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1 Introduction and motivation

The adaptive control of Markovian stochastic processes has a mature theory, either for optimal
discounted reward [[J, ] than for average reward [[]]. However, the analysis of controlled particles
systems has not been studied closely. The aim of this paper is to fill this gap, and bring concepts
of statistical physics into the field of optimal control.

The general framework is the following, N particles are in interaction and their interactions
depend on a control parameter. The performance of the particle system is described by a
reward associated to an average over the particles states and over time. With the appropriate
hypothesis, if the control parameter is non-adaptive, (i.e. does not depend on the particle
state), classical mean-field theory predicts that, as the number of particles grows large, the
time evolution of the empirical measure of the particle states converges to the trajectory of a
measure solution of an appropriate deterministic differential equation. Now consider, for each
number of particles, N, an optimal adaptive control which maximizes the associated reward. It
is now unclear whether or not the same convergence holds, as N grows large. More importantly,
it is not clear whether or not this optimal control strategy and its associated reward converge
to an optimal control strategy and its reward for the deterministic control problem associated
to the limiting differential equation. In this paper, we deal with this issue.

For interacting particle systems, a phenomena which draws a tremendous attention in statis-
tical physics is symmetry breaking. Loosely speaking, this phenomena occurs if a macroscopic
state of the system is not symmetric with respect to the symmetry of the interactions in the
system. In the framework of controlled particle systems, a control strategy is not symmetric, if
enforcing this control breaks the initial symmetry of particles states. It is of prime interest to
know if the optimal control strategies break the symmetry of the interactions. We will discuss
when this type of symmetry breaking phenomena is expected through typical examples.



The main motivations of this work come from nanotechnologies and communication net-
works. Typically, in these engineering fields, a large number of particles or communication
units are in interaction and a central controller may aim at optimizing a performance measure
of the system via a control on the transitions rates of the particles or communication units. In
many examples, the performance measure is simply the number of particles or communication
units in a given state.

The remainder of the paper is organized as follows. In Section fl, we introduce our model
and state our main results for discounted reward and average reward. Section [ is dedicated to
the proofs of our main results. In Section [J, we discuss some extensions of our model and of our
results. Finally, Section [] is a collection of examples and we illustrate the symmetry breaking
phenomena for optimal control strategies.

2 Controlled particle systems

2.1 Model description

We consider N particles evolving in a finite state space X at discrete time t € N. The state of
particle 4 at time t is X}V (t) € X and the trajectory of the particle is X¥ = X/V(-) € XN. The
state of the particle system at time ¢ is described by the vector XV () = (X (¢),--- , XX (1)).

Let P(X) (resp. P(&YN)) denotes the space of probability measures on X (resp. AN).
Pn(X)={qe P(X):Vx € X,Nq({z}) € N}, the set of measures on X putting a mass in N/N
at each element of X. We define the empirical measures in P(X) and P(XN) respectively

N 1 N

N _ N _
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We consider a sequence of random variables in [0,1), Z N — (Zév , Z{V ,-+-) thought as a source
of external randomness in the system. Let 7 = o(ud,ZY, -, ul¥, Z]) be the filtration
associated to the process (uV,Z") and ]-'—tN = o(XN(0), 2 -, XN(t),Z]) the filtration
associated to (X?, Z™). The evolution of the particle system depends on a F}¥-adapted control
process U = (U}N)ien € UY, where U is a finite space. Given the past history .7-"—15\7, XNt +1)
evolves according to the transition probability P(XV(t 4+ 1) € |.7-"—gv) = PIJJ\ZN (XN(t),-) where
PN(X,Y) is a transition kernel on XV. We assume that for all u € U, PY is exchangeable

(that is PV (X,Y) is invariant by simultaneous permutations of the entries of X and Y). Then,
we may define a projected kernel on Py (X),

K (q,p) = > PN(X,Y),

YexN:. L 3F, dy;=p

where p,q € Py(X), and X is any vector in X"V such that Zfil dx, = ¢NN. Then, given .7-"—15\7,
uﬁrl evolves according the transition kernel on Py (X),

P(up € 17Y) = Kon(ur o). (1)
Similarly, we define for all ¢ € Py (X) and x such that g({z}) > 0, the projected kernel on X

KV (@y= >  PYX)Y),
YexN:y=y



where X is any vector satisfying X; = x and ZZ 10x, = ¢N. Given the past history, .7-"—, at
time ¢ + 1, particle ¢ evolves according to the probability,

KUN N(XiN(t)v ) (2)

For a function f from X to R and a measure ¢ € P(X), we define:

7 => /f

meX

Let r be a function from X xU to R which represents a reward, 0 < 8 < 1 a discount parameter,
and T > 1. If u € Y and ¢ € P(X), we define r(q,u) = (r(-,u),q) = [, r(z,u)q(dx). For any
measure v € P(XN) with marginals (v, v1,---) and a sequence of control V = (Vy, Vi, --) €
UYN, we define the discounted reward

Ts(v, V) = Zﬂw,vt (3)

the finite average reward,
1 T-

Z r\Vt, VZ (4)

(which depends on the sequence (v, V') only up to T'— 1), and the ergodic average reward

Jow (1, V) = 117131 inf Jr(v,V). (5)

A control process UV = (UN),t € N, is admissible if U} is F/'-measurable. A strategy
7 = (7¢)sen for the N particles system is a sequence of functions 7; from Py (X)) to U. By
definition, setting UtN = ﬂt(uév , Zév A ,uiv , ZtN ), there is an equivalence between admissible
controls and strategies. A strategy m = (my)en is Markov if for all ¢t € N, m(qo, 20, , ¢, 2¢t)
depends only on (g, 2:) € P(X) x [0,1). For a strategy 7 for the N particles system, we denote
by (4, UN) the empirical measure and the control process associated to the strategy m and

T3 " (10') = ELs(ny , UN)),

and respectively for J:]pv T(pd)) and JaNU’W(uéV ). The expectation E is with respect to the process
ZN and the randomness coming from the transitions in ([]), note that the initial measure z? is
not random here. From (fl]), it is well known, refer to Dynkm and Yushkev1tch [fl], that for any
strategy m, there exists a Markov strategy o such that JY 3 () = JY 3 7 (ud)) (and respectively

for J%V o (,uév )). In this paper, for each N we take interest to the supremum over all strategies
of Jév’w(,uév), I (ud) or Jaw™ (11dY). The aim being to prove a convergence of the N particles
optimal control problem to an infinite particle optimal control problem. In optimal control
theory the case of ergodic average reward is known to be much harder than the finite average
and discounted reward cases.

Extra Notation and assumptions Let ) be a Polish space, for a random variable Y € ),
L(Y) € P(Y) will denote the distribution of Y. We denote by || - || the total variation norm
on the measures on X: |[v| = 1/2) 5 [v(z)]. We endow XN and UM with the topology
associated to the metric | X — Y|g = Y52, B'1x,2y;- X" and U" are then Polish spaces.



A transition kernel on X is a linear mapping from P(X’) to P(X). Thus a transition kernel
K may be seen as a stochastic X x X-matrix.
For a probability measure v € P()) on a Polish space ), we define its support

supp(v) = {z € Y : for all open sets A such that z € A,v(A4) > 0}.

The only property of the support that we will use is that if A is a measurable sets outside the
support then v(A4) = 0.

Let ¥ be a finite measure on the product space ) x Z, B a measurable set in Z, the measure
U (-, B) will denote the measure on J: A — V(A x B).

