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On certain time- and space-fractional evolution
equations

Ahmad FINO '? and Mokhtar KIRANE '*

L Département de Mathématiques, Pole Sciences et technologie,
Université de La Rochelle, Av. M. Crépeau, La Rochelle 17042, France
2 LaMA-Liban, Lebanese University, P.O. Box 826, Tripoli, Liban

Abstract

In this article, we present first a new technique to prove, in a general case, the
recent result of Cazenave, Dickstein and Weissler [6] on the blowing-up solutions to a
temporally nonlocal nonlinear parabolic equation.

Then, we study the blow-up rate and the global existence in time of the solutions.
Furthermore, we show necessary conditions for global existence.

Keywords: Parabolic equation, local and global existence, blow-up, blow-up rate, critical
exponent, fractional laplacian, Riemann-Liouville fractional integrals and derivatives.

1 Introduction

In this paper, we investigate the nonlinear parabolic equation with a nonlocal in time
nonlinearity

1 t
)/ (t —8) V|ulPlu(s)ds =€ RNt >0,
Y)Jo

Oy + (—A)ﬁ/Qu = =

(1.1)
u(z,0) = up(x) z e RY,
where 1y € Co(RY), 0 < < 2,0 < v < 1,1 < p and the nonlocal operator (—A)ﬁ/2
defined by
(~8)720(2) i= F7 (1EPF)(9)) (@)
for every v € D((—A)%/2) = HP(RYN), where HP(RY) is the standard Sobolev space of
order 3, F stands for the Fourier transform and F~! for its inverse, I' is the Euler gamma,

function.
When Eq. (1.1) is considered with a nonlinearity of the form w?, it reads

up + (=A)P2y = P,
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This equation has been considered by Nagasawa and Sirao [21], Kobayashi [15], Birkner,
Lopez-Mimbela and Wakolbinger [3], and by Kirane and Qafsaoui [16], in the general case.
At this stage, let us observe that Eq. (1.3) can be converted formally into:

D + Dy (=A)Pu =P, (1.2)

where D8‘|t is the left-sided Riemann-Liouville fractional derivative of order a € (0,1)
defined in (2.7) below; we have set in (1.2) a =1 —+ € (0,1).

In [22], Sokolov and Klafter discussed modern extensions of the usual heat equation u; —
Awu = 0 to include heavy tailed particle jumps (in the case of random walk model of particle
motion) and random waiting times, leading to fractional diffusion equations, the simplest
of which is

Dgjyu = —k(—=A)2u,

(u(x,t) is the probability distribution, k is a constant of diffusion).

The fractional Laplacian reflects heavy tailed waiting times, where the probability of wait-
ing longer than ¢ falls like t~%. Heavy tails in space lead to super-diffusion, where a plume
of particles spreads faster that the classical v/t rate associated with Brownian motion.
Heavy tails in time lead to sub-diffusion, since long waiting times retard particle motion.
Much more can be said; see the valuable contributions of Zaslavsky [28], Balescu [2],
Sokolov, Klafter and Bluman [23].

Let us dwell a moment on some literature concerning equations of the form

t
up = Au™ + f(u(x,t),/o g(z,t,s,u(z,s))ds)

t >0,z € Q CRY, which serve as models for nonlinear diffusion phenomena with memory
effects. In population dynamics, for example, one encounters

g(x,t,s,u(z,s)) = K(t — s)h(u(z, s))
but with regular kernels (¢ — s), and so usually
f(u, /Ot g(x,t,s,u(z,s))ds) = (a — bu)u — /Ot K(t — s)u(x, s) ds.
Other works concern the nonlocal in time equation
up — Au = uf /Otup(m,s) ds

which for p = ¢ = 1 plays a role in the theory of nuclear reactor kinetics as reported by
Kastenberg in [12].

Our article is motivated by the recent and very interesting one of Cazenave, Dick-

stein and Weissler [6] which deals with the global existence and blow-up for the parabolic
equation with nonlocal in time nonlinearity

t
Oiu — Au = / (t—s) ultu(s)ds e RN ¢t >0, (1.3)
0
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where 0 < v < 1, p> 1 and ug € Co(RY), which is (1.1) with g = 2.
They proved that, if we set
2(2—-7)

=1+
” (N —2+27)4

and 1
Dy = max{§,p7} = (O, +OO],

(i) Ifv#0, p <p., and ug > 0, up # 0, then u blows up in finite time.

(ii) If v # 0, p > ps, and ug € L9<(RY) (where gsc = N(p — 1)/(4 — 27)) with ||uo]|pasc
sufficiently small, then u exists globally.

If v = 0 then all nontrivial positive solutions blow-up as proved by Souplet in [25]. Their
study reveals the surprising fact that for equation (1.3) the critical exponent in Fujita’s
sense p, is not the one predicted by scaling.

Needless to say that the equation considered by Cazenave, Dickstein and Weissler [6] is a
genuine extension of the one considered by Fujita in his pioneering work [8].

In this article, concerning blowing-up solutions, we present a different proof from the one
presented in [6], and for the more general equation (1.1). Our proof is more versatile and
can be applied to more nonlinear equations.

Our analysis is based on the observation that the nonlinear differential Equation (1.1) can
be written in the form:

up + (—A)u = Jg, (|lufP ) | (1.4)
where oo :=1—+ € (0,1) and J(‘)l‘t is the Riemann-Liouville fractional integral defined in

(2.9).
we will show that:

(1) For ug >0, ug # 0, and ug € Co(RN) N HA(RN). If

B(2—17) 1
PEIT N S, TPy

then all solutions of problem (1.1) blow-up in finite time.

(2) For ug € Co(RY) N LPs<(RY), where pg. := %o(;i)vl\)/' It

B2 -7) ,1}
(N=B+p6v)+" 7]’

and ||ug||zrse sufficiently small, then u exists globally.

p>max{l—|—

The method used to prove the blow-up theorem is the test function method considered by
Mitidieri and Pohozaev [18, 19] and Kirane et al. [9, 14].

