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Abstract
We investigate the behavior, as ¢ — 0, of the nonlocal Allen-Cahn
1
equation uw; = Au + E—Qf(u,s/ u), where f(u,0) is of the bistable
<

type. Given a rather general initzial data ug that is independent of ¢,
we perform a rigorous analysis of both the generation and the motion
of interface, and obtain a new estimate for its thickness. More precisely
we show that the solution develops a steep transition layer within the
time scale of order £2| In¢|, and that the layer obeys the law of motion
that coincides with the limit problem within an error margin of order ¢.

Key Words: reaction-diffusion equation, nonlocal PDE, singular per-
turbation, motion by mean curvature [J.

1 Introduction

This paper is concerned with the singular limit, as € — 0, of the nonlocal
Allen-Cahn equation

ut:Au+€i2f <’LL,€/’LL> in Q x (0,00)
Q

(Pe) §9u_
ey 0 on 990 x (0, 00)
u(x,0) = up(z) in Q,

where Q is a smooth bounded domain in RY (N > 2) and v the Euclidian
unit normal vector exterior to 9. We assume that the nonlinearity f(u,v)
is smooth and that f(u) := f(u,0) is given by f(u) := —W'(u), where W (u)

'AMS Subject Classifications: 35K57, 45K05, 35B25, 35R35, 53C44.



is a double-well potential with equal well-depth, taking its global minimum
value at u = +1. More precisely we assume that f has exactly three zeros
—1 < a < 1 such that

f'(£1) <0, f'(a) >0 (bistable nonlinearity), (1.1)

and that
+1

flu)du = 0. (1.2)
-1
The condition ([L.1]) implies that the potential W (u) attains its local minima
at v = £1, and ([.7) implies that W(—1) = W(+1). In other words, the
two stable zeros of f have “balanced” stability.
Concerning the initial data ug, we assume its smoothness and choose
Co > 1 such that

luollco + IVuollco@) + ”DQUOHCO(Q) < Co. (1.3)
Furthermore we define the “initial interface” I'y by
Iy = {o € Q| up(x) = a},

and suppose that I'g is a smooth closed hypersurface without boundary, such
that, n being the Euclidian unit normal vector exterior to Iy,

IyccQ and Vup(x)#0 ifzely, (1.4)

up>a in Qf, wy<a in 0 (1.5)

where ), denotes the region enclosed by I'g and Qa' the region enclosed
between 02 and I'y.

Before going into more details, let us recall known facts concerning the
“usual” Allen-Cahn equation, namely

1 -~

The singular limit was first studied by Allen and Cahn [ff] and by Kawasaki
and Ohta [[4]. By using formal asymptotic arguments, they show that the
limit problem, as € — 0, is a free boundary problem: the motion of the limit
interface is ruled by its mean curvature. More precisely, the solution u® of
the Allen-Cahn equation tends to a step function taking the value +1 on one
side of an moving interface, and —1 on the other side. This sharp interface,
which we will denote by I'y, obeys the law of motion V,, = —k, where V,, is
the normal velocity of I'y in the exterior direction and x the mean curvature
at each point of T';.

Then, some rigorous justification of this procedure were obtained. In the
framework of classical solutions, let us mention the works of Bronsard and



Kohn [, X. Chen [}, fIl, and de Mottoni and Schatzman [[[§, [[9]. Later, in
[E], the authors prove an optimal estimate for this convergence for solutions
with general initial data. By performing an analysis of both the genera-
tion and the motion of interface, they show that the solution develops a
steep transition layer within a very short time, and that the layer obeys
the law of motion that coincides with the formal asymptotic limit V,, = —k
within an error margin of order ¢ (previously, the best thickness estimate in
the literature was of order ¢|Ine|, [§]). For similar estimates of the thick-
ness of the interface in related problems we refer to [[l] (reaction-diffusion-
convection system as a model for chemotaxis with growth), [I (inhomo-
geneous Lotka-Volterra competition-diffusion system), [B] (fully anisotropic
Allen-Cahn equation).

Since the classical motion by mean curvature may develop singularities
in finite time (extinction, “pinch off” phenomena...), one has to define a
generalized motion by mean curvature in order to study the singular limit
of the Allen-Cahn equation for all time. One represents I'; as the level set of
an auxiliary function which solves (in the viscosity sense) a nonlinear partial
differential equation. This direct partial differential equation approach was
developed by Evans and Spruck [[[J], Chen, Giga and Goto [[1]. In this
framework of viscosity solutions, we refer to Evans, Soner and Souganidis
[[J, Barles, Soner and Souganidis [fj], Barles ans Souganidis [fj], Ilmanen
[Ld for the singular limit of reaction-diffusion equations, for all time.

