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EXPLICIT UNIFORM ESTIMATION OF RATIONAL POINTS
I. ESTIMATION OF HEIGHTS

Huayi Chen

Abstract. — By using the slope method, we obtain an explicit uniform estimation
for the density of rational points in an arithmetic projective variety with given degree
and dimension, embedded in a given arithmetic projective space.

Résumé. — On obtient, en utilisant la méthode de pentes, une estimation uniforme
et explicite de la densité des points rationnels dans une variété arithmétique projective
de degré et dimension fixés, plongée dans un espace projectif arithmétique donné.
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1. Introduction

Let K be a number field and X be a projective variety defined over K. The
complexity of the rational points of X is measured by the height function. Northcott’s
theorem asserts that there are only finitely many rational points of X with bounded
height. Namely, for any real number B > 0, the set S(X; B) := {P € X(K) | H(P) <
B} is finite, where H(P) is the height of P. Let N(X;B) = #5(X;B) be the
counting function of X. The asymptotic behaviour of N(X;B) when B goes to
infinity describes the density of X (K). For example, N(X; B) = O(1) if and only if
X (K) is finite.

Among the estimations of the counting function N(X;B), the work of Heath-
Brown [@] is of a uniform nature, where the word “uniform” concerns all closed
subvarieties with given degree and dimension in a projective space. His idea is to use
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a determinant argument, inspired by Bombieri and Pila [E], and Pila @], which can
be summarized as follows. The monomials of a certain degree evaluated on a family
of rational points in S(X; B) having the same reduction modulo some prime number
form a matrix whose determinant is zero by a local estimation. Hence there exists a
hypersurface of X containing all rational points in the family. The set S(X; B) is then
covered by several hypersurfaces of bounded degree. The upper bound of N(X; B) is
thus obtained by estimating the number of these auxiliary hypersurfaces.

The results in are obtained for K = Q. Further research in this direction
includes works of Heath-Brown, Browning, Salberger and Broberg etc. (see [E, @,
, E, , E, , @]) In particular, Broberg has generalized [@] to the number
field case. It should be pointed out that the determinant argument plays an important
role in most of the works cited above.

Based on an observation of Bost that the determinant argument mentioned above
is quite similar to his slope method [E], or to the interpolation matrix method of
Laurent [@], we revisit this problem in the context of Arakelov geometry by using
the slope method. The aim of this approach is twofold. On one hand, it avoids using
Siegel’s lemma and hence treats the problem for all number fields in a uniform way
without supplementary difficulties. On the other hand, the geometrical interpretation
permits us to establish explicit estimations.

Recall the main theorem of [E] which generalizes the Theorem 14 of [@]

Theorem. — Let X be an integral closed sub-variety of P}, n € N,. Let d and 0 be
respectively the dimension and the degree of X, and € > 0 be a positive number. As-
sume that the ideal I C K[Ty, - ,T,) of X is generated by homogeneous polynomials
of degrees at most T, where T € N,. Then there exists an integer a depending only on
n, 7 and €, an integer k satisfying

k < e e BUAHD/ Ys+e

and a family (F;)%_, of homogeneous polynomials of degree < a which are not identi-
cally zero on X and such that

S(X;B)C U{x € X(K) | Fi(z) =0},

where S(X; B) denotes the set of all rational points of X with height < B.

Note that Heath-Brown had considered the case where X is a hypersurface (that
is, the ideal T is principal) defined over Q and Broberg has investigated the general
case.

The aim of this article and the companion one [@] is to remove the supplementary
assumption on the degrees of polynomials generating I and to calculate explicitly
the constants a and k figuring in the above theorem. For the first purpose, we shall
use the theory of Cayley-Chow form to construct explicitly a system of generators
of the variety X. This theory, in its classical form, is due to Chow and Van de
Warden [@] Their original objective was to describe a projective variety X by
one single homogeneous equation, called the Chow form of X. Later this theory
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has been applied in transcendental number theory by Gelfond , Nesterenko [],
Brownawell and Waldschmidt [L1], and Philippon [B7]. By [B€] (see also [L0]), one
can construct explicitly a system of generators of a projective variety from its Chow
form in controlling the degrees and the heights of these polynomials. However, the
degrees of the polynomials thus constructed are in general much larger than the degree
of the variety. To overcome this difficulty, we shall use a variant called the Cayley
form. This approach is inspired by a work of Catanese [[L6] (see also [R7]). The
Cayley form permits us to construct a system of generators of lower degree. Using
the theory of Cayley form, we can remove the supplementary condition in the above
theorem.

The explicit computation of the constants a and k requires highly non-trivial
effective minoration of the arithmetic Hilbert-Samuel function developed in [R2] where
higher Chow forms involve, and also several new estimations in the slope theory. It is
known since the article 9] of Gillet and Soulé that the coefficient of the leading term
of the arithmetic Hilbert-Samuel function is equal to the normalized auto-intersection
number in the sense of the arithmetic intersection theory. In order to obtain explicit
lower bounds of the arithmetic Hilbert-Samuel function, we shall reformulate the
result of David and Philippon in the language of slope method. Note that the lower
bound thus obtained is not asymptotically optimal. The coefficient of its leading term
is smaller than the normalized auto-intersection number. This result will be used to
prove that all rational points of small height are contained in a single hypersurface of
low degree.

We also study effective upper bounds of the arithmetic Hilbert-Samuel function (or
more generally, the maximal slope variant of it) and obtain an explicit upper bound
in terms of the essential minimum of the variety. The proof is based on the slope
inequality applied to the evaluation map on points of small height.

It turns out that these results have their own interest in Arakelov geometry, and
deserve to be written independently. In the forthcoming article [@], we shall prove
the explicit version of the theorem previously cited.

This article is organized as follows. In the second section, we establish several
slope inequalities and discuss their arithmetic consequences. The third section is
devoted to the construction of Cayley forms and its application in the estimation of
the complexity of the singular locus of an arithmetic projective variety. Finally in
the fourth section, we discuss the estimation of the geometric and arithmetic Hilbert-
Samuel functions in the framework of Arakelov geometry. Several computation of
norms of tensor operators on Hermitian spaces are left in the Appendix.

We present the notation and the terminologies that we shall use in the current
article and in [[Lg].

Notation. — 1. Denote by K a number field and by Ok its integer ring.
2. Any maximal ideal p of Ok corresponds to a discrete valuation v, on K. Denote
by F, its residue field, by N, the cardinal of F, and by |- |, the absolute value on

K such that |a|, = N;v”(a) for any a € K*, which extends continuously to the
completion K, of K (with respect to vy).
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For any embedding o : K — C, denote by | - |, the absolute value on K such

that |a|, = |o(a)|, where | - | is the usual absolute value on C.

3. By arithmetic projective variety we mean an integral projective O-scheme which
is flat over Spec Ok

4. Let X be an arithmetic projective variety. A Hermitian vector bundle on X is a
pair E = (E,(|| - |lo)o:x—c), where E is a locally free Ox-module of finite rank,
and for any embedding o : K — C, || - ||» is a continuous Hermitian metric on
E,(C), invariant under the action of the complex conjugation. The rank of E is
defined to be the rank of F, denoted by rk(E). A Hermitian vector bundle of rank
1 is called a Hermitian line bundle.

