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Local existence and uniqueness of the mild
solution to the 1D Vlasov—Poisson system
with an initial condition of bounded
variation

Simon Labrunie*, Sandrine Marchal, Jean-Rodolphe Roche

We propose a result of local existence and uniqueness of a mild solution to the one-dimensional Vlasov—Poisson system.
We establish the result for an initial condition lying in the space \W"*(R?), then we extend it to initial conditions lying in
the space BV (R?), without any assumption of continuity, boundedness or compact support. Copyright © 2010 John Wiley
& Sons, Ltd.
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1. Introduction

1.1. Position of the problem

In this paper we study the one-dimensional Vlasov—Poisson system:

W(t,x,v) € [0, T] x R, %(t,x, v)+v%(t,x, v)+E(t,x)g(t,x, V=0, (1)
V(t,x) € [0, T] xR, g—f(t,x) = /R f(t, x,v)dv—np(t,x), (2)
V(x,v) € R?, (0, x,v) = fo(x, v). 3)

This system models the behaviour of a gas of charged particles in an electrostatic field, created by the particles and by a so-called
neutralising background, whose density ny is assumed to be given. Collisions between particles are neglected. In [7], Cooper and
Klimas show the existence and uniqueness of a global mild solution to this system, i.e. a solution defined by characteristics,
for a continuous and bounded initial condition fy which has its first two moments in v uniformly bounded in x, and a constant
background density n,. This was extended by Bostan [5] to the initial-boundary value problem, with slightly more general
hypotheses on the initial and boundary conditions, namely, that they are bounded but not necessarily continuous, and have one
moment in v uniformly bounded in x. In [12], Guo showed that there exists a unique local weak solution to (1-3) in the space
L>=([0, T], BV(RR?)) for initial and boundary conditions with compact support and in the space L*°(R?) N BV/(R?). (The latter
two works do not consider a neutralising background, but can be easily extended to this situation.)

In higher dimensions, the known existence and uniqueness results usually rest upon restrictive assumptions. To get strong or
mild solutions, the standard hypotheses on f; are either explicit decay bounds in v (of the form C (1 + |v|)™) for fy and its first
derivatives [13], or local boundedness and Lipschitz-style conditions together with a finite energy [17], or even a bounded (at
least in v) support [2, 19]. As for weak or renormalised solutions, their existence is generally proven under assumptions including
fo € LY(R?7) N LP(R??), with p large enough, and a certain number of global moments in v finite (at least [ [ |v|* fy dxdv,
corresponding to kinetic energy); see Horst—Hunze [14], DiPerna—Lions [8], Lions—Perthame [15]. Uniqueness results generally
assume, once more, a compact support [18], or the boundedness of the spatial density [16], sometimes complemented by
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Lipschitz-style conditions [15]. Let us finally mention the existence and uniqueness result of compactly supported solutions
in LY(R®) N L>=(R®) by Zhidkov [21].

In this article we extend the results of Guo to the initial value problem with intial data in the space BV/(R?), thus not necessarily
compactly supported, bounded, or continuous. As far as Lebesgue regularity is concerned, this implies fy € LI(RQ) N LZ(RQ). Our
proof is based on the contraction mapping principle of Banach, and consists of two steps: first we establish the local existence
and uniqueness of a mild solution for an initial data f in W (R?), then we extend the result to fy € BV/(R?).

1.2. Notations and main results

We introduce the following notations (see [12]). Given T > 0, we denote
Ur=(0,T)xR and V= (0,T) x R%
For s € [0, T], we denote My = {s} x R? the slice t = s of V4. Then we introduce the following functional spaces:
L(T) = L0, T;W"(R?), X(T)=L>(0,T; W"*(R)).

The space L(T) will be that of the solutions f to the Vlasov equation with initial data f; € W' (R?); we equip it with its
natural norm. As for X(T), it is a space of electrostatic fields E for which the characteristic curves are globally well defined
and Lipschitz-continuous in all their variables [5]. This can be shown by adapting the proof of the Cauchy-Lipschitz theorem:
the only difference is that we integrate L functions instead of C° functions and so we get continuous solutions differentiable
almost everywhere in the time variable and with bounded derivative. We equip it with the following norm:

VE € X(T), |IElxcry = max(IE | r). |

OxEll Lo (up))-
Morover, for any £ € X(T), we set
C(E) = max(||0xE[L~(r). 1), (4)

and we denote by Yg the Vlasov differential operator:

6} 6} 0
Y57§+V§+E(t,x)a. (5)

We recall the definition of the total variation of a function £ € L*(R?) (see for example [9, p. 39]):

