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CORRELATIONS FOR PAIRS OF PERIODIC TRAJECTORIES
FOR OPEN BILLIARDS

VESSELIN PETKOV AND LUCHEZAR STOYANOV

ABSTRACT. In this paper we prove two asymptotic estimates for pairs of closed trajectories for
open billiards similar to those established by Pollicott and Sharp [PoS2] for closed geodesics on
negatively curved compact surfaces. The first of these estimates holds for general open billiards in
any dimension. The more intricate second estimate is established for open billiards satisfying the
so called Dolgopyat type estimates. This class of billiards includes all open billiards in the plane
and open billiards in RY (N > 3) satisfying some additional conditions.

2000 AMS Subject Classification: Primary: 37D50, Secondary: 58J50
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1. INTRODUCTION

In [PoS2] Pollicott and Sharp prove some interesting asymptotic estimates concerning the dis-
tribution of lengths A(y) of closed geodesics v on a compact surface V' of negative curvature. Given
a finite symmetric set S of generators of the fundamental group 71 (V'), for each closed geodesic ~y
on V let |y| denote the minimal number of elements of S needed to write down an element of 7 (V')
conjugate to . Given real numbers a < b, the first asymptotic estimate in [PoS2] concerns the
number 7(n, [a, b]) of all pairs (y,7") of closed geodesics with ||, |7/| < n and a < A\(y) = A(®') <0,
and has the same form as that in Theorem 1 below except that the constant hg that appears in
[PoS2] depends on the set of generators S. The second asymptotic in [PoS2] is much more delicate
and involves a family of intervals I, = [z + €na, z + €,b], z € R, where ¢, — 0 subexponentially
(see the formula in Theorem 2 below which has the same form as the one in [PoS2]). In the proof
of this a crucial role is played by Dolgopyat’s estimates [D] which apply to any Anosov flow on a
compact surface (and also to some Anosov flows on higher dimensional compact manifolds), and in
particular to geodesic flows on compact surfaces of negative curvature.

In this paper we prove similar asymptotic estimates for the billiard flow in the exterior of
several strictly convex bodes in RY (N > 2) having smooth boundaries and satisfying the so
called no eclipse condition (H) defined below. In this case there is a natural coding for the closed
trajectories using configurations (admissible sequences) of convex bodies and the constant hy > 0
that appears in the asymptotic formulae is just the topological entropy of the billiard ball map
from boundary to boundary, and hy depends only on the number of obstacles (see Sect. 4). The
first asymptotic estimate (Theorem 1) holds for any open billiard in any dimension. As in [PoS2],
the second asymptotic (Theorem 2) relies heavily on Dolgopyat type estimates. For open billiards
these estimates are available without any extra assumptions for N = 2 ([St2]) and under some
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2 V. PETKOV AND L. STOYANOV

additional conditions for N > 3 ([St3]). On the other hand, Dolgopyat type estimates concern
codings via Markov families, and therefore they are not readily applicable to the natural coding of
billiard trajectories mentioned above. However a link between these two types of codings can be
established which turns out to be sufficiently convenient, so that Dolgopyat type estimates can be
applied in the situation described above and this is one of the purposes of this work.

Correlations for periods of periodic orbits have been studied earlier in the physical literature.
It appears [Aal] was the first article in this area, where some conjectures were made and numerical
results for three chaotic systems were described. We refer to [PoS2] for other references concerning
problems and results on correlations for periodic orbits in the physical and mathematical literature.

We now proceed to state precisely the results in this paper.

Let K be a subset of RN (N > 2) of the foorm K = K; U Ko U ... U K, ,where K; are
compact strictly convex disjoint domains in RN with C” (r > 3) boundaries I'; = OK; and kg > 3.
Set = RN\ K. Throughout this paper we assume that K satisfies the following (no-eclipse)
condition:

(H) {for every pair K;, K; of different connected components of K the convex hull of

K; U K has no common points with any other connected component of K.

With this condition, the billiard flow ¢, defined on the cosphere bundle S*(2) in the standard way
is called an open billiard flow. It has singularities, however its restriction to the non-wandering set
A has only simple discontinuities at reflection points. Moreover, A is compact, ¢; is hyperbolic and
transitive on A, and it follows from [St1] that ¢ is non-lattice and therefore by a result of Bowen
[B], it is topologically weak-mixing on A.

Given a periodic billiard trajectory (ray) « in €2, denote by d, the period (return time) of
v, and by T, the primitive period (length) of 4. For any configuration j = (ji,j2, ..., jm) with
Ju € {1, ..., ko}, ji # ji+1 and |j| = m, there exists an unique periodic reflecting ray v with reflecting
points on I'; ,...,I'; . following the configuration j (see [I1], [PS1]) and we set |y| = [j| = m. We
denote by m., the number of reflections of v and by P, the linear Poincaré map related to vy (see
[PS1]). For a < b consider

m(n, [a,0]) = #{(v,7") : WY <n a <T, =T, <b}

and denote by hg > 0 the topological entropy of the billiard ball map related to ¢; which coincides
with the topological entropy of the shift map o on a naturally defined symbol space ¥4 (see Subsect.
2.2 for the notation). This implies hy = log A, where A > 1 is the maximal positive simple eigenvalue
of the matrix A, so hg depends only on the number kg of connected components of K. Then we

have

ho ehgn

—, N — +00.
eho —1 n’

#{y: hl<n}~
Our first result is the following
Theorem 1. There exists § > 0 such that for any a < b we have

(b _ a)€2h0 thon
(27T)1/2ﬂ(6h0 _ 1)2 nd/2"’

This estimate is derived from Lemma 1 in Sect. 4 below and the argument from the proof of
the first result in [PoS2].

ﬂ(”? [a7 b]) ~ n — +00.
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To obtain a more precise result we use the Dolgopyat type estimates (3.14) from Subsection 3.3
below. Consider a sequence of intervals I,(z) = [z + €na, z + €,b], where €, N\, 0. We say that €,
goes to 0 subexponentially if limsup,, ., . |loge,|/n = 0. Using the notation of Sect. 2 and 3, the
second result in this paper is the following analogue of Theorem 2 in [PoS2].

Theorem 2. Assume that the estimates (3.14) hold for the Ruelle operator Liy—p,, |t| > to > 1,
and that the strong stable and the strong unstable laminations {W2(x)}zen and {WX(z)}zen are
Lipschitz in x € A. Then there exists B > 0 such that for any a < b and for every sequence ¢,
going to 0 subexponentially, we have

ﬁn5/2 (b— a)e%o

lim sup 771'(”7 In(z)) - (277)1/2(eh0 _ 1)2

_.2/932
o e~ ? /26%n| _ 0.
n—+00 ;cRl €peson

In particular, for any fized z € R we get
(b — a)e*hoe,  eZhon
(2m)1/23(eho —1)2 n5/2°

Notice that the assumptions of Theorem 2 are satisfied for N = 2 without any additional
geometric conditions. The central point in the proof of Theorem 2 is Lemma 4 in Sect. 4, where
the Dolgopyat type estimates are used. We should remark that Lemma 4 deals with Ruelle transfer
operators defined by means of the symbolic coding ng using the connected components K; of K
(see Sect. 2 for the notation). This coding is very natural and most convenient for a variety of
problems where the open billiard flow is involved. However ZX does not have the properties of a
coding by means of a Markov family and therefore Dolgopyat type estimates do not automatically
apply to it. One needs to make a transition from one coding to the other, and this is done in Sects.
2 and 3 below. As a result of this one identifies a class of functions on the symbolic model Zj to
which the estimates (3.14) can be applied. Unfortunately, this class of functions is not of the form
Fy(X}) for some 6 > 0, and it is very doubtful that Dolgopyat type estimates would apply to all
functions in Fy(XF).