5. Let E be a Hermitian vector bundle on Spec Ox. The Arakelov degree of E is
defined aﬂ

(TeTg(E) = log#(E/((’)Ksl + - -(’)Ksr)) - % Z log det((ss, 8;)0),

o:K—C
where (s1,---,s,) € E" forms a basis of Ex over K, r = rk(E).
6. Let E be a non-zero Hermitian vector bundle on Spec O . The slope of E is
- 1 deg(E
u(E) = : ( )
[K:Q] rkE

Denote by Jimax(E) the maximal value of slopes of all non-zero Hermitian subbun-
dles (i.e., submodule of E equipped with induced metrics) of E and by fimin (F) the
minimal value of slopes of all non-zero Hermitian quotient bundle (i.e., projective
quotient module of E equipped with quotient metrics) of E.

7. Let E and F be two non-zero Hermitian vector bundles on Spec Ok, and ¢ : Ex —
Fx be a non-zero homomorphism. The height of ¢ is defined as

o) :=[I(—1@](;mgn¢|p+ > tosléll).

o:K—C

where |4, and ||¢[|, are respectively the norms of the linear operators ¢r, :
Ex, — Fk, and ¢, : E;c — Foc.

8. For any integer n > 1 and any n-tube (Ey,--- , E,) of non-zero Hermitian vector
bundles on Spec O, denote by o(E1,--- , E,) the difference

//Zmax(El Q- ®En) - Zﬁmax(ﬁi)-
i=1

For simplifying notation, we use the expression o™ (E) to denote o(E,--- ,E).
———

n copies

(DBy the product formula, this definition does not depend on the choice of (81, ,8r).
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2. Slope inequalities

We firstly recall the basic ingredients of Bost’s slope theory (for references, see [E,
, E, E]), then discuss several slope (in)equalities and their arithmetic consequences.
We begin with the following classical slope (in)equalities relating the source and
the target of a homomorphism between Hermitian vector bundles, see [E, Appendix

Al

Proposition 2.1. — Assume that E and F are two Hermitian vector bundles on
Spec Ok, and ¢ : Ex — Fi is a non-zero K -linear homomorphism.

1) If ¢ is injective, then fimax(E) < fmax(F) + h(¢).

2) If ¢ is surjective, then fimin(E) < fmin(F) + h(¢).

3) If ¢ is an isomorphism, then fi(E) = ji(F) + h(ATE) 3),

@)

2.1. A slope equality. — We give below a variant of the slope equality in Propo-
sition P.1 3) where the target Hermitian vector bundle can be written as a direct sum
of Hermitian line bundles.

Proposition 2.2. — Let E be a Hermitian vector bundle of rank v > 0 on Spec (’)K
and (L;)ic1 be a family of Hermitian line bundles on Spec Of. If ¢ : Ex — D,cr Li

is an injective homomorphism, then there exists a subset Iy of cardinal v of I such
that the following equality holds

1) [Zu A (o, 00)

where pry, : @iel L; xk — ®i610 L; i is the projection.

Proof. — Since ¢ is injective, there exists I C I of cardinal r such that pr; o¢ is an
isomorphism. Therefore, Proposition @ 3) implies

u(E :ﬁ(@fl) + ;h "(pry, 09)) |:Z,u A" (pry, O¢)):|

i€lp i€lo
O
2.2. Tensor product and image. — Let (F;)"; be a family of non-zero Her-
mitian vector bundles on Spec Ok, and E = @), E; be their tensor product. One
always has

(2) ﬁmax Z max E

The inverse inequality is a conjecture of Bost [E], which is still an open problem.
If L is a Hermitian line bundle on Spec Ok, then for any non-zero Hermitian vector
bundle E on Spec Ok, one has

ﬁmax (F ® f) = ﬁmax (F) + //Z(f) = ﬁmax (F) + ﬁmax (Z)
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Hence o(E,L) = o(L,E) = 0. More generally, for any family (E;)"; of non-zero
Hermitian vector bundles, one has Q(El,Eg, e ,En) = 0 if all Hermitian vector
bundles except at most one among Fi,---,FE, are direct sum of Hermitian line
bundles (see Notation 8.).

Let (E;)*_, and (F )71 be two families of non-zero Hermitian vector bundles on
Spec O . By (B), one has

(3) o(Br,-+  En,Fry - Fin) 2 0(Ev, -+ En) + 0(F1,- -, Fin).

In particular, for any non-zero Hermitian vector bundle E on Spec Ok, one has

(4) Vn,meN, o"(E) > o™ (E) + o™ (E).

Moreover, () implies that o™ (E) > 0 for any m € N*. Hence by (), the sequence
(o™ (F))n>1 is increasing.

Remark 2.3. — By the duality between maximal slope and minimal slope
~ ~ =V
,Umin(E) = _,umax(E ), one has

n

=V —v P = —
(5) Q(Elv"' aEn) :Z.Umin(Ei)_.umin(El®"'®En)
i=1
Bost s conjecture can be reformulated as : o(Ey,---,E,) = 0 for any n-tube

)™, of non-zero Hermitian vector bundles over Spec Ok. For estimations of p,

see . E - One ha’
(6) o(E1,- <51

=2

g(rk E;)

l\3|’—‘

Note that the summation index ¢ varies from 2 to n.

Let E and F be two Hermitian vector bundles on Spec Ok, and G be a Hermitian
vector subbundle of ' @ E. We call image of G in E the smallest sub-Og-module H
of E such that F'® H contains G, equipped with induced metrics. The minimal slope
of H is estimated in Proposition @ below, the proof of which uses the first part of
Lemma @ in Appendix.

Proposition 2.4. — With the above notation, one has
~ R~ o~ = =V, 1
(7) Hmin(H) 2 fmin(G) — fmax(F) — o(F, G ) — 3 log(rk ).

Proof. — Let 9 be the composed homomorphism FV @ G — FY Q@ F® E — E,
where the last arrow is induced by the trace homomorphism FV ® F — Ok. The
image of 1 identifies with H. By Lemma @ 1), the height of 1 equals 3 Llog(rk F).
Thus Proposition @ 2) implies

S VS = — 1
finin(H) > fimin(F © C) = h(t) = flawin(@) + frnin(F) = o(F.G") — 5 log(xk F)
(|

(2)Learned from a personal note of J.-B. Bost. A weaker version is also claimed by Y. André.
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Remark 2.5. — Assume in the above proposition that F can be written as a tensor
product F'; ® --- ® F',. Then then same method gives the following variant of (ﬂ)

v

~ NS v 1
(8) Mmin(H) Nmm G ZM dx F - Q(Fla' F 7G )_ ilog(rkF)

2.3. Applications. — We give several applications of slope (in)equalities estab-
lished in previous subsections. More applications will be discussed in §E

In Arakelov theory, the slope inequalities are often applied on evaluation maps
to obtain arithmetic results. See [E] for a survey of this method. Classically the
evaluation map means the evaluation of some polynomials at one or several points in
an affine space. The choice of the evaluation map is a crucial step in a typical proof
of Diophantine approximation. Note that in Heath-Brown’s determinant argument,
there appears also this procedure. Evaluation maps in Arakelov geometry are quite
similar to classical ones, but their construction is of geometrical nature. Let X be a
projective variety over Spec K and L be an ample line bundle on X. Let Y be a closed
subscheme of X and i : Y — X be the inclusion morphism. The evaluation map (of
global sections of L) on Y is the K-linear mapping from H°(X,L) to H°(Y,i*L)
defined by restriction of sections.