If (An), N € N, is an infinite sequence of subsets of a set ), then we define limsupy Ay =
Nar>1 Un>m A

The following extra assumptions are made:

Al. There exists a family of transitions kernels { Ky 4 }yeu,qep(x) on X such that, for all u € U,
reX
lim sup HKfLVqN(x, )= Ky g (z,0)] =0.
N=00 gNePy (X):gN ({2})>0 7

A2. There exists C' > 0, such that for all u e U, x € X, p,q € P(X),

”Kuﬂ(‘ra ) - Ku,p(x7 )H < CHP - QH

A3. There exists a sequence oy, with limy oy = 0, such that for all u € U, x1,x2,y1,y2 € X
and X € XN such that X = 21, Xo = 29,

N N N
Ku7%22\7:15xi(‘T17yl)Ku’%Z£\;15Xi(x2ay2)_ Z Pu (X7Y) SéN
YeXN:Yi=y1,Yo=y2

Assumption A2 implies that the family of transition kernels { Ky ¢ }ueys,qep(x) is measurable:
the application (u,q) — K, 4 from U x P(X) to the set of matrices of dimension X x X is
Lipschitz for the standard matrix norm [|Afl; = maxzex >, ey [A(z,y)| and the distance on
P(X) X U: d((Q7u)7 (p,?})) = Hq _pH + 1u7$v-

In words, assumption A3 implies that at any time ¢, the evolution of two particles becomes
asymptotically independent given the control U/ and the empirical measure p".

Let € X, note that assumptions Al and A2 imply that if ¢V € Py (X) converges to
q € P(X) in total variation with ¢" ({z}) > 0 (but possibly ¢({z}) = 0) then Hququ (x,-) —
Ku#l(x?')H < ”Ki\,[qN(xa ) = Ku,qN(xf)H + HKu,qN(x7') - Ku,q(ﬂf, )” goes to 0 as N goes to
infinity.

2.2 Discounted reward

Dynamic programming recursion. Consider an initial condition ,uév € Pn(X). We define
the optimal discounted reward with initial condition )’ as

T (') = sup J3"" () = sup BJg(ud , UN), (6)

where the supremum is over all N particles strategies m and, as above, (M,TN , U7]rv ) the empirical
measure and the control process associated to the strategy w. For each ,uév , the existence of an



optimal Markov strategy m, with associated empirical measure and control process (MWN , Ufr\i )
follows from the classical theory of fully observed dynamic programming on a finite state space,
refer to Bertsekas [ff], chapter 1. Indeed, this problem may be restated as a fully observed Dy-
namic Programming (DP) recursion (or Bellman Equation). DP theory predicts that Equation
(M) implies that 7, BN is uniquely defined by the recursion, for all ¢ € Py (X),

JgN(q):max{(l—ﬁ w+B Y. T /CNQP)}

uel
pEPN(X)

and (UY), € Z/{év((,ufrv)t) where, for ¢ € Py (X),

u;y(q):{ueu;jév() (1=Pr(aw) +6 Y T3 KNQ?)}

pEPN(X)

is the set of controls reaching the maximum in the DP recursion (see Bertsekas [P], chapter
1). Hence if Z/{év (1Y) is not reduced to a singleton, the solution to the dynamic programming
optimization (f) is not unique. The process Z"¥ may be used to draw randomly a control in
Uév(uiv) For example, we index the controls by integers: U = {u1,- -+ ,up,} and if Uév(uiv) =
{wiy,+ yui, }, with 43 < -++ < iy, the strategy m, picks u;,, 1 <€ < n,if £ —1<nZ) <.
This strategy m, is discount optimal and Markovian.

Mean-Field approximation. We define the mapping F' from P(X) x U to P(X):
F: (q,u)— qKyuyq. (7)

Now let (u,U) € P(AN) x UN be a pair of empirical measure and control sequence and let
qo € P(X). We say that (u,U) is a solution of ([) with initial condition qo if pg = qo, for all
teN,

per1 = Fpe, Up)

For each arbitrary sequence U = (Uy)ien, there exists a pair (u, U) solution of ([]) with initial
condition gg. This pair is not unique but if (u,U) and (v,U) are solutions of () with initial
condition gg then for all t € N, yy = v;. We may thus define without ambiguity the associated
discounted reward Jg(qo) = Jg(p,U), and

Ts(q0) = S J§ (q0). (8)

The problem may be restated as a fully observed DP recursion: Equations ([), (§) implies that
Jg is uniquely defined by the recursion, for all ¢ € P(X),

Tsla) = max { (1= A)r(q.v) + BT5(aKua) | -

ueU

We define
Us(q) ={ ue U Ts() = (1= B)r(g,u) + BT3(akKu) } -

Then if (ps, Us) solves () and for all t > 0, (Uy): € Up((ps)e) then Tz(qo0) = Jg(ps, Us). The
next theorem implies the convergence of the N particles DP problem to the DP problem ([f)-(§).
We consider a given sequence (1) veny which converges as N goes to infinity.



Theorem 1 Assume that assumptions A1-A8 hold, and the empirical measure uév converges
to qo. Then,

Jim T3 (") = Ts(a0),

and
tim sup2d) () € Us(qo).

N—oo

This result is interesting because it states the convergence of DP problem without any
assumption on the reward function 7 or on the sets U3 of optimal strategies.
We may also define the sets, for all u € U,

Pév(u) ={qePn(X):ue L{év(q)} and  Pg(u) ={q € P(X):ueclUs(q)}
Theorem [I] implies that for all u € U,

lim sup Pév(u) C Pp(u).
N—oo
Indeed, let u € U and ¢ € limsupy Pév (u), then for an increasing subsequence (Ng),k € N,

q € Pév’“ (u) or equivalently, u € Z/{év *(g). Thus, from Theorem [, u € Up(g) and it follows that
q € Pg(u)

2.3 Finite average reward

Dynamic programming recursion. Consider an initial condition u}Y € Py (&), the finite
average optimal reward is defined as the supremum over all N-particles strategies of the average
reward:

TN (ud') = sup JX™ (1d)). 9)

Again, this problem may be restated as a fully observed Dynamic Programming (DP) recursion
(see Bertsekas [, chapter 2). DP theory predicts that Equation () implies that j%v is uniquely
defined by the recursion, for all ¢ € Py(X) and T' € N:

T (@) = gmax { rgu) + (1) Y LN @) ),

ueU
pEPN (X)

where by convention, Ji¥(¢q) = 0. For all T € N, we define:

u(q) ={wet: TH (@) =rlgw) + (T -1) > T KN @.p) }
PEPN(X)

Any strategy m, with associated process (,uka, UXN) such that for all 0 < ¢ < T, (Ufr\i)t is in the
set UN_,((ud);) is optimal.

Mean-Field approximation. Let (u,U) € P(XYN) x UN be a solution of ([]) with initial
condition go. The associated finite average reward is Jr(u,U) = JY(qo). The finite average
optimal reward is defined as

Ir(qo0) = sup J7 (qo) (10)
UeuN



Jr is uniquely defined by the recursion, Jy = 0 and for all ¢ € P(X) and T € N:

1

Trla) = max { r(g,u) + (T = DIr-1(aKug) .

We define,
Ur(e) ={ u e U : TTr() = rlg.w) + (T = DIr-1(aKg) |

Then any pair (u, U) € P(XN)xUN solving () and satisfying for all 0 < t < T—1, Uy € Uz —y(p1¢)
is optimal: Jr(uo) = Jr(w,U). Note again that even if J is deterministic, U may not be
uniquely defined. The next result is the analog to Theorem [.

Theorem 2 Assume that assumptions A1-A3 hold, and that the empirical measure ,uév con-
verges to qo. Then,

]VIEHOO I (b)) = Trlq),

and for all1 <t <T,
limsup U (1) € Ue(qo)-

N—oo

As in the discounted reward case, we may define the sets, for all u e U, 1 <t < T,
PN (u)={qg € Pn(X) :uclUN(9)} and Pylu) ={qg € P(X):uclUlq)}
Theorem [[] implies that for all u € U,

limsup P (u) C Py(u).

N—oo

2.4 Ergodic average reward

Ergodic occupation measure. We now optimize over all admissible strategies the average
reward:
Taw (1) = sup Jo ™ (119 ) = sup Blim inf Jp (i, UY). (11)
™ T -

We add an extra irreducibility assumption,
A4. For all N €N, p,q € Pn(X), TN (p) = TH (a).

Note that assumption A4 holds if for all N € N, p,q € Pyn(X) there exist £ € N and
((p1,w1), -, (PR, ur)) € (Pn(X) xU)¥ such that p; = p, pp =qand 1 <i <k, leX(p,-,le) >
0.