Furthermore, in the case 3 = 2, we derive the blow-up rate estimates for the parabolic equa-
tion (1.1). We shall prove that, if u is the blow-up solution of (1.1) at the finite time 7% > 0,



then there are constants ¢, C' > 0 such that ¢(T* — )~ < supgpn u(.,t) < C(T* —t)~
for 1 < p < 1+%0r1 <p< % and all ¢t € (0,7%), where a; := %. We use
a scaling argument to reduce the problems of blow-up rate to Fujita-type theorems (it is
similar to “blow-up analysis” in elliptic problems to reduce the problems of a priori bounds
to Liouville-type theorems). As far as we know, this method was first applied to parabolic
problems by Hu [10], and sequently, was used in various parabolic equations and system
(see [4, 7, 26]) where in the case of v = 0, the rate constant 7% found by P. Souplet [26]
is a particular case of our one.

The organization of this paper is as follows. In section 2, we give the sufficient properties
that will be used in the sequel. In Section 3, we derive the local existence of solutions for
the parabolic equation (1.1). Section 4 contains the blow-up of solutions for (1.1). Section
5 is dedicated to the blow-up rate of solutions. Next, global existence is studied in the
section 6. Finally, we give a necessary conditions for local and global existence in section

7.
2 Preliminaries

In this section, we present some definitions and results concerning fractional laplacians,
fractional integrals and fractional derivatives that will be used hereafter.
First, if we take the usual linear fractional equation

u+(=A)% =0, Be(0,2), te(0,00), xRV, (2.1)

then, the fundamental solution Sg of Eq. (2.1) can be represented via the Fourier transform

1 e E—tl€l8
Ss(t) =S )= ———— iz E—tlEl” g 2.2
0) = S5(00) = s | e ; (22
It is well-known that this function satisfies

Sp(1) € L®RM)Y N LYRY),  Ss(z,t) >0, Sp(z,t)dz = 1, (2.3)
RN

for all € RY and t > 0. Hence, using the Young inequality for the convolution and the
following self-similar form Sg(x,t) = t~N/8Sg(xt=1/8 1), we have
155(t) * vllq
155(2) * ]l

forallv € L"(RY) and all 1 <r < ¢ < 00, t > 0.
Moreover, as (—A)?/2 is a self-adjoint operator with D(—A)#/2 = HP(RN), we have

/ (@) (=AY 2y () dy = / o(2) (= A 2u(z) de, (2.6)
RN

RN



for all u,v € HA(RYN).
Next, if AC[0, T is the space of all functions which are absolutely continuous on [0, 7] with
0 < T < oo, then, for f € AC[0,T], the left-handed and right-handed Riemann-Liouville

fractional derivatives Df, f(t) and Df f(t) of order o € (0, 1) are defined by (see [13])
D, f(t) = DJS‘;“ (t), (2.7)
1 T
‘leTTf(t) = —MDZ (8 — t)iaf(s) dS, (28)
for all ¢ € [0, 7], where D := 4 and
Tl )= s [ =50 29
olt = o) s s)ds .

is the Riemann-Liouville fractional integral defined in [13].

Now, for every f,g € C([0,T1]), such that DG, f (1), Df“Tg(t) exist and are continuous, for

all t € [0,7], 0 < o < 1, we have the formula of integration by parts (see (2.64) p. 46 in
[24])

T T
| (050) @raterds = [ 1) (Dies) (9. (2.10)
Note also that, for all f € AC2[0,T], we have (see 2.2.30 in [13])
~D.Djipf = Ditef, (2.11)

where
AC*0,T] :={f : [0,T] = Rand Df € AC[0,T].}

Moreover, for all 1 < ¢ < oo, the following equalities (see [Lemma 2.4 p.74|[13])

« (83

oltdole = Ldrao,1) (2.12)

hold almost everywhere on [0, 7. Later on, we will use the following results.
o If wyi(t) = (1 - %)i, t>0,T>0,0>>1, where (.); is the positive part, then

1—a+o)'(c+1)

Digwn(t) = Sy T =0T (2.13)
Dtclt;lwl(t) (1 — ‘;é)gaa_fig(U + l)T—O'(T _ t)i_a_la (214)

for all a € (0,1); so

(Dngwl) (T)=0 (Dngwl) 0)=C T, (2.15)



s—t

l1—a+o)'(o+1
where C = % T—¢»

To—ato) indeed, using the Euler change of variable y =

we get

Dgpwi(t) = —ml_a)p [/tT(s (1= 2 ds]

- —rap = [ea-ra

B l-a+o)Bl-—a;0+1), o—a

where B(.;.) stands for the beta function. Then, (2.13) follows using the relation

T(1 - a)(o+ 1)

B(1—q; 1) =
I-wot ) = =500
l
o If wo(t) = (1 — 7%) , T >0, ¢ >> 1, then, using the change of variable y = 2=, we
+
have
D2 T S b ) TEH(T — o 2.1
frw2(t) F(l—oz)kz;) 14k, ) (T —1) ; (2.16)
14 T ¢ (—k t+k—a—1
D~ _ T (T — e 2.1
tT wQ(t) F(l — Oé) kZ_OCZ(Ea k‘,Oé) ( t) ) ( 7)
forall =T <t <T, a€(0,1), where
_ k+¢ —«
Ci(L.k, @) = c(1 — o+ £+ k)2 k(-1 DR z0),
Coll, ko) == U+ k—a)Ci(4, k, ),
e 4 .
cf = (=
&)
<D,§7Tw2) (T)=0 ; (DﬁTwQ) (—T) = C3(£, k, ) T, (2.18)
where
92t-a L T(k+0+1)T(1—q)
Cs(lkya) = ——— ) (1 —a+ L+ k)27 F(-1)F
3(7 ,Oé) F(l_a)kzz:ocf( o+ L+ ) ( ) F(k+€+2—a)

We should mention that the investigation of properties of nonlinear fractional kinetic
equations is at its beginning stage and a number of important questions are not answered
yet.