To apply the slope method, we also need a metric structure. Let n > 1 be an
integer and £ be a Hermitian vector bundle of rank n + 1 on Spec O . Denote by
7 : P(£) — Spec Ok the structural morphism. Let £ := Op(g)(1) be the universal
quotient of 7*€. The Hermitian metrics on £ induce by quotient a structure of
Hermitian metrics on £ which define a Hermitian line bundle £ on P(£). For any
integer D > 1, let Ep = HY(P(E), L®P) and let 7(D) be its rank over O, which is

equal to ("BD). For any o € ¥, denote by ||-||s,sup the normon Ep , := Ep®oy,-C
such that
Vs € Epg, [sllosuwp = sup [s(@) |-
2€P(Ek)s(C)
Let |||/, be the Hermitian metric of John (cf. [B2], see also [R€], Definition-Theorem
2.4]) associated to the norm || - ||osup. Recall that, for any s € Ep ,, the following

inequalities hold

(9) I8llo.sup < llsllo.s < V/r(D)l[8lo,sup,

where r(D) is the rank of Ep. The O kx-module Ep, equipped with Hermitian metrics
Il - llo,s, forms a Hermitian vector bundle Ep on Spec Ok.

Remark 2.6. — As an Og-module, Ep is canonically isomorphic to SP£. Thus for
any o € Y, the Hermitian metric on &, ¢ induces by symmetric power a Hermitian
metric || - |o.sym on SPEyc. Denote by SPE the corresponding Hermitian vector
bundle on Spec O. Note that for any o € X, both metrics || - ||o,s and || -
are invariant under the action of the unitary group U(&sc,|| - ||o), therefore they
are proportional and the proportion is independent of o. We denote by Cy(D) the
constant such that, for any 0 # s € Ep o,

(10) log ||S||<7,J = log HSHU,sym + Co(D).
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Proposition 2.7. — With the above notation, the following inequality holds:

(11) 0 < Co(D) <log/r(D), wherer(D)=rk(Ep).
Proof. — Let s be a non-zero section in HO(XU,(C7 Ls,c). By definition, one has
52 llo,5up = Isl1Z = 15" ll,sym-
As Co(D) =log ||sP]|5.s — log ||| 5.sym, by (E), we obtain (|1—_]I) O

Remark 2.8. — By Proposition @ 2), Proposition m implies that
_ 1 _ _
(12) ﬁmin(SDg) - 5 IOgT(D) < ﬁmin(ED) < ﬁmin(SDg)-

The following corollary gives an explicit lower bound of the minimal slope of Ep
in terms of the minimal slope of &.

Corollary 2.9. — For any integer D > 1,

Vv

~ - & - 1
(13) fimin(ED) = Diimin(€) — o'P)(E7) — 5D log(n +1).

—®D)

Proof. — By definition, one has fimin (€ = Dfimin(€) — 0P )(EV) (see (H)). More-

over, SPE is a quotient of ?®D, SO Tmin(SPE) > ﬁmin(?gD). Hence we obtain,
according to ([13),

(14)  Fimin(Fp) > Fimin (SPE) — %log r(D) > Dfimin(€) — o) (") — %logr(D).

Finally, (1) comes from ([l4) and the estimation (D) = ("'ED) < (n+1)P. O

Definition 2.10. — If P is a rational point of P(€k), it extends in a unique way
to a section P of m. The height of the point P with respect to £ is by definition the
slope (see Notation 6.) of the Hermitian line bundle P*(L£) on Spec O, denoted by

h=(P).

Proposition 2.11. — Let D > 1 be an integer and I be a Hermitian vector subbun-
dle of Ep. LetY be the subscheme of P(€) defined by annihilation of I. Suppose that
P is a rational point of P(Ex) which is not in Y(K). Denote by P the Ok -point of
P(E) extending P. For any finite place p of K, let cyy be as follows:

1, (Pmodp) € Y(Fp),
@®TN0, e
, else.

Then, for any real number Ny > 0, the following inequality holds:

DhZ(P) - ﬁmin(j)
log Ny '

(15) #{p|ap =1, Ny > No} <
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Proof. — Let n: I — P*L®P be the homomorphism induced by the evaluation map
Ep — P*L®P. Since P ¢ Y(K), the homomorphism 7 is surjective. By the slope
inequality (Proposition .1 2)), we have

DhZ(P) = ,amin(T) - h(nK) Z ﬁmin(j) + Z Qp log NP'
p
Therefore the inequality (@) holds. (]

Let X be an integral closed subscheme of P(€x) and 2" be its Zariski closure in
P(E). Denote by

nx,p : Ep.x = H'(P(Ex), LEP) — H(X, L|%P)

the evaluation map on X. Denote by Fpp the saturation of Im(nx, p) in H°(2", £|5").
Note that, for sufficiently large D, the homomorphism nx, p is surjective, and therefore
Fp=H(Z,L|5P).

The following result show that the evaluation on a collection of rational points with
small heights cannot be injective. Let Z = (P;);er be a collection of distinct rational
points of X. The evaluation map

nzp : H(P(Ex), LZ7) — P Pr LR

iel
factorizes through nx p. Denote by
(16) ¢Z,D . FD,K — @PZ*L%D
iel
the homomorphism such that ¢z pnx,p = 7z p, where Fp is the saturation of

Im(nx,p) in H(27, L|57).
We equip Fp with quotient metrics (from that of Ep) so that Fp becomes a Her-

mitian vector bundle on Spec Ok. Note that the quantity deg(Fp) is the normalized
version of the “D™-height” of X, defined and studied in [, §2.2].

Proposition 2.12. — Assume that
iFp) 1
sup hz(P;) < AFp) L1 logri(D), where ri(D) =rk(Fp).
il D 2D

Then the homomorphism ¢z p cannot be injective.

Proof. — Assume that ¢z p is injective. By Proposition @, there exists Iy C I of
cardinal r1(D) such that

i(Fp) =

{Z Dhz(P;) + h(A™ P (pry 0¢)) |,
i€ly

1
T1 (D)

The quantity ﬁ > ic1, z(Pi) is bounded from above sullf) hz(P;). Furthermore,
1€
one has

1
h(A™P)(pr; 0 ¢z p)) < r1(D)h(pry, © ¢zp) < 5 (D)logri(D).
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Hence

il ' D 2D

3. The complicity of singular locus

In this section, we consider the following problem. Given a closed subvariety X
of a projective space P”, how to describe the complexity of the singular locus of X
by the arithmetic invariants of X7 When X is a hypersurface in P" defined by a
homogeneous polynomial F(Ty,--- ,T,) of degree d, then the singular locus of X is
determined by the equations

0 0
aTOF_---_ aTnF_O.
Therefore the ideal of Sing(X) is generated by n+2 polynomials of height < dh(F'). In
the general case, the singular locus can be described by using the Jacobian criterion,
provided a system of generators of the ideal of X.

Given a subvariety X C P™ of dimension d and of degree §, a method to construct
explicitly a system of polynomials defining X is to use the Chow form. The Chow
form ®x of X is a multi-homogeneous polynomial of multi-degree (9,---,d) on the
multi-projective space (P")?+1. The general theory of Chow and Van de Warden [R1]]
asserts that set-theoretically any subvariety of dimension d and of degree § of P is
uniquely determined by its Chow form.

