up rate by an alternative method

The organization of this paper is as follows. In Section 2, we present some definitions
and properties. In Section 3, we derive the local existence of solutions for the
parabolic equation (1.1). Section 4 contains the blow-up result of solutions for
(1.1). Section 5 is dedicated to the blow-up rate of blowing-up solutions. Global
existence is studied in Section 6. Finally, a necessary condition for local existence
and a necessary condition for global existence are given in Section 7.
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2. PRELIMINARIES

In this section, we present some definitions and results concerning the fractional
laplacian, fractional integrals and fractional derivatives that will be used hereafter.
First, if we take the usual linear fractional diffusion equation

(2.1) u + (A Pu=0, fe(0,2, zeRN, t>0,

then, its fundamental solution S can be represented via the Fourier transform by

1 : 8
2.2 = - i £~tgl” ge
(22) Spl0)(@) = Safant) = gy [ e
It is well-known that this function satisfies
(2.3) Ss(1) € L=(RN) N LYRY), Ss(x,t) >0, / Sg(z,t)de =1,
RN

for all z € RN and ¢ > 0. Hence, using Young’s inequality for the convolution and
the following self-similar form Sg(z,t) = t=N/#S5(xt=1/5,1), we have

(2.4) I1Ss(t) xvll, < CEFEDpo]l,,

forallve L"(RY) and all 1 <r < ¢ < oo, t > 0.
Moreover, as (—A)%/2 is a self-adjoint operator with D ((—A)%/2) = HP(RYN), we
have
(2.5) / w(@)(— A 2o (z) da = / o(@) (A 2u(z) da,

RN RN
for all u,v € HP(RY).
We denote by ABD/ % the fractional laplacian in an open bounded domain ) with
homogeneous Dirichlet boundary condition. We have the following facts:
If Ay (k= 1,...,400) is the eigenvalues for the laplacian operator in L?(f2) with
homogeneous Dirichlet boundary condition and ¢y, its corresponding eigenfunction,
then
(2.6) AN o =N"p, inQ,

vr =0 on RV \ 99,

and

k=+oc0
D(A’%/Q) = {u € L*(Q) s.t. ulpn=0; ||A%/2u||L2(Q) = Z |)\’,f/2 < u, 0 > < 400

k=1
So, for u € D(A%/Q) we have

k=400

2 2
A%/ u = Z )\f/ < U, Pr > Pk
k=1

The following integration by parts formula
(2.7) /Qu(x)ABD/zv(a:) dr = /Qv(a:)ABD/Zu(x) dz,
holds for all u,v € D(AY?).

Next, if AC[0,T] is the space of all functions which are absolutely continuous on
[0,T] with 0 < T < oo, then, for f € AC[0,T], the left-handed and right-handed

} |
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Riemann-Liouville fractional derivatives Dg, f (t) and Dirf (t) of order a € (0,1)
are defined by (see [17])

(2.8) DG () = DJ3|t°‘ (t),
T
2. = —71) A
(29) Dieft) = —grmmD [ =0 ds
for all t € [0,T], where D := d/dt is the usual time derivative and

b t —$)27 1 f(s)ds
| =T

is the Riemann-Liouville fractional integral defined for all f € L%(0,T) (1 < g < c0).
Now, for every f,g € C([0,T]), such that Dg, f(t), Dfig(t) exist and are continu-

ous, for all t € [0,7], 0 < a < 1, we have the formula of integration by parts (see
[28, (2.64) p. 46])

(2.10) J5f () =

T T
(21) | (05uf) @atrie = [ 510) (Diea) 1.
Note also that, for any f € AC? [0, T, we have (see (2.2.30) in [17])
(2.12) D3 f = D,
where

AC?[0,T] := {f : [0,T] — R such that Df € AC[0,T]}.
Moreover, for all 1 < g < oo, the following equality (see [17, Lemma 2.4 p.74])
(213) 0|tJ0|t — Iqu 0 T

holds almost everywhere on [0, T].
Later on, we will use the following results.
e Ifw (t)=(1—-1t/T)7,t>0,T >0, 0> 1, then

o _ (—ata)l(o+1),  of, t\7°

(2.14) Dijpun(t) = r2—a+o) g (1 T>+ 7

@Dty ~ LR e (1-7)
+

for all @ € (0,1); so

(216) ( tTw1> N (DtalT’wl) (0) = C CZ—‘_O‘7
where C = (1—a+0)'(c+1)/T(2—a+o0).
o Ifwy(t) = (1—12/T2)" , T >0, ¢ 1, we have

4
(2.17) Dirws(t) = = Ci(fk,a) (1—T) :
k=

p-a-1 ! NG
(2.18) Diffws(t) = ————= Cs(l,k,a) (1—T) ,
k=0
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forall -T <t <T, a€(0,1), where

Cr(l,k,a) == ch(1 — a+ €+ k)20F(—1)k LT o)

T(k+t+2—a)
Co(lkya) =L+ k—a)Ci(4k, ),
ok a

¢ T k)R
SO
(2.19) (D;TW) (T)=0 (D;TTwz) (—T) = C3 (6, k, o) T,
where
92t (1)t XL, T(k+ 0+ 1)T(1—q)

k=0

3. LOCAL EXISTENCE

This section is dedicated to proving the local existence and uniqueness of mild
solutions to the problem (1.1). Let T'(¢) := e~t(=2)"7 " Ag (—A)P/2 is a positive
definite self-adjoint operator in L2(RY), T'(t) is a strongly continuous semigroup
on L?(RY) generated by the fractional power —(—A)8/2 (see Yosida [31]). Tt holds
T(t)v = Sa(t) * v, where Sz is given by (2.2) and u * v is the convolution of u and
v. We start by giving the

Definition 3.1 (Mild solution). Let ug € Co(RY),0< < 2,p>1and T > 0. We

say that u € C(]0,T], Co(RY)) is a mild solution of the problem (1.1) if u satisfies
the following integral equation

(3.1) u(t) =T (t)uo —|—/0 Tt —s)Jgs (|up_1u> ds, t€][0,T).