3 Local existence

In order to prove the existence of a local mild solution for the problem (1.1), we consider
the integral equation

u(t) =T (t)uo —i—/o T(t— s)Jgs (Ju[P~'u) ds, te[0,T7, (3.1)

where T'(t) := e~t=2)"2 " As, for every real number §, (—A)B/2 is a positive definite self-
adjoint operator in L2(R™), hence T'(t) is a strongly continuous semigroup on L?(RY) of
(2.1), for t > 0, generated by the fractional power —(—A)?#/2 (see Yosida [27]). In fact,
T'(t) is an integral operator for all ¢ > 0. It is represented as follows T'(t)v = Sg(t) * v
(see [Prop. 3.3][20]), for all v € L2(R¥),t > 0, where Sj is given by (2.2) and u * v is the
convolution of u and v.

Theorem 1 (Mild solution)

Given ug € CO(RN) and p > 1, there exist a maximal time Thmax > 0 and a unique mald
solution u € C([0, Tax), Co(R™)) to the problem (1.1). In addition, if ug > 0, ug # 0, then
u(t) >0 for all 0 < t < Tipax-

Moreover, if ug € L"(RMNHA(RN) for1 <r < 00,0 < 3 <2, thenu € C([0, Tnax), L™ (RV)N
HP(RN)).

Proof For arbitrary 7' > 0, we define a Banach space Er such that
Er = {u e L¥((0,T), Co®R™)) : |[ully < 2lluo||r=},
where |[|.|[1 := [[-[| Lo ((0,7),L0(mY)- Next, for every u € Ep, we define
t
U(u) :=T(t)ug —|—/ T(t— s)Jgs (Ju[P~ ) ds.
0

As usual, we prove the local existence by the Banach fixed point theorem.
Let u € Er, by using (2.5), we obtain, if [|.|[oc := |[.[| oo (mn),

1 t s
G < o+ =— —o) " P dodsl|jee
9@l < Julls+ 51l [ [ =)o)l do dsli~oy

1 t t
- _ - p .
ol + =1l [ [ =) (@l dsdolimoy
T2

< uo + ul ¥
7272 ul 7
< lug + U0 | | oo -
Now, if we choose T such that
T2 |ug| [
lwolloe " (3.2)

(I=y)@2-rA—y) =~

7



we conclude that ||[¥(u)||1 < 2||uo||co, and then ¥(u) € Erp.

Now, for u,v € Er, we have

1 t s B ~ -
H\I’(U)_\P(U)Hl < Fl—”/ / (3—0-) 'Y|||uyp 1u(0_) _ ’U|p IU(O_)HOO do_dSHLoo((LT)
( )" Jo Jo
1 s -y p—1 p—1
72
S up_luf Up_l’l}
(A—m@ Ay e el

2p—1 U gngQ_,y

< p H OH HU—UH1

1=72=7T1-7)
< gllu—olh
S 5 )
thanks to the choice of T. Then, by the Banach fixed point theorem, there exists a unique
mild solution u € Tl7, where II7 := L>((0,T), Co(RY)), to the problem (1.1).

Next, using the uniqueness of solutions, we conclude the existence of a solution on a
maximal interval [0, Tiyax) where

Tiax :=sup{T > 0: wis a solution to (1.1) in Il }.

Note that, using usual tools, we can prove that u € C([0, Tinax), Co(RY)).
Finally, if ug € L"(RY), for 1 < 7 < oo, then by repeating the fixed point argument in the
space

Ers, = {ueL®((0,7),Co(RY)n HA®Y) N L' (RY)) :
lully < 2lfuollz, lulloos < 2ol s, llullocr < 2lluollzr},

instead of Ep, where

H-Hoo,ﬁ = H-HLOO((O,T),HB(RN)) ) HHoor = H'HLOO((O,T),LT(RN))v
and by estimating ||uP|| s @y by C|lul i;l(RN)HuHHg(RN) (see Appendix.B) and ||u”|] .- @)
—1

D
Loo(RN
unique solution in K7 g,; we conclude then that

u € C([0, Tnax), Co(RY) N HYRY) N LT (RY)).

by ||ul| )||u|| L+ry) in the contraction mapping argument, using (2.5), we obtain a

Moreover, if ug > 0, then we can construct a nonnegative solution on some interval [0, 7]
by applying the fixed-point argument in the set E;f = {u € Ep; u > 0}. In particular,
it follows from (3.1) that u(t) > T'(t)up > 0 on (0,77]. It is not difficult to deduce that u
stays positive on (0, Tiax)- O

Corollary 1 (Strong solution)

If ug € Co(RN) N HP(RN), then, the mild solution u is a strong solution, i.e. u €
C([0,T], H3(RN)) N C*([0,T], L>(RN)), for every 0 < T < Tax, and satisfies (1.1) with
u(t =0) = ug.



Proof It suffices to see that as u € C([0,T], Co(RN) N HA(RN)), for 0 < T < Tinax,
then g“t(\u|p_1u) € C([0,T], LA RY)) N L*((0,T), H?) and we conclude by [Prop. 4.1.6
p.52|[5]. O

When T1,.x = 00 we say that u is a global solution, and when T1,,x < 0o we say that u blows
up in a finite time or that u is non-global and in this case we have . lir}n [ul., )| oo mrvy =

—<Lmax

Q.

4 Blow-up of solutions

Now, we want to derive a blow-up result for Eq. (1.1).

T
Hereafter, / = / / for all 0 < T < o0.
T 0 JRN

Theorem 2 Let uy € Co(RY) N HP(RN) be such that ug > 0 and ug # 0. If

BR=v) . 1
p§1+(N—ﬁ+ﬁ’y)+ =p*, or p<7, (4.1)

then any solution to (1.1), with initial condition ug, blows-up in a finite time.
Note that in the case where p = p*, 3 € (0,2) we take p > Nifﬁ with N > [3.