Philippon [@ has defined the height of an arithmetic variety as that of its Chow
form and applied his height theory on criteria of algebraic independence. The Philip-
pon height can be compared to the Arakelov height [@, , ﬂ] As mentioned in
Introduction, one can construct explicitly a system of generators of a projective vari-
ety from its Chow form. This permits us in principle to understand the complexity of
the singular locus of the projective variety by using the Jacobian criterion. However,
the generating system obtained by the Chow form is not saturated with respect to the
maximal homogeneous ideal. For example, if the projective variety is a hypersurface
in a projective space defined by a homogeneous equation F of degree §, then the
generating system obtained from the Chow form will be the linear space of equations
of the form F'G, where G runs over all homogeneous polynomials of degree dd. There-
fore, if we try to estimate the complexity of the singular locus of the variety by using
this linear system, supplementary errors will occur in the procedure of differential and
also in that of taking determinant.

In this article, we shall use the point of view of Cayley form. This approach is
inspired by [@, E] The construction of Cayley form is quite similar to that of
Chow form. The only difference is that, in the construction of Chow form, we use
Stiefel coordinates; while in that of Cayley form, we use Pliicker coordinates.

In the following, we recall the definition of Chow form and Cayley form, the
calculation of their heights, and the estimation of the complexity of the singular
locus of a variety by using its Cayley form. In the rest of this section, let n € N,

F =
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and € be a Hermitian vector bundle of rank n + 1. Denote by £ the invertible sheaf
Op(g)(1) equipped with the Fubini-Study metrics. By sub-variety of P(€x) we mean
a closed integral subscheme of P(Ek ).

3.1. Chow form and Cayley form. — Let W be the product P(£x) x P(E))4+?
and T' be the incident subvariety of W which classifies all points (£, ug, - -+ ,uq) such
that £(ug) = -+ = &(ug) = 0. Denote by p: W — P(Ek) and ¢ : W — P(E),)?F! the
two projections.

Proposition 3.1. — Let X C P(Ek) be a subvariety. Then the set-theoretical inter-
section TNp~Y(X) is irreducible. Furthermore, if we consider TNp~1(X) as a reduced
subvariety of W, then the scheme-theoretical image q(I' N p~1(X)) is a hypersurface
of multi-degree (9,--- ,9).

Remark 3.2. — See [@] for an algebraic proof of this result in its generalized form,
see [ﬂ, §4.3] for a geometric proof.

The hypersurface in Proposition @ corresponds to a subspace of rank one of
S9(£))®l4+D) whose saturation in S°(£Y)®(4+1) determines a Hermitian line subbun-
dle Dy of SO(E")®(@+D), The generic fibre x  is called the Chow form of X. The
Philippon height of the arithmetic variety X is defined as hpy(X) := —7i(®x).

Let s : &Y — &k (0 < i < d) be generic antisymmetric homomorphisms and
¢ be a generic element in &Y. The expression <I>X7K(s(0)§, e ,s(d)f) represents a
multihomogeneous polynomial of degree § in each s(¥) and of degree (d+ 1)§ in €. By
specifying s(9), one obtains a linear system .J x,k of homogeneous polynomials of degree
(d+4 1) on &Y. The heights of these equations can be estimated by the Philippon
height of X. The linear system Jx i defines a subscheme X of P(Ek) containing X.
By [@, Lemma 11], it coincides with X on an open subscheme containing the regular
subscheme X,¢,. Furthermore, )Z'red = X. However, in general the homogeneous ideal
generated by Jx i is not saturated with respect to the maximal homogeneous ideal
EBn>1 S"Ek. For example, in the case where X is a hypersurface of degree ¢ defined
by a homogeneous polynomial F', one has Jx x = F - SodE .

In the following, we introduce a variant of the Chow form, called the Cayley form
of X. The advantage of the Cayley form is that we can construct from it a system of
generators of X which are of degree §.

Recall that in the construction of the Chow form, one has actually used the
Stiefel coordinates of the Grassmannian. If we use Pliiker coordinates instead, the
same procedure leads to the so-called Cayley form. Let G = Gr(d + 1,E)/) be the
Grassmannian which classifies all quotients of rank d + 1 of £ (or equivalently, all
subspaces of rank d + 1 of £x). Denote by I' the incident subvariety of P(x) x G
which classifies all points (£, U) such that £(U) = 0 (here we consider U as a subspace
of £k). Let p/ : P(Ex) x G — P(€k) and ¢ : P(€x) x G — G be the two projections.

Proposition 3.3 (see 7] §3.2.B). — Let X C P(Ex) be a subvariety of dimen-
sion d and of degree 5. The set-theoretical intersection T N p'_l(X) is irreducible.
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Furthermore, if we consider T ﬁp'_l(X) as a reduced subvariety of W', the scheme-
theoretical image ¢ (I" Np'~ (X)) is a hypersurface of degree § of G.

Proof. — The incident variety I is a fibration on P(€k) in Grassmannian varieties.
Since X is irreducible, also is I’ N p/ ™' (X) = P'|5t(X). Denote by Y =TV np'~H(X),
considered as a subvariety of I'V. The projection ¢’ being proper, the image Z = ¢/(Y)
is a closed integral subscheme of G. Let &€ = Spec K’ be a geometric generic point of
Z, which corresponds to a subspace V' of rank d + 1 of £x. The fibre Y coincides
with the subscheme of X defined by vanishing on V. Note that the dimension of
Xg is d. So ¢’ maps Y birationally to Z and hence dim Z = dimY = dim G — 1.

To calculate the degree of Z in G, we consider the following equality of cycle classes

[Z] = (¢'I0)« (0 [0)*[X] = 6(¢ )« (P 1) *[U],
where U is the projective space associated to an arbitrary quotient space of rank d+ 1

of Ex. Note that (¢'|r/)«(p'|r/)*[U] is just the first Schubert class in the Grassmannian
G (see [25, §14.7]). Therefore the degree of Z is 4. O

By Pliicker’s morphism G — P(AYT'EY), the coordinate algebra B(G) =
Do>o Bp(G) of G is a homogeneous quotient algebra of Do=o SP(AIFLEY). To
explain the role played by the Pliicker coordinates, we consider the following con-
struction. Denote by 6 : £ ® (A4T1€x) — A9Ex the substraction homomorphism
which sends £ ® (xg A -+ A zg) to

d
Z(—l)ig(xi),fo N NTi—1 NZigp1 N - N2g.
=0
Let T' be the subvariety of P(€x) x P(A“t1EY,) which classifies the points (€, ) such
that 0(é®@a) = 0. Let p : P(Ex ) x P(AYTLIEY) — P(E) and G : P(Ex) x P(ATHLEY) —
P(AYTLEY) be the two projections.

Proposition 3.4. — Let X C P(Ek) be a subvariety of dimension d and of degree
0. The set-theoretical intersection fﬂﬁ_l(X) is irreducible. Moreover, if we consider
TN~ 1(X) as a reduced subvariety of P(Ex ) x P(ALEY.), then the scheme-theoretical
image G(T Np~Y(X)) is a hypersurface of degree § of P(AHLEY).

Denote by Wx i the one-dimensional subspace of S?(A4T1€).) which defines the
hypersurface in Proposition @ We call it the Cayley form of X. The saturation
of Ux g in SO(A?H1E), quipped with induces metrics, is called the Cayley form of
X. Note that the incident variety I" of P(€x) x G is just the intersection of I' with
P(Ex) x G (embedded in P(Ex) x P(ATEY) via the Pliicker morphism).