Theorem 3.2 (Local existence). Given ug € Co(RY) and p > 1, there exist a mazi-
mal time Tinax > 0 and a unique mild solution u € C ([0, Tiax ), Co(RY)) to the prob-
lem (1.1). Furthermore, either Tmax = 00 or else Tipax < 00 and Hu||Loo((07t)XRN) —
00 as t — Tax. In addition, if ug > 0, ug Z 0, then u(t) > 0 for all 0 < t < Tax.
Moreover, if ug € L™ (RY), for 1 <r < oo, then u € C([0, Tiax), L™ (RY)).
Proof. For arbitrary T > 0, we define the Banach space

Br = {u € L((0,T), Co®™)); [[ull < 2oz},

where |- [|1 := || || Lo ((0,7), L0 (r¥))- Next, for every u € Er, we define

U(u) = T(t)ug + /Ot T(t — )75, <u|p1u> ds.
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We prove the local existence by the Banach fixed point theorem.
o ¥V :Er — Er: Let u € Er, using (2.4), we obtain with |- [[oc := || | Lo (mN),

1 t s
v < o —5)™" P do ds|| e
1wl < Joolle+ gl [ =) (o) 12 do dslimon

1 Lt _
= ool + g1 [ [ =) (o)l dsdol i
T2
1=y -1 —7)
72127 )
F—_L”UOHoo-
B-=17)

IN

luolloe + 7 ully

IN

l[uolloo +

Now, if we choose T small enough such that

2—=Y9p p—1
122 g5t _

(32) r@—v =7

we conclude that ||¥(u)|l1 < 2||ugl|oo, and then ¥(u) € Er.

e U is a contraction: For u,v € Ep, taking account of (2.4), we have

1 t S _ _ _
[W(u) =) < mn/o /0 (s — o) 7 |[[uP~ u(o) — [v|P~ 0(0)|| oo do ds| L 0.1
1 t t
= wr=l | [ = o) — (o) | dsdo
T2
< p=1, _ |yP—1
< F(?ﬁv)IHul u— [Pl
C(p)2P||ug |25t T~
S (p) H OH ||'LL—’U||1
INGE))
< Sfu—v|
= 5 U — V|1,
thanks to the following inequality
(3.3) [u[P~ u — [o[P~ o] < C(p)|u — o] (JulP =" + [v[P~h);

T is chosen such that

T?72P|Juo|; ! max(2C (p), 1)
NG

(3.4) <1.

Then, by the Banach fixed point theorem, there exists a mild solution v € Ilp,
where Il := L°°((0,T), Co(RY)), to the problem (1.1).
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e Uniqueness: If u,v are two mild solutions in Ep for some T > 0, using (2.4)
and (3.3), we obtain

lu() - v(@) < SO ””“0”” / / ) (o) — () oo dor ds

D p—1
_ C 2 ||UO|| / / WHU ) U(CT)HOOdeO'

Clp )2P||u0||1’ ' / -
= —F5 v [ t=0)u(e) = (o)l do-
I2-7) 0
So the uniqueness follows from Gronwall’s inequality (cf. [6]).
Next, using the uniqueness of solutions, we conclude the existence of a solution
on a maximal interval [0, Tiyax) where

Tax :=sup {7 > 0 ; there exist a mild solution u € IIp to (1.1)} < +o0.
Note that, using the continuity of the semigroup 7T'(¢), we can easily conclude that
u € C([0, Tax), Co(RY)).

Moreover, if 0 <t <t + 7 < Tipax, using (3.1), we can write

u(t+7) = T(r)u(t)+ ﬁ /OT T(T —s) /Os(s — o) ulP u(t 4 o) do ds

1 T t - pe1
35  + m/O T(T—s)/O(HS—U) (P~ u(o) do ds.

To prove that [[u(t)|| @~y — 00 as t — Tinax, whenever Trax < 00, we proceed
by contradiction. Suppose that u is a solution of (3.1) on some interval [0,T") with
llull oo (0,7 xrV) < 00 and Tiax < co. Using the fact that the last term in (3.5)
depends only on the values of u in the interval (0,t¢) and using again a fixed-point
argument, we conclude that u can be extended to a solution on some interval [0,7")
with 7" > T. If we repeat this iteration, we obtain a contradiction with the fact
that the maximal time Ty, is finite.

e Positivity of solutions: If ug > 0 and ug # 0, then we can construct a nonneg-
ative solution on some interval [0, T'] by applying the fixed point argument in the set
E} = {u € Ep; u> 0}. In particular, it follows from (3.1) that u(t) > T'(t)up > 0
on (0, T]. It is not difficult by uniqueness to deduce that u stays positive on (0, Tyax)-

e Regularity: If ug € L"(RY) N Cy(RY), for 1 < r < oo, then by repeating the
fixed point argument in the space

Bry = {ue L=((0,T), Co(RY) N L"(R™)); [lully < 2fluo]| Lo, Jullso,r < 2uo

L"}a

L7(RN)
by [|lul[7 RN)”U”LT(RN) in the contraction mapping argument, using (2.4), we ob-
tain a unique solution in Er ,; we conclude then that

instead of Er, where |- [|oc,r := || || Lo ((0,7),L7(®N)), @and by estimating ||u?|

u € C([0, Tmax), Co(RY) N L™ (RM)).
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We say that u is a global solution if Ti,,x = 00; when Ty < 00, u is said to blow
up in a finite time and in this case we have ||u(-,t)|| @~y — 00 as t — Tipax-

Remark. We note that classical or strong solution do not exist due to the singu-
larity in time in the nonlinear term.