Proof The proof is by contradiction. Suppose that u is a global solution to (1.1), then
u is a solution of (1.1) in C([0,T], Co(RN) N HA(RN)) n C*([0,T), L?) for all T > 0 such
that u(t) > 0 for all t € [0,T.

Now, we take ¢(z,t) = (901(x))€ po(t) with p1(z) == @ (B*+5IT1/5)’ pa(t) = W (%),
where £ > p%l, 1 < B < T large enough such as T — oo & B — oo, and ® a smooth
non-increasing function such that

1 ifo<r<i,
¢”y‘{o itr>2,

0<®<1,|®(r) <Cy/r forall r >0, and

=9 if0<s<1,
W@V‘{o if s> 1,

with n > 0;%'11.
Here B > 1 is a fixed positive constant which plays some role in the case p = p*, while in
the case p < p* we take B = 1. Then, multiplying, scalarly in L%, Eq. (1.4) by Da‘Tgp, we
obtain
/Q ur Dy + / (=A)B/2y Dijry = /Q Jo (W) D (4.2)
T

T Qr



Using (2.6) and integrating by parts the left hand side of (4.2) while in the right hand side
we use formula (2.10), we conclude that

T
_/ u DDt|Tg0 + [/ U Dtongo] —I-/ u(—A /5/2D Hre = / D0|TJ0|t )o. (4.3)
Qr RN 0 T

Moreover, from (2.11),(2.12) and (2.15), we may write with ¥ = (0,7) x Qp, where
Qp:={zeRV ; |z < 2B*1/ﬁT1/5},

/ uP pdrdt + CT_O‘/ (p1(2)) uo(x) da

pIPS Qp

= [ @) Dlpatty do e

+ / u(=A2) (p1(2))" Dfipepa(t) da dt. (4.4)
XB

So, Ju’s inequality (—A)P3/2 (¢ ) < Lt (=A)P/2 (¢1) (see Appendix.A) will allow us to
write:

/ uf pdxdt + CT_O‘/ (o1(x)) uo(a) da
EB QB

< € [ uler(@) | Dl ea)| drdt

+C | uler@) (=80 01(x) Dijrpalt)] ot

=0 | uglrem P ga(a))! |Djea(r)| dudt
B

HO [ w@ T (p1(@) (-8 Por(a) Dipeeatt) dedr. (1)
B

Therefore, as ug > 0, then, using Young’s inequality

20—1 _ _
bP where a > 0,b>0, pp=p+Dp, (4.6)

1
ab< —a? + —
2p D

with
a=ue /
b= 8 N | Diea(t)]

in the first integral of the right hand side of (4.5) and with

a=1uep /
{ b= (1) |(~20)¥201(2) Dfpioa(t)]

10



in the second integral of the right hand side of (4.5), we obtain

/ uP p(x,t) dx dt
3B
<C [ (p1(@) (palt)) 7

XB

40 [ (o) eale) 7

Dgl*Tfagpz(t) ‘p dz dt

(—80) 201 () Dippa(®)| dwdt.  (47)

At this stage, we introduce the scaled variables: 7 = T~ ¢, ¢ = (T/B) ™Y 2; using formula
(2.13) and (2.14) in the right hand-side of (4.7), we obtain:

/ uP(z,t) gz, t)dedt < C TOB™NB 4 ¢ 7= 0p=N/G+p, (4.8)
XB

where ¢ := (1 + a)p— 1 — (N/B), C = C(|Q2] , |Q2s]), (|€2;| stands for the measure of €,
for i = 2,3), with

Qg::{feRN;]§\§2} , Q3 ={r>0; 7<1}.
Now, noting that as
. 1 1
p<p* or p<— <<= 6>0 or p<—, (4.9)
Y Y
we have to distinguish three cases:

e The case p < p* (0 > 0): We take B =1 and pass to the limit in (4.8), as T" goes to oo,

we get
T
lim / / uf p(z,t)drdt = 0.
T=ooJo Jiz|<211/8

Using the dominated convergence theorem and the continuity in time and space of u, we
infer that

Il
e

/ uP(x,t)dedt =0 — u
Contradiction.

e The case p = p* (§ = 0): Let’s recall here that B > 1 is sufficiently large. Then, from
inequality (4.8), using the the fact that p = p*, we have

/ uP(x,t) o(x,t)dedt < ¢ B-N/P 4 ¢ B=N/B+P, (4.10)
XB
Using p > Ni—ﬂ and taking the limit when T — oo and then B — oo, we get:

/ wdrdt=0 = u=0, (4.11)

11



which is a contradiction.
Note that, in the case 3 = 2, it is not necessary to take the condition p > NL—B with N > (3.
Indeed, from (4.5), we may write

/ u? pdzdt
2B

<C [ ue e (o1(@) | Dl t)| daat
¥B

+C | up T (@) | Auer(w) Dijrpa(t)| dodt, (4.12)
Ap

where
Ap = (0,T) x {x eRN ; BYBTVB < |g| < 2B—1/5T1/ﬂ}.

Moreover, using Young’s inequality
1 1. - ~ ~
ab< —a? + = b?P where a > 0,0 >0, pp = p + D, (4.13)
p p
with
_ l
b= P (e1(2) | Dl ea(t)],

in the first integral of the right hand side of (4.12), and using Holder’s inequality

1/p _ 1/p
/ abdz dt < (/ apd:vdt> (/ bpdacdt) ,
Ap Ap Ap

a=1u 901/p7
b= (p1(2)) " |Aur(2) Digeea(t)]

in the second integral of the right hand side of (4.12), we obtain

with

/ uf p(x,t)dxdt
¥p

D1+a(p2(t)

<C (p1(x))" (@2(0)_7’%1 tT

3B

e </A v “’) N </A (1(2) 7 (a(t)) 77

Taking account of the scaled variables: 7 = T, ¢ = (T/ B)fl/ 2z, and the fact that
6 =0, we get