This rather serious difficulty appears also in the analysis of the approximation of the cut-off
resolvent of the Dirichlet Laplacian in [PS2], where we deal with phases and amplitudes related to
the connected components K of K (and not to Markov sections R;) to build an approximation. To
overcome it, we use a link between the Ruelle operators L __ P+ and L_,, g corresponding to each
other via the transition from one coding to the other. The dynamical zeta function related to the
billiard flow is independent of the choice of coding and by using thermodynamic formalism (see e.g.
[PP]) one can show that the eigenvalues of the operators L__ ¢, - and L£_s4 coincide with their
multiplicities. However this does not imply similar estimates for the norms of the iterations of these
operators. To get such estimates we use the explicit link between L__ 7 45 and L£_.44 established

w(n, In(2)) ~ n — +00.

in Proposition 4 below for a special class of functions. From the analysis in Sect. 4 we need to have
estimates for the operators L’is Fho and this corresponds to the case when § = —hyg. It is important
to note that we may code the periodic rays using a Markov family, however different Markov
families will lead to rather different symbolic models, possibly with different number of symbols.
The coding using the connected components of K is very natural and has a clear geometrical and
physical meaning.

In the proofs of Theorems 1 and 2 (see Sect. 4) we use the analytic arguments in [PoS2] with
minor changes, so we omit the details. Most of the arguments below concern the natural symbolic
model for the open billiard flow. On the other hand, our result in Sect. 3 shows that there exists
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a class of functions for which the Dolgopyat estimates hold for the Ruelle operator related to the
coding with obstacles and this has been applied in [PS2] in the analysis of the analytic continuation
of the cut-off resolvent of the Laplacian.

In Sect. 5 we discuss some open problems related to correlations of pairs of periodic trajectories
when €, goes to 0 faster than e~"0" and their relationship with some separation conditions.

2. SYMBOLIC CODINGS

In this section we compare the Ruelle transfer operators related to two different codings of the
billiard flow ¢; on A — the first of these is related to a Markov family for A, while the second is
using the boundary components K.

Fix a large ball By containing K in its interior. For any x € I' = 0K we will denote by v(x)
the outward unit normal to I' at x.

It follows from Lemma 3.1 in [I1] that there exist §; > 0 and 0 < dy < 3 min;; dist(K;, K;) such
that for any i = 1,..., kg, © € T; and € € S¥~1 with 0 < (£, v(z)) < 61 and n = € — 2(&, v(z))v(x),
at least one of the rays {x +t£ : ¢t > 0}, {x +1tn, t < 0} has no common points with U;; B(Kj,do),
where

B(A,do) ={y+w:y € AwecRY ||Jw| <d} .

Let zp = (z0,uo) € S*(£2). Denote by
Xi1(20), X2(20)s - - -, Xm(20)s - - -

the successive reflection points (if any) of the forward trajectory

V+(20) = {pr1(de(20)) : 0 < ¢} .
Similarly, we will denote by v_(zg) the backward trajectory determined by zy and by
ooy Xom(20), -+ X—1(20), Xo(20)

its backward reflection points (if any). If v(29) = v+(20) Uv-(z0) is bounded (i.e. it has infinitely
many reflection points both forwards and backwards), we will say that it has an itinerary n =
()72 (or that it follows the configuration n) if X;(z0) € 0Ky, for all j € Z. We will say that the
itinerary 7 is admaissible if n; # 1,41 for all j.

The following is a consequence of the hyperbolicity of the billiard flow in the exterior of K and
can be derived from the works of Sinai on general dispersing billiards ([Sil], [Si2]) and from Ikawa’s
papers on open billiards ([I1]; see also [Bu]). In this particular form it can be found in [Sj] (see also
Ch. 10 in [PS1]).

Proposition 1. There exist global constants C > 0 and « € (0,1) such that for any admissible

configuration v = (ig,i1,92,...,0m) and any two billiard trajectories in Q with successive reflection
POINLS T, L1y - - -y Ty GNA Yo, Y1, - - - Ym, DOth following the configuration 1, we have
lzj —yill < C(a? +a™) , 0<j<m.

Moreover, C and o can be chosen so that if (zo, (x1 — x0)/||x1 — x0l|) and (yo, (y1 —yo)/lly1 — voll)
belong to the same unstable manifold of the billiard flow, then

zi—yil| <Ca™7 , 0<j<m.
HJ Z/JH J
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As a consequence of this one obtains that there is an one-to-one correspondence between the
bounded (in both directions) billiard trajectories in © and the set of admissible itineraries n. In
particular this implies that the intersections of the non-wandering set A with cross-sections to the
billiard flow ¢; are Cantor sets.

For x € A and a sufficiently small € > 0 let

We(z) ={y € S*(Q) : d(pe(2), ¢e(y)) < efor all ¢ >0, d(dt(x), ¢(y)) —t—00 0},
bey

()
We(z) = {y € 57(Q) : d(¢i(x), ¢1(y)) < efor all <0, d(di(x), Pt(y)) =100 0}
be the (strong) stable and unstable manifolds of size €, and let E*(z) = T,W*(z) and E®(z) =
T,We(x). For any A C S*(2) and I C R denote ¢r(A) ={ ¢(y) : ye At el }.
It follows from the hyperbolicity of A (cf. e.g. [KH]) that if € > 0 is sufficiently small, there
exists § > 0 such that if x,y € A and d(z,y) < J, then WZ(z) and ¢_. q(W(y)) intersect at
exactly one point [z,y] € A. That is, [z,y] € WZ(z) and there exists a unique t € [—¢, €] such

that ¢.([z,y]) € WH(y). Setting A(z,y) = t, one defines the so called temporal distance function
A(z,y). For x,y € A with d(x,y) <, define

my(x) = [z,y] = W2 (2) N e g (W (Y)) -

Thus, for a fixed y € A, m, : W — ¢_ q(W(y)) is the projection along local stable manifolds
defined on a small open neighborhood W of y in A.

T
T

2.1. Coding via a Markov family. Given F C A we will denote by Int (F) and 0 E the interior
and the boundary of the subset E of A in the topology of A, and by diam(FE) the diameter of E.
We will say that E is an admissible subset of W*(z) N A (z € A) if E coincides with the closure of
its interior in W¥(z) N A. Admissible subsets of W(z) N A are defined similarly. Following [D], a
subset R of A will be called a rectangle if it has the form

R=[U,S|={[x,y]:x €U,y e S},

where U and S are admissible subsets of W*(z) N A and WZ(z) N A, respectively, for some z € A.
For such R, given { = [z,y] € R, we will denote Wj(&) = {[2/,y] : 2’ € U} and W§(§) = {[z,¥] :
y € S} Cc Wi(x).

Let R = {R;}¥_; be a family of rectangles with R; = [U;,S;], U; C W¥(2z) N A and S; C
Ws(z;) N A, respectively, for some z; € A. Set

R=U"|R;.

The family R is called complete if there exists T > 0 such that for every x € A, ¢i(z) € R for
some t € (0,7]. The Poincaré map P : R — R related to a complete family R is defined by
P(x) = br(z)(x) € R, where 7(x) > 0 is the smallest positive time with ¢ (,)(z) € R. The function
7 is called the first return time associated with R. Notice that 7 is constant on each of the set
Wg (z), * € R;. A complete family R = {R;}%_, of rectangles in A is called a Markov family of
size x > 0 for the flow ¢, if diam(R;) < x for all 7 and:

(a) for any i # j and any z € Inta(R;) NP~ (Ints(R;)) we have
P(Inta (W, (2))) € Inta(Wg (P(2))) ,  P(Inta(Wg,(2))) D Inta (W, (P(2))) ;
(b) for any i # j at least one of the sets R; N ¢y, (R;) and R; N ¢, (R;) is empty.