With this assumption, the convex analytic approach gives a convenient way to describe a
control policy. Let (uV,UN) € P(AN) x UN be an admissible controlled process, following
Borkar (Chap. 11 in [[]), for each T' € N, we define the ergodic occupation measure on Py (X) x
u,

S

1
\Il¥ = \Ilg(:u']vv UN) = f 5(M§V,UtN)‘
t

Il
o

Note that, by definition, Ju,(uY,UY) = liminf7 (¥, r). Now, since Py(X) x U is a finite
space, the sequence (\I’¥ )ren has limit points. The following sample path result holds (for a
proof, see Lemma 5.1 in Arapostathis et al. [fl]),



Lemma 3 (Borkar) Almost-surely, any limit point Y~ of (VX)) in P(Pn(X) x U) satisfies,

Vp € Py (X), > D Mg wkd (a.p) = N (p,U), (12)

qEPN (X) uel

Note that the limit point " is a sample path limit point. Now, reciprocally let ¥ €
P(Pn(X) x U) satisfying ([J). Using the extra randomness ZV, we define a Markov strat-
egy 7 and its associated controlled process (7i'¥ ,UN) such that the law of Uiv given 7" is
YN @Y, ) /N (@, U). Then (ﬂiV,Uiv)teN is a Markov chain on P(X) x U with transition
kernel N g u)
PN, T7) = (¢, )@, Ty ) = (p,0)) = KN (p, g Ylg,w)
((m 1) = (¢, W[y , Uy ) = (p,v)) ( )wN(q,U)
If o satisfies ([[J), we check easily that ¢V is a stationary distribution of this Markov chain.
Therefore if L(f), Uév ) =, then for all T > 1,

EJr(@Y,T") = N, 7).

Now we define SV = {¢V € P(Pn(X) xU) : ([J) holds true}. From what precedes we have
TN > infyncon (N r). The next lemma implies that an equality holds.

Lemma 4 (Borkar) Let m, be an ergodic average optimal strateqy with associated process
(1, UNY which mazimizes ([{1) with initial condition plY. Then, almost surely, the following
holds

- limT_wo JT(N?{H U;T\i) = jd]X,
- for any limit point vV of W (u [ UN), F& = (N, r).

Proof. Let A be the event of probability one such that the conclusion of Lemma [ holds for
the process (ul,UN). We define the event B = A N {liminfy Jp(ud ,UYN) > JN}. Since
JN = Eliminfy Jp(ud ,UY), we have P(B) > 0 and B is not empty. On the event B, we
may extract a subsequence T}, such that limr, Jr, (,uﬁi ,UN) = liminfy JT(,uka LUNY > gh . Up
to extracting another sequence from (T}) we may also assume that \I/%C (uY UN) converges to
'™ and then
W™,y > Tay-

Now, from what precedes, there exists a Markov strategy 7 with associated controlled pro-
cess (@'V ,U/N) such that EJ,, (7" ,U/N) = ('N,r). However, by assumption A4., JN >
EJM,(E’N,U/N) = (N r), and we deduce that J¥ = (¢/V r) and thus P(B) = 1. We have

proved so far that
a.s —1imTinf JT(,u,JT\i, Ufrv) = jaJX = <7;[),N7T>'

Now, still on the event B, let ¥V be any limit point of \Il¥ (,uﬁi , Ufr\i ), thanks to our choice of 1’ N
<wN Ty > <¢’N ,7) = Jaw. However, again, there exists a Markov strategy 7 with associated

controlled process (7" ,UN) such that EJ,, (7" ,U/N) = (¢™,r). Then, by assumpton A4.
EJM,(EN,UN) < JN and we deduce that (pV,r) = (/N r). O
We define the set of optimal ergodic occupation measures:

SC]L\{, = {\I/N € P(Pn(X) xU) : (D) holds true and (\I/N,r> = ijX .



Sé\{, is a non-empty closed convex set. It is also possible to describe ijX as a fixed point of DP
recursion, see Arapostathis et al. [l. In this paper, we will however not use this representation
of ijX . The Borkar’s representation via the ergodic occupation measure has appeared to be
more convenient to state limit theorems.

Mean-Field approximation. Let gy € P(X). For each sequence U = (Uy)en, there exists
a pair (i, U) solution of ([f) with initial condition gg. We may consider the associated ergodic
average reward JU (qo) = Juu (i, U), and we define:

Juv(q0) = sup JY,(q0)- (13)
UeuN

We formulate for this deterministic average cost problem an irreducibility assumption, sim-
ilar to assumption A4:

A5. For all p,q € P(X), Taw(p) = Taw(q)-

Again, for a pair (u, U), solution of ([]), we define the ergodic accumulation measure on P(X) xU
by

~

1
Up = Ur(p,U) = T O(pe,Ue)s
t—

[e=]

P(P(X) x U) is compact and any limit point ¥ of (Ur)rey satisfies for all measurable sets
A C P(X), such that W(0A,U) =0 and for all w € U, ¥(9{q : ¢K, 4 € A}, u) =0,

> T({q: qKug € A}u) = (A U). (14)
ueU

Again, ¥ may be interpreted as a stationary distribution of a Markov chain. Indeed, let «, be
Radon-Nikodym derivative of W(-,u) with respect to ¥(-,U). ¥ is a stationary distribution of
the Markov chain (fi;, U )ten with transition kernel

P((f11,U1) = (¢, u)| (a9, Uo) = (p,v)) = (@) 1(pKyp = q). (15)

Note that Ju,(p, U) = liminf7 (U, 7). Note that this Markov transition kernel is defined only
on the support of ¥(-,U/). In order to define a transition kernel of P(X’) x U, we need to extend
on P(X), for all u € U, the mapping: g — ay,(q), in a measurable way. Even if this extension
is obviously not unique, ¥ is always an invariant measure of the Markov chain.

Now, note that the supremum in ([[J) is reached for some U, € U" (depending on ¢p) and a
pair (s, Uy) solution of ([f). Then, if ¥ is a limit point of the occupation measure U (pu, Uy ),
by assumption A5, we also have

jav - <\II7 T>-

We may define the set of optimal ergodic occupation measures:
Saw = {¥ € P(P(X) xU) : ([4) holds true and (¥, r) = J,,}.

A stationary solution (u,U) of ([]) is a solution of ([]) such that for all ¢ > 0, L(uo,Up) =
L(pt,Up) and ([[4) holds true for £(ug,Up). A stationary policy (ay,)yuey is a set of measurable
mappings from P(X) to [0, 1] such that for all ¢ € P(X), >,y aulq) = 1.

A stationary policy (au)uey is continuous if for all u € U, the mapping ¢ — au(q) is
continuous. We define C, as the set of continuous stationary policies such that if ¥y, ¥y €
P(P(X) x U) are invariant probability measures of the Markov transition kernel ([[5) with
(ay)ueu € Cr, then (Uq,r) = (¥y, 7). Finally we add a key assumption on Sg,.



A6. There exists ¥ € S,, such that ¥ is an invariant measure of a Markov transition kernel
(@) with (au)ueu € Cra

Theorem 5 Assume that assumptions A1-A6 hold then
Jim Ty = Taw,

and
limsup SY C S,

N—oo

(that is if O € SN for all N then any limit point of UV is in Sy, ).

On Assumptions A6. Assumption A6 holds if there exists (¢, u) such that d(q.) € Sav, and g
is the globally stable fixed point of the mapping from P(X) to P(X), p — pK, . Similarly,
assume that there exists ¥ in S, such that ¥ = 1/M Zf‘il O(qi uiy With ¢ Ki i = ¢! (and
g™+ = ¢'). Since P(X) is separable, there exists a stationary continuous policy (cv,)ucy such
that ay,(¢) = 1(u’ = u). If ¥ is the unique invariant measure of the Markov transition kernel
([3) for this choice of (ay)uecys then assumption A6 is satisfied.