We now turn back to the nonlocal Allen-Cahn equation. Problem (P°)
was considered by Chen, Hilhorst and Logak [[L0]. In order to underline its
relevance in population genetics and nervous transmission, they first show
that (P°) can be seen as the limit, as 0 — 0 and 7 — 0, of the FitzHugh-
Nagumo system

1 ]
u = Au+ — f(u,e—v)
1 © 1 7
Ty = —Av+u— —v.
o ot

Then, they study the motion of transition layers for the solutions u® of (P?).
More precisely, for “well-prepared” initial data, they prove that, as ¢ — 0,
the sharp interface limit, which we will denote by I';, obeys the law of motion

) {Vn — k(|- 197 on Ty
I‘t|t:0 =T,

where V), is the normal velocity of I'; in the exterior direction, x the mean
curvature at each point of T'y, 2, the region enclosed by Ty, ;" the region



enclosed between 0f2 and I'y, ¢y the constant defined by

+1 af

g %(u, 0) du

co = — (1.6)

+1 ’
| v - w2
-1

and |A| the measure of the set A. As explained in [[[0], the Problem (P?)
possesses a unique smooth solution locally in time, say on some [0, 7]. More-
over, in contrast with the “usual” motion by mean curvature which shrinks
in finite time, the nonlocal effect allows the possibility of nontrivial station-
ary state (see [[[4] for a discussion in the radially symmetric case).

The goal of the present paper is to make a detailed study of the limiting
behavior of the solution u® of Problem (P¢), without assuming that the ini-
tial datum already has a a specific profile with a well-developed transition
layer. In other words, we study the generation of interface from arbitrary
initial data. Moreover, we obtain an improved error estimate, of O(g), be-
tween the solutions of (P¢) and those of (PY).

Our main result, Theorem [[.1], describes the profile of the solution after
a very short initial period. It asserts that: given a virtually arbitrary initial
data wug, the solution u® quickly becomes close to 41, except in a small
neighborhood of the initial interface I'g, creating a steep transition layer
around Iy (generation of interface). The time needed to develop such a
transition layer, which we will denote by ¢°, is of order 2| In¢|. The theorem
then states that the solution u* remains close to the step function @ on the
time interval [t¢, T (motion of interface), where @ is defined by

B —1 in Q
u(z,t) = {—I—l . Q} for t € [0,T7. (1.7)

In other words, the motion of the transition layer is well approximated by
the limit interface equation (P?).

Theorem 1.1 (Generation, motion and thickness of transition layers). Let
n be an arbitrary constant satisfying 0 < n < min(a+ 1,1 — a) and set

p=f'(a).
Then there exist positive constants g9 and C such that, for all ¢ € (0,e9)
and for all t* <t < T, where t° := p~'e?|Ine|, we have
[—1—n,+1+4+n] if xe Nee(Iy)
u“(z,t) € [—1—n,—1+n] if x€Q \ Ne(Ty) (1.8)
1 —n, 41 +n] if = eQf \ Nee(Ty),

where N,.(T') := {x € Q,dist(x,Ty) < r} denotes the r-neighborhood of T'y.



The estimate ([[.§) implies that, once a transition layer is formed, its
thickness remains within order ¢ for the rest of time.

Corollary 1.2 (Convergence). As e — 0, u® converges to o everywhere in
Uo<t<r(2F x {t}).

This paper is organized as follows. In Section f| we study the generation
of transition layers that takes place in a very short time range. Section
is devoted to the construction of a pair of sub- and super-solutions for the
study of the motion of interface. In Section | by fitting the pair of sub- and
super-solutions of Section [ into the pair of Section ], we prove our main
result, Theorem [[.1. Since our arguments rely on a nonlocal comparison
principle borrowed from [[[(], we recall it in a short appendix.

2 Generation of interface

In this section, we investigate the generation of interface, namely the rapid
formation of internal layers that takes place in a neighborhood of I'y =
{z € Q| up(xr) = a} within the time span of order £?|Ing|. In this earlier
stage, the diffusion term is negligible and the partial differential equation is

1
approximated by the nonlocal equation u; = 2 f(u,e [ u) and so, by the
Q

ordinary differential equation

w = =5 (Fw) + O(€)). (21)
In the sequel, 1y will stand for the quantity
N :=min(a+ 1,1 — a).
The main result of the present section is the following.