The existence of a Markov family R of an arbitrarily small size x > 0 for ¢; follows from the
construction of Bowen [B] (cf. also Ratner [Ra]). Taking x sufficiently small, we may assume that
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each rectangle R; is ‘between two boundary components’ I',, and I'y, of K, that is for any x € R;,
the first backward reflection point of the billiard trajectory « determined by x belongs to I',,, while
the first forward reflection point of v belongs to I'y,.

Moreover, using the fact that the intersection of A with each cross-section to the flow ¢; is a
Cantor set, we may assume that the Markov family R is chosen in such a way that

(c) for any i = 1,...,k we have O\ R; = 0.

Finally, partitioning every R; into finitely many smaller rectangles, cutting R; along some
unstable leaves, and removing some rectangles from the family formed in this way, we may assume
that

(d) for every = € R the billiard trajectory of z from x to P(x) makes exactly one reflection.

From now on we will assume that R = {R;}¥_, is a fixed Markov family for ¢; of size x < €0/2
satisfying the above conditions (a)—(d). Set

U=uk,U;.

The shift map & : U — U is given by & = n() o P, where 7(V) : R — U is the projection along
stable leaves.

Let A = (.Aij)i-fj:l be the matrix given by A;; = 1 if P(Ints(R;)) NInta(R;) # 0 and A;; =0
otherwise. Consider the symbol space

N4 ={(i)2 o : 1< <k, Aijiy,, =1 forall j},

with the product topology and the shift map o : ¥4 — X 4 given by o((i;)) = ((d
i% = ij41 for all j. As in [B] one defines a natural map

v:¥X4— R.

%)), where

Namely, given any + = (i;)72_., € X4 there is exactly one point z € R;, such that Pi(z) € R;;
for all integers j. We then set ¥((i;)) = . One checks that W oo = P oW on R. It follows
from the condition (c) above that the map ¥ is a bijection. Moreover V¥ is Lispchitz if ¥ 4 is
considered with the metric dy for some appropriately chosen 6 € (0,1), where dg(&,n) =0if £ =7
and dg(&,m) = 0™ if & = n; for |i] < m and m is maximal with this property. Replacing 6 by an
appropriate p € (0,1), makes U1 a Lipschitz map.

In a similar way one deals with the one-sided subshift of finite type

Sh=1{0;)20:1<i; <k, A —1 forall j>01},

ij ij+1
where the shift map o : ¥/ — 7 is defined in a similar way: o((i;)) = ((i%)), where i’ = i;4
for all 7 > 0. The metric dy on Zj[l is defined as above. One checks that there exists a unique map
P Ejl — U such that ¢y o = 7)) o ¥, where 7: ¥4 — Ej\ is the natural projection.

Notice that the roof function r : ¥4 — [0,00) defined by r(§) = 7(¥(£)) depends only on
the forward coordinates of £ € ¥ 4. Indeed, if £ = 1y, where &, = (fj)?io» then for z = ¥(§)
and y = ¥(n) we have z,y € R; for i = & = no and PJ(z) and P/(y) belong to the same R;,
for all § > 0. This implies that = and y belong to the same local stable fiber in R; and therefore
7(x) = 7(y). Thus, r(&) = r(n). So, we can define a roof function r : ¥ — [0,00) such that
rogm=71o0oW.

Setting r,, (&) = 7(€) + r(0€) + ... + (o™ 1¢) for any integer n > 1 and any & € X7, we have
the following
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Proposition 2. There exists a bijection 1) : Ej‘ — U such that ¢y oo = G o1 and a function
r: S — [0,00) such that for any integer n > 1 and any & € X7 we have r,(€) = 7, (¥(€)), i.e.
this is the length of the billiard trajectory in Q determined by (&) from (&) to the nth intersection
with a rectangle from R.

Let B(Ej‘) be the space of bounded functions g : Ej\ — C with its standard norm ||g|lp =
SWPgeyt |g(€)]. Given a function g € B(Zj‘l), the Ruelle transfer operator Lg : B(Ej‘l) — B(Zj‘)
is defined by

(Lgh)(©) = > " h(n).

o(m=¢
Let F»(X¥) denote the space of dg-Lipschitz functions g : £ — C with the norm
1LAe = 1Lfllo + W fllo
where
£ (€) — f(n)]

o =sup {92 LO e s 62

If g € Fp(X}), then L4 preserves the space Fy(X¥).

2.2. Coding using boundary components. Here we assume that K is as in Sect. 1. Denote
by A the ko X ko matrix with entries A(i,j) = 1if i # j and A(i,7) = 0 for all ¢, and set
Sa={0 i N=ms D=1, 10sM, -5 M- 2) 2 L <y < ko, mj €N, 1y # g forall jeZ},
EJE = {(n07n17"'a77m7"') 1< U < Ko, M5 € N’ Ui 7&77j+1 for all ] > 0} ’
Y, = {Cm=ms - m=1,m0) : 1 < n; < Ko, mj €N, nj_1 #n; forall j < 0} .

The shift operators! o: ¥4 — X4 and o : EX — EX are defined as before.

We will now define two important functions f and g on ¥ 4. For the second one in particular
we need some preliminary information.

A phase function on an open set U in RY is a smooth (C™) function ¢ : Y — R such that
Vel = 1 everywhere in U. For z € U the level surface

Co(z) ={y €U : o(y) = o(x)}

has a unit normal field £V(y).

The phase function ¢ defined on U is said to satisfy the condition (P)on I'; if:

(i) the normal curvatures of C, with respect to the normal field —V¢ are non-negative at every
point of Cy;

(ii) UT(p) = {y +tVe(y) 1 t > 0,y €U} D Uiy K.

A natural extension of ¢ on U (p) is obtained by setting ¢(y + tVeo(y)) = ¢(y) +t for t > 0
and y € U.

For any 6 > 0 and V' C € denote by S;5(V') the set of those (x,u) € S*(2) such that x € V' and
there exist y € I' and t > 0 with y + tu = x, y + su € RV \ K for all s € (0,t) and (u,v(y)) > 4.

Notice that the condition (H) implies the existence of a constant g > 0 depending only on the
obstacle K such that any (z,u) € S*(Q2) whose backward and forward billiard trajectories both
have common points with I' belongs to Sj (£2).

lwe keep the same notation as for ¥4 and £; it will be clear from the context which of these we mean in each
particular case.
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The following proposition is derived by using some tools from [I1] (see Proposition 4 in [PS2]
for details).

Proposition 3. There exists a constant g > 0 such that for any 2o = (zo,uo) € S5, (2N By) whose
backward trajectory v—(zo0) has an infinite number of reflection points X; = X;(z0) (j < 0) and
n € X, is its itinerary, the following hold:

(a) There exists a smooth (C") phase function ¢ = 1, satisfying the condition (P) on U =
B(zg,€0) N Q such that ¥(xg) = 0, uop = Vip(zo), and such that for any x € Cy(xo) NUT () the
billiard trajectory v—(x,V(x)) has an itinerary n and therefore d(¢i(z, Vip(x)), ¢e(20)) — 0 as
t — —oo . That s,

Wige(20) = {(z, Vip(x)) : # € Cy(0) NUT ()}
1s the local unstable manifold of zg.
(b) If (y,v) € S*(QN By) is such that y € Cy(xo) and v—(y,v) has the same itinerary n, then
v = Vlb(y); i.e. (y,'U) € I/VZZC(ZD)'

Notice that W} (z0) coincides locally near zp with W (zp) defined above.