3 Auxiliary results and model extensions

3.1 Phase transition on the average reward

In this paragraph, we discuss what happens when the conclusions of Theorem [ fail to hold.
We first start with a general lemma

Lemma 6 For all N € N and q € Py(X),
Ny N( N 1o 7N
Jaw(@) = lim Jp'(q) = lim 75 (q).

For all g € P(X),
Tav(q) < li%n ioléf Jr(q).

Proof. Fix ¢ € PV (X) and note that for each N, the space Py(X) is finite. A well-known result
of Blackwell [{] implies that limgy; jﬁN (q) = IN(q). More precisely (see the proof of Theorem
4.3 in [), there exists a mapping f from Py (X) to U and 0 < By < 1, such that for all
g € Pa(X) and B € (. 1), T3 (a) = Bs(u™,UY) and T2 (g) = By (4, UY), where U} is
the adapted sequence obtained by setting (UJ{V )¢ = f(u). Then a Tauberian Theorem of Hardy
and Littlewood (see Theorem 2.3 in [[]) implies that limy_, o EJ7(u?, UJ{V) = EJu (uh, U}V) =
JIN(q). Since by definition, EJp(u", U}V) < J¥(q), we obtain: JX(q) < liminfr_.o T (q).
Reciprocally, let (T%), k € N, be an increasing sequence such that limy, jf{ (¢) = lim supyp jfy (q).

The family of sets {U¥ (@) }qepy(x) is included in a finite set, hence there exists a subse-
quence Ty, and a mapping ¢ from Py(&X) to U such that for all n € N and ¢ € Py(X),
g(q) € Z/{ﬁn (¢). We have Jr, (q) = EJg,, (uV,UYN) where UY is the adapted sequence ob-
tained by setting (Uév )¢ = g(ul). Now, (uV, Uév ) is a Markov chain on a finite state space
with initial condition (g, g(q)), thus limp_,o EJp(u?, UgN) = EJu, (1, UgN). Since by definition
EJg (1, UgN) < J&, we deduce that limsupy JV (q) = lim, EJgy, (n?, UgN) < JN.
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It remains to consider the recursion ([f)), let U.(g) be an optimal sequence for the average
ergodic reward with initial condition ¢: Juv(q) = Jaw(t, Ux(q)). Then by definition for all
T>1, Jr(p,U*(q)) < Jr(q), hence letting T' tend to infinity, we get: Ju,(q) < liminfr Jr(q).
O

We now assume that assumptions A1-A4 hold. Theorem [ states that for all T € N and
q € UnenPn(&X):

Jim 77 (q) = Tr(9)-

(and similarly with jBN using Theorem [[[). Assume that J,,(q¢) = limpr_ Jr(q), then we
obtain,
lim lim jj]ﬂv(q) = Jav(q).

T—o00 N—oo

Theorem [ gives sufficient conditions under which the inversion of limits in N and 7" holds:

lim lim J%(q) = Ju(q) Z lim IN = lim lim J¥(q).

T—o00 N—oo N—oo N—oo T—o00

As we will see through a well-known example, this inversion fails in general. Note in particular
that a necessary condition is that J,,(q) does not depend on ¢ (i.e. assumption A4). When
this inversion does not hold, a phase transition occurs: the limit behavior of the average reward
depends on the initial condition. Without the somewhat restrictive assumptions A5 and A6 of
Theorem [, we have the following result:

Corollary 7 If assumptions A1-A4 holds,

limsupja]XS sup  Jaw(q)-
N—oo QEP(X)

The proof of this corollary is contained in the first half of the forthcoming Lemma (.

3.2 Partial information

In Theorems [ and [], we have assumed that the control UYN was F{¥-measurable where F}V
is the o-field generated by (ud',--- ,ud¥). In optimal control words, we have assumed that the
system was fully observed.

Assume now that the control U} is constrained to be measurable with respect to G{¥, the o-
field generated by (udY, F(ud), -+, F(u)) where F' is a mapping from P(X) to an observation
space Z. Then for each N the problem of optimal control is partially observed. However,
with the assumptions of Theorem [l], as the number of particles N goes large, we have proved
the convergence of the fully observed problem to a deterministic optimal control problem. In
particular, along the proof of this result, we have shown that a deterministic optimal control
(depending on the initial state ,uév ) achieves asymptotically the optimum. Hence as a Corollary,
since pf) is Gi-measurable we have the following:

Corollary 8 Assume that assumptions A1-A8 hold, and that for all N, and the empirical
measure ,uév converges to a deterministic limit qo. Then the statements of Theorems [1, 3 also
hold for the Gl -partially observed problem.

Note that the crucial assumption is that the initial state u) is fully observed and neither
F nor the observation space Z play any role. This assumption is fulfilled in many potential
applications. If ,uév is not fully observed, then the convergence of the optimal control is more
complicated and we will not address this problem here. The same remark also applies to the
average reward case where the initial value may not play any role.

11



3.3 Propagation of chaos

The propagation of chaos is an important concept in mean field theory. This phenomena appears
if the trajectories of the particles are asymptotically independent, see Sznitman [[L{].

Discounted reward. Let u)’ € Py(X) converging to go € P(X) as N goes to infinity. For
all N, we consider a controlled process (/LN ,UN ) which is optimal for the discounted reward,
ie. BEJg(u,UN) =7, BN (dY). Under assumptions A1-A3, Theorem [I] states the convergence of
EJs(uY, UN) to J5(q0). However, this theorem does not state any result on the convergence of
the trajectories of the particles. Notice that, since U is finite, the sequence UY is tight in UV,
the next result states the convergence of the trajectories of the particles along any converging
subsequence of UV .

Corollary 9 Let (uV,UN) be as above. Assume that assumptions A1-A3, that for all N,
(XN(0),---, XY (0)) is exchangeable, and that the empirical measure pl} converges to a deter-
ministic limit qo. Finally assume that (UN) converges weakly to U € UN. Then there exists
p € P(XN) such that (1, U) solves ([}) with initial condition jio = qo, and for all subsets I C N
of finite cardinal |I|,

lim £ ((XM)ier) = p®1 weakly in P((XN)1). (16)

N—oo

The measure p appearing in the statement of Corollary [] is explicitly defined in the proof: p is
the distribution of a non-homogeneous Markov chain with transition kernel at time ¢, Ky, ,,, and
to = qo- Note that Corollary [J assumes that the control sequence U N converges. For example
if there exists a sequence such that g;+1 = F(g;,u;) and Us(g;) = {u;} then by Theorem [I, if
pdY converges to qo, (UN) converges to (u;)ien.

Finite average reward. If the controlled process (,uN LUN ) is optimal for the discounted
reward, i.e. EJp(uV,UN) = J¥ (ud)), the statement of Corollary [ holds for the finite average
reward case without change.

Ergodic average reward. We now consider the extra assumption

A7. There exists g, € P(X) such that for all ¥ € Sp,: W(-,U) =6y, .

With this assumption, any optimal stationary solution (u,U) of ([f]) satisfies for all ¢ € N,
1t = q«. We have the following propagation of chaos.

Corollary 10 Assume that assumptions A1-A7 hold, and that for all N, (X (t))1<i<n, t €N,
is a stationary exchangeable solution of the ergodic average cost problem. Then for all subsets
I C N of finite cardinal |I|,

lim £ ((XN(0))ier) = q?m weakly in P(X). (17)

N—oo

3.4 DMore general state and control space

If Y or X are countable and not necessarily finite then the proofs of Theorem [[] and [ extend
provided that £(u™,U") is tight in P(P(XN) x UM).
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3.5 Continuous time

We have considered so far a discrete time ¢ € N. We could define similarly an interacting particle
systems, (p)ier .» evolving in continuous time governed by a control process U N = (UN)ier N
and a family of Markovian generator £Y(g,p) (in place of the transition kernel KX (p,q)). If
the generator associated to a single particle is L, q(:n y) (in place of Kyq(z,y)) and if LY,
converges to L, 4, then the mean-field approximation is

d,ut

dt = L,y — -

There are obvious continuous analog of assumptions A1-A3. If one can prove that the process
(u™N,UN) is tight then the proof of Theorem [ extends to continuous time (using a non-linear
martmgale problem formulation, see e.g. Graham . Therefore the main technical issue is
proving that the optimal control process (UtN )teRr., is tight. We do not have a proof of a claim
of this type and postpone this issue to future work.

