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On certain time-space fractional evolution equations

Ahmad Z. FINO™* and Mokhtar KIRANET

Abstract

In this article, we present first a new technique to prove, in a general case, the
recent result of Cazenave, Dickstein and Weissler (Nonlinear Analysis, 2008) on the
blowing-up solutions to a temporally nonlocal nonlinear parabolic equation. Then,
we study the blow-up rate, and the existence of global solutions. Furthermore, we
establish necessary conditions for local or global existence.
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up, blow-up rate, maximal regularity, interior regularity, Schauder’s estimates, critical expo-
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1 Introduction

In this paper, we investigate the nonlinear parabolic equation with a nonlocal in time
nonlinearity

t
u + (—A)P 20 = 1/ (t—s) ul u(s)ds = e RN, t>0,
7) Jo (1.1)

u(z,0) = up(x) zeRY,

where ug € Co(RY), N > 1,0 < 3<2,0< v <1, p>1 and the nonlocal operator
(=A)P/2 is defined by

(~2)" (@) = F7 (| F(©)(©)) (x)
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for every v € D((—A)%/?) = HP(RY), where H?(RY) is the homogeneous Sobolev space
of order § defined by

HPRY) = {u €S (~A) 2y e LQ(RN)} if 8¢N,

HPRY) = {u e LXRN); (=A% € LQ(RN)} if BeN,

where S’ is the space of Schwartz distributions. F stands for the Fourier transform and
F~1 for its inverse, I is the Euler gamma function and Co(R") denotes the space of all
continuous functions decaying to zero at infinity.

When Eq. (1.1) is considered with a nonlinearity of the form w?, it reads

up + (=N = P,

This equation has been considered by Nagasawa and Sirao [27], Kobayashi [21], Fino and
Karch [13|, Birkner, Lopez-Mimbela and Wakolbinger [6], Guedda and Kirane [15], and by
Kirane and Qafsaoui [20].

The fractional Laplacian (—A)?/2 is related to Lévy flights in physics. Many observa-
tions and experiments related to Lévy flights (super-diffusion), e.g., collective slip diffusion
on solid surfaces, quantum optics or Richardson turbulent diffusion, have been performed
in recent years. The symmetric f—stable processes (5 € (0,2)) are the basic characteristics
for a class of jumping Lévy’s processes. Compared with the continuous Brownian motion
(6 = 2), symmetric S—stable processes have infinite jumps in an arbitrary time interval.
The large jumps of these processes make their variances and expectations infinite according
to 8 € (0,2) or 8 € (0, 1], respectively (see [18]). Let us also mention that when g = 3/2,
the symmetric S—stable processes appear in the study of stellar dynamics (see [11]).

As a physical motivation, the problem (1.1) suggested to us the possibility of a physical
model in which a super-diffusive medium is coupled to a classically diffusive medium. The
right-side of (1.1) might be interpreted as the effect of a classically diffusive medium that
is nonlinearly linked to a super-diffusive medium. Such a link might come in the form
of a porous material with reactive properties that is partially insulated by contact with a
classically diffusive material. For more informations see the recent result of Roberts and
Olmstead [28].

Our article is motivated mathematically by the recent and very interesting paper by
Cazenave, Dickstein and Weissler [10] which deals with the global existence and blow-
up for the parabolic equation with nonlocal in time nonlinearity

t
up — Au = / (t—s) ullu(s)ds zeRN, t>0, (1.2)
0
where 0 <~y < 1,p>1and ug € Cy (]RN ), which is a particular case of (1.1); it corresponds
to B = 2.
If we set 22 )
-7
" (N -2+ 27)4
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and .
Py = max{;,pv} € (0, 4o0],

where (- )4+ is the positive part, they proved that
(1) Ifv#0, p <ps, and ug > 0, up # 0, then u blows up in finite time.

(ii) If v # 0, p > ps, and ug € L% (RY) (where g5 = N(p — 1)/(4 — 27)) with |lug| pasc
sufficiently small, then u exists globally.

If v = 0 then all nontrivial positive solutions blow-up as proved by Souplet in [31]. The
study of Cazenave, Dickstein and Weissler reveals the surprising fact that for equation
(1.2) the critical exponent in Fujita’s sense p, is not the one predicted by scaling.

This can be explained by the fact that their equation can be formally converted into

Dgjyue — D Au = Ju[P~ 1, (1.3)

where Dg, is the left-sided Riemann-Liouville fractional derivative of order @ € (0,1)
defined in (2.8) below (we have set in (1.3), a =1—~ € (0,1)).

Eq. (1.3) is pseudo-parabolic equation and as is well known scaling is efficient for detecting
the Fujita exponent only for equations of parabolic type.

Needless to say that the equation considered by Cazenave, Dickstein and Weissler [10] is a
genuine extension of the one considered by Fujita in his pioneering work [14].

In this article, concerning blowing-up solutions, we present a different proof from the one
presented in [10], and for the more general equation (1.1). Our proof is more versatile and
can be applied to more nonlinear equations (see the Remarks in Section 4).

Our analysis is based on the observation that the nonlinear differential equation (1.1) can
be written in the form:

g+ (=)0 = Jg, (lufP =) (1.4)
where @ :=1—~v € (0,1) and Joj¢ is the Riemann-Liouville fractional integral defined in

(2.10).
We will show that:

(1) For ug > 0, ug # 0, and ug € Co(RY), if

B2 —17) 1
PN S, Py

then all solutions of problem (1.1) blow-up in finite time.

(2) For ug € C()(RN) N LpSC(RN), where pg. 1= N(p - 1)/5(2 - 7)7 if

B(2—7) ,1}
(N=B+087)+" 7]’

and ||ugl||prse is sufficiently small, then u exists globally.

p>max{l+



The method used to prove the blow-up theorem is the test function method introduced
by Baras and Pierre [5|, Mitidieri and Pohozaev [24, 25|, Kirane et al. [15, 19]; it was
also used by Baras and Kersner [4] for the study of the necessary conditions for the local
existence.

Furthermore, in the case 8 = 2, we derive the blow-up rate estimates for the parabolic
equation (1.1). We shall prove that, if ug € Co(RY) N L2(RY), ug > 0, up # 0 and if u is
the blowing-up solution of (1.1) at the finite time 7% > 0, then there are constants ¢, C' > 0
such that ¢(T*—t)" <suppnv u(-,t) < C(T*—t)"* for 1 <p < 142(2—7)/(N—2+427)+
orl <p<1l/yandallte (0, 7%), where ay := (2—7)/(p—1). We use a scaling argument
to reduce the problems of blow-up rate to Fujita-type theorems (it is similar to blow-up
analysis in elliptic problems to reduce the problems of a priori bounds to Liouville-type
theorems). As far as we know, this method was first applied to parabolic problems by Hu
[16], and then was used in various parabolic equations and systems (see |9, 12]). We notice
that in the limiting case when v — 0, we obtain the constant rate 2/(p — 1) found by P.
Souplet [32].