Vf € LY(R?), TV[f] = T[f]+ TV[f], (6)
where:
+o0 +o00 f _f
TV, [f] = lim sup/ / ‘ (xFev)=Fflov) dxdv (7)
e—0 —00 —o0 €
+o0 +o0 o
TV,[f] = lim sup/ / ‘ flavte) = fixv) dxdv (8)
e—0 J_oo J-xo €
The space of functions of bounded variation is defined as:
BV(R?) = {f € L'(R?) : TVI[f] < +o0}, (9)

and equipped with the norm ||f|lgy g2y = |l 1(g2) + TVIf].
Finally, we denote by L®(T) the space L>(0, T; BV(R?)) equipped with its natural norm. We shall establish the following

two theorems:

Theorem 1 (Local existence and uniqueness in W) Let f; and n, be non-negative given functions in W'*(R?) and
2 (RT; LY(R) N L>®(R)), respectively. For any (R, T) such that:

loc

> max (% [HfOHLl(R2) + ||nb||L°C‘(O,T;L1(]R))]r ||nb||L°°(UT)v |fb|W1,1(R2), 1)

R
1 R
T € [0o=h(———])]|.
{ R <|fU|W1v1(R2)):|

there exists a unique mild solution (f, E) € L(T) x X(T) to (1-3).
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Moreover, we have a lower bound on the existence time Tex of the maximal solution to (1-3). Let T. > 0 be chosen arbitrarily
to bound the various norms of n,, and set Ro := max(3 ([foll 1z2) + Mol (0. 7.01m))): 1Ml uy, ). 1). Then:

1

Tex >min | Ty, ——F77—
- ( (e =D Ifolwra

_ R
) if |@|W1,1z?°, (10)
. 1 Ro 1 . Ro
Tex > Te, — |[n—/—— + —— f |fc < —. 11
wzmin (7o g [ ) e < )

If the W™ norm of f(t), or equivalently the L™ norm of the density n(t) := [ f(t) dv, remains bounded for t € (0, Tex), then
Tex = 400, i.e. the solution is global. Otherwise, the following bounds hold:

1

IF ()1 > (oD’ ln(t)lleee > C [In(Tex — 1), (12)

for some constant C and Tex — t small enough.

Theorem 2 (Local existence and uniqueness in BV) Assume now that fy € BV(R?), while keeping all other hypotheses of
Theorem 1. If (R, T) are such that:

> max (3 [lIfollx@zy + 176l Lo 72yl 1m0l . TVIR], 1)

R
1 R
roe g ()
there exists a unique mild solution (f, E) € L*(T) x X(T) to (1-3). The bounds (10), (11), (12) hold, with the semi-norms
[folwra, [F(t)|wra replaced with total variations TV [fy], TV[f(t)].

The proof is organised as follows. In §2, we recall the definitions of weak and mild solutions to the linear Vlasov equation
(i.e. (1) and (3) with E a known function of (t, x)) and to the Vlasov—Poisson system (1-3). Then, in §3, we estimate the mild
solutions to the linear Vlasov equation with initial data in W'!(R?), and use these results to construct a contraction mapping
on a suitable set, whose fixed point gives a mild solution to the Vlasov—Poisson system. Finally, we extend these results to initial
conditions lying in BV/(R?) in §4.

2. Weak and mild solutions

2.1. Definition of a weak solution

We recall the definition of a weak solution to (1-3) by using the spaces of test functions and the functionals introduced by Guo
in [11]. We define two spaces of test functions, one for the Vlasov equation and the other for the Poisson equation:

Y =CZ(0,T)xR?), M=CZ(0,T)xR).

We define for (E, f, fy) € L2 (Ur) x L (Vr) x LE(R?) and o € V (still like in [11]) the following functional:

A(f, E,fo,a):/ fo(x, v) a(0, x, v) dxdv+/T/ [(Yea) f](t, x, v) dxdv dt.

We define for (E, f, ny) € L2(Ur) x L ((0, T) x Ry; LY(R,)) x LS (Ur) and 9 € M the following functional:

loc

C(f.E,m, %) = /OT/R{E(LL,X) OP(t, x) +(t, x) {/R f(t,x,v)dv— nb(t,x)}} dxdt.

These functionals are well-defined.

A weak solution to the linear Vlasov equation associated to E € L% (Ur) with initial condition fo € Lit.(R?) is a function
f € L. (V5) which satisfies:
Voo eV, A(f,E fh,a)=0.

A weak solution to the one-dimensional Vlasov—Poisson system with intial condition fy € LE . (R?) and neutralising background
density ny € LS (Ur) is a pair (E,f) € Li2(Ur) x LE((0, T) x Ry; LY(R,)) which verifies:

V(e,¥) €V XM, A(f,E fo,a)=0 and C(f, E, n,, ) =0.