The relationship between the Pliicker and the Stiefel coordinates (see [@, p.101]
for details) leads to the following observation. Let 1x be a representing element of
U x rc, considered as a homogeneous polynomial of degree § on A*1€Y. Then the
multihomogeneous polynomial ¢x of multidegree (4, -+ ,d) defined as

d+1 copies
¢X(x07"' 7:Ed) = ’Q/JX(ZCO/\"-/\,Td)
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represents the Chow form ®x g of X. This phenomenon can also be interpreted
in the following way. Let 75 : S°(A9T1EY) — S°(£))®(@+D) be the homomorphism
which sends Hle Zio N ANxjq to

1\ d
(17) (m) Z sgn(o1) - - -sgn(os) gxl,ol(j) T 05 (5)-

(011”' 105)€6§+1

Then ®x g is just the image of Ux g under the homomorphism 7. Note that the
direct sum of 75 is a homomorphism of algebras

py @86(Ad+181\é) N @St5((c;}\é)®(d-i—l)7
SeN 5eN
which corresponds to the natural rational morphism P(E) )4t — P(A91£Y) which

sends a general point (xq, - ,x4) € SI(gH) to g A -+ A xq. From the construction
above, we obtain the following relation on the slopes of the Chow form and the Cayley
form.

Corollary 3.5. — One has

(18) ATx) = AEx) + 2 log(d + 1)

We construct a system of generators of X from Vx g. Choose a representative
element ¢ x in ¥y i and consider it as a homogeneous polynomial of degree J on

ATIEY. Let 2,90, ,ya be generic elements in £x and let £ be a generic element
in &Y. Forany i =0,1---,d, let z; = &(x)y; — &(yi)x. As
Z0 ARERWAN-#]

d
=@M yo A Aya— Y 6@ WY A Ayt AT AYiga A Aya
1=0

d
zﬁ(x)d(é(a:)yo/\m/\yd—Zﬂyi)yo/\~~/\yi,1 /\I/\yiﬂ/\"'/\yd),

i=0
we obtain
Vx, k(20 A Aza) = E(2) M i (5(56)3/0 N ANyq
d
=D Wy A Ayica AT Ayina /\---/\yd>.
i=0

By specifying x,yo, - ,ya in
d
¢X,K(§($)yo/\"'/\yd—Z§(yz‘)yo/\"'/\yi—1 AT A Yit1 /\"'/\yd)7
=0

we obtain a linear system Iy g of polynomials of degree § on &), which also defines
the subscheme X of P(Ek). In fact, a generic antisymmetic homomorphism £} — Ex
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acting on a generic element £ in £}/ can be written as a linear combination over K of
elements of the form £(z)y — £(y)x, where x and y are generic elements in k.

Let Tx be the saturated Hermitian vector subbundle of S°€ whose generic fibre
coincides with Ix . We are interested in estimating the complexity of I x, for which
we need the following tensoriel construction of Ix.

Consider the Og-linear homomorphism £ ® E2(4+1) @ &Y — A€ sending = @
Yo R - Qyg®E& to

d
§($)yo/\m/\yd—Z&(yi)yo/\~-/\yi71 NTNYigr N NYds
=0

which induces a homomorphism
(19) (&) @T(E)2UHD O (EY) — I (ATH1E),

where for any projective Ox-module of finite type F, T9(F) is the sub-Og-module
of F® consisting of all elements which are invariant by the action of the symmetric
group &,4. By the canonical isomorphism I (F)Y = S%(FV), we obtain from ([[9) a
homomorphism

Sé(Ad-i-l(c/’\/) _ 56(5\/) ® Sé(g\/)@(d-i—l) ® 55(5)
by duality. Denote by fx the composed homomorphism
Uy 5 Sé(Ad—i-lg\/) N 55(5\/) ® 55(5V)®(d+1) ® 56(5) ,

where U x is the submodule of S°(A9+1€Y) corresponding to the Cayley form. Then
Tx is just the saturation of the image (see page [ for definition) of fx(¥y) (with
induced metrics) in S°(E).

Proposition 3.6. — With the above notation, the following inequality holds:
(20) imin(Ix) = —hpn(X) — C1,
where the constant C, = C1(€,d, ) is defined as
— 1 —

Cy = (d+ 2)fimax(S°E ")) + 5(d +2) log k(7€) + o2 (T9())
(21)

)
+ 3 log ((d+2)(n — d)).

Proof. — By Proposition P.] and Lemma 2), the slope of fx(¥(®x)) can be
estimated as follows:

AT (T50)) > @) — h(fx) > iTx) ~ Slog ((d +2)!- (n — d)).
By ([l), this implies

(22) AT Tx) > ~hen(X) — 3 log ((d+ 2)(n — d)),
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where we reminder that the Philippon height hpy(X) is defined as —fi(®x). By
Proposition @ (see also Remark E), we obtain
-— v

fimin(Tx) = 1i(fx (Wx)) — (d + 2)fimax(S° (€ "))

(23) d+2 Y 1 §
— o (&) — 5 (d+2)logrk(S°€).

Combining (RF) with (J), one obtains (R0). O

Remark 3.7. — By [B] (see also [Bd, R6]), one obtains ﬁmaX(S‘;(?v)) <z 6. Fur-
thermore, one has o(?+2)/(I'%(€)) < logrk(S°E) < §log(n + 1). Therefore, Cy <gq0.

3.2. Complexity of the singular locus. — In the previous subsection, we have
constructed explictely a linear systeme Ix g which defines a subscheme X of P(Ek)
containing X. Since Xeed = X (see , ?7]), we obtain )N(reg C Xieg, Where )N(reg
and X, are respectively the open subschemes of all regular points of X and of X.
Moreover, since X coincides with X on a dense open subset (loc. cit.), )Z'reg is a dense
open subscheme of X. Using Jacobian criterion, we shall construct from I'x x a linear
system defining the singular locus )N(sing of X , which contains Xgi,g, the singular locus
of X. Before discussing the complexity of X , we treat a slightly general case where
we consider a Hermitian subbundle of certain symmetric power of £ and estimate the
complexity of linear systems constructed from minors of its Jacobian matrix.

For any integer a > 1, denote by D, : S?6 — £ ® S% 1€ the homomorphism of
derivation which sends @1 -+ x4 to > ¢ 2 ® (21 Zi—12Zi41 - - - T ). Suppose that T
is a Hermitian subbundle of S%E and that r is an integer such that » > 1. We denote

by ggr) the following composed homomorphism

®r

D
I®r R Sa(g)@r L 9T » Sa71(5)®r > ATE ® S(a—l)r(g) ,

where the last arrow is induced by canonical homomorphisms £®¥” — A"E and
Se—1(£)®r — §la=rg Let F(Ir) be the image of gy), equipped with induced metrics.

Denote by T the image of FY) in §la—Lrg.

Theorem 3.8. — With the above notation, the following inequality holds:
(24) inin (1) = 17iin(T) = Ca,

where the constant Cy = Co(E,7,a) is defined as

(25) fimax (ATE) + g log tk(S°E) + log tk(A™E) + log V7! + rlog a.