Theorem 2.1 (Generation of interface). Let n € (0,m0) be arbitrary and
define 1 as the derivative of f(u) at the unstable zero u = a, that is

p=f'(a). (2:2)
Then there exist positive constants €y and My such that, for all € € (0,¢g),

(i) for all z € Q,

—1—n <u(z,p e Inel) <141, (2.3)

(i) for all x € Q such that |up(xz) — a| > Moe, we have that

if ug(z) > a+ Mye then uf(z,p e?|lnel) >1—n, (2.4)
if uo(x) <a— Moe then u(z,p 'e?|lnel) < —1+1.



The above theorem will be proved by constructing a suitable pair of
sub- and super-solutions based upon the ordinary differential equation (@)
Note that the assumption of balanced nonlinearity ([[.J) is useless for the
proof of the generation of interface property.

2.1 The bistable ordinary differential equation

We first consider a slightly perturbed nonlinearity:

fs(u) = f(u) +3,

where § is any constant. For |§| small enough, this function is still of the
bistable type. More precisely, if §g is small enough, then for any § €
(—00,00), f5 has exactly three zeros, namely a_(0) < a(d) < a, (), and
there exists a positive constant C' such that

| (6) + 1] +[a(0) — al + [y (6) — 1] < C14], (2.6)

1(8) — ul < o], (2.7)

where
p(6) := f(a(6)) = f'(a(5)).

Now for each 6 € (—dp,d0), we define Y (7,&;0) as the solution of the
ordinary differential equation

{ Yo(r,&:68) = fs(Y(r,64)) forT>0 (2.8)

Y(0,89) =¢,

where ¢ varies in (—2Cp, 2C)), with Cj being the constant defined in ([L.J).
We claim that Y (7,&;0) has the following properties.

Lemma 2.2. There exist positive constants g and C such that, for all
(7—7675) S (0700) X [_2007200] X [_50750]}

(i) [Y(7,&0)] <2Co
(ii) 0 < Ye(r,&50)

Y:
(m)h%ﬁéﬁﬂéCWM”—D-

Property (i) is a direct consequence of the profile of f5 and so of the
qualitative properties of the solution of the bistable ordinary differential
equation (P.§); for proofs of (ii) and (iii) we refer to [f], subsection 4.1. O



2.2 Construction of sub- and super-solutions

We are now ready to construct a pair of sub- and super-solutions in order
to prove the generation of interface property. By using some cut-off initial
data (see [[], subsection 3.2) we can modify slightly uy near the boundary
09} and make, without loss of generality, the additional assumption

% =0 on 90 (2.9)
We set
+ ¢ 2 ¢
wE(o,1) = Y (5, u0(@) £ (G, =) %G,
€ €
where the function 7 (9, 7) is given by

r(8,7) = Cu(e"O7 — 1),

and the constant G by

of
= 2CH| —(u,v)].
G =200 e oy B )
Lemma 2.3. There exist positive constants g and Cy such that, for all
e €(0,e0), (wZ,wl) is a pair of sub- and super-solutions for Problem (P¢),
in the domain Q x (0, &% Ingl).

Before proving the lemma, we remark that w2 (z,0) = w (z,0) = ug(x).
Consequently, by the comparison principle, we obtain

wZ (z,t) < us(z,t) <wl(z,t)  forall Qx[0,ute?|Ingl]. (2.10)

Proof. First, the inequality w. < wZ follows from the fact that Y'(7,&;0)
increases with both ¢ (see (ii) Lemma P.3) and & (as easily seen from the
ordinary differential equation). Next, (2.9) implies that both w! and w_
satisfy the Neumann homogeneous boundary conditions. Hence, it remains
to prove the inequalities £iwl > 0 and £L_w; < 0 (see Definition [A.1]),
provided that the constants g and C, are appropriately chosen.

If € is sufficiently small, we note that £¢G € (—dp,dp) and that, in the
range 0 < t < p~'e?|Ine|,

‘E2C*(e“(i€g)t/€2 —1)| < 620*(€—u(j:€g)/u —1) < Cy,

using (R.7). The above inequality implies

ug(z) + e2r(+eg, 612) € [-2Cy, 2Cy].