4. BLOW-UP OF SOLUTIONS

Now, we want to derive a blow-up result for Eq. (1.1). Our argument uses weak
solutions.

Definition 4.1 (Weak solution). Let ug € L (RY), 0 < 3 <2 and T > 0. We

say that u is a weak solution of the problem (1.1) if u € LP((0,7), L32 .(RY)) and
verifies the equation

uo(z)el s o) = [ [ a2
T
(4.1) - [ [ e,

for all compactly supported ¢ € C1([0,T], H?(RY)) such that ¢(-,T) = 0, where
a:=1—v€(0,1).

Lemma 4.2. Consider ug € Co(RY) and let u € C([0,T],Co(RY)) be a mild
solution of (1.1), then u is a weak solution of (1.1), for all0 < 5 < 2 and all T > 0.

Proof. Let T > 0,0 < 8 < 2, up € Co(RY) and let u € C([0,T],Co(RY)) be a
solution of (3.1). Given ¢ € C1([0,T], H?(RY)) such that suppy is compact with
©(-,T) = 0. Then after multiplying (3.1) by ¢ and integrating over RY, we have

/RN (@, )l t) = /RN T(t)uo(:c)go(m,t)—f—/RN (/OtT(t — )78, (juP ) (3, 1) ds) ol t).

We differentiate to obtain

G | ouenean = [ L @Ou@en)
(4.2) + /]RN dt/ J0|s |u\p 1 ) (x,8) dsp(z,t).
Now, using (2.5) and a property of the semigroup T'(¢) ([6, Chapter 3]), we have:
G Qo) = [ ACOuE)ew+ [ TOu@e
RN RN RN
(43) = [ Tu@agn+ [ TOu@e..
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and
/]RNjt/OtT(t—S)f(a?,S)dscp(x,t) = Rfot o(z,t) /RN/ T(t—s)f

¥ ANAZWfS f(z,5)dsgpi(,1)

(4.4) + /RN/ (t — ) f(z, s) dsgi(z, 1),

where f := Jg, (JulP=tu) € C([0,T7; L*(RY))
Thus, using (3.1), (4.3) and (4.4), we conclude that (4.2) implies
— u(z, t)p(z,t) :/ u(x,t)Ago(x,t)—l—/ u(z, t)pe(x, t) + f(z, t)p(z,t).
dt Jr~ RN RN RN
We conclude by integrating in time over [0,7T] and using the fact that ¢(-,T) =
0. O
Theorem 4.3. Let ug € Co(RY) be such that ug > 0 and ug # 0. If

B2—7)
(N =B+ p67)+
for all 8 € (0,2], then the mild solution to (1.1) blows-up in a finite time.

Note that in the case where p = p* and 3 € (0,2) we take p > N/(N — ) with
N > (.

1
(4.5) p<1+ =p" or p<—,
Y

Proof. The proof is by contradiction. Suppose that u is a global mild solution to
(1.1), then u is a solution of (1.1) in C([0,T],Co(RY)) for all T > 1 such that
u(t) > 0 for all t € [0,T].

Then, using Lemma 4.2, we have

/]RN uo(7)p(w,0) +/OT /RN T, () (@, )l 1) = /OT /RN A
ATANM%U%QJL

for all test function ¢ € C'([0,T], H?(RYN)) such that suppy is compact with
o(+,T) =0, where « :=1—~v € (0,1).

Now we take (z,t) = Dgip (¢(x,t)) = Dily ((%(x))%(t)) with @1 (z) =
@ (|z]/TVP), @a(t) == (1 —¢/T)Y, where £ > p/(p — 1), n > max{(ap +1)/(p —

1); ¢+ 1} and ® a smooth nonnegative non-increasing function such that

1 ifo<r<i,
Q“W‘{o if r > 2,

0<®<1,|®(r)] <Cy/r for all r > 0. Using (2.16), we then obtain
| wo@ Dot 0+ [ ) D501

(4.6) / /R ol (D) Dl 1) - / u(e, ) DD (i, ),

Qr

x,8)) dsp(x,t)

flz, t)o(z,t) / / (t—s)f(z,s)dsAp(z,t)
RN RN
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where

Qr == [0,T]xQ for Q= {xeRN |z| <2T1/ﬁ / / dr and / dx dt.
QT QT

Furthermore, using (2.11) and (2.16) in the left hand side of (4.6), and (2.12) in
the right hand side, we obtain

cr* / / DG o)1 (uP) (@, ) p(, )

(4.7) / /RN u(z, t)(—A)P/? Diiro(z,t) +/ u(z, t)DllT o(x,t).