4 Proofs of main results

4.1 Proof of Theorem [ and Corollary @.

We consider a sequence of discount optimal strategies 7Y with associated process (u2,UN) €
P(AN) x UN). In order to simplify notation, the optimal control sequence (ul¥, UN) is simply
denoted by (u,U"). The following proposition will imply both Theorem [] and Corollary .
We consider for all N € N, a vector of initial condition (X3i¥(0),---, X¥(0)) which is exchange-
able, and that satisfies pl) = N Z 0 XN (0 (considering a uniform random permutation of
{1,--- , N} it is possible).

Proposition 11 With the assumptions of Theorem/[l, if the initial condition (X3 (0),---, X¥(0))
is exchangeable, then any limit point of L(u™N, UN) in P(P(XN)xUN) has its support included in
the set of the solutions (u,U) of () with initial condition o = qo such that Jz(u,U) = Ts(qo0)-

Proof of Proposition [[1] Step I : Tightness. We prove the tightness of £(uY,U") in
P(P(XN) x UN). The control sequence L£(UY(-)) is obviously tight in P(UN) since U is finite.
Note also that the sequence £(p) is also tight in P(P(XY)). Indeed, thanks again to Sznitman
[[q] Proposition 2.2, we only have to prove that £(X{V(-)) is tight in P(XY). This follows
immediately from the finiteness of X.
Step 2 : Martingale formulation.

Let f be a function from X to R, ¢ > 1 and fY(z) = f(y) — f(z). We have

-
|
—

FXN ) = fXN ) = Y FXY(s+1) - FX(s)

il

t—1

- FUXN ) ( Ly (oinmy = PO (s +1) =y 7))
yeX s=0
+3 ny(XZV ()P(XN (s + 1) = y|F]), (18)
yeX s=0
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Then we define

I = TS PO D (L ornmy — Ky (X)) ) (19)

yeX s=0

and the operator GV f defined by, for (z,u,q) € X x U x P(X),

GNf(zuq) =) fUx) Y)-

yeX

So that, we may rewrite Equation ([[§) as

FN@w) - fxNoy) = MM +Zng (XN (s),UN, ul).

s=0

Lemma 12 Mif’N(t) defined at ([I3) is a FN-martingale. There exists C > 0 such that for all

i # j, BMIN ()M () < Ct| £1120n and EMIN (6) MM (8) < Ot £1%

Proof. We define:
AN = (XN (E+1) =y}
Recall that

P(ATYOFY) = Ky (XY (1), 9),

and we can rewrite Equation ([[9) as:
Ny S
MV =5 3 PG ) (1)~ Bl gy [Z )
s=0yeX

Thus, le ’N(t) is a square-integrable martingale by the Dynkin’s formula. Now assumption
A3 implies that for all i # 7, y, v/ € X,

| PAM AN (1) FY) = PANY OIFENPANY (1) FY) |< v, (20)

We need to compute E[leN(t)MQfN(t)] Since (MZ-f’N(t))teN is a martingale this product is
equal to:

[leN( )Mﬁ Z Z Efy Xl ( Ai\”y(s) - E[lAf’vy(s)‘}——sN] )

s=0y,y'eX

S X)) (L = By [N ) -

Now, let
A ZXE[fy(XfV(S))(lA{V%) = B{L o DY 36D W gy = Bl gy [T
yy'e
= > B[P (0 (s)
Y,y €X

% BIL )L gy ] = BIL g [FNE[L [N )] -
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Hence, using (BQ),
1< AlfI51X PN,

and the lemma follows. 0
Now let Gf(x,u,q) = > cx f¥(2)Kugq(z,y). By assumption Al,

GV F(X (), U, pd ) =G F (XY (), UN . i) < 20| flloo sUD HKquN(w,-)—Ku,qN(w,')H < [ fllocen-

(g™ u,)

for some sequence (ey) tending to 0 as NV goes to infinity and where the supremum is over all
triples (¢V,u,z) € Pn(X) x U x X such that ¢V ({z}) > 0. It follows that

MIN () = FxXN () - ng (XN (), UN 1)+ PN @), (21)

with [l (£)] < tl|f]looen-
Step 8 : Accumulation to the infinite control problem.

In this paragraph, we finish the proof of Theorem [} and prove that any weak limit of
(u™N,UN) is a solution of the infinite control problem.

Let II*® be an limit point of £(u",U™) and let (v, V) € P(XN) x UN be a random variable
with law I1*°.

Lemma 13 II*®°-a.s. for allt >0,

Viyl1 = VtKV},ut-
Proof. Let (u™,U™) be a weak converging subsequence to (v,V). Summing (RI) for all i, if
t > 1, we obtain

t—1

N
oy = (fomg ) = D> (s Kyn ) = (fopd)) —%ZML Ny, (22)

S

Il
=)

By assumption A2, the mapping ¢ : (v, V) — (f,vy) — (f,v0) — Z’;O«f, vsKvy, v.) — (f,vs)) is
Lipschitz: for some C > 0,

t
o1, V) = o', V) < Cllflloo D IVe = VI + llvs — VL.
s=0

Hence, ¢ is continuous and ¢ (Y, UN) converges weakly to o(v, V).
We have checked that ‘E{’N(t)’ < t||fllcen Where ey tends to 0. Also, by Lemma [13,
% sz\i 1 Mif ’N(t) converges in L? to 0, hence, by Fatou’s Lemma, Equation () gives:

t—1 2 1 N 2
(fo)=(f, Vo>—§(<f, VK )= {fs)) | < lim 2622k + 28 | N;MZ’N@ =o.

We conclude by induction that for all ¢ > 0, II**-a.s. vi41 = 11 Ky, ,,.
We now define the mapping from P(X)N x UM to R*:

Js(1, V) Z Bir(v, Vy).
Jg is continuous for the product topology, indeed:
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Lemma 14 There exists C > 0 such that for all v,v' € P(XN), V,V' e UN,
T, V) = T/ VI < C (v =vlls+ IV = Vs ),

where |lv —V'lg = 32720 Bllve — vl

Proof. Let C' = max(y yexxu |7(,u)| = [|7]|oc. We write,

[ T3, V) = I VI < [T, V) = T V)| + [ Js(V, V) = Js(v, V)

< (1=p)Y B'Cllvi —vil + (1= 8) D B Cly,—y;

t=0 t=0
C(Iv=vls+1vV =Vl ).

IN

We now check the continuity of J3(q).
Lemma 15 The mapping q — Jp(q) is uniformly continuous.

Proof. First, fix U = (Uy)en a control sequence and consider two initial conditions pg and fig
and their trajectory (u¢)ieny and (fir)ien obtained by the recursion ([]). By assumption A2, we
have: H,Ul - ﬂl” = HNOKUO,ALO - [LOKUO,[J«O H < H/‘OKUOHHO - ﬂOKU07HO|| + H[‘OKUO,ALO - [‘OKUOHQOH <

(C+1)||po — o] = Cillo — fo]|- By recursion we deduce that:
e = ]l < Cillso — faoll- (23)

Fix € > 0 and let Jg7(v,V) = (1 — ) Z?:o Btr(vg, Vi). There exists T € N, such that for all
(v, V) e P(XON x UM,

s (v, V) = Ja(v, V)| < e (24)
Now let ¢,q € P(X), we apply an optimal control strategy U = (U )ien of ¢ both to ¢ and 4.
We obtain two trajectories (u¢)ieny and (fi¢)ieny with initial condition pg = ¢ and fip = ¢. By
construction:

JIs(q) = Jp(u,U) and  Jp(q) = Jp(is, U).
From Equations (B3), (P4), we obtain:

T

T3(@) < Tp(@) + e+ llg—all (1 = B)rllee Y B°CH.

t=0

and reciprocally by inverting ¢ and ¢. Thus,

T
1T5(a) — To(@)| < e+ lla— a1 = B)lIrlloe S FCL,
t=0

and the continuity follows directly. O

Lemma 16 If jig € Pn(X), let (i,U) € P(XN) x U be a solution of ([}), with initial condition
fio € Pn(X) and @Y € P(XN) be the empirical measure of the trajectories of the particles in a
N particles system with initial condition fig and control sequence U. Then

lim  sup E|Js(,0) — Js(i,0) ‘: 0.
N—>OO[L0€'PN(X)
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Proof. Fix € > 0, as in the proof of Lemma [[§, let Jg (v, V) = (1 — ) Zfzo Bir(v, Vi). There
exists T € N, such that for all (v, V) € P(XN) x UV,

[Jp.r (1, V) = Js(v, V)| < ¢/2.