Math. Meth. Appl. Sci. 2010, 00 1-11 Copyright © 2010 John Wiley & Sons, Ltd.
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2.2. Characteristic curves associated to E € X(T)

We recall the following results on the characteristic curves of a transport equation, see for example [7] or [20]. Given E € X(T)
and (t, x, v) € Vi, we consider the differential system :

) =V
Le(9) = E(5. X(9))
(X0, V(0) = (), (139

As remarked above, this system admits a unique solution for all (t,x,v)€ Vs, which we denote [ (s;t, x,v)=
(X(s; t,x,v),V(s;t, x,v)) and is called the characteristic curve passing by (t, x, v).

As E is bounded on [0, T] x R, every characteristic curve is defined from s =0 to s = T; moreover, the characteristic
curves form a partition of V. Thus for every characteristic [ (s;t,x,v), we can define an origin on To: (0;t,x,v) =
(X(0;t,x,v),V(0; t, x,v)).

Let (t,s) € [0, T]. We denote by ¢: s the characteristic flow of E, namely the function:
¢rs R — R
(x,v) +— T[(s;t,x V). (14)

¢r.s transports a point (t, x, v) of the slice IM; to a point (s, x’, v') of the slice s by following the characteristic curve passing by
(t,x, v). It is well-known that ¢ s is a bijection (one-to-one and onto mapping) of R?, which admits bounded partial derivatives
and whose Jacobian is identically equal to 1.

2.3. Definition of a mild solution

Let £ € X(T) and (X, V) be the associated characteristic curves. A mild solution to the linear Vlasov equation associated to £
with initial condition fo € L (R?) is a function f € L (V4) which satisfies:

f(t,x,v) = f(X(0;t x, v),V(0;tx, v)) forae. (t x, v)eW.

We recall the following result (see for example [3]):

Proposition 3 Let £ € X(T) and fy € L*(R?). Then f € L*(\) is a weak solution to the linear Viasov equation associated to
E with initial condition fy if and only if it is a mild solution.

This can be shown by using the characteristic change of variables: (t, x, v) + (t, xo, o) = (¢, ¢pto(x, v)), as e.g. in Guo [12]. We
deduce the existence and uniqueness of a solution £ € L'(V4) to the linear Vlasov equation associated to a field £ € X(T):
Corollary 4 Let E € X(T) and fy € L*(R?). The linear Vlasov equation associated to E with initial condition f, admits a unique
weak solution in L(Vr) defined as: ¥(t, x,v) € Vi, f(t, x,v) = f(X(0;t,x,v),V(0;t, x,v)).

Finally, a mild solution to the Vlasov—Poisson system with intial condition f, € L*(R?) and neutralising background density
ny € L(Ur) is defined as a weak solution (£, f), which belongs to X(T) x L*(V4), and such that f coincides a.e. with the
mild solution to the linear Vlasov equation associated to E with initial condition fo.

3. Proof of Theorem 1

3.1. A priori estimates

The proof of Theorem 1 relies on the following two theorems whose version for a half space is given by Guo in [12].

Theorem 5 Let E € X(T) and p € [1, +00). We suppose that u € LP(Vr) and Yeu € LP(Vr). Then:
1. There exists up € Li,.(Mo) ~ L}, .(R?), called the trace of u on Mo, such that Yo € C=([0, T[xR?),

(Yeva+ uYea)(t, x, v) dxdv dt = —/

uo(x, v)a(0, x, v) dxdv.
R2

Vi

2. Ifup € LP(R?), then Vs € [0, T], u(s) € LP(R?) and

s
/|u(s)|pdxdv:/ |Llo|dedV+p//(SgﬂU|U|p71YELI)(T)dXdVdT.
R R2 o Jre

Copyright (©) 2010 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2010, 00 1-11
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Theorem 6 Let E € X(T), and ¢:s be its characteristic flow. We suppose that u € L*(\Vr) and Yeu € L*(V5). Let ug be the
trace of u on My defined in Theorem 5. If K is a measurable set of R?> with non-vanishing Lebesgue measure, then:

S
/ |u(s)|d><dv:/ |u0|d><dv+/ / (sgnu Yeu)(T)dxdv dT.
$0,s(K) K 0 Jéo,r(K)

The proofs rely on the characteristic change of variables and are entirely similar to those of [12].

With these results, we can prove the fundamental estimate on the solutions to the linear Vlasov equation. We introduce the
semi-norm | - |11 defined by
vE e WH(R®), |flwia = [18xF |l + [18vfllr.

