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Abstract — This paper concerns the development of simulation tools
dedicated to Eddy Current Non Destructive Testing (ECNDT) on pla-
nar structures implying planar defects. Two integral approaches us-
ing the Green dyadic formalism are considered. The Surface Integral
Model (SIM) is dedicated to ideal cracks, whereas the Volume Integral
Method (VIM) is adapted to general volumetric defects. We observed
that SIM provides satisfactory results, except in some critical Transmit-
ting / Receiving (T/R) configurations. This led us to propose a hybrid
method based on the combination of the two previous ones.

I. INTRODUCTION

Eddy Current (EC) interactions with planar defects, i.e. de-
fects which have an opening width much smaller than the
length of the flaw, have been studied by many authors in the
last two decades. A useful approach consists in an idealiza-
tion of such defects through the definition of an ideal thin
crack: Assuming that the thickness tends toward zero, the
thin crack acts as an impenetrable barrier to the electric cur-
rent [1]. In the case of a transverse planar flaw, the spatial
variable x along the thickness of the flaw disappears, and
the flaw is represented by a current surface dipole density,
referred to as p(y, z), which is a scalar quantity depending
on two spatial variables corresponding to the dimensions of
the surface of the ideal flaw. The surface dipole density is
solution of an integral equation on the surface of the crack,
wich involves an hypersingular kernel when it is evaluated
in the spatial domain [2, 3]. In an alternative way the kernel
can be evaluated in the spectral domain [4], and the use of a
global approximation of p(y, z)may overcome some numer-
ical difficulties coming from specific boundary conditions to
be satisfied by p(y, z) [5]. This numerical approach leads to
the implementation of a fast numerical model [6] which can
advantageously be integrated in an iterative procedure for
probe design or for performing some parametric studies [7].

While testing this model on some T/R configurations, we
nevertheless noticed unsuitable results. This led us to com-
pare them to results yielded by the VIM, whose efficiency
had already been demonstrated for a great number of NDT
configurations [8, 9].

In a first part, this paper gives a review of SIM and VIM,
and a third model is proposed, set up thanks to a combina-
tion of SIM and VIM. In a second part, we carry out experi-
ments on T/R probes to evaluate the respective performances
of each model, regarding the accuracy of results as well as
the computational time and the computational load required.

II. DESCRIPTION OF THE MODELS

Let us consider a conducting non-magnetic slab of conduc-
tivity σ0. It is tested with an air-core probe functioning either
in absolute or in Transmitting / Receiving (T/R) mode, and
featuring respectively one or several coils. We operate in a
time-harmonic regime, with an excitation assumed to vary

in time as the real part of exp(−iωt). The driving current in
the transmitting coil (respectively in the receiving coil) has
a magnitude of IT (respectively IR) and ω stands for the
angular frequency.

A. Surface Integral Model (SIM)

This model is based on the idealization of the perfectly non-
conducting planar flaw, as defined in the introduction. The
ideal crack is represented by an equivalent surface distribu-
tion : the dipole surface density p(rs) defined by [1]:

E
+
t (rs)− E

−

t (rs) = −
1

σ0

∇tp(rs) (1)

where rs = (y, z) is the variable describing the surface of
the flaw, E+

t (rs) and E
−

t (rs) are the tangential components
of E(rs), the electric field in the vicinity of the flaw, on both
sides of the flaw. ∇t is the differential operator once the
normal derivate is removed.

Denoting E
P the primary field due to the emitting part of

the probe, Sf the surface of the flaw, n the unit vector normal
to Sf , µ0 the permeability of the vacuum, the dipole surface
density is determined by solving:

E
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with Gnn(rs|r′s) = n · G(rs|r′s) · n, and G(rs, r

′

s) is the
electric-electric dyadic Green’s function [10].

The probe response is given by [1]:

IT · IR ∆Z = −

∫

Sf

E
R(rs) · n p(rs)drs (3)

where E
R is the electric field which would be due to the

receiving coil assumed to operate in the source mode. The
transmitting and the receiving coils are identical in the case
of an absolute probe, so IT = IR and E

R = E
P , thus re-

trieving the usual formula of impedance [1]. This model has
been experimentally validated [6], and a global decomposi-
tion of p(rs) is used [11] for the case of rectangularly-shaped
flaws, written:
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The approximating functions are defined on the whole sur-
face of the crack, and their explicit formulation, e.g., for a
surface breaking flaw, is:
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where fmy
y and fmz

z are respectively the mth
y and mth

z mode
functions in the y and z direction. b and a respectively stand
for the length of the flaw along the y dimension, and the
depth of the flaw, along the z dimension. Three other def-
initions of the fmz

z functions are obtained by applying the
boundary conditions on the Fourier modes for the three other
types of defects, namely: flaws opening at the bottom of the
plate, embedded cracks, and through-wall cracks [11].