Qr

Moreover, using (2.13), we may write
| v s rer [ w@e
Qr Q

T
@8 =[] enCaP @D + [ uwoDi s

Qr

So, Ju’s inequality (—A)5/2 (pf) < ("1 (=A)P/2 (p1) (see the Appendix) allows
to write:

/ uP(i,1) $la,t) + C T / uo ()t (z)
Qr Q

<O | ulwt) 7 @) [(-2) 01 () D ()|

+/QT u(,t) ¢i(z) 'Dtlﬁa“”( )’

=0 |l t) @G @) | (-2) 1 (@) Difreeals)

49+ [ ) @@ D)

Therefore, using Young’s inequality

2p—1
b? where pp=p+p, a>0,0>0, p>1,p>1,

1
4.10) ab< —a? + —

with
a=u(x,t) /P,
b= Pl (@) [(-8)% 261 (2) Dippa(t)|

in the first integral of the right hand side of (4.9), and with

a=u(z,t) pY/P,
b= Pl (a) | Do (t)]
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in the second integral of the right hand side of (4.9), we obtain

1 i
(1p>/QTu (1) $(z 1)

(—A2)% 21 (2) Dron(t)||

P

1

<C [ (o1(2) 7P (pa(t) 71

Qr

(4.11) +C | (p1(2)) (o) 77

Dtl‘-;a ©2 (t)

as up > 0. At this stage, we introduce the scaled variables: 7 = T't, £ = T~ /Pg,
use formulas (2.14) and (2.15) in the right hand-side of (4.11), to obtain:

(4.12) /Q uP(z,t) ¢la,t) < CT7°,

where 6 ;== (1+a)p—1— (N/B), C = C(|], |Q2]), (|Q] stands for the measure
of Q;, for 1 = 1,2), with

lez{ﬁeRN; lKl<2} , Qi={r>0; 7<1}.
Now, noting that, as
1 1
(4.13) p<p" or p<— <= §5>0 or p<-—,
v Y
we have to distinguish three cases:

e The case p < p* (J > 0): we pass to the limit in (4.12), as T goes to co; we get

T
lim / / uP(z,t) ¢(x,t) de dt = 0.
T—oo Jo Jiz|<2T1/8

Using the Lebesgue dominated convergence theorem, the continuity in time and
space of u and the fact that ¢(x,t) — 1 as T — oo, we infer that

/ / uP(z,t)dxdt =0 = u=0.
0o JrN

Contradiction.

e The case p = p* (§ = 0): using inequality (4.12) with T'— oo and taking into
account the fact that p = p*, we have on one hand

(4.14) u € LP((0,00), LP(RY));

on the other hand, repeating the same calculation as above by taking this time
¢1(z) = @ (|z|/(B~'/PT"/F)) , where 1 < B < T is large enough such that when
T — oo we don’t have B — oo at the same time, we arrive at

(4.15) / uP(z,t) $(x,t) < O B-N/P 4 ¢ B=N/OHR
X7
thanks to the following rescaling: 7 = T 1t, £ = (T/B)fl/ﬁ x, where

Tr = [O,T]x{xeRN; |x|§23—1/ﬁT1/ﬁ} and / :/ dz dt.
ET ET
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Thus, using p > N/(N — ) and taking the limits when 7" — oo and then B — oo,

we get:
/ / uP(z,t)dedt =0 = u=0,
o JrN

which is a contradiction.
Note that, in the case § = 2 it is not necessary to take the condition p > N/(N —f3)
with N > (. Indeed, from (4.9) with the new function ¢;, we may write

/ZT uP(x,t) ¢(z,t)

<C : (e, t) @1/1’@*1/17( ‘DHT pa(t )‘
T

(116) 4 C [ ulwn) gretr (<p1(x))4—1\A£¢1(x) Diirea(t)]

where

Ap = [o,T]x{:c eRY ; B7V27TY2 <) < 23_1/2T1/2} C Y7 and / = dx dt.
Ap

Moreover, using Young’s inequality
1 1. -
(4.17) ab< Eap —+ G b? where pp=p+p, a>0,b>0, p>1,p>1,

with
a=u(z,t) @ /p,
b= P (pr(x ‘D1|T pa(t )’

in the first integral of the right hand side of (4.16), and Holder’s inequality

1/p N\ /P
/ ab < (/ ap> (/ bp> , where pp=p+p, a>0,0>0, p>1,p>1,
Ap Ap Ap

with
o = ulz, t)@/p,
b=¢ 1P (p1(x ‘Aagsﬁ’l ) ﬁT%(t),

in the second integral of the right hand side of (4.16), we obtain

1 » ~
<1—p>/2Tu (2. 1) B, 1)

D/t ’
t|T 902( )

< C/E (p1(2)) (pa(t)) 77

(4:18) </AB uP @)Up (/AB (01(2) 7 (pa(t)) "7

Taking account of the scaled variables: 7 = Tt £ = (T/B)_l/2 x, and the fact
that § = 0, we get
1/p
uP <,5> )

5\ 1/P
Arpr@Direal] )

(4.19) / uP(z,t) p(az,t) < C BN 4 ¢ B! </
ET A

B



14 AHMAD Z. FINO AND MOKHTAR KIRANE

1/p
lim (/ uP gb) =0 (from (4.14)),
T— o0 AB

passing to the limit in (4.19), as T — oo, we get

/ / uP(x,t)dedt < ¢ B~N/2,
o Jry

We conclude that u = 0 by taking the limit when B goes to infinity; contradiction.