In what follows we will use the notation C,(z9) = Cy(x9). Denote by G,(z0) the Gauss
curvature of Cy(zo) at xo.

Given £ € 34, let

.. -;P—2(§)7P—1(€)7P0(§)7P1(§)7P2(§)’ s

be the successive reflection points of the unique billiard trajectory in the exterior of K such that
P;(§) € K¢, for all j € Z. Set

f(&) = Po(§) — P9Il ,
and define the map
DY — Apgg = AﬂS}k\(aK)
by (&) = (Po(€), (PL(€) — Py(€))/||P1(€) — Po(€)]]). Then & is a bijection such that ® oo = B o,
where B : Agg — Ay is the billiard ball map.

Next, set £&& = (..., 6om,&—ms1,---,6-1,&) € ¥ and choose an arbitrary point zo on the
segment [Fy(§), P1(&)] such that 29 = (o, u0) € S5, (), where ug = (P1(§) —Fo(€))/[|P1L(§) —Po(§)]]-
Let C¢_(29) = Cy(xo) for some phase function ¢. Setting t_ = ||zg — Py(§)|| and t = ||zo — Pi(§)]],
consider the surfaces

Ce (Ro(€)) ={z —t-Vi(2) 12 € Ce_(20)} , CF(P(S)) ={z + 14 Vip(x) : € Ce_(20)} -

Clearly C¢ (Py(€)) is the surface passing through Fy(¢) obtained by shifting C¢_(20) in free space
RN, t_ units backwards along its normal field, while Cgr (P1(§)) is the surface passing through

Py (€) obtained by shifting C¢_(20) in free space RY, ¢, units forwards along its normal field. Let
G¢ (Po(€)) and Gg(Pl(g)) be the Gauss curvatures of C¢ (Py(€)) at Po(£) and that of C’;(Pl(g))
at Py(€), respectively. Set

Gf(P
g() = 1 In g( 1(5))

This defines a function g : ¥4 — R.
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Choosing appropriately 6 € (0,1), we can define as in Subsection 2.1 above the space Fy(X4)
and we get f,g € Fp(X4) (see e.g. [I1]). By Sinai’s Lemma (see e.g. [PP]), there exist functions
f,3 € F 5(¥4) depending on future coordinates only and X, xy € Fp(¥4) such that

F&) = F©) +xs(€) = xs(@) , 9(€) = (&) + xg() — xg(0E)
for all £ € X 4. As in the proof of Sinai’s Lemma, for any & = 1, ..., kg choose and fix an arbitrary
sequence n®) = (..., n&kgl, e ,nggl),n(()k)) € ¥, with nék) = k. Then for any £ € ¥4 (or £ € XF) set

6(6) = (777(_570727;77(_%))777(()60) :§07§17"'7§ma'~-) € Z:A .

Then we have
o

X£(€) = Y _[f(0"(€) = fla™e(9))] -
n=0
A similar formula holds for x,.
As in section 2.1, given any function V € B(ZX), the Ruelle transfer operator
Ly : B(X}) — B(X}) is defined by

(LyW)(€) = > e"Pw(n).
a(m=¢

2.3. Another coding related to the Markov family. Here we define another coding which
uses the symbolic model Ejt- We will then define representatives f and § of the functions f and g
on Ej\ and consider the corresponding Ruelle operators £ Fig

Let Vj be the set of those (p,u) € S*(2) such that p = ¢+ tw and (p,u) = ¢¢(q,u) for some
(q,u) € S5 () with (u,v(¢q)) > 0 and some t > 0. Clearly Vj is an open subset of S*(£2) containing
A. Setting w(p,u) = (¢, u), we get a smooth map w : Vo — S5, (£2).

Consider the bijection § = @ 'owo ¥ : ¥4 — 4. It induces a bijection S : ¥F — X7
Moreover Soog =00 S.

Define the functions f',¢' : ¥4 — R by f'(i) = f(S(i)) and ¢'(i) = g(S()).

Next, repeating a part of the previous subsection, for any ¢ = 1,...,k choose

=9

such that (i(i),i) € X4 It is convenient to make this choice in such a way that i(i) corresponds
to the local unstable manifold U; C A N W!(z;) (see the beginning of Subsection 2.1), i.e. the

backward itinerary of every z € U; coincides with i(l .
Now for any i = (ig,41,...) € X7 (or i € ¥ 4) set

é(i) = (3" 5io,in,..) €34 .

According to the choice of i(io), we have U(é(i)) = (i) € Ui,. (Notice that without the above
special choice we would only have that W(é(i)) and ¢(z) € U, lie on the same stable leaf in R;,.)
Next, define

Xr@) =3 [f(e™(@) - fl(o"e(@)] , i€Sa,



10 V. PETKOV AND L. STOYANOV

and
Xo(D) =D [g(0" (@) —g'(c" ()] , i€Ta.
n=0

As before, the functions f ,J: %4 — R given by
F@) = /() = s+ 5(01) , 36) = (@) = %) + Xg(00)

depend on future coordinates only, so they can be regarded as functions on 2;.

3. RELATIONSHIP BETWEEN RUELLE OPERATORS

3.1. Relationship between L . ,; and £__ Fige We will now describe a natural relationship
between the operators Ly : B(X}) — B(X%) and L, : B(X}) — B(Z}), where V =00 S. Let
R = {R;}}_, be a Markov family as in Subsection 2.1. We define a map
I':B(X4) — B(X4)

by

Fv)=vod lowoW =v0S , wveB(X4). (3.1)
Since by property (d) of the Markov family, w : R — Ayx is a bijection, it follows that T' is a
bijection and T1(V) = Vo ¥ low o ®.

Moreover I' induces a bijection I' : B(X}) — B(X) . Indeed, assume that v € B(Z4)
depends on future coordinates only. Then v o ®~1 is constant on local stable manifolds in S} (£2).
Hence v o ®~! o w is constant on local stable manifolds on R, and therefore I'(v) = vo ® lowo ¥
depends on future coordinates only.

Next, let v,w € B(X}) and let V =T'(v), W = T'(w). Given i,j € X7 with o(j) = 4, setting
€ =3S(i) and n = S(j), we have o(n) = &. Thus,

LwV(@) = Y "DV = Y eCWu(s())

for all 7 € Zj‘. This shows that
(Lyv) oS = LuI'(v) . (3.2)
Notice that the functions r : ¥} — [0,00) and f 3% — [0,00) do not correspond to each
other via S, and neither do r and f : Ej[l — [0,00). To compensate the difference between the
latter two, define A : ¥4 — [0,00) by A(i) = ¢t > 0, where for the point x = V(i) € R we have
d_t(x) = w(x) € S5, (2). With the same notation, define A\(z) =1t = A(@). This defines a function
A: R —[0,00) so that Ao ¥ = .
Before continuing, notice that

MEW) =A@ = xs(@)  i€3a. (33)
Indeed, given i = (...;ig,i1,...) € X4, let = V(i) € R;, and y = ¥(é(z)) € R;,. Since, i
and é(i) have the same forward coordinates, it follows that = and y lie on the same local stable
manifold. Thus, 7"(x) = 7™(y) and so r, (1) = r,(é(2)) for all integers n > 1. Moreover, the mth
reflection points of the billiard trajectories determined by x and y are Const 8™-close for some
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global constants Const > 0 and 6 € (0,1). Thus, |A(6™(i)) — A(6™(é(2))| < Const 8™, too (possibly
with a different global constant Const > 0).