For more informations, we refer the reader to the excellent paper of Andreucci and Tedeev
[1] for the blow-up rate by an alternative method

The organization of this paper is as follows. In Section 2, we present some definitions and
properties. In Section 3, we derive the local existence of solutions for the parabolic equation
(1.1). Section 4 contains the blow-up result of solutions for (1.1). Section 5 is dedicated to
the blow-up rate of solutions. Global existence is studied in Section 6. Finally, a necessary
condition for local existence and a necessary condition for global existence are given in
Section 7.

2 Preliminaries

In this section, we present some definitions and results concerning fractional Laplacians,
fractional integrals and fractional derivatives that will be used hereafter.
First, if we take the usual linear fractional diffusion equation

u 4+ (=A)P2u =0, Be(0,2, zeRY, t>0, (2.1)
then, its fundamental solution Sz can be represented via the Fourier transform by
— __ 1 iz.£~t/€]°
It is well-known that this function satisfies
Sp(1) € L2RN)y N LYRY),  Ss(z,t) >0, Sp(z,t)de =1, (2.3)
RN

for all € RY and t > 0. Hence, using Young’s inequality for the convolution and the
following self-similar form Sg(x,t) = t*N/ﬁSg(xtfl/ﬁ, 1), we have

N

_N(1_ 1
1S5(t) * vl < Ot~ 7G|, (2.4)
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for all v € L"(RY) and all 1 <r < ¢ < o0, t > 0.
Moreover, as (—A)#/2 is a self-adjoint operator with D ((—A)%/2) = HP(RY), we have

/ w(z)(—A)P 2y(z) de = / v(z)(—A)5 () da, (2.5)
RN RN

for all u,v € H(RY).

In an open bounded domain {2, we denote by A%/ % the fractional Laplacian in € with
homogeneous Dirichlet boundary condition. We have the following facts:

Let A\x (k = 1,...,+00) be the eigenvalues for the Laplacian operator in L?(£) with ho-

mogeneous Dirichlet boundary condition and let ¢, be the eigenfunction corresponding to
/\k' Then

wr =0 on 02

and
k=-+o00
D(AY?) = {u € L*(Q) st ulon =05 [AY ull 2@ = > N <upn> 2 < +oo} :
k=1
So, for u € D(A%/Q) we have

k=+o00

2 2
A%/ U= Z )\g/ < U, P > Pk,
k=1

and then we get the following integration by parts
/u(m)A%/2v(x) dzx = / v(x)A%/2u(x) dx, (2.7)
Q Q
for all u,v € D(A%/Z).

Next, if AC[0, T is the space of all functions which are absolutely continuous on [0, 7] with
0 < T < oo, then, for f € AC[0,T], the left-handed and right-handed Riemann-Liouville

fractional derivatives D, f(t) and Dff(t) of order o € (0, 1) are defined by (see [18])
DG f(t) = DJg;f(D), (2.8)
1 T
D f(t) = —D/ s—1t)"%f(s)ds, 2.9
Gf0) = gD [ =07 (29

for all ¢ € [0, 7], where D := d/dt is the usual derivative, and

Jo s ‘:r(la)/o (t — ) f(s) ds (2.10)

is the Riemann-Liouville fractional integral defined in [18], for all f € L7(0,T") (1 < ¢ < 00).
Now, for every f,g € C([0,T7]), such that D&tf(t), Df“Tg(t) exist and are continuous, for

5



all t € [0,7], 0 < a < 1, we have the formula of integration by parts (see (2.64) p. 46 in

[30])

T T
/0 (D5.1) @9 dt = /0 7(t) (Dirg) (1) at.
Note also that, for any f € AC?[0,T], we have (see (2.2.30) in [18])
D.Dijrf = Dy f,

where

AC?[0,T] := {f : [0,T] — R such that Df € AC[0,T]}.
Moreover, for all 1 < ¢ < oo, the following equality (see |18, Lemma 2.4 p.74|)
DS“thit = Idra0,1)

holds almost everywhere on [0, 7.
Later on, we will use the following results.
o Ifwi(t)=(1-t/T)7,t>0,T>0,0> 1, then

 (l=a+o)l(c+1),, 4 £\
Dijrwn(t) = To—ato) L (1_T>+ ,
a o l—a+o)(oc—a)l(c+1), £\ ool
Dyplun(t) = To—ato) —(atD) <1—T)+ ,

for all @ € (0,1); so

(foTwl) (T)=0 ; (DﬁTwl) 0)=C T,

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

where C' = (1 —a+o)['(c + 1)/T(2 — a + 0); indeed, using the Euler change of variable

y=(s—1t)/(T —t), we get

Dijpwi(t) (s—1t)” 1 - T) ds]

wa? [
- 1_QD[ e 01<y>a<1—y>”ds]

(1-—a+o0)B(1 aa—i—l)

I(l—a)

where B(-;-) stands for the beta function. Then, (2.14) follows using the relation

(T _ t)O'—Oé

T(1-a)(o+1)

B -aot+ ) ===

Moreover, using (2.12) and (2.14), we obtain (2.15).

o If wy(t) = (1— t2/T2)i, T > 0, £ > 1, then, using the change of variable y = (s —



t)/(T —t), we have

T_a 4 t g-‘rk—O&
Digunlt) = 5= 2 Cilb ki) (1-7) (217)
. T-a—1 4 " l+k—a—1
k=

forall =T <t <T, a€(0,1), where

Ci(l ko) :=cf(l—a+ L+ k:)QZ*’“(—l)’“%7
Coll ko) == (L+k—a)Ci(lk, ),
cg = (zf;c!)!k!?
s0
@%WNﬂ=O;(%w@PﬂZQMh®T% (2.19)
where

92—a(_q1)t D(k+ 0+ 1)1 —a
C3(l, k, ) ::#chg(l—a—i-ﬁ—i—k) (F(k—i—ﬁ—i—)Q(—a) )

3 Local existence

This section is dedicated to proving the local existence and uniqueness of mild solutions
to the problem (1.1). Let T'(t) := e~t(=2)7%  Ag (—A)B/2 is a positive definite self-adjoint
operator in L%(RY), T'(t) is a strongly continuous semigroup on L?(R™) generated by the
fractional power —(—A)%/2 (see Yosida [33]). It holds T'(t)v = Sj(t) * v, where Sg is given
by (2.2) and u * v is the convolution of u and v. We start by giving the