Theorem 7 Let £ € X(T) and fo € W' (R?). Let f be the unique mild solution in L*(V4) of the linear Vlasov equation associated
to E with initial condition f. ThenVs € [0, T], f(s) € W' (R?) and

()l g2y = foll 2z ; (15)
(i) < [Folwa ey exp(C(E)s). (16)
Thus, integrating from 0 to T:
-
exp(C(E)T) —1
/0 |f(T)|W1,1(R2) dr S |fO|W111(R2) T (17)

Proof. Equation (15) is an immediate consequence of point 2 of Theorem 5 (with p = 1), or of Theorem 6 (with K = R?),
given that Yef = 0.

We now establish the estimate (16) on derivatives. The set of the indefinitely differentiable functions with compact support on
R* is dense in W''(o) [1, p. 54]. Thus there exists a sequence ('), of elements of C°(R?), such that ||y’ — o112y — O
when n — +o0.

Similarly, we regularise £ € L>(0, T;, W"*(R)) in the following way. We define for all t € [0, T], E,(t,.) = E(t,.) * pn, where
(pn) € CZ(Ry) is a mollifying sequence. The sequence (En), satisfies: £, € L=(0, T; W' N CH(Ry)); ||Enlliewy) < I|Ellie sy,
10« Enll ooy < N10xEllio(uyy, and ||E — Enll ooy —> O when n — 4o00. We denote by (X", V") and ¢; the characteristic
curves and flow associated to E,.

Let 1, be_the solution to the linear problem associated to E, with initial condition f3'; we recall that this solution is given for a.e.
(t, x,v) € Vr by fio(t, x, v) = g (X"(0; t, x, v), V"(0; t, x, v)). As fg' is compactly supported, so is f,: its support is contained in
the image of the compact [0, T] x Supp fy’ by the continuous mapping (s, xo, vo) — (s, X(s; 0, X0, W), V'(s; 0, X0, Wo)). Moreover,
the characteristics associated to E, are Lipschitz-continuous in all their variables (s, t, x, v), therefore f, € W (V).

All together, we have 8f, and 8,f, € L2(V4), thus 8xf, and 8,f, lie in L*(Vs). Moreover Yg,8xf, = —0xE, 0,f, in D' (V5),
thus Yg,0«f, lies in L1(V4). By an integration by parts, it can be shown that the trace of &xf, on My is 8xfy'. If K is a measurable
subset of R? of non-vanishing Lebesgue measure, we get by Theorem 6:

/ |axfn(s)|:/|axfo"|*// (s9n(Bfn) O<En Ofa)(7) IT
o7, (K) K 0 Jég (K)

for the sake of brevity we have omitted the kinetic integration element dxdv. Thus:

/ |axfn(s)|g/|axfo"|+||aXEn|\Lx([o,s]Xm // 10,£,(7)| .,
5,5(K) K 0 Jeg,(K)

0

/ 18.fn(s)] < / 10477 + 11 Ell ey / / 18, fo(7)] 7. (18)
63, (K) K o Jog. (k)

In the same way, we have 8,f, € L1(V5) and Yg,0,f, = —0xfy € D'(V5), thus Yg,0,1, lies in L*(V4); and one shows that the
trace of 8,f, on Ny is 8, f;’. Reasoning as above, we obtain:

S
/ 8,7u(s)] < / 0,77 + / / 18.a(7)] d. (19)
97 .(K) K o Jeg. 0

We add (18) and (19):

/ (18£(5)] + 10Fo(5)]} s/{|avfo"|+|axfo"|}
@5 s(K) K

+ max([8«E |~ wyy. 1) / / {1A(7)| + 18 Fo(T)]} d.
o Jag (k)
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Then we utilize the Gronwall lemma, and we get:

/ o [BAE) 84S < or(C(E)S) / (6.7 + 1.1} (20)

¢0,5 K

Therefore:

/T/ V. (s)| ds < eXp(C(E)T) /|wO (21)
o Jag. 0

Now we utilize the Dunford—Pettis weak compactness criterion in L*, that can be found for example in [6, p. 76] or [4, p. 167]:

Theorem 8 (Dunford—Pettis) Let (f,), be a bounded sequence of L*(Q). The sequence is weakly compact if and only if {f,} nen
is equiintegrable, that is to say:

n

Ve > 0, K compact C €2 s.t. sup/ |fa] d2 <€, and:
Q\Ke
Ve >0, dn > 0, VA C Q measurable, meas(A) <n = sup/ |fa] dQ2 < €.
n Ja

Let € > 0. The sequences (8xfy'), and (8,f]")n converge in L'(IR?), thus are weakly compact in L*(R?). By the Dunford—Pettis
criterion, these sequences are equiintegrable. Thus, there exists a compact K2 of R2, and 1 > 0 such that:

SUP/ {lo.’| + 1} < e “PTe,  and:

n JR2\KQ

VA C R” measurable, meas(A) < n = sup/{|8xf0”| + 10,7} <e BT,
noJa

Let A be a subset of R? such that meas(A) < n. We have for all n € N, meas(¢Z,(A)) = meas(A) <7, and we can apply
the inequality (20) to get

sgp/Aan(s» <e. (22)