Proof. — By Lemma [A.] 3) and 4), the height of gy) is bounded from above by
log v/r! + rlog a. Therefore, Proposition EI 2) shows that

(26) Limin (F(IT)) > fmin (T®T) —log Vrl—r log a = Timin(1)— 0" (TV)—log Vrl—r loga
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where FY) is the image of gy), equipped with induced metrics. Note that (see ([))
o(I") < 5 log(rk ) < 5 log(rk S°€).
By Proposition @, one has
O ") > fin(FY) ~ e (A7E) — o(AE" ) — Llog(rk A"E).
Therefore the required estimation follows from (P6)), (27) and the inequality
o(AEY FV) < %log(rk ATE).
(]

Remark 3.9. — 1) One has Cy(&,r,a) <Lg, G-

2) When € is a direct sum of Hermitian line bundles, the term Q(ATEV, FY)) vanishes.
Hence we can choose C5 to be

~ = 1
fimax (A"E) + g log rk(5°€) + 5 log tk(A"€) + log V7! + rloga.
3) If Bost’s conjecture is true, then we can choose
= 1
Cy = limax(A"E) + 3 logrk(A7E) 4 log Vr! + rloga.

We apply Theorem @ on Ix C S°€ and on r = n — d. Using the estimation (@),
we obtain the following result:

Theorem 3.10. — Let X C P(Ek) be a subvariety of dimension d and of degree
8. Denote by 2 the Zariski closure of X in P(E). There exists a Hermitian vector
subbundle M of SO—D"=AE satisfying

(28) fimin (M) = —(n — d)hpy(X) — Cs

and such that the subscheme of P(E) defined by vanishing of M contains the singular
loci of fibres of 2 but not the generic point of 2", where the constant Cs = C3(€,d, 9)
1s defined as
(n — d)01 (?, d, 5) + OQ(E, n—d, 5)

Furthermore, one has C3(€,d,d) <g 40

Proof. — We take M = 7?7@, where Tx is defined in page [i4. Let X be the
subvariety of P(€k) defined by vanishing of Iy x and 2 be its Zariski closure in P(E)
(which is defined by vanishing of Ix since Ix is saturated). By Jacobian criterion,
the subscheme of P(€) defined by vanishing of M coincides with the locus of singular

points of fibres of 2", which contains the locus of singular points of fibres of Z". The
inequality (Rg) is a consequence of (R4) and (B(). The last assertion results from
Remarks and B 1). O
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4. Estimations of Hilbert-Samuel functions

In this section, we discuss the estimations of the geometric and arithmetic Hilbert-
Samuel functions. We fix in this section a Hermitian vector bundle & of rank n + 1
over Spec Ok and a subvariety X C P(€x) which is of dimension d > 1 and of degree
4. Denote by 2" the Zariski closure of X in P(£). Let £ = Op(¢)(1) be the universal
line bundle. We equip it with the Fubini-Study metrics and then obtain a Hermitian
line bundle £ on P(£). For any integer D > 1, let Ep := H°(P(E), L®P) and r(D)
be its rank; let Fp be the saturation of the image of Ep in H(Z, £|57) by the
homomorphism of restriction of sections and let r1 (D) := rk Fp.

4.1. Estimations of the geometric Hilbert-Samuel function. — In this sec-
tion, we recall several known results on explicit estimations of the geometric Hilbert-
Samuel function. Let X C P(Ek) be a closed subvariety of dimension d and of degree
0. The (geometric) Hilbert-Samuel function of X is by definition the function on N,
which sends D € N, to the rank of H°(X, £|$”). By the asymptotic Riemann-Roch
theorem, one has the following relation

)
rkH%A;c@D)zzﬁDd+chd*)
However, here our concern is to obtain the upper and lower bounds of this quantity
which hold for any D in N, except an explicit finite subset. In this direction there is
a result of Kollar and Matsusaka [@] which asserts that when X is normal, one has
) Kx - L|%"
i 1O(x, £]2P) — O pt 4 Fx Ll )

Dd—l < C - Dd—2
dl 2(d—1)! !

where C'is an explicitly computable constant depending only on ¢ and (K - £|§{1),
Kx being the dualizing line bundle of X. However, here we need the estimations
independent of the dualizing sheaf (but asymptotically less precise than the estimation
of Kollar and Matsusaka). For the upper bound, we refer to the following result of

Chardin [[L§] (see also [3}, ).

Proposition 4.1. — For any integer D > 1, one has
D+d-1 D+d-1
(29) ﬁH%&Q%ﬂg% +d )+( ;1 )

The proof relies on the generic hyperplane intersection of X and proceed by
induction on the dimension d. For details see @, §1.2].

Remark 4.2. — Chardin has actually proved the following upper bound for the

function r(D):
D+d
(30) VD >1, rl(D)—rkFD§5< ;— )

As for the lower bound of rtk HO(X, £|$P), the following is an elementary result,
which can be found in the book of Kollér [B4].
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Proposition 4.3. — For any integer D > J, one has

]
rk HO(X, £|$P) > (D +1- §)<.
The proof consists of projecting generically X to a hypersurface of degree ¢, which
we refer to [B4, p. 92].
In , Sombra has proved the following (optimal) lower bound for the function
r1(D), which holds for all D.

Proposition 4.4. — For any integer D > 1, one has

D+d+1 D—6+d+1
(31) Tl(D)>< d+1 )_< d+1 )

4.2. Lower bound of the arithmetic Hilbert-Samuel function. — In this sub-
section, we reformulate a result of David and Philippon [ on an explicit lower bound
of the arithmetic Hilbert-Samuel function in the framework of the slope method. Note
that their argument relies on the higher Chow forms introduced by Philippon [B7].
We begin by a reminder on it.

Let m > 1 be an integer. Denote by W, the product variety P(Ex) x
P(S™(Ex)V ). Let I, C W, be the incidence subvariety classifying all points
(e, ug, -+ ,uq) such that a®™(ug) = ---a®"™(ug) = 0, where we have considered a
quotient of rank one of S™(Ek)Y as a subspace of rank one of S™(Ek). Denote by
Pt Wi — P(Ex) and gy, : Wy, — P(S™(£)4))4! the two projections.

The following proposition asserts the existence of the higher Chow forms, which
generalizes Proposition Ell This result has also been proved in [@] See ] for a
geometric proof.

Proposition 4.5. — Let X C P(Ex) be a subvariety. Then the set-theoretical in-
tersection Ty, N p,,1(X) is irreducible. Furthermore, if we consider T'y, N p,t(X) as
a reduced subvariety of W, then the scheme-theoretical image Gm (T N pt(X)) is a
hypersurface of multi-degree (dm?,---  dm?).

[m]

Denote by @y the Hermitian line subbundle of S sm (S™(&)V)®d+1) correspond-

ing to the hypersurface in Proposition @ By definition, one has ®x = ® ; .
We recall a result in [[f] (Theorem 4.3.2) where the Arakelov degree of higher Chow

form 5[;] is computed by using the Philippon height.
Proposition 4.6. — The following equality holds:
(32) AR = m™ (@),

In order to obtain an effective estimation of the arithmetic Hilbert-Samuel function,

we need the following algebraic construction of @E;(n] given by Philippon in [@]
Denote by A the symmetric algebra Symg,, (£). The algebra A identifies with
B p=o H(P(E), LZP). For any integer m > 1, define

(33) OR" := Syme, (5™ () @)
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(34) Al o= Syme, (€ @ S™(£)YOH) = Sym i (0K @0, €).

As a symmetric algebra, the Og-algebra (9[}?] is naturally graded. We equip Al™
with the grading which is induced from that of A, or equivalently the natural grading
corresponding to the symmetric O[Igl]-algebra structure of Sym ,m ((’)[;(n] ®og ).

