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Abstract We study the consistency of parameter estimators in adaptive designs generated by a one-
step ahead D-optimal algorithm. We show that when the design space is finite, under mild conditions the
least-squares estimator in a nonlinear regression model is strongly consistent and the information matrix
evaluated at the current estimated value of the parameters strongly converges to the D-optimal matrix for
the unknown true value of the parameters. A similar property is shown to hold for maximum-likelihood
estimation in Bernoulli trials (dose-response experiments). Some examples are presented.
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1 Introduction: motivation and problem statement

We consider experimental design for a parametric model for which N independent observations Y7, ..., Yy

yield the information matrix

N

M(X{,0) = M(z1,...,2n,0) = > pu(:,0),

i=1
where 2; € X C R? is the i-th design point, characterizing the experimental conditions for the i-th
observation, and 6 is the p-dimensional vector of model parameters to be estimated. Two situations will
be considered in more detail, namely nonlinear regression and Bernoulli trials. When ry(x;) denotes
the number of (repetitions of) observations made at @ = x;, the normalized information matrix per
observation can be written as M(&x,6) = (1/N)M(XYN,0) = Zfil[rN(xi)/N] w(x;,0), where K is the
number of distinct design points and &y is the design measure (a probability measure on X') that puts
mass ry(z;)/N at z;. Following the usual approximate-design approach, we shall relax the constraints
on design measures by considering £ as any element of =, the set of probability measures on X, and
write M(£,0) = [, pu(x,0)E(dr). We shall denote Amin(M) and Amax(M) the minimum and maximum
eigenvalues of the matrix M.

Local D-optimal design consists of determining a measure £}, that maximizes log det M(¢, #) for a given
value of §. The denomination ‘local’ comes from the fact that in nonlinear situations M(¢, 8) depends on
0, and the optimal &7, for estimating ¢ thus depends on the value € to be estimated. Minimax-optimal
and average-optimal (also called bayesian-optimal) designs can be used to avoid the dependency of &7,
in #. However, in practice these approaches only replace the choice of a prior nominal value (for local
design) by that of a prior admissible set (minimax design) or a prior distribution for 6 (bayesian design),
see, e.g., Melas (1978); Fedorov (1980); Pronzato and Walter (1985, 1988); Chaloner and Larntz (1989).
See also Pdzman and Pronzato (2007) for an approach based on quantile and probability-level criteria.
Another rather common and intuitively appealing approach consists of making the design adaptive.
The design points z1,22..., Tk, Tgy1,-.. associated with a sequence of observations are then chosen

sequentially, the determination of the point zyy; being based on the value 0% estimated from the k



previous observations (by least-squares, maximum likelihood or a bayesian method). The motivation
is that alternating estimations based on previous observations with determinations of the next design
points where to observe may hopefully force the empirical design measure to progressively adapt to the
correct (true) value of the model parameters. It is the purpose of this paper to show that under suitable
conditions, in particular when the z’s are restricted to belong to a finite set, the estimator ok is strongly
consistent and the corresponding adaptive design is asymptotically optimal. Although the condition that
the design space X is finite is often imposed by practical considerations, it can be perceived here as a
restriction compared to results in the literature obtained under more general conditions. It is important
to notice, however, that those results are based on different types of designs or estimators. Hu (1998)
considers Bayesian estimation by posterior mean; Lai (1994) and Chaudhuri and Mykland (1995) require
the introduction of a subsequence of non-adaptive design points to ensure consistency of the estimator,
see Example 2 of Sect. 5; Chaudhuri and Mykland (1993) require that the size of the initial experiment
(non-adaptive) should be allowed to grow with the increase in size of the total experiment. No such
conditions are required here and the design is fully adaptive.

We only consider the case of adaptive D-optimal design, see Sect. 2, but the results can presumably
be extended to design approaches based on other global criteria (such that the information matrix has
full rank at the optimum). Sect. 3 concerns adaptive design for least-squares estimation in nonlinear
regression, whereas Sect. 4 is about design for maximum-likelihood estimation in Bernoulli-trial experi-
ments. Sect. 5 provides a few illustrative examples. The proofs of lemmas and theorems are collected in

an appendix.

2 One-step ahead adaptive D-optimal design

Consider the criterion ¢(§) = logdet M(,0). For any & € = such that M(E, 6) is non-singular, the direc-
tional derivative Fy(£,v) = lim, o+ {9[(1—a)é+av]—d(£)}/a is given by Fy (&, v) = tr[M(r, )M ~1(£,0)]—
p, with p = dim(f). The measure v* € E that maximizes Fy({,v) is then v* = dg+, with o* =

arg maxgex tr[u(z, ))M~1(&, 0)] and 6, the delta measure that puts mass 1 at z. Moreover, the celebrated



Kiefer and Wolfowitz (1960) equivalence theorem states that £}, € Z is locally D-optimal (it maximizes
log det M(¢,0)) if and only if Fy (£, d,«) = 0, that is, max,cx tr[u(z, 0)M~1(£5, 0)] = p. Based on these
considerations, the k-th iteration of a vertex-direction algorithm for local D-optimal design transforms the
current design measure &, into 1 = (1—an )& +arde,,,, With 211 = arg max ey tr{u(z, )M~ (&, 0)]
the support point that gives the steepest-ascent direction and «j some suitably chosen step-length, see,
e.g., Fedorov (1972); Atkinson and Donev (1992).