Thus we see that the sequences (Oxfy(s))n and (0,7,(s))n verify the second part of the Dunford—Pettis criterion. For the first
part of this criterion, we construct a compact K. such that all the @5 (K?) C Ke. Let (X.(s;t,x,v),V.(s;t, x,v)) and ¢
be the characteristic curves and flow associated to free transportation (E = 0). Of course, we have : V/(t;0, xo, Vo) = v and
X (t;0, X0, Vo) = Xo + vo t. We denote L. = ¢315(K2); this set is a compact as the continuous image of a compact. Then, using
the estimate on the divergence of characteristics from [7, Lemma 1] or [5, Lemma 4.8], we obtain:

Vt e [O,T], |Vn(t;O,XO,VO) —VL(t;O,Xo,V0)| < tHEnHLOC(Ut); (23)

IX"(£:0, X0, vo) — X0(t: 0, X0, vo)| < 2| Enllioe(ur). (24)
Thus we can take for K¢ the compact:

Ke={(x,v) €R*:3(x1,v1) € Le, [x — x| < T ||El|roe(uy)
and |v —vi| < T2 || Ell~up}-

We have: Vn € N, ¢§(K?) C Ke. Thus,

sup / IV £(5)] < sup / IV £(5) (25)
neN JR2\Ke neN JR2\¢p (K?)
Ssup/ (18] + 10,1} ST < e (26)
n JRAKQ

Therefore, (8xfa(s))n and (8v fa(s))n verify the Dunford-Pettis criterion and thus converge weakly (after extracting a subsequence)
in L'(R?) toward some functions g and h of L*(R?).

On the other hand, we have Ye(f, — f) = (E — E,) 8.f,, thus f, — f and Ye(f, — f) are in L*(V4). Applying point 2 of
Theorem 5 and then the bound (21), we find:

Lire-mol < [ 1o-g1+ [ [ 160 -Emiaamlar

n ex CET
< [ 1= 1+ 1E - Bl LI [ ol
R
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Thus, f.(s) converges toward f(s) in L'(R?). As a consequence, dxf,(s) and 8,f.,(s) converge toward Oxf(s) and 8,f(s)
in D'(R?); therefore g = 8.f(s) and h = 8,f(s), i.e. dxf(s) and 8,f(s) lie in L*(R?). In other words, f(s) appears as the weak
limit in W (RR?) of the sequence (f,(s))s. By passing to the limit in (20), we get:

/ IVF(s)| < lim inf/ Vh(s)] < exp(C(E)s) [V hollurgee.
R2 n—+oo [p2
which is (16), and yields (17) by integrating from 0 to T. [ |

3.2. Construction of a contraction mapping

We now study the non-linear Vlasov—Poisson problem. In the rest of §3, we choose f, € W' (R?) and ny, € L (RT; L*(R) N
L*°(R)), both being non-negative. In order to construct a contraction mapping from a closed subset of a Banach space to itself,
we define the following mappings:

o p:L'(R?) — L'(R) maps g € L'(R?) to its spatial density defined as: Vx € R, p[g](x) = ["=° g(x, v) dv;

o ¢1: X(T)— L™(0, T; L*(R?)) maps E € X(T) to the unique mild solution f to the linear Vlasov equation associated

to £ and with initial condition fo;
o ¢o: L0, T; LY(R?) — L>®(Ur) maps f € L=(0, T; L'(R?)) to the function £ defined as:

ex) =3 [ GrOI0) —m(e.y)dy =2 [l O10) - me.) dy.

X

Of course, it satisfies 8:€ = p[f] — np, thus it is a solution to the Poisson equation (2). This particular choice corresponds

to the fundamental solution G(x) = % sgn(x) = %x/|x|, the counterpart of those appearing in higher dimensions.

The following lemma will be crucial in our proof. It is left as an exercise to the reader.

Lemma 9 For R > 0, let B be the closed ball of center 0 and radius R of the Banach space (X(T), || - llx))- Then, Bi is a
closed subset of the Banach space (L>(Ur), || - ||~), hence it is complete for this norm.

Then we state and prove the following property of the mapping p:

Lemma 10 Let g € WY1(R?). Then, p[g] € L=(R) and ||p[9]ll < 1891 < |glpr1.