For i € {0,1,---,d}, let tr; be the image of the trace element of S™(E) @ S™(E)Y
in A" via the (i + 1)™ component of S™(&)V®(@+1) Tt is a homogeneous element of
degree m in Al™l. Recall that the trace element corresponds to Id : S™(€) — S™(&)
through the natural isomorphism S™(&) @ S™(€)Y = Homoe, (S™(E),S™(£)). Let
J be the kernel of the restriction homomorphism 4 — @p, HO(2,L%P). Ttis a
homogeneous ideal of A. Denote by

(35) giml = Almly 4 Almlerg 4o Ay,
It is a homogeneous ideal of Al™.

Proposition 4.7. — 1) The ideal

ety .= | J (ot otm AD)
D>0

of OEZL] is principal, and is generated by @g?].
2) Assume that D > (n —d)(d — 1) + 1. Then for any integer m > 1, one has

(gt olm) Apym(d+1)-a) # 0.

See [B7, Proposition 1.5] for the proof of 1), [, Proposition 4.2] for that of 2),
see also loc. cit. page 528.

By using Proposition @, we obtain the following lower bound of the arithmetic
Hilbert-Samuel function, which reformulates [@, Proposition 4.10] in the language of
the slope theory.

Theorem 4.8. — Let X C P(Ek) be a closed subvariety of dimension d and of degree
8, 2 be the Zariski closure of X in P(E). For any integer D > 1 let Ap = SPE and
let Ip be the kernel of the restriction homomorphism Ap — HO(2", L®P). Then, for
any integer D > (n —d)(6 — 1) + 1, one has

(D—(n—d)(6—1)—2)
(d + 1)d+1 I‘k(AD/jD)

d+1
w(Ap/Jp) = —

(@) + 6(d + 1finin(©)]
(36) _y
oPrk(Ap/Ip)) )

tk(Ap/Tp)

Proof. — Let m € N, be a parameter which will be chosen in the end of the proof.
Let (9[;("], Al™ and 307 be as in (B]), (B4) and (BT) respectively. For any integer
D>1, A%n] is a free O[Igl]-module of rank (D :”) The D' homogeneous component

1 o
— EDlog(n + 1)+ Diimin(€) —

j[lgn] of 3™ can be considered as a sub-(’)[;(n]—module of A%n}. By definition, one has
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Consider M][:,m] = Aé )”[m] It is a sub- (9[ _module of

(37) AUx )A[m]NO ®0, det(Ap),

o[m
so it determines an ideal of O[m] by twisting the module by det(A D) . Note that here
det(AD) is defined as A]rk (4p) A . Let I =JIp D Ap_mtro® --- ® Ap_mmtrg. One
has M O[m] ®o A( )I[ ™| By proposition LA2),ifD>n—-d)(0—1)+1+

m(d+ 1) — d (which we always assume in the rest of the proof), then M j[jm] # 0, and
hence the canonical image of

detTp @ Ay PP (Ap_trg @ - © Ap_mtra)
in Ag‘ ;?D I gn I'is non-zero. By definition of the Chow form, the canonical homomor-
phism
det(Ap)" @det(Ip) @A PP (Ap_tro®- @ Ap_ptrg) — STEAP/TD) (57(E)Y)
factories through

d
‘I)[;(n] ® @ ®Sm(5)\/®ij7

7;0"l"""l‘id:"‘D,771 7=0
where 7p m = 1k(Ap/Ip) — 6(d + 1)m?. Hence the slope inequality implies
~1k(Ap/3p) - A(Ap/Tp) + Fmin(AGL 272 (@AR))
(38) —m d _
< ,a(q)[x]) + max ﬁmaX(®Sm((€)v®1j)a
j=0

io+-+Hia=rp, m

where Ap is equipped with symmetric product metrics.
By Proposition .1 2) and Lemma [A.1] 4), one obtains

~ tk(Ap/3p) ~®(d+1)
,Umin(A(;{I(( /j )(ADfm ))
-~ —@(d T 1 ~ ~
(39) > fmin((ApS,)HAP/I0) — S 1k(Ap /I p) logltk(Ap/Ip))
~ —®rk(Ap/J ~ ~
= finin (A5 5AP72)y 2 3k(Ap /3p) log(tk(Ap /ID))-

Note that Ap_,, is a quotient of %P7 Hence
—®rk AD/:]D) ®(D7m)rk(AD/§D)

(40) Fimin(Ap_ ) = fimin(€ )

> 1k(Ap/Ip)(D — m)fimin(€) — oP~m1(A/I0) (EY),
Furthermore, if 4g, - - - , %4 are positive integers such that ig + -+ 4+ iq = rp m, then
v (@) (@)
41

< _Hmin(“:@mTD’m) < _mTD,m,umin(E) + Q(mTD’m)(EV)’
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where we reminder that rp ., := rk(Ap/Jp) — 6(d + 1)m?.
Combining the inequalities (B), (B9), (i) and (i), we obtain

~=[m]
T @ 1 ~ =
i(p/30) > ~ PO ) Do (40 /30)) + D (8)
(42) I‘k(AD/,JD) 2
mitl _ _ p(Drk(Ap/Ip)) (g
_6(d+1)7f.ﬂmm(‘g)_ ~ )
I‘k(AD/,JD) I‘k(AD/JD)
where we have applied ({f) and used the fact that (o™ (?v))n>1 is an increasing

[m]

sequence. Since [i(®y ') = mét1[i(®x) and since tk(Ap/Ip) < 1k(Ap) < (n + 1),
we obtain
R mdt+1 o . _
(A0 /30) > — = [A@x) + 8(d + Dfimin(®)]
(43) tk(Ap/Tp)
1D1 1+ Do = Q(Drk(AD/jD))(Ev)

- 5 Og(n + )+ Nmin( ) - I‘k(AD/jD)
Since the inequality (1) is verified for any m satisfying D > (n — d)(6 — 1) + 1 +
m(d + 1) — d. Thus we obtain the theorem by taking

D= -D-1+d| _ D-(n-d)d-1) -2
m_{ d+1 J/ d+1 '

O

Remark 4.9. — As an Og-module, Ap is isomorphic to Ep. However, the sym-
metric product metrics on Ap differ from those of Ep (see §@, notably Remark
@) Thus, if we equip Fp with quotient metric of those of Ep, then for any integer
D > (n—d)(6 — 1)+ 1, one has

_ (D—(n—d)s—1)—2)"""

" A(F) >~y () = 8+ Dfinin )]
. oPA/In) (EY
— Dlog(n+ 1) 4+ Diimin(€) — K(Ap30)

where we have used the estimation rk(Ep) < (n + 1)P. Recall the following explicit
estimations of the rank of Fp by functions on D, ¢, and d (see Remark @)

D+d

rk(Fp) < 5( .

g d
) < E(D +d)~.
Combining ([4), we obtain that the following inquality holds for any integer D such
that D > (n —d)(6 — 1) + 2.

(45) %ﬁ(FD) > Ca(D, d, ) [hen(X) = 8(d + Dfimin(E)] — C5(n,E),



22 HUAYI CHEN

where the constants C4 and Cs are defined as

o D—(n—d)(0—1)—2y&H!
(46) Cy(D,d, ) = 6(d +1)d+1 ( D+d )
4 Cs(n,E) =1 T p(PrE(An/30)) ()
(47) 5(n,8) =log(n +1) = fimin(8) = = s

)

Note that Cy(D,d,d) > d!/§(2d + 2)¥+! once D > 2(n —d)(6 — 1) + d + 4.
4.3. Upper bound of the arithmetic Hilbert-Samuel function. — We show
that a variant of Proposition@ permits to obtain an upper bound of the (normalized)
arithmetic Hilbert-Samuel function 7i(Fp). We actually find an explicit upper bound
of Jimax(F p) which holds for any D > 1. Let us begin by a reminder on the essential
minimum.