Now, as

e For the case p < 1/, we repeat the same argument as in the case p < p* by choos-
ing this time the test function as follows: ¢(z,t) = D{j@(z, 1) == Diir (5(2)palt))
where p3(x) = @ (|z|/R), pa(t) = (1 —t/T)" and R € (0,T) large enough such
that when T — oo we don’t have R — oo at the same time; the function ® is the
same as above. We then obtain

[ v s + e [ (o)
Cr

c

< O ) BB (gs(a))! Dl atr)]
T

(420)  +C . u(z,1) @””@’”p(ws(x))e’l‘(—Aa:)m%(w) Dirpal(t)

)

where

Cr:=[0,T|xC for C:={zeRYN ; |z] <2R}, / :/ dx and / :/ dx dt.
c c Cr Cr
Now, by Young’s inequality (4.10) with
a=u(z,t) "7,
b=7"1/7 (pa(@)’ [ Dl ea(t)
in the first integral of the right hand side of (4.20) and with
a=u(z,t) /P,
b =% 7(3(@) " |(~22)%2ps(2) Dipepa(t)
in the second integral of the right hand side of (4.20) and using the positivity of
Ug, we get
]. . Y _ 1
(1- *)/C u(z,t) o(z,t) < C [ (es(x)) (alt) 777
T

p Cr

D1+a ©4 (t)

P
i ea(t)]

1

+ C g (03(2)) 7 (alt)) 7T

Then, the new variables ¢ = R™'z, 7 = Tt and (2.14)-(2.15) allow us to obtain
the estimate

/ uP(x,t) Pz, t)dedt < ¢ T-UFIP RN 4 ¢ =P RN=6P,
Cr

‘ D

(—2:) P03 Dgirps

Taking the limit as T' — oo, we infer, as p < 1/y <= 1— ap <0, that

/OOO /C w(z, t)? (¢3(x))" dodt = 0.
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Finally, by taking R — oo, we get a contradiction as u(x,t) > 0 for all x € RY,
t>0. ([

Remarks.
(1) If we take 8 = 2 and v(z,t) = (T(1 — )™/ ®=D y(D(1 — )22, T(1 — 7)t)
where u is a solution of (1.1), we recover the result in [8] as a particular case.

(2) We can extend our analysis to the equation

Eab(z, s)|uls) [P Lu(s
(4.21) ut:*(*A)w“*Ful_v)/o = )(t£2)7 e

where p > 1, 3 € (0,2],0 <y < 1and ¢ € L} (RN x (0,00)), ¥(-,t) > 0 for all
t>0,

ds, reRY,

S(BVPTYPE, TT) > C >0 ifp <p*
Y(RE,TT)>C >0 ifp<1/v,
forany 0 < R,B < T, T €[0,1] and £ € [0, 2].

(3) In Theorem 4.3, we use precisely the weak solution, but in this case we obtain
a nonexistence of global weak solutions. Therefore, to obtain blow-up results, we
use the mild solution and the alternative: either Ty .x = 00 or else Thax < 00 and
||u||L°°((0,t)><]RN) — 00 as t — Thax-

(4) We can take the nonlocal porous-medium spatio-fractional problem which is
our first motivation to extend the results of [8]:

1 t
up 4+ (=) 2yt = m/o (t —8) TulPtu(s)ds =€ RNt >0,

u(z,0) = ug(z) zeRVN,

where 3 € (0,2, 0 <y <1,1<m <p, up >0 and up Z0.
The threshold on p will be
2—7)(N(m—1) +p)

m
<1+ or < —.
P (N =B+ B7)+ =3

5. BLOW-UP RATE IN THE CASE 3 = 2

In this section, we present the blow-up rate for the blowing-up solutions to the
parabolic problem (1.1).
We take the solution of (1.1) with an initial condition satisfying

(5.1) up € Co(RM)NLARY), u(-,0) =ug >0, wup#0.
The following lemma will be used in the proof of Theorem 5.2 below.
Lemma 5.1. Let ¢ be a nonnegative classical solution of

(5.2) or = Ap + Ji;jlt(cpp) inRY x R,

where v € (0,1), p> 1 and

1=y (P — 1 ' — )Y LP
P20 = e [ =) s
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Then ¢ = 0 whenever
1
(5.3) p<p" or p< o

Proof. We repeat the same computations as in Theorem 4.3 with (1 — tZ/TQ)Z
instead of (1 —¢/T)] for n > 1, use (2.17)-(2.19) and take account of the inequality

T2 (7)) = T (7).

—oolt

Moreover, we take cpi/pgol_z/p instead of @1/PG=1/P (resp. B/PE1/P) in (4.9),(4.16)
(resp. in (4.20)) for £ > 1 to use the Young and Hoélder’s inequality.
Note that here, we rather use the e—Young inequality

ab < ga” +O@E)b?,
for0<e < 1. O

Theorem 5.2. Let ug satisfy (5.1). Forp < p* orp < (1/7), letay := (2—7)/(p—
1) and let u be the blowing-up mild solution of (1.1) in a finite time Tyax := T*.
Then there exist two constants c¢,C' > 0 such that

(5.4) (T —t)" <supu(-,t) <C(T* —t)~*, te (0,T7).
RN

Proof. The proof is in two parts:

e The upper blow-up rate estimate. Let

M(t) .= sup w, te (0,77).
RN x(0,t]

Clearly, M is positive, continuous and nondecreasing in (0, 7*). As lim;_,p+ M (t) =
o0, then for all ¢y € (0,7*), we can define

td =11 (tg) :== max{t € (to, T*) : M(t)=2MIto)}.
Choose A > 1 and let

1 —1/(2a1)
(55) )\(to) = (MM(tO)) .
we claim that
T*
(5.6) A 2(to)(ty —to) <D,  to€ (2,T*> ,

where D > 0 is a positive constant which does not depend on tg.
We proceed by contradiction. If (5.6) were false, then there would exist a sequence
t, — T such that

A2 — ta) — o0,

where A, = \(t,,) and ¢} =" (t,). For each ¢, choose
R N 1
(5.7) (&n,tn) € RN x (0,t,] such that w(Z,,t,) > S M(tn).