These observations allow us to use the results of Lemma P.J with the choices
7= t/e?, & = up(x) £ e2r(£eG,t/e?) and § := +£eG. In particular, it fol-

lows from property (i) that | / w (z,t) dz| < 2C|Q| which in turn implies
)
(thanks to the choice of G)

max f(wt,es) < f(wh) +eG. (2.11)
Jowe <s< [ wd

In view of the above inequality, some straightforward calculations yield

1 1 - 1
Lowd 2 Y+ CupleG)e" DY — [VuoPYee — AugYe — (V) ~ -G,

t
—,uo(z) + 620*(6“(Eg)t/52 —1);eG | of the function
€

Y and its derivatives is omitted. Noticing that the ordinary differential
equation (R.§) writes as Y, = f(Y) + &G, we get

where the argument

Liwh > Ye [C*u(sg)e”(ag)t/az — Aug — %’VUOP] .
Using the estimate (iii) in Lemma P.J, we obtain
Lowt 2 Ve|Cup(eG)er =" — | Aug| = C(eHEO=" —1)[Tuy 2]
> Ve[ (Cup(eG) — CIVuol2)eH =" — |Aug| + C|Vuo?]-

In view of (P7]), this inequality implies that, for € € (0,2¢), with ey small
enough,

1
Lowt 2 Ye|Cugp—CCo* = Co 20,

by choosing C large enough.
Since one can prove L_w_ < 0 by similar arguments, this completes the
proof of Lemma P.3. O

2.3 Proof of the generation of interface property

In order to prove Theorem P.J we first quote a lemma from [[J}; it makes

more precise the bistable behavior of the ordinary differential equation by
giving basic estimates of the function Y (7, ¢; £eG) at time 7 = p~ ! Ine|.

Lemma 2.4. Let n € (0,19) be arbitrary; there exist positive constants eg
and M, such that, for all € € (0,¢p),

(i) for all £ € (—2Cy,2C)),

— 1= <Y(p '|Ine|,&+eG) < 141; (2.12)



(ii) for all & € (—2Cy,2Cy) such that |§ — a| > Mye, we have that

if €>a+ Mye then Y(,u_1|ln6|,£; +eG) > 1 —n, (2.13)
if €<a—Me then Y(u'|lnel,&+eG) < -1+ (2.14)

Proof of Theorem P.1]. By setting t = = 'e?|In¢| in (R.10), we get

Y</f1] Ine|,uo(z) — *r(—eG, p | 1ne|); —aQ)

< uf(z, p e Ine|) < Y(,u_1| Ine|,uo(z) + %r(eG, p~ | 1Ine|); —|—5Q>.

(2.15)
We note that (R.q) implies
lim ponEG) (2.16)
£—

so that, if g¢ is sufficiently small,

1 3
e2r(+eG, p~  Ine|) = Coe(eWHED)/1 _ o) ¢ (50*6, 5(7*6),
and, for all 2 € Q, it holds that ug(z) £ er(£eG, p~!1Inel) € (—2Cy, 2Cp).
Hence, the result (R.3) of Theorem P.] is a direct consequence of (R.19) and
E1).
Next we prove (.4). We take z € Q such that ug(z) > a + Moye; then

up(x) — e2r(—eG, u~Yne|) > a+ Moe — %C'*e
> a+ M,e,

if we choose My large enough. Using (R.17) and (R.13) we see that inequal-
ity (R4) is true. The inequality (R.J) can be shown the same way. This
completes the proof of Theorem P.T]. O

3 Motion of interface

In Section B, we have proved that the solution u of Problem (P¢) develops a
clear transition layer within a very short time. The aim of the present section
is to show that, once such a clear transition layer is formed, it persists for the
rest of time and that its law of motion is well approximated by the interface
equation (PY). In order to study this latter time range where the motion of
interface occurs, we will construct another pair of sub- and super-solutions
(uz,uZ) for Problem (P?). To begin with we present mathematical tools
which are essential for this construction.



3.1 Preliminaries

The “cut-off signed distance function”. Let I' = Upi<7(I'y X {t}) be

the solution of the limit geometric motion problem (PY) and let d be the
signed distance function to I' defined by:

- {—dist(:E,Ft) for x € Q (3.1)

d(:Ev t) =
dist(z,T';) for x € Q,
where dist(x,T';) is the distance from z to the hypersurface I'; in Q. The
“cut-off signed distance function” d is defined as follows. First, choose dy > 0

small enough so that the signed distance function d defined in (B-1)) is smooth
in the following tubular neighborhood of I':

{(z,1) € @ x [0,T] | |d(z, )] < 3do},
and that
dist(I'y,00) > 3dy  for all t € [0, 7. (3.2)

Next let ((s) be a smooth increasing function on R such that

s if |s| <dp
C(S) = —2d0 if s < —2d0
2d0 if s > 2d0.