Set t = \(7) and #' = A(é(i)). Given an integer m > 1, consider
Ap =Y [f1(0"(@) = f(o"e(@)] -
n=0

Then X (i) = limy,—o0 Ar,. Moreover,

~

Am = [Tm(i)thjA(Um(Z))]—[Tm(é(i))+t’—5\(0m(é(2))]

and letting m — oo, we obtain (3.3).
Next, for any i € X 4 and any m > 1 we have

fn@) = F@)+ o) +...+ f(c™ ")
= [f@) +Xs@) — Xs(0 D]+ [f(od) + Xp(od) = Xp(0® D] + ...
HF(@™N) + (0™ ) — Xp (0™ )]

= fn(@) + X)) — Xp(0™0) .

Since (i) = f1 (i) + AM(0™4) — A(i), combining the above and (3.3), it follows that
rm(i) = fn (i) + X5 (0) = Xp(0™1) + AM0™1) = A(i) = fn(i) + A(E(0™1)) — A(&(2)) -
Thus,
F(D) = fn(@) + Aé(0™i)) — Mé@E) , ie€eXa, m>1. (3.4)

Notice that f,, (i) = fm(é(i)), since f depends on future coordinates only.
Now we will find a relationship between the powers of the operators £ 4,4 and £__ fae Given

+4
s € C, consider the function hs : U — R defined by
he(z) = e M)
It gives rise to a function hy Ej\ — R defined by

(i) = hs($(0) = ha(W(e(0)) = e MED) i wy . (3.5)

(See the remark after the definition of é(2) in Sect. 2.3 above.)
It now follows from (3.4) and (3.5) that for any function V : 3 — C, any s € C and any
integer n > 1 we have

£l (hs-v) W = Y =51 (B)+Hin41(8) s AEW) v ()
ontli=i
— Z 6—8[fn+1(E)+?\(é(0"+1h))—5\(é(h))}+§n+1(E)—s?\(é(k)) V (k)
ontlk=i
_ Z 6—8fn+1(&)—8j\(é(U"“E))-H?nﬂ(E)V(E)
ot k=i

e @) 37 e—sfwl(@wnﬂ(@w@:;LS@.(£n+1 V) (i) .

—sf+g
0—n+1E:l'
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Thus,
1 o
Ll (hs : v) =LV (3.6)
S
3.2. Relationship between £ sf+g and L_ Fige Here we will use arguments similar to these in
Subsect. 3.1 to find a relationship between the operators £™ and L™

sf+d sf+g
For any p = 1,2,..., ko fix an arbitrary point y, € AﬂS*O(Q) such that n®) e ¥, corresponds

to the unstable manifold W*"(y,), i.e. the backward itinerary of every z € W"(y,) N Vy coincides
with (). Define & : Ejl — R by

k(D) = [W(e(D) e . €=S()€X].

We will now prove that

Xr(@) = x(8() = Mr(i) — Ale(@) , i€Xa. (3.7)
It is important that the right-hand-side of (3.7) depends only on the future coordinates of i. Indeed,
given ¢ = (...;ip,41,...) € X4, set © = V(é(1)) € Uy, £ = S(1), & = p and y = k(4) = [z, yp).
Notice that y € W*(z), and so the forward billiard trajectories of y and = converge. On the other
hand, ¢,(y) € W*(y,) for some 7 € R (in fact, 7 = A(x, y,); see section 2 for the definition of A),
so the billiard trajectory determined by y has backward itinerary n® € ¥ 1 and forward itinerary
(€0,&1,...) € X1, i.e. this is the trajectory determined by e(€).

Since y € W#(z), the jth reflection points p; and ¢; (j > 0) of the billiard trajectories de-
termined by z and vy, respectively, are Const#’-close for some global constants Const > 0 and
0 € (0,1).

Set t = A(é(i)) = A(z) and ¢’ = A(y) = A(k(2)). Given an integer m > 1, consider

m—1 m—1
=> 7 = (0" e(@)] = Y Lf(0™(€) = flo"e(§))] -
n=0 n=0

Then 7(1) — X7(S(0)) = itn o0 Am. Since f/(o™(i)) = f(o™(£)), we have

Zfae —I—Zfae

The first sum in this expression is the length of the billiard trajectory determined by x from pq till
Dm, While the second is the length of the billiard trajectory determined by y from gg till ¢,,,. Since
lgm — pm|l < Const 0™ and y € W#(z), it now follows that A4,, = —t +t' + O(6™), and letting
m — oo proves (3.7).

In a similar way, using the definition of the function g, one derives that

$0) ~ Xg(6) = 57 Gy (Rfe(0) — 7 MG (Rel©) . i€Su.  (38)

Notice that Gg(i) (Po(é(2))) is the Gauss curvature of a shift of U;, backwards along the corresponding

billiard trajectory at Po(é(i)) (so this is uniquely determined by the forward coordinates of i), while
Ge(g)(Po( e(§))) is the Gauss curvature of the shift of W"(yg,) at Py(e(€)) (so again this is uniquely

determined by the forward coordinates of 7).



CORRELATIONS FOR PAIRS OF BILLIARD TRAJECTORIES

Given i € ¥ 4, set £ = S(7). Then (3.7) implies

~ ~

fn(@) = fm(&) = (@) = Xp (@) + Xy (0™D)] = [fm (&) — x5 (&) + X (0™E)]

= =@ = xp (@) + [xs () = xs(a™E)] - (3.9)

Similarly,

gm(1) — gm (&) = —[Xg(d) — Xg(0"D)] + [xg(§) — xg(a™E)] - (3.10)

Given s € C, consider the functions ds : U — R and dj : Zj\ — R defined by

) G (Po(e(©))
s [Mk(1)=A(E(1)] - x5 In Ze(@ O

do(W(i)) = dy(d) = e o@D e, £=8(i) . (3.11)

Notice that by (3.7) and (3.8),

dy(i) = eSXr O @QI-Re D=0 (O £ = S(4). (3.12)

Now for any function V : Ej‘ — C, any s € C and any integer n > 1, setting £ = S(i) and
¢ = S(k) and using (3.9) and (3.10), we get

gy ({o8™) VoS @ = 5 S ROTOdp v
— Z o= fn(R)=s[Xs (K) =X (0" k)]+s[x s (O)—xf (07C)]
onk=i
w eI (B)+[Xg (B) =X (0" E)]—[xg({)—xg (0™ C)]
x 5 ) =x s (Q=[Xa (B) x4 (O 7 (k)
— Z o8 Fn(B)+in (k) o sk (D) —xr (O~ [Re(D)—xg(E)] V (k)

onk=i

di(i)- (L7 7,,V) @)

Combining the latter with (3.6), yields

>

L7 s (o™ (Vos™) () = hi; gl V)

Setting u = (ds 0 S™) - (V 0 S~1) € C(}) in the above yields the following

Proposition 4. For any u € C(X}) we have

n . _ Cis(l) n ﬁs . . +
(L—sm“) (8@) = hei) Lt (ds (uo 3)) (i) , ieX}. (3.13)
In particular, the eigenvalues of L g5 and L__j. - coincide with their multiplicities.
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3.3. Dolgopyat type estimates. To obtain Dolgopyat type estimates for the left-hand side of
(3.13) we can use the Dolgopyat type estimates for £_g.1 4, provided u o S is determined by a
Lipschitz function on R (with respect to the distance on R determined by the standard metric in
S*(92)). To do so we also need to show that the functions ds and hs given by (3.11) and (3.5) are
Lipschitz on U.

Lemma 1. Assume that the strong stable and the strong unstable laminations {W?(x)},en and
{W¥(x)}wen are Lipschitz in x € A. Then the functions ds and hs are Lipschitz on U.

Proof. Consider the function ds on U; for some fixed t=1,...,k. Given i, there exists p = 1,..., ko
such that pry(w(U;)) C I'p. Fix an arbitrary 2 € AN S5 () with a backward itinerary n® e ¥

and pri(w(Z)) € I'; and an arbitrary § € U; with backward itinerary i(i)

surface C'= C, ) () (see Subsection 2.2 for the definition).