The idea is similar in adaptive design and, after k observations, one-step ahead adaptive D-optimal

design chooses the next design point xyy1 as
Ti+1 = argmax tru(z, OF M (&, 0M)] (1)

where 0% € RP is the current estimated value for 0, based on x1,Y7, ..., 2, Y, and & = (1/k) Zle O,
is the current empirical design measure. We leave aside initialisation issues and throughout the paper
we assume that the first p design points z1, ..., z, are such that M(&p, #) is non-singular for any 6 (and

M(&, 0) is thus non-singular for any &k > p).

Remark 1 Note that (1) can only be considered as an algorithm for choosing design points, in the
sense that M (&, 0) is not the information matriz for parameters 6 due to the sequential construction
of the design. It is common, however, to still use M(fk,ék) as a characterization of the precision of
the estimation in a sequential context, see Ford and Silvey (1980); Ford et al. (1985); Wu (1985) for a
justification. The difficulty disappears in a bayesian context where M(&j, t‘jk) is used in an approrimation
of the posterior covariance matriz of the parameters, see, e.g., Chaloner and Verdinelli (1995). From
the same repeated-sampling principle as that used by Wu (1985), the characterization of the precision of
the estimation through M(fk,ék) is also justified asymptotically (k — oco) when the admissible set X for
the xy’s is finite, see Sect. 3. See also Rosenberger et al. (1997) for mazimum-likelihood estimation in a

more general context.

When 6% is frozen to a fixed value 0, the iteration (1) corresponds to one step of a steepest-ascent

vertex-direction algorithm, with step-length 1/(k+1) at step k since M(€x41,0) = [1—1/(k+1)|M(&x, )+



(1/(k + 1)]M(0g,,,,0). Convergence to an optimal design measure is proved in Wynn (1970). The fact
that 6% is estimated in adaptive design makes the proof of convergence a much more complicated issue
for which few results are available, see e.g. Ford and Silvey (1980); Wu (1985); Miiller and Po6tscher
(1992) for least-squares estimation and Hu (1998) for bayesian estimation. The idea that the almost sure
convergence of 6% to some 6> would imply the convergence of & to a D-optimal design measure for 6°°
is rather well admitted (it follows from Lemma 3 given in Sect. 3). Conversely, the convergence of & to a
design &, such that M(£, @) is non-singular for any 6 would be enough in general to make an estimator
consistent. It is clearly the interplay between estimation and design iterations that generates difficulties.
As shown below, those difficulties disappear when X is a finite set. Notice that the assumption that
X is finite is seldom limiting since practical considerations often impose such a restriction on possible
choices for the x;’s. This can be contrasted with the much less natural assumption that would consist in
considering the feasible parameter set as finite. Although the interest of studying asymptotic properties
of designs and estimators in contexts where the number of observations is usually limited might seem
questionable, we think it is reassuring to know that, at least in the idealized framework of a known model
with independent observations, the iterations (1) ensure suitable convergence properties. The results
apply to a wide range of situations, but we focuss here on least-squares estimation in nonlinear regression
and maximume-likelihood estimation for Bernoulli trials, which share many common aspects. The former

case is considered in the next section, the modifications required for the latter are presented in Sect. 4.

3 Least-squares estimation in nonlinear regression

We first consider the case of a regression model with observations

Y =Y (z;) = n(z;,0) + &, (2)

with @ in the interior of ©, a compact subset of R, z; € X C R?, and {e;} a sequence of independently

and identically distributed random variables with IE{e;} = 0 and [E{e?} = 0% < co. We denote

N

Sn(0) = D[V (@) = nlzx, 0))

k=1



and éi\’s the least-squares estimator minimizing Sy (f), that is, GA]LVS = arg mingeo Sn(0). We restrict
our attention to ordinary least-squares and stationary errors and assume, without any further loss of
generality, that 02 = 1. Assuming that n(z, §) is differentiable with respect to 6 for any z, the contribution

of the design point z to the information matrix is then u(z,0) = fy(z) ] (), where we denote

fg(.’E) = W .

The results can easily be extended to non stationary errors and weighted least-squares. In the case of
maximum-likelihood estimation, the contribution of z to the Fisher information matrix only differs by a
multiplicative constant and is given by u(x,0) = Zfs(x)f, (), with Z the Fisher information for location:
I=J [ (t)/()]* o(t) dt, with (-) the probability density function of e1 and ¢(-) its derivative.

We shall need the following lemma, see Wu (1981, p. 504).
Lemma 1 If for any 6 > 0

liminf inf [Sn(0) — Sn(0)] >0 almost surely, (3)
N—oo ||§-0]|=0

then éivs %% 0 as N — oo (almost sure convergence). If for any 6 > 0

Pr {w—i%fea[SN(a) — Sn(0)] > 0} —1, N - o0, (4)

then 0Ny 0 as N — oo (convergence in probability).
One can then show that the convergence of the least-squares estimator is a consequence of

N
Dy (0,0) =Y [n(x,0) = n(xx, 0)) (5)
k=1

tending to infinity fast enough for ||§ — || > 6 > 0. When the design space X for the x}’s is finite, the
rate of increase required for the strong consistency of é]LVS (éJLVS 29, N — 00) is quite slow, and the
result is much stronger than what is needed to obtain strong consistency under the adaptive design (1)

with 6% = éf g- However, we think the result is interesting per se and state it as a theorem.