Obviously, M (t,) — oo; hence, t, — T*. Next, re-scale the function u as

(5-8) (Y, 8) = A uy + &, Ao +in), (y,8) €RY x I (T7),
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where I,,(t) := (=A%, A\ 2(t — t,)) for all t > 0. Then ¢ is a mild solution of
(5.9) ps=Dp+J% o (7))  in RN x I,(T*),
ie., for G(t) = G(z,t) := (47rt)’N/26*|9”|2/4t and * being the space convolution,

we have

(5.10)
() = G5+ Ap2E) « o™ (< A%Hn) + /

_)\7:2£n

L Gls—a) e (™)) do
in RN x I,,(T*); whereupon, as ¢ (0,0) > A,
0 <M < N2MM(tF) = N212M (t,) =44 in RY x L,()),
thanks to (5.5) and the definition of ¢;.
Moreover, as
oM € C([=\;, %, T), Co(RY) N LA(RYN))  for all T € I,,(T™),
so, as in Lemma 4.2, o™ is a weak solution of (5.9).

On the other hand, if we write p*» as p*(s) = v(s) + w(s) for all s € I,(T*),
where

v(s) := G(s4+\, 2t ) %™ (= %t,) and  w(s) :

I
™

Gs—0 )\ ;| (&™) do,

A7t
we have, see [6, Chapter 3], for T' € I,,(T™)
v € O((=A,%tn, T); H*RY)NCH (=, %8, T): LA (RY)) € L2((=A,%En, T); H' (RY))
and, using the fact that f(s) := Jf)\;zfnls((@)‘")p) € L2((—=\;%t,, T); L*(RY)) and
the maximal regularity theory, we have
w € WH2((=, 2, T); LA (RY)NL2 (A, %En, T); H(RY)) € L2 (=X, %80, T); H'(RY)).
It follows that

P € O([=X; %1, T, L2 (R™Y)) N L2((=A; %0, T), WH*(RY));
so from the parabolic interior regularity theory (cf. [22, Theorem 10.1 p. 204]) there
is 1 € (0, 1) such that the sequence ¢*» is bounded in the Cﬁ;Z/Q(RN x R)-norm by a

constant independent of n, where Cﬂ)"é /2 (RN xR) is the locally Hélder space defined

in [22]. Similar uniform estimates for ‘]f)\;f (pP) follow if p is sufficiently small.

in|s
The parabolic interior Schauder’s estimates (see [21, Th. 8.11.1 p. 130]), using

the existence theorems in Holder’s space, imply now that the 012;(:” Atu/2 (RY x R)-

norm of ¢*» is uniformly bounded. Hence, we obtain a subsequence converging in
CQJ”L’H’LN(RN x R) to a solution ¢ of

loc

ps =Ap+J% 1 (¥")  InRY x (=00, +00),

—ools

such that ¢(0,0) > A and 0 < ¢ < 44 in RN x R. Whereupon, using Lemma
5.1, we infer that ¢ = 0 in RN x (—o0, +00). Contradiction with the fact that
©(0,0) > A > 1. This proves (5.6).

Next we use an idea from Hu [15]. From (5.5) and (5.6) it follows that

T*
(t& —to) < DAY M(tg)™Y*1  for any tg € <2,T*) .
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Fix tg € (T*/2,T*) and denote t; = t§,t2 = t{,t3 =t5,.... Then
tipn—t; < DERAMUM(t) ",
M(t1) = 2M(t)),

7 =0,1,2,.... Consequently,

T —to = > (Lir1—t;) < DAV M(t;) "™
Jj=0 7=0

= DAY M(tg)~/or Y 27/,
=0

Finally, we conclude that
U(l‘,to) < M(to) < C(T* — to)_oq, Vig € (O,T*)

where N
1

C=2A(D> 279/m
§=0

SO

supu(-,t) < C(T* —t)~, Vte (0,T7).

RN
e The lower blow-up rate estimate. If we repeat the proof of the local existence of
Theorem 3.2, by taking ||ulj; < 6 instead of ||ul|1 < 2||uo||oo in the space Er for all
positive constant # > 0 and all 0 < ¢ < T, then the condition (3.2) of T" will be:

(5.11) 1o |oe + CT* 767 < 6,

and then, like before, we infer that [|u(t)|e < @ for (almost) all 0 < ¢t < T.
Consequently, if [|uglloc + Ct*776P < 6, then ||u(t)||c < 6. Applying this to any
point in the trajectory, we see that if 0 < s < ¢ and
0 — [[u(s)lloo

cer

(5.12) (t—s)*7<

then ||u(t)]|oo <6, forall 0 <t < T.
Moreover, if 0 < s < T* and |Ju(s)]|e < 6, then:

0 — Jlu(s)llo
Ccor '

Indeed, arguing by contradiction and assuming that for some 6 > |[u(s)|loo and all
t € (s,T*) we have

(5.13) (T* — 5)*77 >

oy o 0 = [[u(8)]loo
Then, using (5.12), we infer that ||u(t)|le < 0 for all t € (s,T™*); this contradicts
the fact that ||u(t)||cc — 00 as t — T*.
Next, for example, by setting 0 = 2||u(s)||s in (5.13), we see that for 0 < s < T
we have:
(T = 5)*77 > C'lu(s)ll3?,
and by the positivity and the continuity of u we get

(5.14) (T* —8)™* < sup u(z,s), Vse(0,TF).
zERN
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6. GLOBAL EXISTENCE

In this section, we prove the existence of global solutions of (1.1) with initial
data small enough. We give a similar proof as that in [8] just for the seek of
completness. In the following, we use the notation ps. := N(p — 1)/6(2 — 7). As
p* > 14 (2 —+)/N, we note that p > p* = p,. > 1.