’ D

A 1/7
Aspr(@Dipeao)] ) - (11)

1/p
/ uP(x,t) oz, t)dedt < C BTN? 4+ ¢ Bt (/ uP gp) . (4.15)
B A

B

12



Now, as

1/p
lim / uP g0> =0,
T—00 ( Ap

then, passing to the limit in (4.15), as T — oo, we get

/ / uP(z,t)dedt < C B~N/2,
0 RN

Then, taking the limit when B goes to infinity, we obtain v = 0, contradiction.
e For the case p < (1/v), we repeat the same argument as in the case p < p* by choosing
the following function ¢(z,t) = (p1(z))" @2(t) where @1 (x) = ® (|z|/R), @2(t) = ¥ (t/T)

and R € (0,7T) large enough such that T"— oo % R — oo, with the same functions ® and
¥ as above. We then obtain

/T/upcpdxdt + CT_O‘/C(gpl(a:))euo(x)d:z
< C/ /u PP P (o () ’Dtlgpo‘gog( )‘ dx dt
0 [* [ue e o) |-207201@) Digea(t)] awar, 1.16)

where
:{xERN ; |z] <2R}.

Now, by Young’s inequality (4.6), with the same a and b, and using the fact that ug > 0,

we get
/OT/cupgo < C/OT/C(@(QJ))Z(W“)) .
! C/OT/C (01(2)7 (pa(t) 7T

Then, the new variables ¢ = R™1z, 7 = Tt and (2.13) allow us to write:

P
(—Ax)ﬂ/lefom’ .

T ~ ~ ~
/ /up(x,t) o(z,t)dedt < C T+ RN 4 ¢ pl=o? RN=FP,

Taking the limit as T" — oo, we infer, as p < % < 1—ap <0, that

/oOo /c u(z, t)P (p1(2))" dedt = 0.

Finally, by taking R — 0o, we get a contradiction as u(z,t) > 0 for all z €¢ RV, ¢t > 0. O
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4.0.1 Remarks

(1) We can extend our analysis to the equation

Eap(z, s)|u(s) P~ u(s
Ut:_(_A)ﬁ/2u+F(ll_7)/o bia, )(‘tfi’)“f ()ds, z e RY, (4.17)

with ¢ € L} (RN x (0,00), (t) >0 for all t > 0, ¢ # 0, »(B~YPTYB¢, Tr) > C >0 in
the case p < p* and (R, T7) > C' > 0 in the case p < %, forany 0 < R,B < T, T € [0,1],
€02, 1<p,0<pf<2and 0<~vy<1.

1—
(2) If we take § = 2 and v(z,t) = (I'(1 — 'y))rTY w(T(1 — 4)Y22,T(1 — ~)t) where u is a
solution of (1.1), we recover the result in [6] as a particular case.

(3) We can take the nonlocal porous-medium spatio- fractional problem
1 t
Byu + (AP y = / (t— ) V|ulPlu(s)ds xRNt >0,
(1 =7) Jo

u(z,0) = up(z) z eRY,

where 0 < 8 <2, 0<y< 1,1 <m<p,uy>0and ug Z0.
The threshold on p will be
2—y)(N(m—-1) +5)

<1+ <
P= (N =B+ B7)+ aor

SE

5 Blow-up Rate

In this section, we study the blow-up rate for the parabolic problem (1.1) in the case of
6 =2.
We take the solution of (1.1) with an initial condition satisfying

u(,0)=up >0, ug#0 and wuge Co(RY)N HZRY). (5.1)
The following lemma will be used in the proof of Theorem (3) below.

Lemma 1 Let u be a nonnegative classical global solution of

(p): = Ap + Jfoon(sop) in RN x R. (5.2)
Then, for
1
p<p"” or p< > (5.3)

we have u = 0.

14



Proof We repeat the same computations as in Theorem 2 with ¢o(t) := W (¢2/T?)
instead of o (t) := W (t/T), using (2.16) — (2.18), into account the following inequalites

S oot (¢7) = TG (¢7)-

Moreover, we take (pi/p(pl—f/p instead of p'/Po~1/7 in (4.5) — (4.12) and (4.16) to use the
Young and Hélder’s inequality.
Note that here, we use the e—Young inequality

ab < %ap + C(e)bP

by choosing 0 < € < 1 small enough such that ps(t) > ¢ for all t € R. O

Theorem 3 For p < p* orp < %, let ap := (2 —7)/(p—1) and u be the blowing-up
solution of (1.1),(5.1) in a finite time Tiax := T. Then there are constants ¢,C > 0 such
that

(T —t)™ <supu(.,t) <C(T*—t)"“, te (0,77). (5.4)
RN

Proof We decompose the proof into two parts:

e The upper blow-up rate estimate. Let

M(t):= sup wu, t e (0,77).
RN x(0,t]

Clearly, M is positive, continuous and nondecreasing on (0,7%). As lim;_p+ M(t) = oo,
then for all ¢y € (0,7*) we can define

ts ==1t"(to) := max{t € (to,T") : M(t) =2M(to)}.

Choose A > 1 and let

1 —1/(2a1)
Ao = At) == (QAM(tO)> . (5.5)
we claim that
A2 (to)(ty —to) <D, o€ (J;T*> : (5.6)

where D is a positive constant which does not depend on .
We proceed by contradiction. If (5.6) were false, then there would exist a sequence t,, — T
such that

>‘;2(tj1r - tn) — 00,

where \,, = A(t,) and t,} = t*(t,). For each t,, choose

~ o~ o~ 1
(Znytn) € RY x (0,t,] such that w(Z,,t,) > §M(tn) (5.7)

15



Obviously, M (t,) — oo; hence, tn — T*. Next, rescale the function u as

go)‘"(y, s) = A?Lalu()\ny + Zn, )\?Ls —I—tAn), (y,s) € RY x I,(T"),

where I,(t) := (= %tn, A 2(t — t,,)) for all t > 0. Then @™ is a solution of
(9)s = Dp+J% op (7)) I RY x L, (T7),
such that ¢*(0,0) > A, and
0< @M S NM(4) = N2M2M (t,) =44 in RY x I,(8)),

thanks to (5.5) and the definition of ¢ .