Notice that for any i = (ig,41,...) € Ejl with ip = ¢ and any y € Uz, locally the surface Ce; (y)
coincides with pry(¢¢(U;)) for some ¢t = t(y) which is a Lipschitz function of y € U; (in fact t(y)
extends smoothly to a neighborhood of U; in the local unstable manifold containing it). Thus,
Ge()(y) is a Lipschitz function of y € U;. Similarly, for § = (§o,&1,...) € Y4 with § = pand 2 € A
with pry(w(2)) € I'p, Gee)(2) is a Lipschitz function of 2.

Next, let € U;. Then x = (i) for some i = (ig,%1,...) € X 4 with ig = i, and by the choice
of é(i) (see Subsection 2.3), we have x = W(é(i)) € U;. Thus, A(é(i)) = A(z), and the definition
of k gives k(i) = [z,yp]. Moreover, x = ¥(é(i)) shows that Py(é(i)) = pr;(w(x)). Finally, notice
that Py(e(§)) = pry(w([z,yp])). Indeed, the point z = [z, y;] lies on W*(x), so its forward itinerary
in the model EZ is the same as that of z = (i), i.e. it is 2. Thus, the forward itinerary of z in
the model ¥ is S(i) = & On the other hand, ¢s(z) € W¥(y;) for some (small) s € R, so z has
the same backward itinerary in the model X4 as y;, i.e. it is n®). Thus, z lies on the trajectory
determined by e(&) = (7P); €) € X4, and therefore Py(e(€)) = pry(w(z)) = pry(w([z,y35]))-

It now follows from the above and (3.11) that

€ Z;l' Consider the

A O))
N =1 " G (or (e 55)

Since A : R — [0,00) is Lipschitz (it is actually smooth on a neighborhood of A in S*(2)) and
[-, -] is uniformly Lipschitz, it follows that ds(z) is Lipschitz with Lip(ds) < Const |s| when Re(s) is
bounded, and we can also write

Lip(ds) < Const |Im(s)] , s€C, |Re(s)| < Const .

Inds(z) = s [M[z, y]) — M=)] —

The same argument applies to the function h. O

Denote by CUP(U7) the space of Lipschitz functions v : U — C For such v let Lip(v) denote
the Lipschitz constant of v, and for ¢t € R, |t| > 1, define

Lip(v)
»vllo = sup Jo(x)] -
’t’ zeU
Let P(F') denote the topological pressure of F' defined by

P(F) = sw [niy) + /. il

[vllLip,e = llvllo +
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where M is the set of all probability measures on Ej\ invariant with respect to ¢ and h(u) is the
measure theoretic entropy of ¢ with respect to pu.

In the next section we will need an estimate for the iterations Lfs Feho’
more general situation when ¢ and § are not necessarily constant functions. In particular, we study
the case when ¢ is defined as in Subsection 2.2 by Gauss curvatures at reflection points. This
analysis is motivated by applications related to the dynamical zeta function (see [PS2]). The case
g = hg is covered by the same argument.

We will apply Dolgopyat type estimates ([D]) established in the case of open billiard flows in
[St2] for N = 2 and in [St3] for N > 3 under certain assumptions. We are now going to state these
assumptions in details.

The following pinching condition? is one of the assumptions needed below:

Below we deal with

(P): There exist constants C > 0 and o > 0 such that for every x € A we have
1
G ull < ldor(@) - ull < CeP ull . ue BY2) t>0,

for some constants oy, By > 0 depending on x but independent of u with a < a, < [y and
20, — By > « for all x € A.

Notice that when N = 2 this condition is always satisfied. For N > 3, (P) follows from certain
estimates on the eccentricity of the connected components K; of K. According to general regularity
results ([PSW]), (P) implies that W*(z) and W (z) are Lipschitz in = € A.

Next, consider the following non-flatness condition:

(NF): For every x € A there exists e, > 0 such that there is no C submanifold X of W (z) of
positive codimension with ANW! (z) C X.

Clearly this condition is always satisfied if NV = 2, while for N > 3 it is at least generic. In the
proof of the main result in [St3] this condition plays a technical role, and one would expect that a
future refinement of the proof would remove it.

Next, we need some definitions from [St3]. Given z € A, let exp} : E%(z) — W (z) and
exp} : B*(z) — W (2) be the corresponding exponential maps. A vector b € E"(z) \ {0} is called
tangent to A at z if there exist infinite sequences {v™} C E%(z) and {t,,} C R\ {0} such that
expl(ty, v™) € AN W (2) for all m, v(™ — band t,, — 0 as m — oo. It is easy to see that a
vector b € E%(z)\ {0} is tangent to A at z iff there exists a C* curve z(t) (0 <t < a) in W¥(2) for
some a > 0 with z(0) = 2z, 2(0) = b, and z(¢t) € A for arbitrarily small ¢ > 0. In a similar way one
defines tangent vectors to A in E*(z).

Denote by da the standard symplectic form on 7*(RY) = RY x RY. The following condition
says that da is in some sense non-degenerate on the ‘tangent space’ of A near some of its points:

(ND): There exist zy € A, € > 0 and po > 0 such that for any 2 € ANWX(29) and any unit vector
b € E%(2) tangent to A at Z there exist Z € AN Wk¥(29) arbitrarily close to Z and a unit vector
a € E%(Z) tangent to A at Z with |da(a,b)| > po.

Clearly when N = 2 this condition is always satisfied. In fact, it seems very likely (and there
is some evidence supporting it) that this condition is always satisfied for open billiard flows.

21 appears that in the proof of the Dolgopyat type estimates in the case of open billiard flows (and some geodesic
flows), one should be able to replace the condition (P) by just assuming Lipschitzness of the stable and unstable
laminations — this will be the subject of some future work.
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Given a real-valued function ¢ € F»(X¥), there exists a unique number s(g) € R such that
P(—s(g)r + g) = 0. The following is an immediate consequence of the main result in [St3].

Theorem 3. Assume that the billiard flow ¢ over A satisfies the conditions (P), (NF) and (ND).
Let q € Fp(S}) be a real-valued function such that q o = € CHYP(U). Then for any a > 0
there exist constants o(g) < s(q), C = C(a) > 0 and 0 < p < 1 so that for s = 7+ it with
o(g) <7, |t <a, |t| >1 and n = pllog|t]] +1, p e N, 0 < [ < [log|t|]] — 1, for every function
v: I — C withvoy™ € CUP (1) we have

(L2 g ©) 0¥ ILipy < CpPHBIPET D 0 =Ty . (3.14)

As mentioned above, the conditions (P), (NF) and (ND) are always satisfied for N = 2, so
(3.14) hold for N = 2 without any additional assumptions.

Now combining (3.13) and Theorem 3, we obtain estimates for the iterations L’is - _u, provided

f+3
v=1wuodS is determined by a Lipschitz function on R.