Definition 1 (Mild solution)
Let ug € Co(RN), 0 < 3<2,p>1 and T > 0. We say that u € C([0,T], Co(RN)) is a
mild solution of the problem (1.1) if u satisfies the following integral equation

u(t) =T (t)ug + /0 T(t - s)Jgs (|u|p_1u) ds, tel0,T]. (3.1)

Theorem 1 (Local existence)

Given ug € CO(RN) and p > 1, there exist a maximal time Thax > 0 and a unique mild
solution u € C([0, Tmax), Co(R™)) to the problem (1.1). Furthermore, either Tmax = 00 or
else Tinax < 00 and |[ul| Lo ((01yxrr) — 00 as t — Tax. In addition, if ug > 0, ug # 0,
then u(t) > 0 for all 0 < t < Tyax. Moreover, if ug € L™(RY), for 1 < r < oo, then
u € C([0, Tiax), L™ (RY)).

Proof. For arbitrary T" > 0, we define the Banach space

Er = {u € L¥((0,T), Co(R™)); [lulls < 2|luo|lr=}

7



where [|- |1 := [|* || poo ((0,7), 100 () - Next, for every u € Ep, we define

U(u) :=T(t)ug —I—/O T(t— s)Jgs (]u|p_1u) ds.

As usual, we prove the local existence by the Banach fixed point theorem.
o ¥:Er — Et: Let u € E7, using (2.4), we obtain with [ [ := || [| oo )

1 t s
< —_ —0o) 7 p oo
[ < ol + =l [ [ =) (@)l dods]imoa

1 bt _
= Bl + sl [ [ 6= o uto) e dsdolmqo
%
1-7)2—=7I1—7)
T2 uo

< luolloo + ( lully

< luolloo +

thanks to the following formula I'(x + 1) = «I'(x) for all x > 0. Now, if we choose T small
enough such that

T2 12 ug| 56
<1, (3.2)
INCE)
we conclude that ||¥(u)]l1 < 2[|upl/co, and then ¥(u) € Erp.

e U is a contracting map: For u,v € Ep, taking account of (2.4), we have
1 t s 1 1
@ =¥ < gl [ [ =) (o) [P o) o do sl
L1—=~)"Jo Jo

t t
= 11(11_7)H/0 /U(S_U)_’yH‘u’p_lu(U)—|U‘p_1v(0)”oodsda|’Loo(07T)
T2
T(3-1)
C(p)2||uolB ' T>
NGRS

< ulP~tu — [0~ ol

< |lu —vl1

< Slu-v|
—||lu—v
= 9 1
thanks to the following inequality
| ulP~ o — o]~ o] < Cp)|u— ol (JufP~ + [vofP~h); (3.3)
T is chosen such that

T2=72P || ||% ' max(2C (p), 1)
INGEE)

<1 (3.4)



Then, by the Banach fixed point theorem, there exists a unique mild solution u € Ilp,
where I := L>((0,T), Co(RY)), to the problem (1.1).

e Uniqueness of solution: If u,v are two mild solutions in E7 for some T > 0, using
(2.4) and (3.3), we obtain

P||uallP=E
lu(t) — vt < S 2” 0” // ) [[u(e) — v(0)|so do ds

P p—1
C 2 HUOH / / 'yHu ) (U)HoodeU

C(p 2pHUOWSo :
['(2—79)
So the uniqueness follows from Gronwall’s inequality for this type of nonlinearities (cf. [8]).

Next, using the uniqueness of solutions, we conclude the existence of a solution on a
maximal interval [0, Tyax) where

/ (t — o) [[u(0) — () oo dor
0

Tmax :=sup {T > 0 ; there exist a mild solution u € Iy to (1.1)} < +o0.
Note that, using the continuity of the semigroup 7'(¢), we can easily conclude that
u € C([0, Tmax), Co(RY)).
Moreover, if 0 <t <t + 7 < Tax, using (3.1), we obtain

1

u(t+7) = T(r)u(t)+ =) /OT T(T —s) /08(3 — o) MulPtu(t + o) do ds

; ' T—38 t s — o) VulP " u(o) do ds
- r(1_7)/OT( )/O(H )l u(o) do ds. (3.5)

To prove that if Tiyax < 00, then [|u(t)|| oo may — 00 as t — Tinax, we proceed by contradic-
tion. Suppose that u is a solution of (3.1) on some interval [0, T") with [|u|| oo ((0,7)xrN) < 00
and Typax < 00. So, using the fact that the last term in (3.5) depends only on the values
of w in the interval (0,¢) and using again a fixed-point argument, we conclude that u can
be extended to a solution on some interval [0,7”) with 77 > T. If we repeat this iteration,
we obtain a contradiction with the fact that the maximal time Ty« is finite.

e Positivity of solutions: If ug > 0 and uy # 0, then we can construct a nonneg-
ative solution on some interval [0,7] by applying the fixed point argument in the set
E} = {u € Er; u > 0}. In particular, it follows from (3.1) that u(t) > T(t)ug > 0 on
(0, 7). It is not difficult by uniqueness to deduce that u stays positive on (0, Tnax)-

e Regularity of solutions: If ug € L"(RY) N Cy(RY), for 1 < r < oo, then by repeating
the fixed point argument in the space

Bry = {u e L¥((0,T), Co(RY) N L"(RY)); fJullr < 2lfuol|zee, [ulloc,r < 2lluollzr},



instead of Er, where |- [loos = | |[zoo((0,r),Lr(mNY), and by estimating [[u?[|r@yy by
Hu”i;l(RN) ]| Lr(mvy in the contraction mapping argument, using (2.4), we obtain a unique
solution in E7,; we conclude then that

u € C([0, Trnax), Co(RY) N L"(RY)).

O
We say that u is a global solution if Ti,,x = 00; when T < 00, w is said to blow up in a
finite time and in this case we have |[u(-,?)|| foo@n) — 00 as t — Trpax.

Remark. We note that classical or strong solution do not exist due to the singularity in
time in the nonlinear term.

4 Blow-up of solutions

Now, we want to derive a blow-up result for Eq. (1.1). To do this, we show for later use
that a mild solution is a weak solution.