Theorem 1 Let {x;} be a non-random design sequence on a finite set X. If Dy(6,0) given by (5)
satisfies

forall 6 >0, | iqﬁ Dn(0,0)| /(loglog N) — 0o, N — o0, (6)
0—0|[>6

then QA]L\Is %0 as N — oo. This result remains valid for {x;} a random sequence on X finite when (6)

holds almost surely. If Dx(0,0) simply satisfies

forall § >0, inf Dy(6,0) — 0o, N — o0, (7)
le—011>46

then éijs 20, N — oo. This result remains valid for {z;} a random sequence on X finite when (7) holds

in probability.
Remark 2 The condition

N
forall 0#6, Dn(6,0) = Z[n(mk,e) —n(rg,0)]* — 00 as N — o0,
k=1

is sufficient for the strong consistency of éJLVS when the parameter set © is finite, see Wu (1981). From
Theorem 1, when X is finite this condition is also sufficient for the weak consistency of HA]LVS without
restriction on ©. It is proved in (Wu, 1981) to be necessary for the existence of a weakly consistent
estimator of 0 in the regression model (2) when the errors e; are independent with a distribution having
a density ¢(-) positive almost everywhere and absolutely continuous with respect to the Lebesgue measure
with finite Fisher information for location. Notice that a classical condition for strong consistency of
least-squares estimation in nonlinear regression is Dy (0,0) = O(N) for 6 # 0, see e.g. Jennrich (1969),

which is much stronger than (6).

A major interest of Theorem 1 is that it does require the x;’s to be non-random constants and also

applies for sequential design.

Remark 3 In the context of sequential design, it is interesting to compare the results of the theorem with
those obtained without the assumption of a finite design space X. For linear regression, the condition (6)
takes the form

loglog N = of Amin[NM(éN)]} -



Noticing that Amax[NM(En)] = O(N), we thus get a condition much weaker than the sufficient condition
{log(Amax [NM(EN)D T = o{Amin [NM(En)]} for some a > 0,

derived by Lai and Wei (1982) for the strong convergence of the least-squares estimator in a linear
regression model under a sequential design. Also, in nonlinear regression, (6) is much less restrictive
than the condition obtained by Lai (1994) for the strong consistency of the least-squares estimator under
a sequential design; indeed, his proof, based on properties of Hilbert space-valued martingales, requires a

condition that gives for linear regression

Amax[NM(En)] = O{(Amin[NM(EN)])?} for some p € (1,2).

We shall make the following assumptions on the model (2), the parameter space © and experimental

domain X.

Hy: For all z in X, fy(z) is a continuous function of § in the interior of ©.

H-(i): The design space X is finite, X = {z(), 2 . 2K},

H-(ii): infoce Amin [Zfi o (T (x(i))] > 5 >0,

H »-(iii): The regression model (2) satisfies the following identifiability condition. For all 6 > 0 there

exists €(d) > 0 such that for any subset {i1,...,7,} of distinct elements of {1,..., K},

p

inf 2(9) 0) — (2% 0)]2 > €(6).
80, 2 0) = 1(a .0 > e

H y-(iv): For any subset {i1,...,4,} of distinct elements of {1,..., K},

p
Amin | Y f5(x))f] (20))| > 5> 0.
j=1

Hx-(iv) and Hy imply that Hy-(ii) is satisfied when © corresponds to some neighborhood of 6. As
such Hy-(iii) is a global identifiability condition, which can be violated in some trivial examples (take
for instance p = 1 and n(z,0) = 20(1 — 6), so that n(z,1 — 0) = n(z,0) for all x). When this happens, it

indicates a difficulty in the LS estimation problem, in the sense that the LS estimator éi\'s may not be



unique if only p design points are used in the experiment. Notice, however, that only values of § € ©
have to be considered. This difficulty may thus disappear when © is small enough (note that Hx-(iv)
can be considered as a local version of Hy-(iii) for 6 close to #). Finally, when H; and Hy-(i) are
satisfied, the maximum eigenvalue Apnax[M(,0)] of any information matrix M(€,0), £ € =, is bounded
by L = maxzex,oco ||fo(z)||>. Therefore, Amin[M(£,0)] > det M(,6)/LP~! and Hy-(ii), Hx-(iv) can
be replaced by similar conditions involving the determinants of the matrices instead of their minimum
eigenvalues. These assumptions will be discussed in Section 5 in the light of a series of examples showing
that they are not very restrictive.

In order to avoid the difficulties raised by the interplay between estimation and design in (1) when
é% g is substituted for 6%, we first state a uniform result on the number of design points receiving a weight
bounded away from zero, by considering (#%) in (1) as any sequence taking values in ©. We then have

the following.

Lemma 2 Let (ék) be an arbitrary sequence in © used to generate design points according to (1) for
k > p, with an initialisation such that M(&,,0) is non-singular for all 6 in ©. Let ry; = ry(2?) denote
the number of times =V appears in the sequence x1,...,xn, i = 1,..., K, and consider the associated

order statistics TN 1.k > TN2:K >+ > TN K:K- Define
q* = max{j : there exists o > 0 such that lgn infry j.x /N > a}.
— 00

Then, Hx-(i) and Hx-(ii) imply ¢* > p. When the sequence (0%) is random, the statement holds with

probability one.

Consider now a regression model satisfying H y-(i-iii). Lemma 2 implies that there exist Ny and o > 0
such that 7 j.x > aN for all N > Ny and all j =1,...,p, and Hy-(iii) thus implies that Dy (6, 0) given
by (5) satisfies inf s g5 Dn(60,0) > aNe(8), N > Ny. Therefore, §1g *3 8 (N — o) from Theorem 1.
This holds for any sequence (§%) in © and thus in particular when éﬁs is substituted for 0% in (1). The

last step before stating the main result of the paper concerns the following continuity argument.