It follows, from the parabolic interior regularity theory (cf. [17]), that there is u € (0, 1)
such that the sequence ¢’ is bounded in the Cﬁ;’é / 2(]RN x R)-norm by a constant that
does not depend on n. Similar uniform estimates for J o It( ©P) follow if p is sufficiently

small. The parabolic interior Schauder’s estimates imply now that the C’1

2+#,1+#/2(RN

R)-norm of o is uniformly bounded. Hence, we obtain a subsequence converging in

24, 14-p/2
C’loc

(RN x R) to a strong solution ¢ of

(p )S—Agp—i—Jaoo‘s( P) in]RNx(—oo,—i—oo).

Then using Lemma (1) we infer that ¢ = 0. Contradiction with the fact that ¢(0,0) >

A > 1. This proves (5.6).
Next we use an idea from Hu [10]. From (5.5) and (5.6) it follows that

T*
(ts —to) < D(2A)Y 1 M (tg) Y/ for any tg € <2,T*> .

Fix tg € (4, 7*) and denote t; = tJ,to = t{,t3 =t ,.... Then

tis1—t; < DAY M)V,
M(tjy1) = 2M(t)),

7 =0,1,2,.... Consequently,

oo )
T —ty = th+1—tj ) < D(24) I/QIZM —a
j=0 7=0

= DAY M (to) Ve Y 27/,
=0

And finally we conclude that

u(x,to) < M(to) < C(T* — t())fal, Vity € (O,T*)
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where o

C =24 DZTj/al
=0

and consequently

supu(.,t) < C(T* —t)~ 4, Vte (0,T7).

RN
e The lower blow-up rate estimate. If we repeat the same proof of the local existence of
Theorem 1, by taking ||u||1 < @ instead of ||u|]1 < 2||up||c in the space Ep for all positive
constant # > 0 and all 0 < ¢ < T, then the condition (3.2) of T will be:

[luo||oo + CT*7 767 < 0, (5.10)

and then, like before, we infer that ||u(t)||cc < 0 for (almost) all 0 < ¢t < T'. Consequently,
if [|ug||oo + Ct2770P < 0, then ||u(t)||so < 0. Applying this to any point in the trajectory,
we see that if 0 < s <t and

(t— 8)277 < b — HU(S)HOO

_ 11
=T cer (5:11)
then ||u(t)||co < @, forall 0 <t < T.
Moreover, if 0 < s < T* and ||u(s)||co < @, then:
- 0 — [[u(s)]]oo
T* — §)277 > L2 5.12
L (5.12)

Indeed, arguing by contradiction and assume that for some 6 > ||u(s)||c and all ¢t € (s, T*)
e 0~ )]
_ 52y < 2T NS loo
(t—s5)""7< Cor ,
then, using (5.11), we infer that ||u(t)||oc < 0 for all t € (s,T%); this contradicts with the
fact that ||u(t)||cc — 00 as t — T*.
Next, for example, letting 6 = 2||u(s)||c in (5.12), we see that for 0 < s < T™ we have:

(T* =577 > C[[u(s)]|57,
and by the positivity and the continuity of u we get

o(T* — )™ < sup u(z,s), Vse (0,T) (5.13)

zeRN
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6 Global existence

In this section, we prove the existence of global solutions of (1.1) with initial data small
enough. We give a similar proof than that in [6] just for the seek of completness. In the

following, we use the notation pg. := %. Asp* > 1+ w, we note that p > p* =
Dse > 1.

Theorem 4 Let ug € Co(RYN) N LPs<(RYN). If
1,
p>max{;;p 1 (6.1)

and ||ug||Lpse is sufficiently small, then w exists globally.
B(2=7)
o

Note that we can take |ug(z)| < Clz|” »=1 instead of ug € LPsc.

Proof Asp > %, then we have the possibility to take a positive constant ¢ > 0 so that:

2—y 1 N
i A A ) 6.2
p—1 p fpg p-1 (62)
It follows, using (6.1), that
N(p-1
q> (%) > pee > 1. (6.3)
et N N 2 N
— S B St A (6.4)
Bpse  Ba  p—1 pBq
Then, using (6.2) — (6.4), we conclude that
11—« N(p—-1)
b>— >0, pb<l, —+(pp—1b+~vy=2. 6.5
= = - (65
As uy € LPse, using (2.4) and (6.4), we get, for all ¢ > 0,
suptb||eft(7A)ﬁ/2uoHLq < Olluol| gz, =1 < oo. (6.6)
>0
Set
Ei= {u € L>((0,00), LYRN)); sup t®||u(t)||r« < (5} , (6.7)
>0
where § > 0 is to be chosen sufficiently small. If
dz=(u,v) = sup t°||u(t) — v(t)]|Lq, Yu,v € E, (6.8)
>0

then (Z,d) is a complete metric space. Given u € Z, let’s set:

t s
Blu)(t) = e MDA 2y p L / e (=) (-2)2 / (5 — o) |ulP~Lu(o) do ds, (6.9)
L(1—79)Jo 0
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for all £ > 0. We have by (2.4), (6.6) and (6.7)

t s
Ale@ @l < g+t [ (- 56D [ o) o)l g dods
0 0

IN

s [1[F _N@-1) "
0+ Covt / / (=) % (s—0) 0P dods.  (6.10)
0 JO

Next, using (6.2) and pb < 1, we get

N(p—1)
t s t— *ﬁﬂ(pfl) 1 ¢ t_ ) B
/ / Lafbp dods — (/ (1—0) 7o P dU) / % ds
0o Jo (s —o)7 0 0 sbp+y
L A T
= Ct 5 —ct, (6.11)
for all t > 0. So, we deduce from (6.10) — (6.11) that
1| (u) (#)][2e <+ CoP. (6.12)

Therefore, if n and § are chosen small enough so that n + CéP < 4, we see that @ :
= — Z. Similar calculations show that (assuming 1 and 0 small enough) @ is a strict
contraction, so it has a fixed point u € Z which is a solution of (1.1). Now, we show that
u € C([0,00), Co(RV)).