We then define the cut-off signed distance function d by

d(z,t) = ¢ (J(x,t)) . (3.3)

Note that, in view of (B.J) and the definition of d, the equality Vd = 0
holds in a neighborhood of Q2. Note also that the equality |Vd| = 1 holds
in the region {(z,t) € Q x [0,T] | |d(z,t)| < dp}. Moreover, since Vd
coincides with the outward normal unit vector to the hypersurface I'y, we
have di(z,t) = —V,, where V,, is the normal velocity of the interface I'y
in the exterior direction. It is also known that the mean curvature s of
the interface is equal to Ad. Hence, since the moving interface I' satisfies
Problem (P°), an alternative equation for I is given by

di = Ad — coy(t) on Ty, (3.4)
where v(t) := || — ;]

The one dimensional standing wave Uj. Let Uy(z) be the unique solu-
tion of the stationary problem

{ Uy + f(Up) =0

Un(—00) = =1, Up(0) =a, Up(+o0) =+1. (3:5)

10



This solution represents the first approximation of the profile of a transition
layer around the interface observed in the stretched coordinates; it naturally
arises when performing a formal asymptotic expansion of the solution u®
(see [{], Section 2). Note1 that the “balanced stability assumption”, i.e.

+1
the integral condition f(u)du = 0, guarantees the existence of such a
1

standing wave. In the simple case where f(u) = u(1 — u?), we know that
Uo(2) = tanh(z/v/2). In the general case, the following standard estimates
hold.

Lemma 3.1. There exist positive constants C and A such that
0<1—-Uy(z) <Ce M forz>0
0<Uy(z)+1 <Ce N forz<o.

In addition, Uy is a strictly increasing function and, for j = 1,2,

|D7U(2)] < Ce Ml for z e R. (3.6)

The solution U; of a linearized problem. Let U;(z,t) be the solution
of the problem

Uhes + PO =700 (G 00 ~ath @)
UL(0,4) = 0, Ui(-t) € L®(R),

where

L (0n(2), 000 (=) =
co:= —2R . (3.8)

/ (Uo/) 2 (z)dz
R

Again, the above problem arises when performing a formal asymptotic ex-
pansion of the solution u°. Since (B.7) can be seen as a linearized problem for
(BH), its solvability follows from a Fredholm alternative: thanks to the def-
inition of ¢y, Uy’ turns out to be orthogonal to the right-hand side member
of (B.7). Moreover, there exist constants M > 0 and C' > 0 such that

’Ul(Z,t)’ < M; (39)
[Une(z, )] < C, (3.10)
|U12(Z7t)| + |U122(Z,t)| < CE_MZ‘, (311)

for all (z,t) € R x [0,T]. We omit the details and refer the reader to [f],
Section 2.

Note that, by multiplying equation (B.§) by Uy’ and integrating from
—o0 to z, we obtain Uy'(z) = [2(W (Up(z)) — W (—1))]*/2. Using this, it is
now a matter of routine to deduce from (B.§) the more intrinsic expression

(L9).

11



3.2 Construction of sub- and super-solutions

We look for a pair of sub- and super-solutions uX for (P¢) of the form

d(xz,t) + €p(t)> d(x,t) + ep(t)
5

ugc(:n,t) =0 < .

+ely < ,t) +q(t), (3.12)

where )
p(t) = —e P el 4 K,
q(t) = cr(ﬁe_ﬁt/52 +e?Lelt).

Note that ¢ = ge? p;. It is clear from the definition of uF that

(3.13)

L +1  for all (z,t) € Ug<i<r (2 x {t})
hn%u (x,t) = -
E—>

: —1 forall (x,t) € Up<<7(Q; x {t}).
The main result of this section is the following:

Lemma 3.2. Choose 6 > 0 and o > 0 appropriately. Then for any K > 1,
there exist positive constants g and L such that, for any e € (0,e¢), (uZ,ul)
is a pair of sub- and super-solutions for (P®) in the domain € x [0,T].

Proof. First, we claim that (RI4) and (A:1g) hold as a consequence of
(EH). Then, since d is constant in a neighborhood of 99, both ut and u_
satisfy the Neumann homogeneous boundary conditions. Hence it remains
to prove the inequalities £yul > 0 and £_uZ < 0, provided that the various
constants are appropriately chosen.