It remains to check that there exists a sequence (an)nen with limy any = 0 such that, for all
fio € Pn(X),

Ja (i, U) — EJ@T(/]N, (j) ‘S an. (25)

The proof of () is an extension of the proofs of Lemmas [[3 and [[§. Notice first that Lemma

was proved for the sequence of processes (/LN ,UN ) obtained from the strategies 7N, However,

no assumption on 7Y were used and Lemma [L3 holds for any limit point of sequence of processes

(,uny, Uﬁv) obtained from the strategies 7%V. We may thus apply this result to the strategy which

enforces at any time ¢, the control U;. Equation (BJ) for t = 1 reads (f, i) — (f, fioKp, o) =
+ >V, Mif’N(l) + E{’N(l). Hence by Lemma [[2,

B | () — (0K ) | < 264 flloo + 2CI7IR/N + 201 f b
Since X is finite, we deduce that there exists a sequence vy with limy yx = 0 such that:
Bl|a — foKg, gl < v
and the sequence vy does not depend on the pair (o, (70). Notice also that for t > 1,
1Aty — Aecll < lAfhy — Y K, an |+ 1A Kg, ay — BB, gl

By assumption A2, as in the proof of Lemma [LF, we have: || K %

i~ B K, v < Cullfue —
V||, with Cp > 1. Tt follows that:

Utvﬂ

EHﬂﬁJ — fs1)l < v + CLEEN — ).

So that: ot 1
Hlu’t Mt” —/VNOI_lv
and
- N I ct—1
E | Jpir(i, 0) = Jpar (i, 0) | < (L= Byl - 85—
t=0
Equation (R5) follows. O

The next lemma concludes the proof of Proposition [
Lemma 17 II*°-a.s., for all t, Vi € Ug(vy) and J3(qo) = Jp(v,V).

Proof. The projection map v +— vy is continuous. In particular, this implies that vy = qq,
II*°-a.s. Hence, Lemma [[J implies, II-a.s.

Ja(v, V) < Ts(qo0) (26)

II°° is an limit point of ﬁ(/LN LUN ), thus, up to extracting a converging subsequence of N,
Lemma [[4 implies that Jz(u,U") converges weakly to Jsz(r, V). Since, by construction,
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EJs(uN,UN) = jBN(,uéV), we deduce that for this converging subsequence, limpy jﬁN(uéV) =
EJs(v, V) < Js(q0).

The other way around, we define an admissible control strategy by induction for the N
particles system (this strategy is however not Markovian). Let i)Y = pj’ and draw with Z{¥ a

control Uév € Us(l’). Then set @l = F(ml) ,Uév) and draw with ZV a control Ujlv € L{év ()
(see page 5 for details on how to draw with Z1¥ an element in Z/{év (7). By induction, we define
a sequence of controls TV = (Uév,ﬁiv,---), such that Uﬁv co(u,zy,zN,... , ZzN) C FN.
Define iV as the empirical measure of the particle system with N particles when the control
applied at time t is Uﬁv and the initial condition is p{’. This control process is admissible and
it is sub-optimal, i.e.
N =N

E[Js(a™, U )] < T3 (mg)- (27)

From Lemma @, there exists a sequence (yn)nven with limy v = 0 such that

El| Jo(@N,T") — Js (@™, T") || < .

Hence Equation (27) implies

Ts(ig) < T3 (1)) + -
Then, by Lemma [[5,

Tp(a0) < liminf T3 (15')-

So finally, with Equation (R6),
II*-a.s. Js(q0) = Ja(v, V).

It follows that II°°-a.s. the pair (v, V) is a solution of the DP recursion given by (), (§). O

Proof of Theorem [l Note that the sequence (JﬁN(,uéV))NeN is bounded, indeed |J5]V(uév)| <
|I”lloo- Therefore, in order to prove that limy JBN (1) = Ts(qo) it suffices to show that
along any increasing subsequence of integers N, we may extract a subsequence (Ny) such
that JBN k (,uév *) converges to J3(qo). Now, along an increasing subsequence of integers N,
let (u™,UN) € P(XN) x UN be a discount optimal control process with initial condition
pd: jﬁN(,uéV) = EJs(uV,U"). From Step 1 in the proof of Proposition [1, £(u™,UY) is
tight in P(P(XN) x UN). Let (Ni)ren be a converging subsequence, £(u™N*, UN) converges
weakly to II°° = L(v,V). From Proposition [LI], II**-a.s., J3(v,V) = J3(qo). The mapping
Jg : (u,U) — Jg(p,U) is continuous, hence limy_, jﬁNk(,uéVk) = limy_oo EJg(u™Ne, UNK) =
E*Js(v,V) = J3(qo), where E* denotes the expectation with respect to the law II*. There-
fore, we have proved that limy jﬁN(uéV) = Js(qo)-

Similarly, let v € lim SllpZ/[éV (,uév ), then along an increasing subsequence of integers N,
uelU év (,uév ). Along this increasing subsequence, there exists a discount optimal control process
(uN,UN) € P(AN) x UN with initial condition ) and initial control U} = u. From Step 1
in the proof of Proposition [, £(u™,U") is tight in P(P(XN) x UYN). Let (Nip)ren be a
converging subsequence, £(u™Nk, UNk) converges weakly to 11 = £(v, V). From Lemma [[7,
II*°-a.s., Vy € Ug(p). The projection mapping (u, U) — (po, Up) is continuous, hence II*°-a.s.
vy = qo and Vp = u, and we obtain u € Ug(qp).
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Proof of Corollary [§. As in the statement of Corollary [J, we now assume that U N converges
weakly to U. It implies that II®-a.s. V = U. From Proposition 2.2. in Sznitman [I{], it is
sufficient (and nearly equivalent) to prove only, for some p € P(XN),

lim L£(u™) =0, weakly in P(P(XY)). (28)

N—oo

Thus we need to prove that I[1°°-a.s. v = . The proof is an extension of the above arguments
and follows a standard technique. Let X = (X;) € XN be a canonical trajectory. We prove the
following

Lemma 18 II*°-a.s., v satisfies a discrete martingale problem: for all functions f on X,

t—1

M{ = F(X)) — f(Xo) = Y Gf(X,Us,vs) (29)

s=0
s a v-martingale with initial condition vy = qq.
Proof. 1t suffices to prove that for all ¢ > 1 and all functions g from X* to R,
I*®-as. (v, Mtfg(Xo,'u yXi—1)) = (v, Mtf_lg(Xo,--- , Xi—1)).