To relate the quantities P(—7r + ) and P(—7f + §), consider
In _ Z e—Trn(i)-i‘?]n(i) — Z e—Td,Y@—i-g;L(j)’
oni=1 oni=1

where d, ;) is the length of the periodic trajectory (i) determined by i € Ej. Since Soog =008,
we get

g;z(@) = gn(S1) = Gn(S1).
Setting Si =wv € Ej, we have 0™v = v and the periodic trajectory (v) determined by v has length

dy(w) = dy(g)- Thus

In = Z e—frd.,(u)-f-f?n(v) — Z e—’rfn(v)-i-é?n(v) -7, .

o"v=v o"v=v

On the other hand, it follows from a general property of the topological pressure that
P(—1r+g) = Jim % logT,,

(see e.g. [R] or Theorem 20.3.7 in [KH] from which this property can be derived). Similarly,
P(—7f+3) = nILIEO % log T, ,

S0 we get .
P(—tr+g)=P(—7f+g) . (3.15)

Introduce the number sy € R such that P(—sgr + §) = P(—sof+ g) =0.
As a consequence of (3.15), Theorem 3, Lemma 1 and Proposition 4 we obtain the following

Theorem 4. Assume that the billiard flow ¢, over A satisfies the conditions (P), (NF) and (ND).
Then for any a > 0 there exist constants o9 < sg, C' = C'(a) > 0 and 0 < p < 1 so that for any
s=71+it € C with T > 09, |7| < a, |t| > 1, any integer n = pllog |t|]+1, p € N, 0 <1 < [log |t]] — 1,
and any function u : Zj — R such that uo Sov~! € C’Lip(U) we have

|(27 jipw) osov™| < CplostlelPri D)o S oyt . (3.16)

Lip,t
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Proof. Using Theorem 3 with ¢ = g, we find constants oy, C and p satisfying (3.14) with ¢ = g.
Given a > 0, let s = 7+1it € C be such that 7 > oy, |7| < a and |[¢t| > 1, and let n = p[log|t|]+1, p €
N, 0 <1< |[loglt]] — 1.

Consider an arbitrary function u € C(X7) such that v = uoSotp~' € CHP(U). Tt follows from
Lemma 1 (and its proof) that there exists a constant Const > 0, depending on a, such that for s € C
with |Re(s)| < a we have Lip(hs) < Const || and Lip(ds) < Const |¢t|. From the definitions of these
functions we also have ||hs|lo < Const, ||ds|lo < Const, ||ds/hs|lo < Const and ||hs/ds||o < Const.
This implies Lip(hs/ds) < Const |t| and Lip(ds/hs) < Const |t|. Hence

Lip((hs/ds) v) < |[hs/ds[lo Lip(v) + [[v]lo Lip(hs/ds) < Const(Lip(v) + [#] [|v]lo) -

Thus,
Lip((hs/ds Li
V(hafde) vliuipe = (ha/ds) ollo + p“m/” < Const (Hvuo " ft})) — Const [vllLip,
Similarly,
— L v < Const ||L",, . s v .
’ hs INds ) lLip. T\ds ) ILips

Using the above, (3.14), (3.13) and (3.15) we get

d h h
" . ~’U,> oSo _1’ = ‘ —= ﬁEST g <S U) < Const Hﬁnsr g (S U)
H( —sf+§ Y i hs T\ds ) Lips TINds ) llLips
< Const pPlogltlltP(=7r+9) || (h, /d,) VlLip s
< Const pp[loglt\]elP(—Tf+§) [0/l Lip.s -
This proves (3.16). O

4. PROOFS OF THEOREMS 1 AND 2

Consider the space ¥4 and the function f : ¥4 — R7 introduced in subsection 2.2. Let M,
be the space of all probability measures on X 4 invariant with respect to o. For a continuous function
G : X4 — R, the pressure P(G) is defined by

P(GQ) = sup[h(,u) + /G dp: p e Mo']v

where h(u) is the measure theoretic entropy of o with respect to p. The measure of maximal
entropy o for o is determined by

h(po) = sup{h(p) : p € Mg} = P(0) = ho,

ho > 0 being the topological entropy of o. Since o is conjugated to the billiard ball map B :
Mg — Ak, introduced in Sect. 2, hg coincides with the topological entropy of B. On the
other hand, the matrix A related to the symbolic codings with obstacles has an unique maximal
simple eigenvalues A > 1 and hg = log A. Notice that if we consider, as in Section 2, the function
f € Fy(X4) depending only on future coordinates, then P(f) = P(f).

Next, consider the space ¥4 = ¥4 x ¥4 and the shift operator &(z,y) = (ox,0y). Notice that
Y 4 is a subshift of finite type with matrix

A((z‘,j), (i’,j')) = A(i, ) A, ")
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Given a function G : ¥4 — R, we define the pressure P(G) by
P(G)—sup /de me./\/l}

M being the space of probability measures on ¥4 invariant with respect to 5. As in [PoS2], the
measure of maximal entropy mg for 7 is equal to po x pp and the topological entropy of & is 2hy.
Consider the function F(z,y) = f(z) — f(y), 2,y € ¥, and notice that F(sR)|s—o = 2ho,

d
SF6R = [ Play) dmowy) = [ F@duote) - [ oot
Here we used the fact that p
PPl [

Lemma 2. There do not exist constants a > 0 and ¢ € R and continuous functions 1 : Y4 —R
and M : ¥4 — aZ such that

F=v¢os—tp+M+c.

Proof. Let d = dist(K7, K2) > 0. Assume that the above equation holds for some a > 0, ¢ € R
and continuous functions 1 : ¥4 — R and M : ¥4 — aZ. Fix a point y € X4 with 0%y = y
corresponding to a periodic trajectory with 2 reflection points and length 2d. Then for every n =
2k > 2 and o™x = x, we get

Fu(w,y) = fox(x) — fax(y) = May(,y) + 2ke
S0
for(x) = Moy (z,y) + 2kq, Yk € N
with ¢ = ¢ + d. Now we will exploit the construction in Lemma 5.2 in [St1], where configurations
ap=1{1,2,1,2,..,1,2,3,1}, k€ N
T e

with 4k+2 terms has been considered. Let T} be the periods of the primitive periodic rays following
the configurations ay. It was shown in [St1] that T} satisfy the estimate

Ti—1 +4d < Tp < Tjo—y + 4d + C6%*
with some global constants 0 < § < 1, C' > 0 independent on k. Then
Ty = az, + (4k + 2)q, Tp—1 = azp—1 + (4k — 2)q, 2d = azp + 2q
with some integers zq, 2x_1, 2z € Z. This implies

C
Ze—1+ 220 < 2z < Zp_1 + 220 + 52k,
a

Letting £ — oo, we obtain a contradiction. O
An application of Lemma 2 shows (see [PP]) that there exists 3 > 0 such that

d2

ds2

Repeating the proof of Lemma 1.4 and Lemma 1.5 in [PoS2], we obtain the following

P(sF)|s—0 = % > 0.
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Lemma 3. The function t — e®F' has a Taylor expansion
242
; t
etF — ¢2ho (1 — LQ + O(W?)))
with O(|t|?) uniform on bounded intervals. Moreover, there exists a change of coordinates v = v(t)
such that for |t| < e we have e = e2ho(1 —v?),

We say that = € EX is a prime point if 6"z = x for some n > 2 and there are no integers
m < n with the property ¢™x = z. Next, as in [PoS2|, given a continuous non-negative function
x : R — R with compact support, we introduce the function
v = > x(Ty—Ty).

/

v
v, 1SN
Then
N
N0 =Y D D X(T =Ty
nm=l|y|=n~'|=m

= ZN(X) + O( X[l (log N)2e?0V/2)

with

S=2 Y Y M-y

[vl=n v/ |=m onz=z, oMy=y
z,y prime points

=Y Y Y @) - T

hl=nlyl=m " ome=r amy=y
x,y prime points

Next the proof of Theorem 1 follows without any change that of Theorem 1 in [PoS2] and we
omit the details.