First, we show that u € C([0,T],Co(R™)) if T > 0 is sufficiently small. Indeed, note
that the above argument shows uniqueness in Zp, where, for any T > 0,

Er = {u e L°((0,T), LYRN)); sup t°||u(t)||re < (5} .
0<t<T

Let % be the local solution of (1.1) constructed in Theorem 1. Since ug € Co(RN)NLPse(RY),
then, using (6.3), ug € LI(R™), we have @ € C([0, Tinax ), LI(RY)) by Theorem 1. It follows
that supg,<q t°||w(t)|| e < & if T > 0 is sufficiently small. Therefore, by uniqueness, u = @
on [0, 7], so that u € C([0, T], Co(RM)).

Next, we show that u € C([T,0),Co(RY)) by a bootstrap argument. Indeed, for
t > T, we write

¢ T
u(t) — e =Ry = / e_(t_s)(_A)B/Q/ (s — o) ulP " u(o) do ds
0 0

t s

+ / e~ (t=9)(=2)%2 / (s — o) ulPu(o) do ds
0 T

= Il(t)+12(t).

Since u € C([0,T], Co(RY)), it follows that I; € C([T, ), Co(R™)). Also, by the calcula-
tions used to construct the fixed point, using the fact that t % < T-° < oo and pg > ¢,
I € C([T,0), LY(RY)). Next, note that %(% — =) < 1 by (6.3). Therefore, there exists

1
q
r € (g, 00] such that
N p 1
—(=—-) <L 6.13
-0 (6.13)
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Given T < s < t (the case of s < T' < t is obvious). Since u € L*((0,00), LY(RY)), we
have |u|P~tu € L®((T), s), L%(]RN)), and it easily follows, using (2.4) and (6.13), that I» €
C([T,00), L"(RYN)). As the terms e~ (=224 and I, both belong to C([T,0), Co(RN)) N
C([T,00), LY(RN)), we see that u € C([T,00), L"(RY)). Iterating this procedure a finite
number of times, we deduce that u € C ([T, 00), Co(RY)). This completes the proof.

7 Necessary conditions for local and global existence

In this section, we establish necessary conditions for the existence of local and global
solutions to the problem (1.1); these conditions depend on the behavior of the initial
condition for large x.

Theorem 5 (Necessary conditions for global existence)
Let ug € Co(RN) N HP(RN), ug > 0,0 < 3 <2 and p > 1. If u is a global solution to
problem (1.1), then there is a positive constant C > 0 such that
lim (uo(a)]e| ) < C. (7.1)
|z|—o00
Proof We repeat the same calculation as in the proof of Theorem 1 by taking, for
0 < R < oo sufficiently large, ¢(z,t) := ¢1(z)pa(t) == @ (|z|/R) ¥ (t/R’) instead of the
one chosen in Theorem 1, where, for z € RN and R =1, 0 < 1 € H}(RY) n L=®(RY)
is the first eigenfunction of the fractional laplacian operator (—Am)ﬁ/ 2 associated to the
first eigenvector A1 := inf{||u||gs/2; ||u||f2 =1 and v = 0 in B§} where BS is the ball of
center 0 and radius 2, and, for all s > 0,

[ (=5 it0<s<1,
‘1’(5)_{0 if s> 1,

with ¢ large enough. Then, as for the estimate (4.7), we obtain, with
¥y = {(z,t) € RN x (0,00); |z| < 2R, t < R},

/ uP pdxdt + C R“ﬁ/ uo(z)p1(z) dx
3o

2| <2R

P
Dt1|;‘§g02(t)‘ dz dt

<C [ o) (o) 7T
P

1 1

+C [ (pa(@)) 77T (p2(t)) 71

P
g (—22)"P01(2) Dy papa(t)| dwdt,  (7.2)
2

where o := 1 —~ and p := p/(p — 1). If we take the scaled variables 7 = t/R°, ¢ = 2/R
and using the fact that (—A,)%2¢1(x) = RPA\1p1(z) and u > 0, then (7.2) implies

C R / up(RE)®(|€]) de
|€]<2
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< C(R) D(|¢]) dg
l¢)<2

— O(R) /5 ROV RGP0 Pae dg

< C(R)(2R)? ()71 / RePIHI0-D (¢ de (7.3)
|£]<2

where C(R) = RP-U+2)0P(C 4 C\y).
Using the estimate

inf (ug(RE)|REPIFIP1)) / |REPOFIIDIp(|¢]) de < / uo(RE)®(|€]) dé
[€1>1 €| <2 1<l¢]<2

< /k- _, WoRO(e) de

in the right-hand side of (7.3), we conclude, after dividing by the term f|£‘<2 | R¢|PO+IA-PIB(|¢|) dE
that -
|§\nf1(u0(R€)|R€|ﬁ(1+&)(ﬁ_1)> < C(R)R*?(2R)P1+)(-1) < (7.4)
>
Passing to the limit in (7.4), as R — oo, and taking account of the continuity of ug, we
obtain ~ ~
lim (ug(z)|z|PAHE-1) = 1|im inf (ug (z)]z| PPNy < C.

|z|—o00 z|—00
O
Corollary 2 (sufficient conditions for the nonezistence of global solution)
Let ug € Co(RM N HP(RN), up>0,0<B3<2 andp> 1. If
B(2=v)
lim (ug(x)|z] 7T ) = 400,
|z|—o00
then the problem (1.1) cannot have a global solution. O

Next, we give a necessary condition for local existence where we obtain a similar estimate
of T found in the proof of Theorem 1, as |z| goes to infinity.