The main advantage of this global approximation is that
it enables to take into account the boundary conditions on
p(rs), namely [5]:

{

p = 0 on embedded edges
∂p
∂z = 0 on surface-breaking edges (5)

This ensures a better accuracy compared to the approxima-
tion based on local functions [11]. Equation (3) reveals on
the one hand that SIM does not take into account all the com-
ponents of the electric primary field E

P (rs), but only the
normal one. On the other hand, it should be pointed out that
the actual volume of the defect is always enforced to zero.
These features could be reasons why we sometimes notice a
lack of accuracy on the results, as it is illustrated in the fol-
lowing. Now we propose to examine the behaviour of the
VIM model in the case of thin cracks.

B. Volumetric Integral Model (VIM)

VIM is a non-dedicated model that provides probe responses
in case of general 3D defects, characterized by a local con-
ductivity of σ(r), with r = (x, y, z) denoting henceforth the
usual 3-D variable. The presence of the defect is taken into
account by considering a volumetric dipole distribution P

given by :
P(r) = (σ(r)− σ0)E(r) (6)

E(r) is determined by solving the following state equation,
where Vd is the volume of the flaw:

E(r) = E
P (r) + iωµ0

∫

Vd

G(r, r′)P(r′)dr′ (7)

According to the reciprocity theorem [12], the probe re-
sponse is given by the following equation:

IT · IR ∆Z = −

∫

Vd

E
R(r) · P(r) dr (8)

with the same remark as previously for the case of an abso-
lute probe.

Different simulation tools based on this numerical ap-
proach are integrated in the CIVA platform [13].

In the case of thin opening flaws, the high variations of
the tangential component of the electric field on both sides
of the flaw require to refine the mesh in the thickness of the
flaw. This leads to an increased computational time and a
large allocation of memory to reach satisfactory accuracy in
some cases.

We propose to build up a hybrid model, taking benefit
from the advantages of each model.

C. Hybrid Model (HybM)

The planar defect is of zero conductivity, and described by a
fictitious volumetric current density P(r) which satisfies:

P(r) = −σ0 · E
T (r) (9)

where r = (x, y, z), E
T (r) is the total electric field due to

the interaction between the primary field E
P (r) and the flaw.

E
T (r) can be approximated by the electric field of the cor-

responding ideal thin crack given by [1]:

E
T (r) = E

P (r) + iωµ0

∫

Sf

G(r, r′s) · n p(r′s)dr′s (10)

The probe response is then given by:

IT · IR ∆Z = σ0

∫

Vd

E
R(r) · ET (r) dr (11)

with again simplifications in the case of an absolute probe. In
equation (11), the normal and tangential components of the
primary field are taken into account, on the whole volume of
the defect Vd. Moreover, equation (10) involves the scalar
dipole density p(rs), fast yielded by SIM, and only three
of the nine components of the G(r, r′) dyad are needed.
It should also be stressed that, in contrast with VIM, this
method does not require any matrix inversion. All these fea-
tures makes HybM in principle faster than VIM, and more
accurate than SIM. A set of validations, presented in the next
section, has been carried out in order to assess HybM perfor-
mances.

III. VALIDATIONS

A. Comparison to experimental data on a first arrangement

We consider a 1.55-mm-thick slab, made of Inconel 600 of
conductivity σ0 = 1.02 MS/m. We study the response of
two surface-breaking flaws, characterized both by a length
of 7 mm, and a width of 0.1 mm. They differ in depth: The
notch denoted by "N1" has a depth of 1.24 mm, i.e. 80%
of the whole thickness of the slab, whereas "N2" denotes a
60% depth notch (0.92 mm).

The probe used is made of two identicals coils, charac-
terized by an inner radius of 1.15 mm, an outer radius of
r = 1.39 mm, a number of turns of 90, a height of 1.2 mm,
and a lift-off of 0.1mm. They operate in a T/R mode and are
separated by a distance of d = 6 mm. The ratio Rr/d =

r
d

in this case equals to Rr/d = 0.23. The frequency of the
driving current in the transmitting coil is 1MHz. The corre-
sponding skin depth is of 0.5 mm.