We start with some useful inequalities. On the one hand, by assumption
(1), there exist positive constants b, m such that

f(Up(2)) < —m it Up(z) € [-1, =1+bJU[1—b, 1]. (3.14)

On the other hand, since the region {z € R|Uy(z) € [-1+0b, 1 — 0]} is
compact and since Uy’ > 0 on R, there exists a constant a; > 0 such that

Uy (2) > a1 if Up(z) € [-1+b,1-0]. (3.15)
We set m
= — 1
p=2, (3.16)
and choose o that satisfies
0 < o < min (09,01, 02), (3.17)
where
0o = o o1 = —1 o9 1= 745
TR VT g1 TP H@B+1)

12



the constants F) and H being given by

Fy = ||f/HL°°(—1,1)7 H := (u v)e[gaé}}(x[—l 1] ||He'98(u,v)f”7 (318)

where ||A|| := max; ;|a;;|. Combining (B.14) and (B.17), and considering
that ¢ < 0g, we obtain

Uy (2) — o f' (Up(2)) > om for —oo <z < o0 (3.19)

Now let K > 1 be arbitrary. In what follows we will show that £ ul > 0
provided that the constants €y and L are appropriately chosen. We recall
that —1 < Up < 1 and that |U;| < M. We go on under the following
assumption

eoM <1,  LefT <1. (3.20)

Then, given any ¢ € (0,¢), since o < o1 we have 0 < ¢(t) < 1, so that

—3 <uf(z,t) < +3. (3.21)

In order to evaluate the “nonlocal part” of £ uZl, we need bounds for

the quantities / uf (z,t)dz. For the sake of clarity, the arguments of most
Q

of the functions are omitted in the following. We write / ul dx = / (Uo—
Q Qf

1) dz + Q| +/ U+ 1)dx — Q| + / (eUy + q) dz, which yields
Q

t
/Qu:dx—fy(t) = ]Q\q(t)—i—/QEUl dx

Jr/m(Uo—nda:Jr/Q (Uo+1)dz

—: [Qq(t) + L(t) + L (t) + I_().

In the following we will denote by C various positive constants that are
independent of ¢ € (0,&¢). Since U; is bounded, we have |I.(t)| < Ce.
In order to estimate I (), we use the partition

OF = {a] d(z,t) > do} U{a| 0 < d(z,t) < do}.
First assume d(z,t) > dy. From Lemma B.], we deduce that

d(z,t) +ep(t)

0<1-—Uy( ) < CeMd@t+ep(t)l/e < Oe—Ado/s’

13



from which we infer that

0< / <1 _ Uo(M)) dx < Ce Mo/e,
d(z,t)>do €

In order to estimate the integral on {z| 0 < d(x,t) < dy}, we use arguments
similar to those used in [[[J]. We denote by J(s,d) the Jacobi of the trans-
formation x — (s,d), where s(x,t) is the projection of = on I'; along the

normal of I'; and d(x,t)(= d(x,t)) is the signed distance defined above; we
define Cj := maxo<i<r || (*;*)[| Loo (1, x [—do,do])- This yields

0<d(z,t)<do €

- /r /odo (1 - U0<%€p(t)>> J(s,r) drds

do/e
§C’J5/F/O (1 - Up(= + p(t))) deds

+oo
< CJE/ / (1 —=Up(u))duds < Ce.
ry Jo

As far as I_(t) is concerned, we first assume that d(z,t) < —dy. Note
that 0 < K —1 < p < T + K. Consequently, if we assume

Cl
LT 0
c - 2607 ( )

d d
then — — Ip| > 2—0. By using similar arguments as the ones above, we obtain
€ €

0< / <Uo(w) + 1> dr < Ce—Ao/(2)
d(mvt)S—do €

Concerning the region {z| —dy < d(z,t) < 0}, we get

t t
og/ <UO(M)+1> dx
—do<d(z,t)<0 €

= /rt /_Odo <U0(%Ep(t)) + 1) J(s,r)drds

0
< cja/ / (Uo(z + p(t)) + 1)) dzds
Ft —do/E
do/(2€0)
<Cje / / (Uo(u) + 1) duds < Ce.
Ft —0o0

14



Since one would obtain similar estimates with ul replaced by u_, the
above estimates yield

/ o dy — ’y(t)‘ < Ce+ Cylt), (3.23)
Q

which, in turn, implies

max  f(uf,es) < f(ul,ev(t)) + Ce® + Ceq(t) (3.24)
Joue <s<[qud

and

min fluZ,es) > fluz,ey(t)) — Ce? — Ceq(t). (3.25)

Jouz <s< [ ud

Now, we can turn back to the proof of £Liuf > 0. From the above
inequality, we get

Louf > () dud — S f(ud =9(t) ~ €~ Oa(t). (326)

Straightforward computations yield
d
(uf)e = Uol(zt +pt) + €Uy + U (de +€pi) + @

vd|? Ad Vvd|?
‘ ‘ + UO,? + Ulzz’ ’