Definition 2 (Weak solution)
Let ug € LLOC(RN), 0<B<2andT > 0. We say that u is a weak solution of the problem
(1.1) if u € LP((0,T), L (RY)) and verifies the equation

/QUO(:L’) / / S (ulP~ ) (2, () = /OT/QU(%t)(_A)W%(x’t)
- /OT/QU(@“,t)cpt(x,t), (4.1)

for all p € C([0,T], H?(RN)) such that Q :=suppp is compact with o(-,T) = 0, where
a:=1—-~¢€(0,1).

Lemma 1
Consider ug € Co(RY) and let u € C([0,T), Co(RYN)) be a mild solution of (1.1), then u is
a weak solution of (1.1), for all0 < 5 <2 and all T > 0.

Proof. Let T > 0,0 < 3 <2, up € Co(RY) and let u € C([0,T],Co(R™)) be a solution
of (3.1). Given ¢ € C'([0, T], H?(RN)) such that suppy =: Q is compact with (-, T) = 0.
Then after multiplying (3.1) by ¢ and integrating over RY, we have

u(z, t)p(z,t) = | T(t)uo(z)p(z,t) + tT(t = 5)Jgis (Ju[P~ ) (2,t) ds ) p(,t).
J J Ay )

So after differentiating in time, we obtain

% Qu(x,t)%@(a:,t) = /d(T(t)UO(CU)SO(JU t))

/dt/ 8)Jgls (lulP~tu) (2, 8) dsp(a,t).  (4.2)

10



Now, using (2.5) and a property of the semigroup 7'(¢) (|8, Chapter 3]), we have:
d
|5 0w = [ AC@u@)en+ [ TOu@e)
— [T Ape + [ TOu@es.  @3)
Q Q

and
/QCZ/O T(t—s)f(x,s)dsp(x,t) = /Qf(:v,t)go(x,t) + /Q/o A(T(t—s)f(x,s)) dsp(z,t)
+ /Q/o T(t—s)f(x,s)dspi(x,t)
= /Qf(:c,t)go(a;,t) + /Q/o T(t—s)f(x,s)dsAp(z,t)
+ /Q ; T(t—s)f(x,s)dsps(x,t), (4.4)
)

where f:= Jg, (JulP~tu) € C([0,T]; L*(Q2)).
Thus, using (3.1), (4.3) and (4.4), we conclude that (4.2) imply

u(z, t)p(x,t) = /

Q

), u(m,t)Atp(m,t)—i—/ﬂu(:r,t)cpt(x,t)+/Qf(x,t)g0(x,t).

Finally, we conclude by integrating in time over [0, 7] and use the fact that ¢(-,7") = 0. O
Theorem 2 Let ug € Co(RN) be such that ug > 0 and ug # 0. If

(N—B+py, 0 7Py (4.5)

for all 5 € (0,2], then any mild solution to (1.1) blows-up in a finite time.
Note that in the case where p = p* and 3 € (0,2) we take p > N/(N — () with N > 3.

p<1+

Proof. The proof is by contradiction. Suppose that u is a global mild solution to (1.1),
then u is a solution of (1.1) in C([0,T], Co(RY)) for all T >> 1 such that u(t) > 0 for all
te[0,7T).

Then, using Lemma 1, we have

T T
uo(x)p(x o (P T _ VRN
/Suppgo o(@)e( ,0)+/0 /supngJOt( )(z, t)p(x,1) /0 /Suppsp (2, t)(—=A)P 2 p(x,t)

-/ ' / o D)

for all test function ¢ € C1([0,T], H?(RY)) such that suppy is compact with (-, T) = 0,
where a:=1—~ € (0,1).

11



Now we take (2, t) = Dz (#(2,1)) = Dijy ((#1(2))' ()} with 1 (2) := @ (|al/T/7)
@o(t) == (1 —t/T)7 , where £ > p/(p — 1), n > max{(ap +1)/(p — 1);a + 1} and @ a
smooth nonnegative non-increasing function such that

i <r<
@(r):{l ifo<r<l,

0 if r>2,
0<®<1,|d(r) < Cy/r for all r > 0. Using (2.16), we then obtain
[ w0 DG, 0)+ [T ) 1) Dot
Q Qr
— [ (-8 D5p50.6) - [ u(e.)DDG ol ), (4.6)
T

Qr

where

Qp = [0,T]xQ for Q:{xERN; |x\g2T1/ﬁ}, /:/ dz and / :/ dz dt.
Q Q Qr Qr

Furthermore, using (2.11) and (2.16) in the left hand side of (4.6), and (2.12) in the right
hand side, we conclude that

CTQ/Q / D Joje (u) (1) (. £)
:/ u(x,t)(—A)B/QDt‘Tcp(x t) +/ u(z, t)D1|T oz, t). (4.7)
Qr Qrp

Moreover, using (2.13), we may write

/QT uP(x,t) ¢(x,t) + C Ta/guo(x)gof
- /Q u(, 1) (— )26 () Do () +

(@)
| uopieen. @)

So, Ju’s inequality (—A)%/2 (f) < 1o 71 (= A)P/2 (¢1) (see the Appendix) allows us to
write:

/ uP(e,t) $(a,t) + C T~ / uo ()4 (2)
Qr 0

<0 [ ute) wﬁ—%m)\(—A)ﬁ/%l(x)DfrTma)(

+ [ et @) [Pl at)
=C | ulw,t) @7l @) |(=2) 201 () Direpa(t)|

Qp

+ [ utant) 5 @) | Dl eate) (19)
T
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Therefore, using Young’s inequality

2p-1 _ _ -
b? where pp=p+p, a>0,b>0, p>1,p>1, (4.10)

1
ab < —a? + —
2p D

with
a=u(z,t) "7,
b= g Pt (@) | (~2)7 21 (2) Diypa(t)

in the first integral of the right hand side of (4.9), and with

a=u(z,t) @',
b= G VPl (a) | Difea )]

9

in the second integral of the right hand side of (4.9), we obtain

1 -
1-2) /Q RCRECY

1 p

=c | (01(2)) 7P (pa(t)) 71

+C [ (o) (o)) "7

(—82)"21(2) Dijripa(?)

P
Dtl&a‘:@ (t)‘

, (4.11)

as ug > 0. At this stage, we introduce the scaled variables: 7 = T—t, € = T-Y/Pz, use
formula (2.14) and (2.15) in the right hand-side of (4.11), to obtain:

/ WP (@, t) G(a,t) < C T, (4.12)
Qr

where 6 := (1 +a)p—1— (N/B), C = C(|], |Q2]), (|| stands for the measure of €,
for i = 1,2), with

lez{feRN; ]§|§2} , Qoi={r>0; 7<1}.