Proof. By Fubini's theorem, the mapping x = g(x, v) is in W' (R), for a.e. v € R, hence it satisfies limx—,— g(x, v) = 0. We
have thus:

o) = [ enav= [ [ agvmavan,

—+o00 X
o[l ()] < / / 1890y, V)| dy dv < 118gllisqee)

hence the result. ]

3.2.1. Stability and Lipschitz continuity of ¢> o ¢1 Let E € X(T). Theorem 7 gives ¢1(E) € L(T); moreover we have:
le1(E)lliooriireey = l1folli; IVOL(E)lliw(o.r11@2)) < Ifolwa S (27)

Let f € L(T). From the definition of ¢», we deduce: |¢2(f)(t, x)| < % ||p[f](t) — M (t)|l 1wy, and thus

2 (F)lleooury < 3 UFlloo.r @2y + 1Mol o701 @) (28)

Assume that f is non-negative; thus the same holds for p[f(t)], for a.e. t. The equation 8x¢o(f)(t, x) = p[f(t)](x) — nu(t, x)
gives |Oxpo(F)(t, x)| < max(p[f(t)](x), nu(t, x)). By Lemma 10, we infer:

N18xp2 (F) | oo (0. 71xmy < Max (18« F [l oo (o, 77,02 2y 101l o0 (0. 71xR)) -

Together with (28), we obtain the following bound
ld2(F)llxcry < max {3 [lIfllioeore1m2)) + 1Ml o072 @y))s 16 lloe o, 71xmy. 185 F Il oo (o, .01 (R2Y) } - (29)

Now, if f = ¢1(E), it is non-negative as soon as the initial data fy is. We combine (29) and (27) and find:

VE € X(T).  lld2 0 $1(E)llxcry < max{Mr, Mr, |folwr1(az) e}, (30)
where:  Mr = % (Iollx @2y + 1Ml o701y Mr = [0 oo 07 )-
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Now we show that ¢» o ¢y is a Lipschitz-continuous mapping in the norm of L*(Ur). Let Ei, E» € X(T); we denote
fi=¢1(E1) and £ = ¢1(E2). There holds: Yg (i — £) = (Ye, — Y, )(£) = (E2 — E1) 8vfo. Thus, (fi—£) € LY(Vr) and
Ye, (A — ) € L*(V4); we apply Theorem 5 and find:

S
[a@-rel< [ [ 180 - EmloAm]dr
R2 0 JR2?
Thus [|i — Bl @2y < |E1 — Ealliown 10y falli1(v,); applying the bound (17), we obtain:

lp1(Er) — d1(E2)ll i (om11(R2)) <
exp(C(E2)T) — 1
||E1 — EQHLOC(UT) |f0|W1-1(]R2) T (31)

As for ¢, it is an affine mapping, the associated linear mapping corresponding to the case n, = 0. Therefore, for fi, f-r € L(T),
one can apply the bound (28) with f = i — f> and n, = 0:

llp2() — d2(B)ll ey < 3 1 — fall oo 01(R2))- (32)

Finally we arrive at:

lp2 0 p1(Er) — ¢2 0 P1(E2)ll Lo (upy <

exp(C(E2)T) — 1
HIEs = Exliwion [l SR (33)

3.2.2. Local existence and uniqueness We now give conditions on the parameters R and T in order to have: (i) the closed
ball Bk stable by ¢ o ¢1, and (ii) ¢ o ¢1 a contraction mapping on Bk. In order to bound the various norms of n,, we settle on
an arbitrary finite time interval (0, T.) ; notice that M+ and M} are non-decreasing functions of T. The stability estimate (30)
implies (i) provided: |fo|y11zz) exp(max(R,1)T) < R and Mr,, Mz, < R. Thus we choose:

1 In( R )
max(R, 1) [folwiimey”

R > max(|folwiigey, Mr., M7,) and T <

As for the point (ii), the Lipschitz estimate (33) yields the sufficient condition R > 1 and % [folwii(rey (exp(RT) —1)/R < 1.
We take for example:
1 2R
R > max(1, [folwiigey) and T <5 In(l+—F—7]).
R |fO|W1v1(R2)
Considering the two conditions, we obtain that given

1 R
R > max(L, |folpiigey, Mr., Mrz,), T < min <T* . = In(7)> ,
R |f0|W1v1(R2)
the mapping ¢2 o ¢1 goes from By into By and is a contraction for the norm || - || (). By Lemma 9, B is a complete space
for this norm. Utilizing the contraction mapping principle, the mapping ¢» o ¢1 admits a unique fixed point E € Bj. If we denote
f=¢1(E), the pair (E, f) € X(T) x L(T) is a mild solution to (1-3).