(recall that (v, g(Xo, -+, Xi—1)) = [yn9(X1,--+ , Xy—1)v(dX)). We define the function ® from
P(xN) to R, defined by

S(v) = (v, (M — M )g(Xo,-- , Xim1)).
Let g¥ = g(XN(0),--- , XN (t — 1)), applying (1)) to f at time ¢ and t — 1, we get:
(FXT@®) = FXN(E=1) = GF XY= 1,02, 1)) o =
(MEN @) = afN (= 1)+ N ) - N - 1) o,

and summing over all ¢, we deduce

N
Bl = B | S (RO 0) — 7N 6 1)~ 6N (- 10,08 i) o) |

=1

N
= By | 20 (M0 - N - ) o |
<E1NMf’Nt MMt —1)) g ElN PNy — el N — 1)) gN
< \Nizj(i (t) - MV = 1) g | + \N;(@ ()N -1) g |
< T+1L (30)

From Step Two, ‘E{’N(t)’ < t|| fllooen hence, IT < 2t||g/oo| f||ooen Which tends to 0 as N goes
to infinity. Using exchangeability, Lemma [1] and Cauchy-Schwartz inequality,

N-—-1
N

Thus from Lemma [[2, T tends to 0 as N goes to infinity. By Fatou’s Lemma, we obtain:

2
g o0 ) ) ) ) ) )
2 < 190 g ) o X B (M ) Y (- MY (1)) 0

E|®(v)| < 1}?nnfE|<1>(uN)| = 0.
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Therefore II*°-a.s. (v, (Mtf — Mtf_l)g(Xo, o, X)) =0. O

The solution of the discrete martingale problem (R9) is unique and is known (see for example
Problem 16 p 264 in Ethier and Kurtz [fl]). The unique measure p € P(XN) such that 1o = qo
and which satisfies () for all functions f is the law of the process (X;) defined by recursion
with £(Xo) = uo = qo and transition probabilities:

P(Xi11 € [(Xo,Uo, -+, X4, Ut)) = Kuy e (X2, 7).
We have proved that II®-a.s. v = . Hence, we have proved that limy_., £L(pY) = 0, weakly
in P(P(XNY)). O
4.2 Proof of Theorem

The proof of Theorem [[] extends without any difficulty to the finite average reward and leads
to Theorem .

4.3 Proofs of Theorem f and Corollary

As in Lemma [], we consider a stationary solution (u™N,UN) of the DP average cost problem.
There exists UV € SN such that £(u)) = ¥N(-,U) and the law of UY given (u¥,FN,)
is UN(ulN,)/UN(ulN,U). The following proposition implies both Theorem [l and Corollary
[[0. We consider for all N € N, a vector of initial condition (X{¥(0),---,X%(0)) which is

exchangeable, and that satisfies ;) = + Zf\il OXN (g)-

Proposition 19 Under the assumptions of Theorem [, if (X{(0),--- , XX (0)) is exchangeable,
then any limit point of L(u™N,UN) in P(P(XN) x UN) has its support included in Sy, .

We first prove Theorem [f] and Corollary [[( using Proposition [[J. Note that if a subsequence
of L(u™N,UN) converges in P(P(XN)xUN), then L(ud), UY) = UV also converges. By continuity
we deduce that JY = (UV r) = Er(u)’,U") converges to Ju» and since ¥V € SY it implies
also that limsupy SN C S,,. If in addition Assumption A7 holds, then there exists a unique
stationary measure ¢, solution of ([]). Hence, since the mapping v — 14 is continuous, by
Proposition [[d, for all ¢, limy u¥ = ¢, weakly in P(X). From Proposition 2.2 in Sznitman [[L{]
it implies Corollary [L0.

Proof of Proposition 19 The proof follows step by step the proof of Theorem [§. Let
(uN,UN) € P(XN) xUN be a stationary solution of the average cost problem with N particles.

We may apply Steps 1 and 2 of the proof of Theorem [] to the process (u¥, UY). We deduce
that its law is tight in P(P(AYN) x UN) and Lemma [[J holds to any limit point of its law.
The difficulty comes from deriving an analog of Lemma [L7 to the mapping from P(X)N x ¢~
to RT: Ju(v, V) which is certainly not continuous for the topology induced by the distance
|lv —v'||g+ [V — V'||g. Borkar’s ergodic occupation measure solves this difficulty. Let II* be
an limit point of £(p™Y,UY) and let (v, V) € P(XN) x UN be a random variable with law T1°°.
Proposition [[J is a consequence of Lemma [[J and the next Lemma.

Lemma 20 II*°-a.s. Jo, (v, V) = Taw

Proof. Let II2° € P(P(X) x U) be the distribution of (14, V};) and let A be a measurable set in
P(X) such that II5°(0A4,U) = 1I5°(0A,U) = 0. Equation ([J) reads:

P(ui € A) = P(up € A).
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Along a converging subsequence, we deduce that: P(v; € A) = P(yp € A). Since II*-a.s.
Vi1 = Ky, ,,, this last equation can be restated as P(1Ky, ., € A) = P(vp € A). Thus if
U’ = TI5°, we obtain

> V({g:qKug € A} u) = V(A U).

uel
Hence, by the definition of S, II*°-a.s.,

(W' 1) < Taw-

Moreover, note that the mapping (v/, V') — 7 (v, Vjj) is continuous, so that along a converging

subsequence:
(W, r)y = lim Er(u,U¥) = lim JY.
N—oo N—oo

The other way around, let ¥ € S, as in Assumption A6. For N particle system, using the
extra randomness Z", we may define a Markov strategy 7 and associated process (u™,U™N)
such that P(UY = ulpl, w1, ,pmd) = an(ud). (u¥,UN) is then a Markov chain on the
finite state space Py (X) x U. Let 11}’ be a stationary distribution of this Markov chain (note
that it is not necessarily unique), and (,uN LUN ) the stationary process with initial distribution
). As usual, IV denotes the law of the process (u¥,UY) and IIY¥ the law of (u¥,U}). By
construction, for all t € N, II)Y = IT) and Equation ([[) holds for 1T} and it follows:

@y, ry <IN

As in Step 1 of the proof of Theorem [[, IT" is tight in P(P(AXN) xUN). Let II* be an limit point
of L(pN,UN). The projection mapping I — II; is continuous, hence for all ¢t € N, II°® = I1g°.
Now, as above Lemma [IJ holds: if £L(v,V) = TI°°, then II®-a.s., vy = v Ky, ,,. Moreover,
the continuity of ¢ — ay,(q) implies also P(V; = u|vy, v4—1,- -+ ,19) = ay(14). Hence, IIF is an
invariant measure of the Markov transition kernel ([[§). By assumption A6, (av,)ucy € Cr and
thus (II§°, ) = (U, r) = J4p. We obtain that along a converging subsequence,

lim (I, 7) = (TP, ) = Tuw,

N—oo

and it concludes the proof. O

5 Symmetry breaking in controlled particle systems

5.1 Phase transition in epidemic models

We consider the following simplistic epidemic model on N particles. The particles are agents
in a network and a virus is spreading throughout the network. Time is slotted, and a central
controller controls the global activity in the network. The state of a particle is X = {0,1}, in
state 0, the particle is healthy whereas in state 1 the particle is infected. For a given control
parameter, v € U C (0,1), at a given time slot, an infected particle becomes healthy with
probability 0 < h(u) < 1 independently of everything else. A healthy particle, with probability
u, communicates in the network with a particle picked uniformly among the N — 1 remaining
particles independently of everything else. If the randomly picked particle is infected then the
healthy particle becomes infected otherwise it remains healthy. We consider the ergodic average
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reward for the reward function r(z,u) = 1 — z. This model fits in our framework and, with
q € Pn(X),

Kpg(1,0) = h(u),

N
N —
EN,01) = ——ua(l),

and we obtain a limit kernel K, ;. Note that for all uw € ¢/ and N € N, the corresponding Markov
chain is irreducible, and the state where all particles are healthy is absorbing, therefore, for all
N eN:

TN =1.

As N goes to infinity, the limit empirical measure evolves according to the recursion py11 =
pe Ky, - Hence if oy = 4 ({1}) is the proportion of infected particles, we have

Qg1 = Oét(l + Ut(l — Oét) — h(ut))

The fixed points of this equation are o) = 0 and o?) = 1 — h(u)/u. If there exists u € U such
that h(u) > u, then there is a unique attracting fixed point to the equation pi;4+1 = p Ky p,: the
measure dy with associated reward 1. We then have J*(q) = 1 for all ¢ € P(X). Otherwise,
if v = maxyey h(u)/u < 1, then there exists another locally stable fixed point: the measure
(h(u)/u)dg + (1 — h(u)/u)d; with associated reward h(u)/u. A quick calculation shows then
that Jaw(q) = 1 if ¢(1) < v and Juy(q) = 7, otherwise.