Now, noting that, as
x 1 1
p<p" or p<— <<= 620 or p<—, (4.13)
8 Y
we have to distinguish three cases:

e The case p < p* (0 > 0): we pass to the limit in (4.12), as T' goes to oco; we get
T
lim / / uP(x,t) ¢(x,t)dedt = 0.
T—oo Jo  J|x|<211/8

13



Using the Lebesgue dominated convergence theorem, the continuity in time and space of
u and the fact that ¢(x,t) — 1 as T — oo, we infer that

/ / uP(z,t)dedt =0 — u=0.
RN

Contradiction.

e The case p = p* (0 = 0): using inequality (4.12) with 7" — oo, taking into account the
fact that p = p*, we have on one hand

u e LP((0,00), LP(RY)); (4.14)

on the other hand, we repeat the same calculation as above by taking this time ¢;(x) :=
o (|:n|/(B_1/5T1/ﬁ)) , where 1 < B < T is large enough such that when 7" — oo we don’t
have B — oo at the same time, so we arrive at

/ uP(z,t) @(x,t) < € B~NB 4 ¢ B=N/A+P, (4.15)
Y

thanks to the following rescaling: T = T-'t, ¢ = (T/B)~Y# 2, where

Yp = 1[0,T] x {xERN P |zl §2B—1/ﬂT1/ﬁ} and / = [ dzdt
X X7

Thus, using p > N/(N — 3) and taking the limit when T'— oo and then B — oo, we get:

o0
/ / uP(x,t)drdt =0 == u=0,
0 RN

which is a contradiction.
Note that, in the case § = 2 it is not necessary to take the condition p > N/(N — ) with
N > 3. Indeed, from (4.9) with the new function ¢, we may write

/ET WP (@, 1) Bz, )

<C | ) FPG1p (o) )DtlT ot )’
T

+C [ ulw,t) BE (1) |Aapr(@) Drpa(t)| (4.16)

Ap

where

Ap =[0,T] x {x eRY ; B7V2TY2 < || < 23—1/2T1/2} C Y7 and / _/ dz dt.
Ap Ap
Moreover, using the following Young’s inequality

1 1. = ~ ~ ~
ab< —a? 4+ = bP where pp=p+p, a>0,0>0, p>1,p>1, (4.17)
p p
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with

)

a=u(z,t) G,
b= (p1(2)" | Di (!

in the first integral of the right hand side of (4.16), and using Holder’s inequality

1/p N\ /P
/ ab < </ ap> (/ bp> , where pp =p+p, a>0,0>0, p>1,p>1,
Ap Ap Ap

with

a=u(z,t) "7,
b= (1()" |Aapr (@) Dipealt)]

in the second integral of the right hand side of (4.16), we obtain

-1 / WP (z,t) G 1)

‘5

P Jsp
<c /E (1(2))" (p2(t)) 7 | DEEa(t)

+C </AB uP ¢)1/p </AB (g01($))é_§(s02(t))_p%1

Taking account of the scaled variables: 7 = T~'t, ¢ = (T/B)_l/2 x, and the fact that
0 =0, we get

7\ /P
Aror@Diroae] ) - (019

1/p
/ W (a,t) Gz, t) < C BN? 4 0Bt (/ uP @) . (4.19)
S A

B

Now, as

lim ( /A G @) 0 (trom (.19,

T—o0

then, passing to the limit in (4.19), as T — oo, we get

/ / uP(z,t)dedt < C B~N/2,
o JRrN

We conclude that © = 0 by taking the limit when B goes to infinity, contradiction.

e For the case p < (1/7), we repeat the same argument as in the case p < p* by choosing
the test function as follows: ¢(z,t) = DtCTTG(x,t) = Djr (5()pa(t)) where p3(z) =
®(Jz|/R), pa(t) = (1 —1t/T)} and R € (0,T) large enough such that in the case when
T — oo we don’t have R — oo at the same time, with the same functions ¢ as above. We
then obtain

/ WP (1) Pz, t) + C T / (3(2)) o)
Cr

c

15



< € [ ulw,) P57 (ouw)) | Dl et
T

¢ u(z,1) @1/%’1/1”(903(%))@’1’(—Ax)ﬁ/zm(x) Dijrea(t)
T

, (4.20)
where
Cr:=[0,T] xC for C:={zeR" ; |z| <2R}, /:/da: and / :/ dx dt.
c C Cr Cr

Now, by Young’s inequality (4.10), with

a=u(z,t) '/?,
b=%7 (ps(2)’ | DlEpa(t)

in the first integral of the right hand side of (4.20) and with

@ =ulz,0) B,
{ b= /P(03(2)" " (=20 p5(z) Difpepa(t

)

9

in the second integral of the right hand side of (4.20) and using the positivity of ug, we get

(-2 [ e < ¢ [ () @) 7 |Dlire]

p Cr

+ C [ (pa@) P (pa(t))

‘5
Cr

(—A2)" 03D ripa

Then, the new variables ¢ = R™!'z, 7 = T~ and (2.14) — (2.15) allow us to write the
estimate

/ uP(z,t) pla,t)dedt < ¢ T'-(HP RN ¢ pl=op RN=06p,
Cr
Taking the limit as T — oo, we infer, as p < 1/y <= 1—ap <0, that
o
/ / (@, )P (@)’ da dt = 0.
0 C
Finally, by taking R — oo, we get a contradiction as u(z,t) > 0 for all z ¢ RV, ¢t > 0. O

Remarks.
(1) We can extend our analysis to the equation

Eap(z, s)|lu(s) P~ u(s
u,:z—(—A)mquF(ll_v)/o v, )(|t£2|)7 ()ds, e RN, (4.21)

where p > 1, B € (0,2], 0 <y < 1and ¢ € L} (RN x (0,00)), ¢(-,t) > 0 for all ¢t > 0,

Y(BVETVBE ) > C >0 iftp <p*
U(RETT) > 0 >0 tp<1fy
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forany 0 < R,B<T, 7€ [0,1] and ¢ € [0,2].

(2) If we take 3 = 2 and v(z,t) = (I'(1 — 7)™/ P=D oy (D(1 — 4)1/22, T(1 — y)t) where
u is a solution of (1.1), we recover the result in [10] as a particular case.