Denote by K an algebraic closure of K. Let X be a subvariety of P(€x). The
essential minimum of X (relatively to the Hermitian line bundle £) is by definition

Less(X) :=  sup inf_ h(P).
PAUCX PeU(K)
U open in X

By [, Lemma 6.5], the essential minimum fiess(X) is finite, and one has the following
estimation

(48) fless (X) <
where hz(X) is the Arakelov height of X with respect to L, and § is the degree of X .

Theorem 4.10. — For any integer D > 1, one has
= ~ 1
(49) Pmax(F D) < Diless(X) + 3 logr (D).

Proof. — Let t be a real number such that ¢ > [iess(X). Denote by B; the class of
algebraic points P of X such that h;(P) <t. Let ¢p be the evaluation map
* D
FD,? — @ P L% .
PeB,

By definition, the family B; is Zariski dense in X, so ¢p is injective. Therefore, there
exists a subset By p of B; such that the composition homomorphism ¢ p := prg, , ovp
is an isomorphism, where

e, @ P @ P
PeB PeBy,p
is the canonical projection. The slope inequality (see Proposition @) implies that
ﬁmax(FD) < Dt + h(de)

Note that h(¢p) < 3logri(D). Since t > fiess(X) is arbitrary, we obtain the
assertion. (|
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Remark 4.11. — The inequality (@)7 combined with the estimations (@) and the
trivial estimation 71 (D) < (n + 1)P, gives an explicit upper bound for fimax(F p) in
terms of the degree, the dimension and the Arakelov height of X :

hz(X)
1)

By the comparison of the Arakelov height and the Philippon height (see for example
[A, Theorem 4.3.8]), on obtains

— D
(50) VD21,  fimax(Fp) < D+ 7 log(n +1).

— hpn (X
vD = 17 //Zmax(FD) < %D + Dlog(n+ 1)

Appendix A
Computation of norms of linear operators
In this subsection, we compute the norms of several operators acting on several
tensor powers of a Hermitian vector space. These computations have been useful in

the application of the slope inequalities, notably in the estimation of the heights of
K-linear homomorphisms.

Lemma A.1. — Let m € N and V be a Hermitian space of dimension m.

1) The canonical homomorphism a: V @ VY — C has norm /m.
2) For any d € {0,---,m — 1}, denote by By : V @ VD) @ VV — ALY the
homomorphism which sends t Q@ yo R -+ R Yyq V€ to

d
E@yo A Aya— > EWYo A+ Ayia AT AYiza A+ Aya.
=0

Then the norm of Bq is v/(d+2)!(m —d — 1).
3) For any integer a such that a > 1, denote by D, : S*V — V @ SV the
homomorphism which sends v --- v, to

a
Z'Ui @ (V1 -+ Vim1Vig1 -+ - Va)-
i=1

Then the norm of D is a.
4) Letr be an integer such that 1 <r < m. Denote by vy, : VO™ — A"V the canonical
homomorphism. The the norm of ~, is V/r!.

Proof. — Let (e;)!™; be an orthonormal basis of V and let (e;)™ be its dual basis,
which is an orthonormal basis of VV.

1) The homomorphism « sends Z Aije; @ e}/ to Z Aii. Hence [laf| = v/m.

1<i,j<m i=1
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2) Note that (34 sends Z Aijkei @ €j, ® - D ej, @ ey to
ik

d
Z)‘”k( ik€jo N\ ./\ejd_25‘0‘]@6]‘0/\.'./\6]‘0,—1/\ei/\eja+1/\.'./\ejd)’
1,5,k

where j stands for (Jos -+ yja), and dap = 1 if @ = 3 and dog = O else. Let

ug, -+ ,uq be integers such that 1 < up < -+ < ug < m and u = (ug,- -+ ,uq).
The symmetric group G441 acts on {1,---,m}%*! by permuting the components.
In other words, o € Ggy41 sends (vo,- - ,vq) to (Vo(0), "+ ,Vo(a)). Denote by sgn :

G441 — {£1} the sign function. If we write (F])) as a linear combination in the basis
(€wg AN+ A €y )1gvg<--<vg<m, then the coefficient of e,y A+ A ey, is

(52)

Z ngn(a i,0(u),i Z Z ngn ug(a),a'(avk)(g),k

0E€G 4 i=1 a= 0066d+1k 1
E E sgn( z o(u),t — E E E Sgn ua(a),a(axk)(g),ka
€S 41 ) 1<i<m a=00€6 441 1<kSm
1#Ug(0) " U (d) k?’fuo(a)
k _
where o(®F)(y) = (U (0)s " 5 Ug(a—1) Ky Ug(at1)s "+ » U(e(d))). 1f a and b are two

integers such that 0 < a # b < d, and if 0 € G441, we denote by o4 € Ggi1
such that o,4(c) = o(c) for any ¢ € {0,---,d} \ {a,b} and that o,(a) = o(b),
oap(b) = o(a). Note that, with this notation, the equality

)\“n(a)vg(a’k)(ﬁ)vk = Uoy (b)) o’ai) (u) k

holds provided that k& = uq (). Moreover, one has sgn(c) = —sgn(oqa,,). Therefore,
the formula (5J) may be simplified as

Z Z sgn(o) Z Z Z SE1(0) Au, ) k) () -

0G4 1<is<m a=00€6 441 1<k<m
17 Ug(0) """ s Uo (d) k?éun(o)v“ o (d)

Hence the norm of 8y is equal to /(d + 2)!(m —d — 1).

3) For any J = (J))2, € N™, let |J| = J1 + -+ + Jp, J! = Ji!---Jy! and
e/ =ef - edm € SUIH. Then (¢7)|7)=q is an orthogonal base of S*V. Note that
the norm of e’ is y/J!/a!. For any integer [ = 1,---,m, let oy be the element in N™
whose ['" coordinate is 1 and whose other coordinates are zero. If z = Z AJIGJ, is

J'|=a
an element of S*V | the homomorphism D, sends z to !

Z /\J'ZJ161®6 o = Z Z(Jl+1)/\1+a<l>el®6J,

[J/|=a |J|=a—1I=1
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where we have used the convention e’ = 0 if J & N™. Therefore

(J + a®)!
[ Da()[|* = Z Z (Ji +1)° J+a(l) ' Z Z (Ji+1)A a(l)m

|J]=a—11=1 |J|=a—1I=1

JN m

=a » X\, o > Il =d?|z|*.
|J’|=a =1

Hence the norm of D, is a.

4) The homomorphism v, sends >, Aie;; ®- - ®@e;, to 2; Aieiy, A+ -+ Ae;,, where i =
(i1, -+ ,4r) € {1,--+- ,m}". The symmetric group &, acts on {1,---,m}" such that
o € &, sends (i1, ,ir) t0 (ig(1), " ,io(r)). With this notation, Ei Ai€iy N Aey,
is simplified as

> ( 3 Sgn(a))\g(z-)>eil Ao A

1< < <ip<m N o€G,

As (e;;, N+ N €i)igip< <ir<m IS an orthonormal basis of A"V, we obtain that

[yl —\/#6r=\/ﬁ. O
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