Lemma 3 Under the conditions of Lemma 2 and the additional assumptions Hy and Hx-(iv) we have

the continuity property: for all € > 0 there exists B > 0 such that
165 — 8]| < B for all k larger than some K

implies lim infy_, o log det M (&, 8) > log det M[£5,(), 0] — ¢, with £5(0) a D-optimal design measure for
0.
We finally obtain the following.

Theorem 2 Suppose that in the regression model (2) the design points are generated sequentially accord-
ing to (1) for k > p with the least-squares estimator éfs substituted for 0%, and that the first p design
points are such that the information matriz M(z1, ..., xp,0) is non-singular for any 6 in ©. Then, under
Hy and Hx-(i-iv) we have 0% ¢ 5 0 and M(&, 0) =5 M[¢5(8), 8], k — oo, with €5(A) a D-optimal design

measure for 6 = 6.
The proof directly follows from Lemma 2, Theorem 1 and Lemma 3.

Remark 4 One may notice that the property ¢* > p in Lemma 2 is in fact a property on the rank of the

matriz Mg\l,) (0), see (17). Under the condition
for all & € 2, rank[M(&,0)] = r(&) is independent of 0 € O,

Theorem 2 remains valid when the assumptions Hx-(iii-iv) are replaced by: for all § > 0 there exists
€(0) > 0 such that, for any subset {i1,...,im} of {1,..., K} such that rank {Z;nzl f5(x fT (2(4)) }

we have infg_g;>s Z;-n:l[n(x(ii),@) —n(209),0))2 > €(8) and Amin [Z | fa(a ))fT( )] > 0.

We conclude the section by a justification of the use M (&, éf g) as an asymptotic characterization of
the precision of the estimation (k — 0o). Complementing Hy by the assumption that n(z, #) is two times
continuously differentiable for 6 in some open neighborhood of 8 for any x in X, we can easily obtain the

following. A first-order series expansion of the components of the gradient VS (6) around 6 gives

{VoSn(025)}i = 0={VeSn(0)}; + {VeSn(ON)(0)s —0)}s, i=1,....p,

10



where V2Sy(0) is the (Hessian) matrix of second-order derivatives of Sy (f) and 8N = (1 — yx;)0 +
WN,ZHAJLVS7 yni € (0,1), with 9~1N measurable, see Jennrich (1969). Using the fact that X is finite,
straightforward calculations then give lims_.o supjs_g<; [|V3Sn (0)/N — 2M[£},(6), 0]| = 0, N — oo,
and therefore, under the conditions of Theorem 2, V2Sx(6N)/N 5 2M[¢5(6), 0] when N — oo. Also,
N=Y2V,8n () = =23, v (@), where vy (2) = (n (x)an (2)f5(2) with (v (@) = (31—, 56)/V/FN (@)
and an(7) = \/rn(x)/N. For z such that ry(z) tends to infinity, (x(z) tends to be distributed as a
standard normal random variable, (n(x) 4 ¢(z) ~ N(0,1), N — oo; moreover, ((z®) and ¢(z()) are

independent for () # (). From Theorem 2, >°_ ok (2)fg(@)f] () =5 M[£5,(F), 0], N — oco. Finally

from the series expansion above, we obtain \/N(@Ai\'s —0) 4z~ N(0,M~1[¢5(0),0]), and therefore

[N M(En, ON)V2(6) — 6) 4w~ N(0,I), N — oo, which justifies the use of the information matrix
to characterize the precision of the estimation under the adaptive design scheme (1) when the set X is
finite.

The results above obtained for least-squares estimation in nonlinear regression can be extended to

maximum-likelihood estimation in Bernoulli-trial experiments. This is considered in the next section.

4 Maximum-likelihood estimation in Bernoulli trials

Consider a Bernoulli-trial experiment (a dose-response problem for instance) with single response Y equal
to 0 or 1 (efficacy or toxicity response at the dose x) and Pr{Y = 1|0, 2} = 7w (z,6). The log-likelihood

for the observation Y at the design point z is
10]Y, 2) = Y log[n(x,6)] + (1 — V) log[1 — 7(2,0)).. (8)

Suppose that 7(x, ) is differentiable with respect to 6 for any z and denote

_ On(x,0) 1

fy () 0 \/r(z,0)[1 - 7(x,0)]

so that the contribution of the point x to the Fisher information matrix is u(z,6) = fo(z)f,) (x). Mul-
tivariate extensions (e.g., where both efficacy and toxicity responses are observed at a dose x) could be

considered similarly; see, e.g., Dragalin and Fedorov (2006) for Gumbel and Cox models. In terms of

11



design, the main difference with the single response case is the fact that p(z, ) may have rank two, so
that less than p support points in £ may suffice to estimate 6 consistently. Note that the same situation
occurs for the regression model (2) when dim(n) > 1 (it also happens when the variance function is not
homogeneous and depends on unknown parameters of the model, see, e.g., Downing et al. (2001); Pdzman
and Pronzato (2004)).

We suppose that 7(x,0) € (0,1) for any § € © and x € X and denote by 617, the maximum-likelihood
estimator 6., = arg maxpce Ly (0), with Ly () = Zfil 1(0)Y;, x;), see (8). We also suppose that O is a
compact subset of RP and that 6, the ‘true’ value of @ that generates the observations, lies in the interior

of ©. We have the following equivalent of Lemma 1 for this context of binary trials.