(3) In Theorem 2, we use precisely the weak solution, but in this case we say that we have a
nonexistence of global weak solutions. Therefore, to obtain blow-up results, we use the mild
solution and the fact that: either Tiax = 00 or else Tipax < 00 and HuHLw((Oi)XRN) — 00
as t — Thax [3]-

(4) We can take the nonlocal porous-medium spatio-fractional problem which is our real
motivation to extend the results of [10] :

1 t
up + (A2 |um iy = F(l—’Y)/o (t—s) VulP " u(s)ds = eRN,t>0,

u(z,0) = up(z) z e RY,

where 8 € (0,2, 0 <y < 1,1 <m<p, ug>0and uy Z0.
The threshold on p will be
2-7)(V(m—1)+5)

<1+ <
b= (N =B+ 57+ o P

SYE

5 Blow-up Rate

In this section, we present the blow-up rate for the blowing-up solutions to the parabolic
problem (1.1) in the case § = 2.
We take the solution of (1.1) with an initial condition satisfying

ug € Co(RM) N LARY), u(-,0)=ug >0, wup#0. (5.1)
The following lemma will be used in the proof of Theorem 3 below.

Lemma 2 Let ¢ be a nonnegative classical solution of

or=ANp+J 7 (eP) inRY xR, (5.2)

—oolt
where v € (0,1), p> 1 and
1 1 !
=Y (APY(4) VP
P30 = s [ -9 ds

Then ¢ = 0 whenever

1
p<p" or p<-—. (5.3)
Y
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Proof. We repeat the same computations as in Theorem 2 with (1 — t2/T2)Z_ instead of
(1 —=t/T)] for n > 1, using (2.17) — (2.19) and taking account of the following inequality

TL2(P) = T0(4P).

Moreover, we take gof/pgofg/p instead of /PGP (resp. B/PE1/P) in (4.9), (4.16) (resp.
in (4.20)) for £ > 1 to use the Young and Holder’s inequality.
Note that here, we use rather the e—Young inequality

ab < %ap + C(e)b?,

for0<e< 1. O

Theorem 3 Let ug satisfies (5.1). Forp <p* orp < (1/7), let oy :=(2—7)/(p—1) and
let u be the blowing-up mild solution of (1.1) in a finite time Tyax := T*. Then there exist
two constants ¢, C > 0 such that

o(T* =)™ < supu(-,t) < C(T* =)™,  te(0,T). (5.4)
RN

Proof. The proof is split into two parts:

e The upper blow-up rate estimate. Let

M(t):= sup w, te (0,77).
RN % (0,4]

Clearly, M is positive, continuous and nondecreasing in (0,7%). As lim;_,p« M (t) = oo,
then for all tg € (0,7™), we can define

tg ==tT(to) == max{t € (to,T") : M(t) =2M/(to)}.

Choose A > 1 and let

. 1/(2a)
o)1= (M) (5.5)

we claim that
N2t —to) <D, toe <T2T> , (5.6)

where D > 0 is a positive constant which does not depend on .
We proceed by contradiction. If (5.6) were false, then there would exist a sequence t,, — T*
such that

A2t =) — oo,

where A\, = A(t,) and ;7 = t*(t,). For each t,, choose

-~ _~ 1
Ty tn) € RY x (0,t,] such that w(Z,,t,) > §M(tn) (5.7)
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Obviously, M (t,) — oo; hence, t, — T*. Next, rescale the function u as
(Y, s) = XUy + Tn, Abs + ), (y,5) € RN x L,(T), (5.8)
where I,,(t) := (=X, %t,, A, 2(t — t,,)) for all t > 0. Then @* is a mild solution of

ps =Dp+J% op (¢F)  in RY x I,(T*), (5.9)
i.e., for G(t) := G(z,t) := (4mt)~N/2e~12*/4t and « being the space convolution, we have
(5) = Gl + 020w M N2+ [ Gls—0) 2% ((PM)do (510)
72t n UIn

in RY x I,,(T*); whereupon, as ¢ (0,0) > A,
0 <M < AN2M(th) = N2*M2M(t,) =4A  in RN x I,(t)),

thanks to (5.5) and the definition of ¢ .
Moreover, as

M e C([=A; %, T), Co(RN) N L2(RYN))  for all T € I,(T™),
so, as in Lemma 1, ¢ is a weak solution of (5.9).

On the other hand, if we write ' as p*(s) = v(s) + w(s) for all s € I,(T*), where

S
v(s) := G(s+A 20« (=N\721,) and  w(s) ::/ L G(s—o’)*Ji‘)\_ztA' ((p*)P) do,
B Yot n n|0
we have, see [8, Chapter 3|, for T' € I,,(T™)
v € C((=Ay2tn, T); HARY)) N CH(= N, %10, T); LA(RN)) € L2((— N, %10, T); HY(RY))

and, using the fact that f(s) == J% - ((*)P) € L2((—=A;%tn, T); L*(RN)) and the

n|5

maximal regularity theory, we have
w € WH((=X, %1, T); L2RY)) N L2 (=X, %0, T); HARY)) © L2((=A, %10, T); H' (RY)).
It follows that

P € O([=A2 "t T, L2RY)) 0 L2((= X, %80, T), WH(RY));

so from the parabolic interior regularity theory (cf. [23, Theorem 10.1 p. 204]) there is
€ (0,1) such that the sequence ¢ is bounded in the Cﬁ)’gm (RN x R)-norm by a constant
that does not depend on n, where C’ﬁ)”é / 2(RN x R) is the locally Holder space defined in [23].
Similar uniform estimates for Jf‘/\ﬂms(gpp) follow if p is sufficiently small. The parabolic

interior Schauder’s estimates (see [22, Th. 8.11.1 p. 130]), using the existence theorems in

19



2+“’1+M/2(RN x R)-norm of p* is uniformly bounded.

Hence, we obtain a subsequence converging in 012 (;:” At/ 2(RN x R) to a solution ¢ of

Holder’s space, imply now that the C,

- ASO + J oo|s< ) in RN X (_007 +OO)7

such that ¢(0,0) > A and 0 < ¢ < 44 in RY x R. Wherefrom, using Lemma 2, we infer
that ¢ = 0 in RY x (—o0, +00). Contradiction with the fact that ©(0,0) > A > 1. This
proves (5.6).

Next we use an idea from Hu [16]. From (5.5) and (5.6) it follows that

(td —to) < D(2A)Y M (1)~ 1/ mqwme<€,r>.