Aut =Uy" + Ur.Ad,

g2 5
where the function Uy, as well as its derivatives, are evaluated at z =
(d(z,t) + ep(t)) /e, whereas the function Uy, as well as its derivatives, are

evaluated at <(d(:17, t) +ep(t)) /e, t). We also have

Flute(0) <TW0) + (eUs + ) (V) +<3(1) o

T H (%(5(]1 +q) + %6272(75) + (eU1 + Q)W(t)) )

(U07 O)

where H was defined in (B.1§). Combining the above expressions with the
equations (B.§) and (B.7) for Uy and Uy, we obtain

Liul > Fy+ -+ Eg,

where:

1 ~ 1
E = —E—gq <f/(UO) + gHQ> + Uo'pt + @

U/l Uzz
um (4 ) ey
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U/
Es = <?0 + Ulz> (dt — Ad + Co’y(t))

1
Ey = 5U1zpt + gq (—H’}/(t) — HU; — O)

E5 = —coy(t)Ur. — $HU? — $HA?(t) — Hy(t)U; — C
E@ = EUlt.

In the sequel, we estimate the terms E1—Fg and denote by C; various
positive constants that are independent of ¢.

3.2.1 The term E;

Direct computation gives

E, = ge_ﬁt/ez (I —oB) + LeP (I +%0L),

where )
[=Uy —of'(Uy) — %H(ﬁe—ﬁt/€2 + 2Ll

In virtue of (B.I9), we have
o2
I>om— 7];[(5 +e2LelT).

Combining this, (B.19), (B.20) and the inequality o < o2, we obtain I > 2043.
Consequently, we have

2
Ey > %e_ﬁt/g + 208 Lel.
€

3.2.2 The term FEy

First, in the region where |d| < dp, we have |Vd| = 1, hence Ey = 0. Next
we consider the region where |d| > dy. We deduce from Lemma B.1] and from

(B11) that

1 1. _ 20 B
|| < 0(6_2 + E)e Md-+epl/e < e Ado/=—Ipl).

In view of (B.29) we have 0 < p < ;—2 so that

|| < 26_(2?6_)@0/(28) < .
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3.2.3 The term FEj
Recall that
(dy — Ad)(x,t) +coy(t) =0  on Ty ={zeQ, d(z,t) =0}

Since the interface I'; is smooth, both Ad and d; are Lipschitz continuous
near ['y. It follows from the mean value theorem applied on both sides of T'
that there exists a constant N > 0 such that:

|(dy — Ad)(x,t) + coy(t)] < Nld(x,t)| for all (z,t) € Q x (0,T).
Applying Lemma B.1] and the estimate (B.11]) we deduce that

B < one Az
g
<2NC maXgeR |f|€_)‘|§+p‘

1
< 2NC max(|p|, X)

Thus, recalling that [p| < e’ + K, we obtain
‘Eg‘ < Cg(eLt + K) + Cgl,
where C3 := 2NC and C3' := 2NC/\.

3.2.4 The terms FE4, F5 and Ejg

Since Uy, Uy, Uy and vy are bounded, it is a matter of routine to see that

1
|E4| < C4(gﬁ€_6t/€2 —|—€L€Lt), |E5| < 05, |E6| < 606.

3.2.5 Completion of the proof

Collecting all these estimates gives

2
Loul > (Ugié — %)e_m/62 + (208L — C5 — EC4L)eLt —C7,  (3.27)

e

where C7 := Cy + KC3 + C3' + C5 + Cs. Now we set
1 do

Li=—ln2
T g,

which, for £y small enough, validates assumptions (B.20) and (B.29). For &g
small enough, the first term of the right-hand side of (B.27) is positive, and

Liutf > [oBL — C3let — C7 > %aﬁL —C7>0.

The proof of (JA.19) is now complete, with the choice of the constants (3, o
as in (B-19), (B-17). Since one can prove ([A.1J) by similar arguments, this
completes the proof of Lemma .9 O
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4 Proof of Theorem [I]]

Let n € (0,79) be arbitrary. Choose 3 and o that satisfy (B.16), (B.17) and

B < (4.1)
3
By the generation of interface property, Theorem P.1, there exist positive
constants g9 and My such that (£.3), (-4) and (R-5) hold with the constant
n replaced by 0(3/2. Since Vugy # 0 everywhere on I'g = {z € Q| ug(x) = a}
and since I'y is a compact hypersurface, we can find a positive constant My
such that

if d() (a;)
if d() (a;)

Mie  then wp(z) > a+ Mye

(4.2)
—Mye then wy(z) <a— Mpe.