Theorem 6.1. Let ug € Co(RY) N LPs<(RN) and 0 < 3 < 2. If
1
(6.1) p > max{;;p*},

and ||ug||Lese is sufficiently small, then u exists globally.
Note that we can take |ug(z)| < Clz|=PC=7/P=1) instead of ug € LPs=(RV).

Proof. As p > (1/7), then we have the possibility to take a positive constant ¢ > 0
so that:

2-y 1 N

6.2 Tl Ce o — g>p
(®2) p=1 p B¢ p-1
It follows, using (6.1), that
N(p-—1
(6.3) q> Np=1) > pse > 1
g

Let

N N 2- N
(6.4) T4

" Bpse Ba p—1 Bg
Then, using (6.2)-(6.4), we conclude that

1—7 N(p-1)
6.5 b>——>0, ppb<l, —+(p-1)b+y=2.
(65) —7 o)

As ug € LP=, using (2.4) and (6.4), we get, for all £ > 0,

(6.6) sup ¢ “"  ug|| Lo < Cllug)| pree = < oo.
>0
Set
(6.7) 2= {u € L>((0,00), LY(RM)); sup t®||u(t)|p« < (5} ,
>0

where § > 0 is to be chosen sufficiently small. If we define

(6.8) d=(u,v) = sup t®||u(t) — v(t)||Lq, Yu,v € =,
>0

then (Z,d) is a complete metric space. Given u € Z, let’s set:

(6.9)
1 t S

Du)(t) = e APy p —— / e (t=)(=8)7 / (s—0) " |ulP~u(o) do ds,

I'(1—7) Jo 0

for all ¢ > 0. We have by (2.4), (6.6) and (6.7)

t s
77+Ctb/(t—s)_7(§_6 /(5—0)7W|\up(0)\|L% do ds
0

0

)@ (w)(t)]| s

IN

(6.10)

IN

s [T[° _N@-1 s
n+ CoPt (t—s)" 8a (s—o) Yo Pdods.
o Jo
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Next, using (6.2) and pb < 1, we get
N
Pa

N(p—1)
/Ot /OS (t_(::)_g)(:l)a_bpdads = (/01(1 - a)_'ya_bpda> /Ot %ds
(6.11) = Ot TRt ot
for all ¢ > 0. So, we deduce from (6.10)-(6.11) that
(6.12) )@ (u)(8)]| e < m+CSP.

Therefore, if n and § are chosen small enough so that n + Cé? < §, we see that
® : Z — E. Similar calculations show that (assuming 7 and ¢ small enough) @ is a
strict contraction, so it has a unique fixed point u € = which is a solution of (1.1).
Now, we show that u € C([0,00), Co(RY)).

First, we show that u € C([0,T],Co(RY)) if T > 0 is sufficiently small. Indeed,
note that the above argument shows uniqueness in Zp, where, for any T" > 0,

Ep o= {u € L>=((0,7), LY(RYN)); sup t*|u(t)|ra < (5}.
0<t<T

Let @ be the local solution of (1.1) constructed in Theorem 3.2. Since uy €
Co(RN) N LPs<(RY), then, using the fact that ug € L?(RY) and (6.3), we have
@ € C([0, Tnax), LY(RY)) by Theorem 3.2. It follows that supy, t°]|@(t)||pe <6
if T > 0 is sufficiently small. Therefore, by uniqueness, v = @ on [0,7], so that
u € C(0,7], Co(RY)).

Next, we show that u € C([T,00), Co(RY)) by a bootstrap argument. Indeed,
for t > T, we write

t T
u(t) — e APy, = / e~ (t=9)(=8)" / (s — o) ulP u(o) do ds
0 0

t s
+ / e~ (t=9)(=0)"" / (s — o) P u(o) dods
0 T
I (t) + I2(1).
Since u € C([0,T], Co(RY)), it follows that I; € C([T, <), Co(RYN)). Also, by the
calculations used to construct the fixed point, using the fact that t=° < 77t < 00

and pq > q, I; € C([T, ), L4(RN)). Next, note that N(p/q—1/q)/3 < 1 by (6.3);
therefore, there exists r € (¢, o] such that

N p 1

3 (q T) <1

Let T < s < t (the case of s < T < t is obvious). Since u € L>((0, 00), LY(RY)), we
have [ulP~tu € L>®((T,s), LYP(RY)), and it easily follows, using (2.4) and (6.13),
that Iy € C([T, 00), L"(RY)). As e~ (=84 and I both belong to C([T,00), Co(RN¥))N
C([T,00), LY(RY)), we see that u € C ([T, 00), L"(RY)). Tterating this procedure a
finite number of times, we deduce that u € C ([T, 00), Co(RY)). This completes the
proof. |

(6.13)

7. NECESSARY CONDITIONS FOR LOCAL OR GLOBAL EXISTENCE

In this section, we establish necessary conditions for the existence of local or
global weak solutions to the problem (1.1); these conditions depend on the behavior
of the initial data for large x.
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Theorem 7.1 (Necessary conditions for global existence). Let ug € L (RY),
ug >0,0< B <2andp>1 Ifuis a global weak solution to problem (1.1), then
there is a positive constant C > 0 such that

(7.1) lim inf (uo(2)]z] =) < C.

Proof. Let u be a global weak solution to (1.1), then u € LP((0, R®), L>*(Bag)) for
all R > 0, where Bsr stands for the closed ball of center 0 and radius 2R. So, we
repeat the same calculation as in the proof of Theorem 3.2 (here in bounded domain)
by taking ¢(z,t) := Djj4(w,t) := Dy (p1(z/R)p2(t)) instead of the one chosen
in Theorem 3.2, where 0 < ¢, € D(ABD/ %) is the first eigenfunction of the fractional
Laplacian operator A%/ %in Bs, with the homogeneous Dirichlet boundary condition
(2.6), associated to the first eigenvalue \ := /\’f/Q, and pa(t) == (1 — t/Rﬂ)i for
¢ > 1 large enough.