Lemma 4 If for any § >0

1}\1{1’1 inf | igﬁ [Ln(0) — Ln(0)] > 0 almost surely (resp. in probability)
—00 [|§—6]>5

then 63, “5 0 (resp. 0N, 2 6) as N — oc.
The proof is identical to that of Lemma 1, see Wu (1981). We then obtain a property similar to Theorem 1.

Theorem 3 Let {z;} be a non-random design sequence on a finite set X. Assume that

N ) _
NN (e B 1o (i, 6) (.0 To 1—m(z;,0)
Dn(6,0) = ?:1 (z;,0) log [W(x%e)} +[1 = 7m(2i,0)] log {1 —w(xi,ﬁ)} 9)

satisfies (6). Then, éﬁL 220 as N — oo. The same is true for a random sequence on a finite X when
(6) holds almost surely. If Dy (6,0) simply satisfies (7), or infg_gy>s Dn (0, 0) % 0o as N — oo for all

5 >0, then 03, 2 6.

Lemmas 2 and 3 are still valid and Theorem 2 still applies, with Ha-(iii) replaced by.
H -(iii’): For all 6 > 0 there exists €(d) > 0 such that for any subset {i1,...,4,} of distinct elements

of {1,..., K},

P S (i5) @ L 1— (i5) @
\|0i%ﬁ>ézw(x(m’9) log r(xz]’)} 1 — (21, 8)] log [”("E]’)} > ().
= ]:1 )

12



Finally, similarly to the case of least-squares estimation in nonlinear regression, M(&x, é?w ;) can be
used as an asymptotic characterization of the precision of the estimation (k — oo) under the adaptive
scheme (1) when X is finite and w(x,0) is two times continuously differentiable for ¢ in some open

neighborhood of 6 for any z in X.

Remark 5 Defining g(a,b) = alog(a/b)+(1—a)log[(1—a)/(1-b)], a,b € (0,1), we can easily check that,
for any fived a € (0,1), g(a,b) > 2(a — b)? with g(a,a) =0, so that each term of the sum (9) is positive.
Indeed, define h(a,b) = g(a,b) — 2(a — b)?; we have dh(a,b)/0b = (2b — 1)%(b — a)/[b(1 — b)] so that, as
a function of b, h(a,b) monotonically decreases for 0 < b < a and monotonically increases for a < b < 1.
Also, Theorem 3 is satisfied when Dx(0,0) is replaced by D' (0,0) = ZZ]\LI [7(zi,0) — ﬂ(mi,G)]Q, and a
sufficient condition for Hx-(iii’) is inf|g_g>s 25—, [7(209),0) — ﬂ(z(ij),ﬁ)]z > €(d) > 0 for any 6 >0

and any subset {i,...,ip} of {1,..., K}.

5 Examples

We consider the same four models as in (Hu, 1998). The response function, or probability of success, is

continuously differentiable with respect to ¢ for each of them so that Hy is satisfied.

Example 1: Dilution method for estimating the density of an organism. Suppose that w(z,0) = Pr(Y =
110, ) = exp(—0z), with Y € {0,1}, € RT, § € © = [a,b], 0 < a < b, and 6, the unknown true value
of 6 satisfying a < § < b. The Fisher information matrix at § for 8 = logf and a design measure ¢ is
then M(&, 8) = [, 622?/[exp(f) — 1] £(dz). The D-optimal measure is &5, (0) = 8, /o with z* satisfying
(2—a*) exp(a*) = 2, that is, z* ~ 1.5936. Following this optimal design consideration, Hu (1998) suggests
the adaptive construction xy41 = x*/ék with 6% an estimate of  based on r1,Y1, ..., Tk, Yr. When ok
is the Bayes estimator 6% = IE{0|F}, with Fj, the o-field generated by the observations Y7i,..., Y%, his
results imply the almost sure convergence of 6% to @ and of the empirical measure &; to &% (6).

One can easily check that Hy (ii-iv) are satisfied for # € © when X C R™ is finite and does not contain

0 (indeed, a < 6 < b implies [r(z,0) — 7(x,0)]* > exp(—2bz)(§ — 0)2{1 — exp[(a — b)x]}?/(b — a)? and

13



w(z, B) = 0222 /lexp(fx) — 1] > 0). Since p = 1 in this example, ¢* of Lemma 2 satisfies ¢* > p and any
adaptive design ensures that the maximum-likelihood estimator is strongly consistent when X is finite
and 0 ¢ X. In particular, when X corresponds to the discretization of some set X', taking xp.1 as the
point in X closest to z*/ éfw 7, ensures OA]’@[ I 2% 6 and the empirical design measure &, converges a.s. to a
design that can be made arbitrarily close to the D-optimal design on X’ for § when the discretization of
X' is fine enough. Note that a similar consistency result can be obtained in general for one-parameter

models.