3.2.3. Estimation of the existence time Assume that T. is large enough; we define Ry = max(1l, Mr,, M7.). The function
x — In(ax)/x admits a unique maximum at the point x =e/a, and its value is a/e. Thus, the greatest value of expression
7 In(F5—) is attained at R = e|[fo|y11 and equal to (e |folyr1) ™"

wl

There are two possibilities. If |f|y.1 > Ro/e, we can take R = Ry :=e|folyrr and T = Ty := (e|fo|yr1) " in §3.2.2. The
estimate (16) then shows |f(T1)|y11 = elfolp11. So, §3.2.2 proves the existence and uniqueness of the solution to the
Vlasov—Poisson problem with initial data f(71) during the time T» := (e |f(T1)|p11) ! = (€ |f|pr1) L. The local existence
and uniqueness result allows one to glue together solutions to (1-2) that coincide at some time T1. Thus, the solution generated
by the initial data fy exists during T1 + T». By induction, we obtain an existence time at least equal to:

S UNE TS S W N
|fo|W1,1 e e2 en - (e — 1) |fo|W1,1 '

provided this quantity is still less or equal to T.. Now, if |fo|y11 < Ro/e, the existence time given by §3.2.2 is maximal for R = Ro
and equal to is equal to To := Rio In(‘fo‘R—On). Applying (16), we obtain |F(To)|yu1 = €070 |f|,11 = Ro > Ro/e. Thus we can
wl,

use the previous argument to show that the solution to the Vlasov—Poisson problem with initial data (7o) exists for a time at
least equal to ((e — 1) Ro)*. Finally, the total existence time is no less than

= ('” (mﬁfl,l) * (ein)'

if this is no more than T..
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3.2.4. Blow-up versus globality Consider the maximal solution (f, E) to (1-3) with data fy and ny, i.e. that with the largest
existence interval (0, Tex). Assume that Te is finite. Then, we show that lim¢— 7., |F(t)|11 = +o00. Otherwise, there would exist
a sequence (tx)x such that ty — Tex and |f(tx)|y11 < C. The argument of §3.2.3 would imply that the solution can be extended
to an interval (tx, tx + 7), with 7 bounded away from 0. Thus, it could be extended past Tex, a contradiction.

Furthermore, at any instant t, the existence time given by §3.2.3 cannot be greater than Tex — t. For t close enough to Te,
|f(t)|w11 is large enough, and the existence time is equal to (e — 1) ! |f(t)|;vllvl; so we get the estimate:

1

If () lwrr > e D(To—t)

Now, the second bound in (27) shows that ||OxE(t)|l = |lo[f(t)] — m(t)]|cc blows up when t — Tex. Quantitatively, this norm
is greater than t* In(|f(t)|y11/|folwr1). As the norm of n, remains bounded on the finite interval (0, T-.), there holds:

ol ()]llee = C [In(Tex — 1)],

for some constant C. Conversely, any maximal solution such that |f(t)|y11 or ||p[f(t)]]|cc remain bounded as t — Te is global,
i.e., Tex = +o0.

4. Proof of Theorem 2

4.1. Preliminary results

Here we collect some well-known results on the functions of W (IR?) and BV/(R?). The following proposition can be found, for
example, in [10, pp. 3-4]:

Proposition 11 W'(R?) ¢ BV(R?) and Vf € W*1(R?), |fly11 = TV[f].

The following two theorems are taken from [10], p. 7 and p. 14:

Theorem 12 Let f € L'(R?) and (f,), be a sequence in BV (R?) which converges to f in L*(R?). Then:

TV[f] < liminf TV[f].

n—-+o00
Theorem 13 Let f € BV(R?). There exists a sequence (f,), in C*(R?) N BV (R?) such that:
lim |[fo— Flligey =0 and lim TV[f] = TV[f].
n—s-+oo n—s-+oo

4.2. A priori estimates

Theorem 14 Let f € L'(Vr) be the unique mild solution to the linear Viasov equation associated to E € X(T) with initial
condition fy € BV(R?). Then, ¥s € [0, T], f(s) € BV(R?) and

TVI[f(s)] £ TV[f] exp(C(E)s).

Thus, integrating from Q to T:
.
exp(C(E)T) —1
TVI[f dr < TV[fh] —/———=——.
| Tviemrar < Tvie) <HEED
Remark that the estimate (15) is still valid, as it only uses the L* character of fy and f.

Proof. Let E, fo, and f be as in the statement of the theorem. Theorem 13 yields the existence of a sequence (fy'), in
C*(R?*) N BV(R?) such that:

lim |If = folligy =0 and lim TV[R]=TV[f].
n—r+00

n—s-+oo

In particular, we have: Vn € N, fy’ € W'1(R?).

Math. Meth. Appl. Sci. 2010, 00 1-11 Copyright © 2010 John Wiley & Sons, Ltd.
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Let f, be the unique mild solution to the linear Vlasov equation associated to E with initial condition 3. Using Theorem 7
and Proposition 11, we get:
Vs € [0, T], TVI[fu(s)] < TVIfy'] exp(C(E)s).