As a conclusion, depending on the value of v, there is a phase transition in this simplistic
epidemic model. If 4 > 1, then for all ¢ € UnenPn(X), limp limpy jjjy(q) = limy limp jj{v(q) =
1, whereas, if v < 1, this exchange of limits fails for some initial conditions gq.

5.2 Non-uniform initial condition - Uniform interactions

The state of a particle is X = {0, 1} x {1,2} corresponding to an energy state 0 or 1 and a class
1 or 2. The control parameter is U = {u = (u(1),u(2)) € [0,1]? : u(1) + u(2) = 1}, the control
u(1) is applied to class-1 particles and u(2) to class-2 particles. The transition kernel K, , for
a single particle is described as follows

(1,¢) — (1,¢) with probability K, 4((1,¢), (1,¢))
,C

plu(D)g(1,1) +u(2)q(1,2)),
(0,¢) = (0,¢) with probability K, 4((0,¢),(0,¢)) = 1.

For some function 0 < ¢(-) < 1. All other transitions have probability 0. The energy state 0 is
an absorbing energy state. We define the recursion:

Hi+1 = NtKut,ut .

The reward function is
r(z,u) = .

The aim is to maximize Yo 87 (e, ue). If ar(c) = pi(1,¢), and ap = ay(1) + (2). The
reward is simply
Zﬂtatu

t>0
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and:

appr = oge(u(1)og (1) + ue(2) oy (2))
air1(c) = ap(c)p(ur (D)o (1) + ug(2)ow(2))

For example assume ¢ is convex and monotone, then the optimal control is
a1 = apmax(p(ae(l)), (e (2)))
arp1(c) = au(c)max(p(ou(1)), p(ou(2))).

The associated reward should be compared with the reward of the system with a unique class:
u=(1/2,1/2). However, even if the particle system has uniform interactions, if ag(1) # ag(2),
it is possible to benefit from the control over two classes.

5.3 Uniform initial condition - Symmetric interactions

Same as above but the transition kernel K, , for one particle is

(1,1) — (1,1)  with probability K, 4((1,1),(1,1)) = ¢(u(1)q(1,1),u(2)q(1,2)),
(1,2) — (1,2) with probability K, 4((1,2),(1,2)) = ¢(u(2)q(1,2),u(1)q(1,1))
(0,¢) — (0,¢)  with probability K, 4((0,¢),(0,¢)) = 1.

For some function 0 < ¢(+,-) < 1. With the above notations, we have

agp1(c) = a(D)(us(1)og (1), us(2)a(2))
ap1(c) = ap(2)o(us(2)oy(2), ug(1)ag (1))

Assume that ap(1) = ap(2) = ap: uniform initial conditions. Then, we may benefit from
the control over two classes if:

wemax  @(u(l)ao, u(2)ao) + p(u(2)ao, u(l)an) > p(ao/2; a0/2).

5.4 Uniform initial condition - Symmetric interactions - Average reward
Same as above, we add an extra transition

(0,¢) — (1,¢) with probability K, 4((0,¢), (1,¢)) = 4.
The evolution equations are:

ar1(1) = ar(Dp(u(1)ar(1), u(2)aw(2)) + o (0,1)
a+1(2) = a(2)p(u(2)an(2), ur (1) (1)) + 04(0,2).
We may then consider the average reward optimization. To this end, we need to compute the

fixed points of these evolution equations, we might expect to find optimal configurations such
that a(1) # a(2) if ¢ is not symmetric in its first and second variable.

23



5.5 Space-time particle system

The particles have a position on the d-dimensional unit torus T¢ = ]Rd/Zd. The state of the
particle is in X = {0,1} x T%, corresponding to an energy state 0 or 1 and a position on the
torus. The energy state 0 is a ground state and 1 is an excited state.

The interactions between particles depend on their relative distance on T¢. This interaction
is captured by an influence function I on T%, I(z) being the influence of z over a particle located
at 0. We will assume that the influence is a non-increasing function of |z|, (| - | denotes the
norm on the unit torus). Typical examples are I(z) = 1(|z| < r), the interaction with range r,
or I(z) = (14 |z|)~“ long range interaction with exponent v > 0.

The control set I is a subset of the set of measurable non-negative functions on T such
that [rq u(z)dz = 1. u(z) is thought as the density of the effort for particles located at z.

For simplicity, the particles are assumed to have a fixed position, so that for all z # 2’ € T¢9,
Kuq((,2), (2, 2")) = 0. We define K7, as the transition kernel of a particle located at z € T,
we assume that K7  is as follows

(1,2) = (1) with probability  K5,(1,1) =0 ( [ 1 = u@)a(r.ae) ).
']Td
(0,2) — (0,2) with probability ~Kj (0,0) = 1.

For some function 0 < ¢ < 1. Note in particular that 0 is an absorbing energy state.
The recursion satisfied by the empirical measure is:

Mt+1(',d2) = #t(‘v dZ)Kiwt‘

The initial state is uniform: pg(1,dz) = apdz, where 0 < ay < 1 is the density of particles in
energy state 1 at time 0. In particular for all ¢ > 0, u(1,dz) has a density p;(z) with respect
to the Lebesgue measure, pg(z) = ag and

pa(a) = ([ 16 = OulOm(©c )

The reward function is simply taken as r((x,z),u) = x, so that the associated discounted

reward is
g 5t/ pe(2)dz.
Td

t>0

We assume also that the control space U is finite: the torus is divided into (R;)i<i<m
regions and due to the coarseness of the control, u(z) is constrained to be constant on each
region (R;)i<i<n and the possible values of u(z) are finite. We assume also that the system
is only partially observed: the control is a function of the integrated measure de u(+,dz) and
the initial state is known to be spatially uniform. Hence the density «q is known and we are in
the framework of Corollary §. So finally, if u;() is the control applied in region R;, the density
evolution is:

M
M M . M
Pt () =) (Y w) /R 1(z = pi™ (©)de ) - (31)
i=1 i
If M =1, then w(1) =1 and due to the complete symmetry of the system,

P2 =0 =20 (A0 [ 10005 )
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If M > 2 is it possible to achieve a higher average density de pEM)(z)dz ? If this is possible,
then the controller enforces a non-symmetric control putting more effort in some regions and
will break the symmetry of the system. The other way around, does there exists a partition of
T into M regions such that a non-symmetric control achieves a better performance ? Indeed, in
many applications, the controller may be free to choose to break the system into a few regions.

For example, assume that the controller may divide the system into up to M regions
{Riticicmr. If [qa ng)(z)dz > pgl)(O) = app(a [7a 1(§)dE), the optimal control will break
the symmetry of the system (at least for 5 small enough). This will happen if there exists a
partition into M regions {R;}i<i<nm, (Ui)i<i<m € Rf, such that Zf‘il u;|R;| = 1 and

/Td90<a0§;ui/&f(z—§)d§)dz>cp<a0/w[(§)d§)_

If ¢ is linear, then we may check easily that the right hand side always equals the left hand side.
Then the general answer is no: for linear ¢ the optimal control does not break the symmetry of
the system, irrespectively of the influence function 7. Notice that a linear function ¢ will arise
in pair-wise interaction.

If ¢ is non-linear, the expected answer is yes. Indeed, for any partition {R;}i<i<ar,

sup /Tdso(aofui/ I(z— €)d¢ ) dz,
i=1 i

(ui)1<i<mr € RY

S i R = 1
will not in general be reached for w;|R;| = 1/M. For example if ¢ is convex, from Jensen’s
inequality, for any partition {R;}i1<i<ar and (u;) as above:

/Tdﬁﬁ(ozoii:/[;uz'/if(z—éh)alf>d22<,0(040/WI(§)QZ§>7

and the symmetric control is the worst possible control ! The optimal control lies on the
boundary of the constraint set:

M
%
sup /gp o uz/ I(z = §)d¢ ) dz = max © I(z = &)d¢ ) dz.
(ui)i<icnr € RM, JT¢ ( ; : ) 1<i<M Jpa (yRiy R )
Sy uil Ril = 1

Convex and non-linear functions ¢ will naturally appear in k-particle interactions with k& > 3.
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