Theorem 6 (Necessary conditions for local existence)
Let up € C(RMYNLXRNYNHARN), ug >0,0< B <2 and p > 1. Ifu is a local solution
to problem (1.1) on [0,T] where 0 < T' < 400, then we have the estimates

lim (ug(z)) < C T 1, (7.5)

|z|—o0

for some positive constant C' > 0.

Note that, if A := lim|y_(uo(z)), then we obtain a similar estimate as that found in
(3.2),

T2-7 Ap-1

o Sh
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Proof We take, for 0 < R < oo sufficiently large, p(z,t) := ¢1(z)p2 (m) (£)
instead of the one chosen in Theorem 5, where, for z € RN and R , 0 < 1 €
HP(RN)NL>®(RY) is the first eigenfunction, for the fractional laplacian operator (—A,)P/2,

relative to the first eigenvector A\; := inf{||u||ys/2; ||ul|r2 = 1 and u = 0 in B§}. Then, as
(7.2), we obtain, with X3 := {(z,t) € RN x (0,00); |z| < 2R, t < T},

/ uP pdrdt+ C T_a/ uo(x)p1(z) dz
s |x\<2R

<C [ (@) (pa(t) 7T

Eﬂwwf@ﬁ
33

HT

2 1

+C [ (o1(a) T (palt) T

5
: (A2 () Dto“Tch(t)’ dedt.  (7.6)

xT

where o :=1— v and p := ;z%' If we take the scaled variables 7 = %, £ = % and use the

fact that (—A,)%2p1(x) = R™PA¢1(x) and u > 0, then (7.6) implies
cr ™ / uo(RE)®(|¢]) d€ < (O TP 4 o)y TlfaﬁRfﬁﬁ) / o(|¢]) d;
|€]<2

|€1<2
SO

/ uo(RE)D(€]) dé < C(R,T) / B(]) d (7.7)
|€]<2

1€1<2

where C(R,T) = C TU+)(-p) 1 ¢ T1+e(1-P) R=FP,
Using the estimate

inf (uo(RE) /g _oleha < /1 oy Vo RORED e
< /| _, Wo(REB(el) de

in the left-hand side of (7.7), we conclude, after dividing by the term f| £]<2 O(|¢]) dE, that

|§|nf (uo(RE)) < C(R,T). (7.8)

Passing to the limit in (7.8), as R — oo, and taking account of the continuity of ug, we
obtain

. o 1+a)(1-p) _ -2

lim (ug(z)) = liminf(ug(z)) < C T =CT »

|z|—o0 |z|—o0

Appendix. A

We give a proof of Ju’s inequality (see proposition 3.3 in [11]), in dimension N where
9 €[0,2] and ¢ > 1, for all nonnegative Schwartz function v (in general case)

(—A) 27 < gt~ (= A)%/ 2. (7.9)
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The cases § =0, § =1 and § = 2 are obvious.
o Ifde(0,1), we have

(=A% (z) = —en(6) . Y( +Z/|Z]2];5¢(33) dz, VaeRY (7.10)
g
where cy (0) = m Then
) (x4 2) — (v(x))?
(¢($))Q—1(_A)6/2¢(1,) = —cn(6) /RN (¢¥(2)) w‘(zyj;;—a) (¥(2)) dz.

The case ¢ = 1 is clear. If ¢ > 1, then by Young’s inequality we have

()T (@ +2) < L (@) + ;w _—

q

Therefore, we infer

(@) (=A) () >

e Ifd € (1,2), we have

(@ +2) — () — Vip(z).2

(=) 2p(z) = —cn (6) - IS dz, YzeRY.  (1.11)
Then by the similar process, we have
1 z+z))?— z))?) — (Vy(z).2 2))41
W) -81200) 2 o) [ (W +2) w('g ") = (T(a)-(0()
_ —en(9) ((z+2)" = (Y(2)? = V((2))"2
- = /RN o d

= A"

Appendix.B

For all ¢y € L®(RN) N HO(RY), we have the estimate

169155 < ClIBI T2 [l s (7.12)

The case § = 1 is obvious, while for the rest we distinguish 3 cases:
e IfJ € (0,1), using the Mean value theorem and the following equivalent norm of ||.|| s
(see Th. 7.48 p. 214 in [1]), we have:

2
s = e+ [ [ SR doay
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q—1 _ 2
= quH%z +/RN /RN (qz |£7,/J_(Z)|N+l2b§(y))) dx dy
_ 2
2l | [IWH%ﬁ/RN [ D=L ey

< P19l s,
where min (¢ (z), % (y)) < z < max(¢(z),9(y)) for every z,y € RV,

IN

A

e If 6 € (1,2), by the equivalent norm of ||.||gs (see Th. 7.48 p. 214 in [1]), we obtain:

(D43 (z) — D9 (y))*
W = I+ Y [ ,@ij'w LW g ay

N «RN
la|=1 xR

DO‘ 9 q 2
= T Vel + Y / w |ZV+;ﬁs (n))) du dy

N «RN
la|=1 xR

N

(D*(qz1~ 1 (() — p(y))))
< IR 1|w\|H1+|21 [ e S dway
2(q—1)

< PRI PNl

where z is like above.

o If § = 2, using the definition of A, we get:

1% = ||(=A)7]2,

¢
lla(q — )Y T2V |* + qp? (= A)p|[3

< q* (g — D[V + Pl (- wu%z
< ¢a— DARIFLC D)V RI 22 + ]34 V]I (-A)l 12
= ¢%(¢— DAIEE 2 VYlLa + Al V1]
1/2 4
< ¢lg— 1l O(mez) 112+ @I D)1
=2

2
< C g -1 (ZMB) + Pl ]2

|| =2
2 1
< ClBIRS V102

thanks to the Gagliardo-Nirenberg inequality see [Th. 1.3.4|[5]. Finally, taking the follow-
ing equivalent norm of ||.|| 72, to conclude that

107122 = 19122 + [V @122 + [[(=2)@D)]22 < Ol 29|92
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