Example 2: Michaelis-Menten regression. Suppose that Y; = 0,x;/(02 + ;) + &;, with (g;) satisfying
the assumptions of Sect. 3, © = [Ly,U;] x [Lo,Us), 0 < L; < 0; < U;, i = 1,2. When X = (0, 7], the

D-optimal measure for 8 on X is
§p(0) = (1/2) 621 (o) + (1/2) 0 (10)
with z3(0) = 027/(202 + ) < x5 = . Lai (1994) suggests the following design sequence
Tp = m’{(éigl) if k is even and k & {k1,k2,...}
TR =1 if k is odd and k & {kq1,ka,...}
¢/(1+logk) it k€ {k1,k2,...}
where k; ~ 1* as ¢ — 0o, for some ¢ > 0 and 1 < o < 2, in order to obtain the strong convergence of é,’gs,

see also Remark 3. Hu (1998) shows that the introduction of the perturbations z = ¢/(1 + logk) if k €

{k1, kg, ...} is not necessary when using the Bayes estimator 6% 1 = IE{f]F,_,}, and that the sequence

w(GE=1y e
zp =205 ) if kiseven a1
T =1T if k is odd
ensures HA% 220, k — oo.
Suppose now that X is finite, with 0 < min(X) < max(X) = Z. One can easily check that Hy-(iii) is
satisfied for § € ©. Indeed, n(x,0) = n(z,0) and n(z,0) = n(z,0) for 6,0 € ©, x >0, z > 0 and x # 2

imply 6 = 0. Also, det[fy(z)f, (z) + fo(2)f) (2)] = 222202 (x — 2)?/[02 + x)*(02 + 2)*] so that Ha-(ii),

Hay-(iv) are satisfied and Theorem 2 applies. This means in particular that we do not need to know the

14



form (10) of the D-optimal design and can directly generate the design through (1) with ok = éfs, the
least-squares estimator which is much easier to obtain than the Bayes estimator ég Moreover, numerical
simulations indicate that when 6% is frozen to some given value 6, the convergence to the D-optimal

design for 6 is generally faster and more regular for (1) than for (11).

Example 3: First-order exponential regression. Suppose that Y; = 0, exp(—égxi) + &;, with (g;) sat-
isfying the assumptions of Sect. 3 and © as in Example 2. Take X finite with min(X) = z > 0. The
D-optimal design measure is then £}, (0) = (1/2) 6, + (1/2) 0541/0,- One can easily check that Hx-(iii)
is satisfied for € © (n(z,0) = n(z,0) and n(z,0) = n(z,0) for x # 2z imply 0§ = 0); Hx-(ii), Hx-(iv)
are satisfied too since det[fy(z)f, (z) + fo(2)f, (2)] = 03(z — 2)? exp[—202(z + 2)], and Theorem 2 applies

again.

Example 4: Binary logistic regression. Take 7(x,0) = exp(6; +62x)/[1 +exp(0; +022)] in Sect. 4, with
x € X finite and 6 € © compact. Using Remark 5 one can easily show that Hx-(iii’) is satisfied. Indeed,
7(x,0) = 7(x,0) is equivalent to 0; + Oz = 01 + Oz, so that 7(x,0) = 7(x,0) and 7(z,0) = w(z,0) with
x # z imply 6 = 0. Also, det[fg(x)f] (z) + fo(2)f) (2)] = (z — 2)?exp[201 + O2(z + 2)]/{[1 + exp(01 +
022)][1 + exp(#1 + 022)]}? so that Hy-(ii) and Hx-(iv) are satisfied. Therefore, Theorem 2 applies and
the almost sure convergence of the maximum-likelihood estimator HA% ;, to the true parameter value § and

of & to a D-optimal design for 6 is guaranteed when using (1) with 6%, substituted for §*.

Appendix: proofs

Proof of Theorem 1. The proof is based on Lemma 1. We have

ex (Z01,0s ) (. 6) = n(2.0)]
Dn(6,0)

> Du(0 é 1 9 erX ‘chvzl,zk:m gk’ |77((E, 9_) - 77(5& 9)|
= Dn(8,6) |1~ Dy (9,0)

Sn(0) —Sn(0) = Dn(0,0) |1+2
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From Lemma 1, under the condition (6) it suffices to prove that

ZzGX Z;cvzl,mk:z €k |’I’]($,§) - 7’](1’,9)‘ a.s.
sup — =0 (12)
10-8]>6 Dn(0,0)

for any 0 > 0 to obtain the strong consistency of éivs Since Dy(0,0) — oo and X is finite, only the
design points such that ry(z) — oo have to be considered, where rx(z) denotes the number of times x
appears in the sequence 1, ...,xy. Define 3(n) = /nloglogn. From the law of the iterated logarithm,

we have

N
1
for all z € X, limsup e > e =0v2, almost surely, (13)

ry(z)—o0 ﬂ[rN X k=1, mp=ax

see e.g. Shiryaev (1996, p. 397). Next, for any x € X,

Blrn (@)]In(x,0) — n(@,0)| _ [loglogry (2)]'/?
Dn(6,9) T DY*6,6)

which, together with (6) and (13), gives (12). When the sequence {x;} is random, the only modification
consists in working conditionally on the event (6).

When inf|jp_g>5 Dn (0, ) — co as N — oo, we only need to prove that

ZCEE-X ZkN:La:k::c €k |77(957§) - 77(3379)\ p
sup — -0 (14)
lo—6]1>5 Dn(0,0)

for any d > 0 to obtain the weak consistency of éJLVS We proceed as above and only consider the design
points such that ry(z) — oo, with now 8(n) = y/n. From the central limit theorem, for any = € X,
(Zi\;l A €k> /TN () N Ce ~ N(0,02) as ry(x) — oo and is thus bounded in probability. Also, for

any x € X, \/ry(x)|n(x,0) —n(z,0)|/Dn(0,0) < Dy 1/2(6 0), so that (7) implies (14). [ ]

Proof of Lemma 2. First note that ¢* > 1 since X is finite. Suppose that p > 2 and ¢* < p. We show
that this leads to a contradiction.