Then, as for the estimate (4.11), we obtain, with ¥ := [0, R®] x Bag,

/ uP $dxdt + C R*aﬁ/ uo(z)p1(x/R) dx
by |z|<2R

P
Ditsea(t)| dodt

<c / o1(2/R) (pa(t) 7T

(72)  +C / (61 (2/R)) 7T (92(0)) 7 |A% 201 2/ R)DE poon(®)| dv,

where o := 1 —« and j := p/(p — 1). If we take the scaled variables 7 = t/R”,
¢ = z/R and use the fact that A%/2g01(x/R) = R PXp1(z/R) in the right-hand
side of (7.2), take into account the positivity of u, we infer that

Cr [ un(ROp(e)de
|€1<2
< C(R) €< p1(&) d€
— O(R) /|§|<2|R§|ﬁ(1+a)(ﬁ1)|R€|ﬁ(1+a)(1ﬁ)%(€) e

< C(R)(2R)P )61 /g RO
<2

where C(R) = RP~(1+2)85(C + C)), and so

@3 [ wmga©de<c [ RGP0 D9
|€1<2 lgl<2

Using the estimate

inf (uo(RE)|REPHTIP1) / |RE|PAT)A=P) g () de < / uo(RE)p1 (&) dE
[g]>1 1<lglL2

1€1<2

IN

/Elquo(Rg)sol(é) de
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in the left-hand side of (7.3), we conclude, after dividing by |, | R¢|PA+A=P) ) (€) de
that
(7.4) ‘ gil‘afl(uo(Rg)|R§|ﬁ(1+“)(ﬁ’1)) <C.

>

§1<2

Passing to the limit in (7.4), as R — oo, we obtain

fim i 2| +)7) < .

Corolary 1. (Sufficient conditions for the nonexistence of global solutions)
Let ug € L (RY), up > 0,0 < B <2and p > 1. If

L. B(2=7)

lim inf (ug(z)|z| 7T ) = 400,

|z|—o0

then the problem (1.1) cannot admit a global weak solution.
Next, we give a necessary condition for local existence where we obtain a similar
estimate of T found in the proof of Theorem 3.2, as |z| goes to infinity.

Theorem 7.2 (Necessary conditions for local existence). Let ug € L3S (RN), ug >
0, 8 €(0,2] and p > 1. If u is a local weak solution to problem (1.1) on [0,T] where
0 < T < 400, then we have
(7.5) l‘nln infup(x) < C Tff)%,
for some positive constant C' > 0.
Note that, if A := liminf|,|_o uo(x), then we obtain a similar estimate as that
found in (3.4),

T?=7 AP~ 1

=R
Proof. We take here, for R > 0 sufficiently large, (,t) := Dij;@(,t) := Diir (¢1(z/R)pa(t))
where @5 (t) := (1 — t/T)f_ instead of the one chosen in Theorem 7.1. Then, as (7.2),
we obtain

/ uP gdedt + C T_“/ uo(x)p1(z/R) dz
D3] |z|<2R

<C [ ¢i(@/R) (pa(t) 77

P
g D}F&pg(t)‘ dx dt
1

__2_ _1

10 +C [ (orla/R) T (eale) T
1

where 1 :=[0,T] x {z € RY; |z| < 2R}, a:=1—~v and p :=p/(p — 1). Now, in

the right-hand side of (7.6), we take the scaled variables 7 = T~'t, £ = R~ 'z and

use the fact that A%/Qcpl(m/R) = R P\p1(x/R), while in the left-side we use the
positivity of u, then we get

—« —(14a)p —ap p—pBp .
e [ wROe@de < (CT0P s ONT TR | e de

1€1<2

AP/? RYD ()| de dt
b e1(x/R)Djrpa(t)| drdt,

and so

(7.7) /K'Quo(R&)wl(f) d¢ < O(R.T) / o1(6) de

1€1<2
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where C(R,T) = C TU+)(=p) ¢ Tl+e(1=P) R=0p,
Using the estimate

inf (up(RE) [ pr(€)de < /1<§<2U0(R€)901(€)d5

lel>1 lel<2

IN

| wlroee) as
lgl<2
in the left-hand side of (7.7), we conclude, after dividing by fl€|§2 v1(€) d¢, that
(7.8) |£i|nf1 uo(RE) < C T+ (=) 4 o pl+a(l—p) p—Fp
>

Passing to the limit in (7.8), as R — oo, we obtain

lim inf ug(z) < C TU+OE=P) — ¢ T3,

|z|—o0

APPENDIX

In this appendix, we give a proof of Ju’s inequality (see Proposition 3.3 in [16]),
in dimension N > 1 where § € [0,2] and ¢ > 1, for all nonnegative Schwartz
function v (in the general case)

(—A)°297 < gt (=A)° 2y

The cases § = 0 and § = 2 are obvious, as well as ¢ = 1. If § € (0,2) and ¢ > 1,
using [5, Definition 3.2], we have

(~8)"205(0) = ~ex(9) [ |
where cx (8) = 20T ((N +6)/2)/(=#V/?T'(1 — §/2)). Then

(@) (=8) () = —en(s) [ DD R

RN |Z|N+5

Yla+2) =)

N
PLER , forallz e RY,

2.
By Young’s inequality we have
@) +2) < T () + (e + 2)

Therefore,

(W ()17 (=A)° () >

—en(6) /RN Wlrt+2)" = W@ L A2

q 2| N+0 q
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