Proof of Theorem 2. The crucial point is an estimate for the iterations of the Ruelle operator

Lyyj_p,w(&) = Z et M=oy (n) = e=ho Z e M (n).
on=¢ on=¢
It was shown in Section 3 that P(—7r—hqo) = P(—7f — hg). This shows that P(—sr—hg)|s—o = ho,
so for the Ruelle operator L_g._p, and s = it, |[t| > 1 we can apply the estimates (3.14) with
v = 1. Next, the Ruelle operator L, Feho is conjugated to Lj;—p, by (3.13), hence the estimates
(3.14) can be applied to LZ f—hol' More precisely, there exist 0 < p; < 1 and C > 0 so that for

n = pllog|t|]] + 1, 0 <1 <[log|t|]] — 1 we have
1
22l < CYRAED 021
This yields
HL:IL:itleOO < O12ghom ppllog /2y > 1 |
vvith0<p:p}/2 <1.
Consider the transfer operator

(LitFU> (.CL', y) — Z eitF($/,y/)v($/’ y/)

o(z'y")=(z,y)
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Since
(L3F1)(x0,yo) = Z eitFn(@y) _ Z citfn(2) Z e—itfn(v)
o?;a::zo, ohr=xg 0"y=yo
a™y=yq

it follows that
I p 1o < CePrompPlosltll < Ce2hon pr p=losltl < Oetom min{p”[¢*, 1} (4.1)
with a = |log p|. Thus we obtain the following
Lemma 4. There exists C >0, 0 < p <1 and a > 0 such that for [t| > 1 > 0 we have
ILfpL]loc < Ce® ™™ min{p"|t|*, 1}.
Next, consider the function

Sn(t) = ZN: S @),

nm=1 oc"z=zx,cMz=x,
x, y prime points

Let x € C§°(R) be a nonnegative function and let x be the Fourier transform of x. Given a sequence
en = O(e™ ), denote

As(N,z) = ’/t|>eﬁ\/ﬁeﬁi\7ﬁ [e_zhON(SN<ﬂ\jﬁ>x<;\]}%>)]dt"

As in [PoS2], applying Lemma 4 we obtain the following

Lemma 5. For sufficiently small n > 0 and for N — 400 we have sup,cg A2(N,z) = 0.

The rest of the proof of Theorem 2 follows closely arguments in [PoS2] and we omit the details.

By the same arguments we get

Proposition 5. Let €, be a sequence such that €, = O(e~"), where n > 0 is a sufficiently small
constant. Then for

w(na In(z)) = #{(’7’7/) : |’Y’ = |’Y/| =n, z+€ya < T’y - Tfy/ <z+ Enb}

we have i
. n b—a 282,
o SRl e 1)~ g 2O

5. SEPARATION CONDITION FOR THE LENGTHS OF THE PRIMITIVE PERIODIC RAYS

In this section we discuss some open problems related to the distribution of the lengths of
primitive periodic rays. Let P be the set of all primitive periodic rays in 2. Let II be the set of
the lengths of rays v € P and let = be the set of periods of all periodic rays in 2. It is known that

hx
#{yeP:T,<z}= Z—x(l—l—o(l)), x — 400, (5.1)
where )
h = sup M >0

HEM f fdu
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is the topological entropy of the open billiard flow in 2. In particular, if we have Dolgopyat type
estimates for the Ruelle operator £_g, for s = 7 +it, [t| > 1 and h — e < 7 < h, we can obtain a
sharper estimate than (5.1)(see [PoS1], [St2], [St3])

#{yeP: T, <z} =li(e") + O(e“), 2 — +o0,

where li(z) = [, dt/logt and 0 < ¢ < h . It was proved in [PS1], Chapter 3, that for generic
obstacles K the periods of the primitive rays are rationally independent, that is

T
77&5:>%¢@,V%V56P'
)

Thus for generic obstacles we have T, # T for any distinct elements v and 6 of P.
In what follows we assume that the latter property is satisfied. Let T, v € P, be ordered as a
sequence

i< <..<T,<..

Introduce the intervals
J(7,0) = [T, — e T, 4+ e T1], v € P, § > 0.
Obviously, the number of pairs (T, T5) lying in J(v, ) decreases with ¢.

Definition 1. We say that the obstacle K satisfies the separation condition (S) if there exists
0 > h >0 such that

J(v, ) NI =T, Vy € P. (5.2)
We say that K satisfies the condition (S3) if there exists 6 > h > 0 such that

#{yeP: T <z, J('y,é)ﬂH:Tfy}we%x,a:H—i—oo. (5.3)

The condition (S) was introduced in [P2], however we are not aware of any geometric conditions
on K that would imply (S). The same can be said about (S2). It important to notice that Proposition
5 cannot be applied with the sequence €, = e 97», § > h. On the other hand, it was shown in [P2]
that under the condition (S) there exists a global constant Ay > 0 such that

#{d, €2 : dy € J(7,0)} < AT, Vv € P.

Thus, the distribution of all periods in = is such that we have no clustering of periods with big
density in J(v,d). It is clear that the condition (S3) is much weaker than (.5).

Let x(t) € C5°(—1,1) be a positive function such that x(t) =1 for |t| < ey < 1/2 with Fourier
transform x (&) > 0, V¢ € R. Consider the function ¢;(t) = x(e*%’(t — T})). For the proof of the so
called Modified Laz-Phillips Conjecture (MLPC) for the Dirichlet problem in R x € (see [12]) it is
necessary to find 6 > h and a sequence j — 400 so that

S (DPIT | det(T = P20 (ds)| = moe™ ™ (5.4)
-

with g > 0, n > 0 independent on j. Here P, is the linear Poincaré map related to - introduced in
Sect. 1. It is easy to see that under the condition (S3) we can arrange (5.4) for a suitable sequence
Jj — 400, so (MLPC) follows from (S2).

Indeed, assuming (S3), consider the number of iterated periodic rays pu ¢ P with lengths
d, € J(v,9), provided v € P, Ty < x. If d, = kT, k > 2, then 2 < k < xd—'zl, where dy =
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2 min;»; dist (K, K;). Thus, using (5.1), the number of such non primitive periodic rays p for
x > My large enough is not greater than
C (z+1)/do (z+1)/do k i
2

Cle _@m 1 z
Wz 1) Z ket < 1<1+66 > §)§§e

k=3

Consequently, taking into account (5.3), it is possible to find an infinite number of intervals J(v;, J)
with ~; € P such that T),, — +o00 and

J(’Yj,(S)QE:T%. .

For such rays the sum on the left hand side of (5.4) is reduced to the term T’ |det(] — P,Yj)|_1/2
and the inequality (5.4) follows from the estimate

|det(I — P,,)| < e

with some global constant ¢ > 0 (see for instance, Appendix A.l in [P1]). By the argument of
Tkawa [I2] we conclude that (5.4) implies (MLPC).

The above analysis shows that (S2) can be replaced by a weaker condition in order to satisfy
(5.4). Let P, (resp. P,) be the set of primitive periodic rays with even (resp. odd) number of
reflections and let II. (resp. II,) be the set of periods of v € P, (resp. v € P,). We have (see [G],
[X1], [X2]) the following analog of (5.1)

eha:
#{7673@: T,yﬁfr}fv%,xﬁ{—oq
ehx
#{yeP,: T’ygl‘}w%, x — ~+00.
Definition 2. We say the obstacle K satisfies the condition (Ss3) if there exists § > h such that
#{yveP.: T, <u, J(v,é)ﬁHO:@}Ne%x, T — +00. (5.5)

Under the condition (S3) in every interval J(v,d), v € P, we may have an arbitrary clustering
of periods in II, and this leads to a sum of terms with positive signs in (5.4). Assuming (S3)
fulfilled, it is not hard to deduce that there exists a sequence of v; € Pe, T, — +00, such that

J(v;,6)N=EC (Meu2dl), Vj e N,
and the latter implies (MLPC). We leave the details to the reader.

It is an interesting open problem to investigate if the conditions (S2), (S3) or some other similar
condition are fulfilled.
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