For any N we can write

N
1
M(En,0) = NZ (zi)fy ()
1 & . , 1
- NZ v fo x(lN))feT(x(lN))+N e;( )fo(xk)f(;r(fk), (15)
i=1 rrEXN(g*
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where iy is the index (depending on N) of a design point appearing ry ;. x times in z1,...,zy and
Xn(q*) = {z~) ... 29} is the set of such points for i < ¢*. Let My(6) denote the first matrix on
the right-hand side of (15). For any z(%) € Xn(q*) we have

N

17 ()M e Oty () < 6 (O (O)fp () = =

with M (6) any g-inverse of My (6). Therefore, from the definition of ¢*, there exists Ny such that

forall i <q¢*, N> Nyand €O, f, (0¥ )M (ex,0)fp(V)) < l (16)

Q

Let Oy = TN,(q*+1):K/N. Showing that liminfy .. By > 3 for some 3 > 0 will contradict the definition
of ¢*.
Define
M (0 ng (@ NS (20) . MP (0 Zf )T (2N (17)

We have (1 —fn) Mg\})( )+ BN ME\Q,)( 0) — M(En, 0) € M=, where M= is the set of symmetric nonnegative

definite p X p matrices. For any u € RP,

“ew,Ou > ul[(1-By) M) + By MY ()] 1u
=max2z' u—z' [(1-8y)M ( )+ BN MQ)(Q)]

zERP

> max 22 u—z'[(1-8x)MYO) + By MY (6))z
2eNMG ()]

with A/(M) = {v : Mv = 0} the null-space of the matrix M. Direct calculations then give

“(ex O)u > ﬂiN WM ()] 1 - Py (0)] 0 (18)

with I the p-dimensional identity matrix and Py (6) the projector
P (0) =M (0) M O O] My (0)] My @)V 0]

Note that the right-hand side of (18) is zero when u € M[M%)(G)] (i.e., when u = MS\%) (0)v for some
v € RP). When u = fy(2(*¥)) for some i € {¢* +1,..., K} we can construct a lower bound for this term,

of the form C/Bx with C constant. Indeed, from (17) and Hy-(ii),

K
forall € ©and veRP, v’ Mg\})(ﬁ) + Z fo (V) (20 | v >y |v]?
1=q*+1
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so that for all # € © and z € N[M%)(G)},

T (in)\12 Y 2
e [Tl > o . (19)

Take z = 29,3, = [M'Z(0)] 1[I — P (6)]fs (™)) for some i € {¢* +1,..., K}, so that zg;, € N[M{ ()]

and
fg (PN MPO)]) L [L— P ()] fo(2)) = 2], (™)) = 2], M (B)z,1,, -
We obtain
i 2 — i 2
max g7 @O)MP O] T =Pr @) fo@™) = max 2] MO (0)z0 5

T ()
= max zg ; fo(x
b= 41, KON ( ),

and thus from (19),

1/2
forall €6, max Kf(j(m@w)[Mg@)(e)]—l [1— Py (0)] fo(x(~)) > ( 7 ) ~ max |ze.m |-
i=q*+1,...,
Let i} denote the argument of the maximum on the left-hand side. We have,

Z;—’i}fvfg(x(ix)) = Z;—,i;\,MS\?) (G)ZQ,Z‘;\] <KL ||Z9’2‘}<\7 2

with L = max,cx, pco [|fo(x)||?, so that finally

T/ .(in) (2) —1 . (in) #
forall €0, i:qglrzlx?(wag ("M (0)] 7 [T =Py (0)] fo(z~)) > IK(K —q)

To summarize, from (16, 18), there exists Ny such that for any N > Ny and for all § € ©,

. ) 1
max f;(z(“v))Mfl(éN,0)f9(x(m)) < -
i=1,...,q* «
. . 1 ol
£ (2O)M (€, O)fp(2M)) > — —— L

Therefore, for N > Ny, Oy < 8* = va/[LK (K — ¢*)] implies zy4; € {z((@"+D~5)  2(KN)Y in the

sequence (1). Define

K .
Zi:q*+1 'N,i:K

P = (K —q )N~
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so that Oy > BN > On/(K — ¢*). Also, when N > N, (Zle rnik)/N > ¢*a, so that §% <

(1 —-qg*a)/(K — ¢*). By construction, Sy < 8* and N > Ny then give

. NBL(K —¢*) +1 . 1 1 .
> = = N1l VK g
BN+1 = BN K —¢)(N+1) 5N+N+1 K—q¢ N
1 o S BN . 1 g« .
N+1K-¢* = K-¢* N+1K-g¢

> Oy +

By induction, this lower bound on By increases with k,

. k
3 - BN A Z 1
Ntk K—-—qg K-—q* iZlN—i—i’

until Sy becomes larger that 5*. Suppose that the threshold 8* is crossed downwards at N7 > Ny, i.e.,
BN, -1 > B* and BN, < B*. This implies Sn, = Bn,-1(N1 — 1)/Ny and thus 5*(N; — 1)/Ny < B, < 0%,
so that By, tends to f* when N; — oo.

We thus obtain liminfy .o By > 8 = 8*/(K — ¢*), showing that ¢* > p, which concludes the proof.