Fix tg € (T*/2,T*) and denote t; = tg,tQ = tf,tg = t;r, .... Then

tip1—t; < DAMUM(t;) M,
M(tjy) = 2M(t)),

7 =0,1,2,.... Consequently,

o0 o0
T —ty = > (tjiy1 —t;) < DAY M(t) =V
j=0 7=0

= DAY M(ty 1/6“122 ifea,

Finally, we conclude that
u(z, tg) < M(ty) < C(T* —tg)~ ™, Yty € (0,T7)

where
a1

oo
C=2A DY 279/ |
j=0
consequently
supu(-,t) < C(T* —t)~*, Vite (0,T).
RN
e The lower blow-up rate estimate. If we repeat the proof of the local existence of Theorem
1, by taking |lu|l; < 6 instead of ||ul|; < 2|Jug||eo in the space Ep for all positive constant
6 > 0 and all 0 < ¢ < T, then the condition (3.2) of 7" will be:

|uolloo + CT?>776P < 0, (5.11)

and then, like before, we infer that ||u(t)||c < @ for (almost) all 0 < ¢ < T'. Consequently,
if |luo||oo + Ct*776P < 0, then |Ju(t)||o < 0. Applying this to any point in the trajectory,
we see that if 0 < s <t and

(t—s)*7 < H_Hgéj)'“, (5.12)

20



then [[u(t)||oo < 6@, for all 0 <t < T.
Moreover, if 0 < s < T™* and ||u(s)||c < 0, then:

0~ lu(s)lloe

* 2—~
(T" — 5“7 > Cor

(5.13)

Indeed, arguing by contradiction and assume that for some 6 > ||u(s)||oc and all ¢t € (s, T*)

we have 6 flu(s)|
— |lu(s
t—s5)?7 < — L0
then, using (5.12), we infer that ||u(t)||c < 6 for all t € (s,T™); this contradicts the fact
that ||u(t)||cc — 00 as t — T*.
Next, for example, by setting 6 = 2||u(s)||so in (5.13), we see that for 0 < s < T™* we have:

(T* =577 > C'[lu(s) |57,
and by the positivity and the continuity of u we get

co(T* —s)™ < sup u(z,s), Vse (0,77). (5.14)
zeRN

6 Global existence

In this section, we prove the existence of global solutions of (1.1) with initial data small
enough. We give a similar proof as that in [10] just for the seek of completness. In the
following, we use the notation ps. := N(p—1)/3(2 — ). As p* > 1+ (2 —)/N, we note
that p > p* = pse. > 1.

Theorem 4 Let ug € Co(RY) N LPs<(RY) and 0 < 3 < 2. If
1,
p>max{;;p 1 (6.1)

and ||ug||ese is sufficiently small, then u exists globally.
Note that we can take |ug(z)| < Clz|=#C=1/®=1) instead of ug € LPs(RN).

Proof. Asp > (1/v), then we have the possibility to take a positive constant ¢ > 0 so

that:
2—y 1 N
 ——< < —,
p—=1 p Bg p-1
It follows, using (6.1), that

q=2p- (6.2)

N(p—1)
B
N N 2-4 N

"~ Bpe Ba p—1 PBq (6.4)

q> > pse > 1. (6.3)

Let
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Then, using (6.2) — (6.4), we conclude that

Np-1)
Bq

As ug € LPs<, using (2.4) and (6.4), we get, for all ¢t > 0,

1
b>—’y>0 pb < 1,

o1 +(p—1b+~y=2 (6.5)

K=Y/
sup t0[|e 1) ZUOHLq < Cllugll gz, =1 < oo. (6.6)
>0
Set
B = {u e L((0,00), LY(RM)); sup ®||u(t)||ze < (5} , (6.7)
t>0

where § > 0 is to be chosen sufficiently small. If we define

d=(u,v) == sup t®||lu(t) — v(t)||Lq, Yu,v € E, (6.8)
t>0
then (Z,d) is a complete metric space. Given u € Z, let’s set:

t S
Blu)(t) = et Dy 4 L / e (1) (=) / (5 — o) uPP~Lu(o) do ds, (6.9)
L =) Jo 0

for all ¢ > 0. We have by (2.4), (6.6) and (6.7)

t s
le@le < n+Ce [ (¢ [sma) o),y dods
0 0

s [1[° _N@-1) .
0+ Covt / / (=) % (s—0) 0P dods.  (6.10)
0

IN

Next, using (6.2) and pb < 1, we get

(t—s) o Wpl) ! C(t—s) B
Pdods = (1—0) Y0 Pdo — s
S — O' 0 0 gbp+7-1
N(p—1)
= Ot hr TR oyb, (6.11)
for all ¢ > 0. So, we deduce from (6.10) — (6.11) that
() ()] o < 1+ OB, (6.12)

Therefore, if 7 and § are chosen small enough so that n+ CdéP < ¢, we see that & : E — =.
Similar calculations show that (assuming 7 and ¢ small enough) @ is a strict contraction,
so it has a unique fixed point v € = which is a solution of (1.1). Now, we show that
u € C([0,00), Co(RY)).

First, we show that u € C([0,T],Co(RY™)) if T > 0 is sufficiently small. Indeed, note
that the above argument shows uniqueness in =7, where, for any T > 0,

Ep = {u e L°((0,7), LYRN)); sup t*||u(t)||pe < 5} )

o<t<T

22



Let @ be the local solution of (1.1) constructed in Theorem 1. Since ug € Co(RN)NLPs<(RY),
then, using the fact that ug € LY(R"™) and (6.3), we have @ € C([0, Tmax), LY(RY)) by
Theorem 1. It follows that supy,p t°||w(t)|| e < & if T > 0 is sufficiently small. Therefore,
by uniqueness, « = % on [0, 7], so that u € C([0,T], Co(RN)).

Next, we show that u € C([T,0),Co(RY)) by a bootstrap argument. Indeed, for
t > T, we write

t T
u(t) — L e A T / e~ (t=s)(=0)7"2 / (s — o) |ulP u(o) dods
0 0

t s

+ / e_(t_s)(_A)ﬁ/Q/ (s — o) ulP " u(o) do ds
0 T

= 1i(t) + Ix(1).

Since u € C([0,T], Co(RY)), it follows that I € C ([T, 00), Co(RY)). Also, by the calcula-
tions used to construct the fixed point, using the fact that ¢t < T- < oo and pg > ¢,
I, € C(|T,0), LY(RY)). Next, note that N(p/q — 1/q)/B < 1 by (6.3). Therefore, there
exists r € (g, 00] such that

N p 1

5(q o) <L (6.13)
Let T' < s < t (the case of s < T < t is obvious). Since u € L>((0,00), LY(R"Y)), we have
|u[P~lu € L®((T,s), LYP(RN)), and it easily follows, using (2.4) and (6.13), that I, €
C([T,00), L"(RYN)). As the terms e~ (=224 and I, both belong to C([T,0), Co(RN)) N
C([T,00), LY(RN)), we see that u € C([T,00), L"(R"Y)). Iterating this procedure a finite
number of times, we deduce that u € C ([T, 00), Co(RY)). This completes the proof.