Fig. 1. Probe in "T/R 1" orienta-
tion

Fig. 2. Probe in "T/R 2" orienta-
tion

The probe is used in two orientations: in the first one,
denoted by "T/R 1", the axis fixed by the center of the two
coils is parallel to the length of the flaw, whereas in the
second orientation, called "T/R 2", the axis is orthogonal to
the length of the flaw, as represented in Fig.1 and Fig.2. Four
curves, representing signals yielded by VIM, HybM, SIM
and then the experimental data, are plotted in each figure.
The number of cells assuming pulse testing functions for the
approximation of P(r) in the Method-of-Moments scheme
is given in parentheses for VIM and HybM, under the



(a) Real part

(b) Imaginary part

Fig. 3. Probe response for "N2" (60%), "T/R 1" orientation

VIM HybM SIM
N1 / "TR1"

Difference with exp 5% 9% 11%
Computational Times 15′ 5′ 1′40

N1 / "TR2"
Difference with exp 16% 4% 17%

Computational Times 9′ 2′ 1′15

TABLE I. INDICATIONS ON THE RESULTS

format (nx x ny x nz). The number of global approximating
functions is given in the same manner for SIM. Signals are
normalized using their own maximum values, obtained on
"N2" notch (60%) in the "T/R 1" orientation. Fig. 3(a) and
3(b) display respectively the real and imaginary parts of the
normalized signals.

In Fig. 4(a) and 4(b) are plotted the real and imaginary
parts of the signals obtained in the case of the "N1" notch
(80%) in the "T/R 1" orientation. Differences on the maxi-
mum magnitude between the signal yielded by each model
and experimental data, as well as the corresponding com-
putational times on a standard PC (Pentium R, 3.20 GHz,
RAM : 512Mo) for a line scanning, are given in Table I. For
a complete cartography involving e.g. 18 lines and 31 rows,
these times become 5 hours, 4 minutes and 2 minutes for
VIM, HybM and SIM, respectively. We conclude to a good
agreement, concerning shapes and magnitudes of the signals,
as well as low computational times for SIM and HybM.

Fig. 5(a) and 5(b) display respectively the real and imag-
inary parts of the signals yielded in considering the "N1"
notch (80%) in the " T/R 2" orientation. It is noteworthy that
the magnitude of the signals are more than 10 times smaller
than those obtained in the previous configuration, and this is
the reason why actual tests are usually not performed with

(a) Real part

(b) Imaginary part

Fig. 4. Probe response for "N1" (80%), "T/R 1" orientation

a probe in this orientation. The difference on the maximum
of the magnitude between the results yielded by each model
and experimental data, as well as computational times, are
given in Table I, too. Moreover, Fig. 5(b) reveals that the
imaginary part of SIM signal largely differs from experi-
ment. These results illustrate the interest of the correction
brought by HybM.

To study more accurately this shape difference, we car-
ried out numerical tests on a configuration for which VIM
results have already been validated, as presented in the next
paragraph.

B. Numerical study on a second arrangement

We now consider a surface breaking flaw with a depth of
0.61 mm, a length of 4 mm, and a thickness of 0.11 mm,
affecting a slab made of Inconel 600 and again 1.55 mm
thick. The operating probe is made of two identical coils
characterized by an inner radius of 1 mm, an outer radius of
r = 1.6 mm, a height of 2 mm, and a number of turns of
328, separated by d = 4.2 mm. The operating frequency is
of 500 kHz, the skin depth is of 0.67 mm. The ratio Rr/d

amounts this time to 0.38. We focus on the "T/R 2" orienta-
tion. The results yielded by the three models are given in Fig.
6(a). We notice a striking shape difference between SIM and
the two other models,which we did not observe previously
with a ratio of Rr/d = 0.23.

While increasing regularly the distance between the two
coils, from d = 4 to d = 8 mm, we observe a gradual
transformation of the signal yielded by SIM. For a choice
of d = 7 mm, corresponding to Rr/d = 0.23, the big shape
difference does not appear anymore as shown in Fig. 6(b).
Some other parameters, e.g. the length of the flaw, may in-
tervene in these shape differences.

These numerical experiments reveal some other impact on
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(b) Imaginary part

Fig. 5. Probe response for "N1" (80%), "T/R 2" orientation

the strong restrictions made by the idealization of the pla-
nar flaw by the ideal crack, namely described by equation
(2). Moreover, for all of cases tested, HybM provides results
closer to VIM than SIM does, making it more reliable.

C. Conclusion

We have developed HybM based on a combination of VIM
and SIM. HybM computations are carried out using the
scalar density p(rs), fast yielded by SIM, and then the whole
primary field and the actual volume of the flaw are taken into
account, ensuring more accuracy than SIM. Nevertheless, as
it does not require so many computations as VIM, it is not
computationally costly in contrast with VIM.

The three models have been compared using validation
results with a T/R probe in two different orientations, show-
ing a good agreement between the three models as well as
low computational times for SIM and HybM. To sum up,
it appears that HybM is efficient regarding the accuracy of
the results, the computational time and memory load, and its
reliability in many NDT configurations. One possible exten-
sion of this work is to tackle NDT configurations involving
multiple cracks.
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