We have Ye(f, — ) = Ye(fa) — Ye(f) = 0, so we can use Theorem 6 and obtain:

[iee - r@i= [ 15l

Therefore, lim f,(s) = f(s) in L'(R?), for almost every s € [0, T]. Applying Theorem 12 then yields:
TV[f(s)] < liminf TV[fa(s)] < liminf TV[fy'] exp(C(E)s)
n—>-+o00 n—-+o00
= TVI[fe] exp(C(E)s),
which implies f(s) € BV(R?). [ |

4.3. Construction of a contraction mapping

We now get down to the non-linear Vlasov—Poisson problem. We define the mappings p, ¢1 and ¢> as in §3.2, and we find
sufficient conditions for ¢» o ¢ to be a contraction mapping from Bj to itself.

Let fy € BV(R?), E € X(T) and f = ¢1(E). By Theorem 14, f € L"(T) and
61 (E)lliwqoriermey = Ifoll i 1IV@1(E)lliw o2 qrey < TVI]e<ET.

Let us examine the mapping ¢». The bound (28) is still valid. Moreover, if f is non-negative, the inequality [8x¢>(f)(t, x)| <
max(p[f(t)](x), ny(t, x)) still holds. Combining Lemma 10, Proposition 11 and Theorem 13, one easily proves:

Lemma 15 Let g € BV(R?). Then, plg] € L*(R) and ||o[g]]l.c < TV][g].

Thus, one proves the counterpart of the estimate (29):

|2 (F)lxcry < max{% Lo 07022y + 1Ml 0 7202 @)l 1wl oo (0, 71xR) ts[lépﬂ TV[f(t)]} .
€10,

Together with the estimate on ¢, we obtain:
VE € X(T), g2 0 $1(E)lIx(r) < max(Mr, My, TV[f] e<E)7).

Now we establish that the mapping ¢2 o ¢ is Lipschitz continuous in the norm of L*°([0, T] X R). Let E1, E> € X(T); we
denote fi = ¢1(E1) and f» = ¢1(E2). Moreover, as we did in the proof of Theorem 14, we approximate fo by a sequence (f3')s
whose terms lie in W*(R?), and such that

im | = follig =0 and  lim TV =TVIf].
n—>+00 n—s o0
The solutions to the linear Vlasov equation with field E1 (resp. E») and initial condition fg" will be denoted f;” (resp. f3'). Applying
the W' estimate (31) to these functions yields:
exp(C(E2)T) — 1

17" = &'l o2y < IIEx— Ealliowyy TVIR] ) (34)

As seen in the proof of Theorem 14, we have
1£"(s) = fi(S)liwey = IIfe’ — foll ey, forae. s€[0,T], andi=1, 2.

Thus, " converges toward f; in L*°([0, T]; L*(IR?)). Passing to the limit in (34), we obtain:

I = Bllsrasy < 16— oy TVIR] SHEI=L
The L' estimate (32) still holds, which finally implies:

|2 0 p1(E1) — 2 0 P1(E2) || 1oo(up) <
LB — Eollmuy V(] ZREETI 2L (35)

C(E2)

Reasoning like in §3.2.2, we infer that ¢» o ¢1 admits a unique fixed point in Bk for suitable values of R and T (using the
contraction mapping principle of Banach), then we deduce the local existence and uniqueness of a mild solution to (1-3). The
existence time is estimated as in §3.2.3, and the alternative between blow-up and globality is established as in §3.2.4, with
obvious adaptations.
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5. Concluding remarks

We have established a result of local existence and uniqueness of a mild solution to the one-dimensional Vlasov—Poisson system.
The hypotheses on the data of this problem were improved: the initial data is not assumed to have a compact support, as in [12],
or an integrable majorizing function, as in [5, 7, 13], but only to be of bounded variation. Nothing is assumed, either, about its
moments in v, unlike most results in higher dimensions [8, 14, 15]. That said, the BV character of the solution implies that the
spatial density p[f] remains bounded as long as such a solution exists: this property is specific to the dimension one. Therefore,
the hypothesis fy € BV(R?) is close to the minimal assumption guaranteeing that £ and 8yE are uniformly bounded, and thus
the possibility of the existence of a mild solution in dimension one. Unfortunately, our proof does not extend immediately to
higher dimensions.

The drawback is that we were not able to establish global existence. We have seen that this is equivalent to prove that
p[f] remains bounded on Ut for an arbitrary T. This is where the more restrictive assumptions made in the literature come in.
Interestingly, certain results of uniqueness of weak solutions [15, 16] also rest upon the boundedness of the spatial density. The
result of this article is, so to say, in the same vein.

Finally, we notice that the arguments presented in this paper can be extended with slight modifications to many-species
Vlasov—Poisson systems.
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