IN IV

Here dy(x) := d(x,0) denotes the signed distance function associated with
the hypersurface I'g. Now we define functions H* (z), H™ (x) by

[ 4140B/2 i do(z) > —Mye
H*(z) = { —1+03/2 if do(x) < —Me,
[ +1-0B/2 if do(z) > Me
H™(z) —{ —1—00/2 if do(x) < Me.

rJilhen from (3), B4, BF) (with n replaced by 03/2) and (), we see
that

H (z) < u(z,p *e?|lne|) < H(2) for x € Q. (4.3)
Next we fix a sufficiently large constant K > 1 such that
of of
Uo(—Ml—l-K) > 1—? and Uo(Ml—K) < —1+?. (44)

For this K, we choose ¢¢ and L as in Lemma B.2. We claim that
uZ (z,0) < H (z), HT(x) <ul(x,0) for z €, (4.5)

with (uZ,uZ) the pair of sub- and super-solutions defined in (B.19) for the
study of the motion of interface. We shall only prove the former inequality,
as the proof of the latter is virtually the same. Then it amounts to showing

that

do(x) do(x)
9 9

uz (x,0) = Up( —K)+eUs ( —K,0)—0c(B+£’L) < H™ (z). (4.6)

Recall that |U;| < M. Therefore, by choosing ¢y small enough so that
eoM < 03/6, we see that

do(x)
9

uZ (x,0) < Up( —K)—%aﬁ.
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In the range where do(z) < Mjie, the fact that Uy is an increasing function
and the second inequality in ([£4) imply

d()(l‘)
9

Uo

~ K) —gaﬂ < Uo(Ml—K)—gaﬂ < —l-= = H (a).

On the other hand, in the range where dy(z) > Mje, we have

do(7)
g

This proves ([.6]), hence ([L.F) is established.
Combining ([.) and ([[H), we obtain

Uo( —K)—%aﬂ < 1—gaﬂ < H™ (z).

uz (2,0) < u(z, p~ ' Inel) < uf(z,0).

Since (uZ,ul) is a pair of sub- and super-solutions for Problem (P¢), the
comparison principle yields

uZ (z,t) <u(z,t +1°) <ul(w,t) for0<t < T —t° (4.7)

where t* = 12| Ine|. Note that, in view of (B.1J), this is enough to prove
Corollary [[.3. Now let C be a positive constant such that

UO(C—eLT—K)zl—g and Uo(—c+eLT+K)§—1+g. (4.8)

One then easily checks, using ({.7) and ([.1), that, for e9 small enough, for
0<t<T-—t° we have

it  d(z,t) > Ce then wf(x,t+t°)>1—n (4.9)
if d(z,t) < —-Ce then wuf(z,t+1t°)<—-1+n, '
and
ue(gj,t + ts) € [_1 -n 1+ 77]7
which completes the proof of Theorem [L.1. O

Appendix - Comparison principle

The definition of sub- and super-solutions is the one proposed by Chen,
Hilhorst and Logak [[(]. It involves simultaneously a super- and a sub-
solution.

Definition A.1. Let (uZ,ul) be a pair of smooth functions defined on

Q) x [0,T] and satisfying

- <ul in Qx][0,7], (A.10)

e — 7€
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and B .
Ou; <0< ou

ov ov

We say that (uZ,ul) is a pair of sub- and super-solutions for Problem (P?)
if

on 90 x (0,7). (A.11)

1
Liut = (ul); — Aul — = max ul,es) >0 in Qx (0,7),
+ ( a)t € 22 fnggsngu;rf( 5 )— ( )
(A.12)
1
L ou. = (u; ) —Au; — — i - <0 in Qx(0,7).
Ueg (ua )t U &2 fngIgnslngu;r f(ua7€8) = mn X( ) )

(A.13)
As proved in [[(], the following comparison principle holds.

Proposition A.2. Let a pair of sub- and super-solutions be given. Assume
that, for all © € €,
uZ (z,0) < ug(z) < ul(z,0). (A.14)

Then, if we denote by u® the solution of Problem (PF®), the function u®
satisfies
uz (z,t) < u(a,t) < uf(z,t), (A.15)

for all (z,t) € Q x [0,T].

As easily seen from the proof in [[I(J], one could replace the assumption
(A-10) by the assumption ([A.14) together with the condition that

/Qu;(x,t) dx g/u;‘(:c,t) dz, (A.16)

Q

for all ¢t € [0, to] with tg > 0. More precisely if ((A.14), (A.16), (A.11), (A.19)
and ([A.13) hold, then the conclusion ([A.17) follows.
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