7 Necessary conditions for local and global existence

In this section, we establish necessary conditions for the existence of local or global weak
solutions to the problem (1.1); these conditions depend on the behavior of the initial
condition for large x.

Theorem 5 (Necessary conditions for global existence)
Let ug € L (RN), up > 0,0 < 8<2 and p > 1. If u is a global weak solution to problem
(1.1), then there is a positive constant C > 0 such that

B(2=7)
lim inf (ug(x)|z] » 1) < C. (7.1)

|z|—o0

Proof. Let u be a global weak solution to (1.1), then u € LP((0, R%), L>°(Bsg)) for
all R > 0, where Bsog stands for the closed ball of center 0 and radius 2R. So, we repeat
the same calculation as in the proof of Theorem 1 (here in bounded domain) by taking
o(z,t) = DtCTTgé(x,t) = Dir (p1(x/R)pa(t)) instead of the one chosen in Theorem 1,
where 0 < ¢ € D(A%/ 2) is the first eigenfunction of the fractional Laplacian operator

A%/ % in By, with homogeneous Dirichlet boundary condition (2.6), associated to the first
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eigenvalue \ := )\fﬂ, and @o(t) := (1 — t/Rﬁ)Z+ for £ > 1 large enough.
Then, as for the estimate (4.11), we obtain, with ¥ := [0, R®] x Bag,

/ uP gdxdt + C R_O‘ﬁ/ uo(x)e1(z/R) dx
5 |z|<2R

P
D$§¢ﬂﬂ’dmﬁ

<c /E o1(2/R) (pa(t)) 7
e /E (61 (2/R) 7T (o(t) 7T

P
A o1(a/R) DY popa(t)| dadt,  (7.2)

where o := 1 — v and p := p/(p — 1). If we take the scaled variables 7 = t/R®, ¢ = 2/R

and use the fact that AﬁD/2(p1(l'/R) = R PXp1(2z/R) in the right-hand side of (7.2), take
into account the positivity of u, we infer that

¢ Rod /m PREGSEIGL:

< C(R) /IE GE:

— C(R) / [Re|PI+061) | Rg P+ (¢) d
|€]<2

< C(R)(2R)* 1+ /If R €)

where C(R) = RP~U+2)0P(C + C)), and so

/ w(REe1(€)de < C [ |RePATIND s (¢) de. (7.3)
|€]<2 |€]<2

Using the estimate

inf (ug(RE)| B[P0+ B / [REPH0-D 0y (¢)de < / uo(RE)p1 (€) dé
HE l¢|<2 1<lg|<2

< /lf _ wolRe1(€) de

in the left-hand side of (7.3), we conclude, after dividing by f|£|<2 |R¢|PU+)A=D)p, (¢) de
that -

inf (uo(RE)|REPT7Y) < €. (7.4)
Passing to the limit in (7.4), as R — oo, we obtain

lim inf (ug (z) |z TPy < ¢,

|z|—o0 N
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Corollary 1 (sufficient conditions for the nonezistence of global solutions)
Let ug € LzOOC(RN), up>0,0<8<2andp>1.1If

B(2=7)

1|iI|ninf(u0(m)|a:| p=1) = 400,
then the problem (1.1) cannot admit a global weak solution. g

Next, we give a necessary condition for local existence where we obtain a similar estimate
of T founded in the proof of Theorem 1, as |z| goes to infinity.

Theorem 6 (Necessary conditions for local existence)
Let ug € L (RY), ugp > 0, 8 € (0,2] and p > 1. If u is a local weak solution to problem
(1.1) on [0,T] where 0 < T < +o00, then we have

liminfup(z) < C T_f?%, (7.5)

|z|—o0
for some positive constant C' > 0.
Note that, if A := liminfj, uo(x), then we obtain a similar estimate as that found in
(3.4),

T2—’yAp—1

Proof. We take here, for R > 0 sufficiently large, p(z,t) := Df“Tgé(x, t) = Dy (p1(x/R)pa(t))
where @o(t) := (1 — t/T)ﬂ instead of the one chosen in Theorem 5. Then, as (7.2), we ob-
tain

/ uP pdxdt+ C T_O‘/ uo(z)p1(z/R) dz
DA |z|<2R
<

P
Dtlg%pg(t)‘ da dt

c /E o1(2/R) (pa(t)) 7

+C [ (1(x/R) 7T (pat) 7T

P
i A} o1(2/R)Dipa(t)| dzdt,  (7.6)
1

where £y := [0,7] x {z € RY; 2| <2R}, o := 1 - and p := p/(p — 1). Now, in the
right-hand side of (7.6), we take the following scale of variables 7 = T~ 1¢, £ = R~'z and we

use the fact that A%/zgol(x/R) = R P\p1(x/R), while in the left-side we use the positivity
of u, then we get

et [ wRee(Ode < (CTI T L TR ) [ ) de
lg1<2 l€1<2

and so

/ uo(RE)pr(€) dé < C(R.T) / o1(€) de (7.7)
|§]<2

l§1<2
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where C(R,T) = C TU+)(-p) 1 ¢ T1+e(1-P) R=FP,
Using the estimate

inf (ug(RE)) /If PRCEIE /1 o MOUROP1(E) e

€1>1

< /m PRUCEOLE

in the left-hand side of (7.7), we conclude, after dividing by f‘£|<2 1(§) d€, that

|§ifl>f1 uo(RE) < C(R,T). (7.8)

Passing to the limit in (7.8), as R — 0o, we obtain

lim inf ug(z) < ¢ TP = ¢ =

|z|—o0

Appendix

In this appendix, we give a proof of Ju’s inequality (see Proposition 3.3 in [17]), in dimension
N > 1 where § € [0,2] and ¢ > 1, for all nonnegative Schwartz function v (in the general
case)

(—A) 27 < =Y (= A)%/%4p. (7.9)

The cases 0 = 0 and 6 = 2 are obvious, as well as ¢ = 1. If § € (0,2) and ¢ > 1, using [7,
Definition 3.2, we have

P+ 2) — Y(x)

‘Z‘N—Hs

(=AY 24h(z) = —en(0) dz, VzeRY, (7.10)

RN
where ¢y (8) = 20T ((N +6)/2)/(#V/?T(1 — §/2)). Then
((2))" Yz + 2) = ($(@))?

|Z|N+§

zZ.

()T (~A)/24(x) = —en () /

RN
By Young’s inequality we have

(¥(@)T ( + 2) < 61;1(1/1(33))" + 61](1#(93 +2)).

Therefore,

@) (A1) = =2

0 [ B W1 o
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