Proof of Lemma 3. With the same notations as in Lemma 2, there exists Ny and a > 0 such that

for all N > Ny, 7“]\[)]‘;K>Ot]\f7 jZl,...,q*>p

and thus, from Hy-(iv), Amin[M({n, 6)] > oy. From Hy and Hx-(i),
for all €; >0, there exists (3 such that [|§ — 0| < 3, = max lIfo(z) — f5(z)|| < er.
zE

Direct calculations then give max,ex maxg_gj<ga, It (2)M~ (&N, 0)fg(z) ffg(:r)M’l(fN, 0)fz(z)| < Cey

for €; small enough and N > Ny, with C' a constant depending on «, ¥ and f = max,cx || f7(z)|.
Therefore, for all € > 0, there exists § > 0 such that for all N > N, [|[§Y — 0] < § in the algorithm (1)
implies

£ @M v, Dfglansn) > G (@na)M T (€, 0V s (va) - 5

_ A €
= ma ], ()M (€, 0% )y () —

> I;lea))((fg(x)Mfl(gN,é)fg(x) —e€.
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The rest of the proof only exploits the consequences of this property.

Take ¢, 3 as above and suppose that there exists § > 0 such that

logdet M(én,0) < U* —e—0 (20)

for all N larger than some Ny, where U* = logdet M (7, 0) with £}, = £},(6) a D-optimal design measure

for 6. By concavity, this implies max,cx f5 (2)M ™ (én,0)f5(x) > p+ €+ 6 for all N > Ny, and thus
fg(xNH)M_l(émé)fg(xNH) >p+0, forall N > max(Ny, N1, Ko)

when ||6% — 0|| < 3 for all k > K;. Direct calculations give

. feT(wNH)M1(5N7§)f9(xN+1)1 —plog (1 + ]17) 2D

logdet M(én41,0) — logdet M(En, 0) = log ~

and thus,

= = +4 1 5
log det M(&n41,60) — logdet M(En, ) > log (1 + pN) —plog (1 + N) > N

for N large enough. This implies logdet M(£x,0) — oo as N — oo, which is in contradiction with Hy.

Therefore, there exists a subsequence ¢y, such that limsup,_, . logdet M(&y;,,0) > ¥* — e. From (21),
for all § >0, there exists N; such that for all N > N; logdet M(&x1,60) > logdet M(Ex,80) — 6.
Also, from the developments just above, there exists Ny such that for all N > Ny, (20) implies

log det M(én41,0) > logdet M(Ex,0) .

Take any N; > max(Np, No) satisfying log det M(En,,0) > U* — € — §, we obtain

logdet M(&n,0) > " —e—20, for all N > N;.

Since ¢ is arbitrary, liminfy_ . logdet M(&n,0) > U* — e, [

Proof of Theorem 3. We can write

) ) EI ZN: Ik:w[Yk —m(z, é)] log :(;7@)[17::(2)
Ly(0) - Ln(0) = Dn(6,0) |1+ GX( M= : ) (@.6)[1=n(,
DN(Q,Q)

N n 7(x,0)[1—7(x,0
M |1 2zex ‘Zkzl,zk:x[yk - w(x,@)]’ ‘logm
Dn(0,0)
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From Lemma 4, under the condition (6) it suffices to prove that

N n w(x,0)[1—7(x,0
ZzEX Zk’:l,mk:z [Yk - 71'(1', 0)}‘ ‘log ﬂgx,gg{l_ﬂ-gzﬁﬂ
sup _
10—0]1>5 Dn(0,0)

a.s.
(4} 0

for any 4 > 0 to obtain the strong consistency of éJLVS Similarly to the case of Theorem 1, since
D (6,0) — oo only the design points such that rxy(x) — oo have to be considered, and, from the law of

the iterated logarithm,

N
forall z € X, limsup |—— Y, — w(x,0)]| = +/27 x,é) 1 —n(z,0)], almost surely,
rn(z)—00 Blrn(z)] k:LZJJk:x[ (@, 0)] \/ ( [ (z,0)]

with B(n) = y/nloglogn. The rest of the proof for almost sure convergence is as for Theorem 1. We have

Blrn(x)] |log %‘ Va(a,0)[1 —m(z,0)] (loglog ry (z))*/? =
0.0 < 1/2 - p[ﬂ'(:&@)ﬂT(x,a)]
Dn(6,6) Dy~(0.0)

where
‘log Z(ll sg a(l—a)

[a log(a/b) + (1 — a) log (%)} v

which, for any fixed a € (0, 1), tends to infinity for b tending to 0 or 1 and has a unique minimum in

pla,b) = a,b € (0,1),

(0,1) at b= 1 —a. Since 0 < 7(x,0) < 1 for all 2 and all § in © compact, p[r(x,0),w(z,0)] is bounded
and (6) gives the result.

When inf,_g 55 Dn(60,60) — 0o as N — oo, we only need to prove that

20

N n w(x,0)[1—7(x,0
it [t oy al¥i = 7, 8)]| log Zp=me0)]
sup -
6-8]>6 Dn(0,0)

for any § > 0 to obtain the weak consistency of éLNS We proceed as above and only consider the

design points such that ry(z) — oo, with now 8(n) = y/n. From the central limit theorem, for any

r e X, (Zk 1 opme Ve — (T, 0)] )/\/ —>§I N(0,7(x,0)[1 — 7(z,0)]) as 7y () — oo and is thus
bounded in probability. The rest of the proof is as above, again using the fact that p[r(z,0), 7 (x,0)] is

bounded. [ |
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