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ABSTRACT. A nonlinearly elastic shell is modeled either by the nonlinear three-
dimensional shell model or by a nonlinear two-dimensional shell model. We show
how such two-dimensional shell models can be derived from the minimization prob-
lem associated with the nonlinear three-dimensional shell model. For shells made
of a Saint Venant-Kirchhoff material, we obtain in particular the nonlinear shell
models of Naghdi, of Koiter, and of Ciarlet-Koiter. Finally, we justify these shell
models for small deformations.

RESUME. Pour modéliser le comportement d’une coque non linéairement élastique,
on peut utiliser soit le modele non linéaire de 1’élasticité tridimensionnelle, soit
un modele bidimensionnel nonlinéaire de coques. Nous montrons comment de tels
modeles bidimensionnels de coques peuvent étre déduits du probleme de minimisa-
tion associé au modele non linéaire de 1’élasticité tridimensionnelle. Pour une coque
constituée d’un matériau de Saint Venant-Kirchhoff, nous obtenons en particulier
les models de Naghdi, de Koiter, and de Ciarlet-Koiter. Nous justifions enfin ces
modeles de coques en petites déformations.

2000 Mathematics Subject Classification. 74K25, 74G10, 74G65.
Key words and phrases. Elasticity, shells, energy minimization, Koiter.
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1. INTRODUCTION

Three-dimensional elasticity predicts the stresses and displacements arising in an
elastic body in response to applied body and surface forces by means of a system
of nonlinear partial differential equations defined over a three-dimensional domain,
say M, representing the configuration of the body in its stress-free state. This
system is called three-dimensional model of nonlinear elasticity.

The body is called shell when there is a surface S C R?® and a number £ >
0, which is small compared with the characteristic dimensions of S, such that
M C {z € R? dist(z,S5) < €}. This means that the domain M lies within a
thin neighborhood of the surface S. In this case, the three-dimensional model of
nonlinear elasticity is also called nonlinear 3D shell model. For small ¢, it is possible
to replace the nonlinear3pshell model by a nonlinear 2D shell model, i.e., by a system
of partial differential equations defined over the surface S. Thus a 2D shell model is
only an approximation of the 3D shell model. The accuracy of this approximation
varies from one shell to another and no 2D model is valid for all shells. However,
shell theory provides a multitude of 2D models that approaches the nonlinear3pshell
model for a large class of shells.

Nonlinear 2D shell models can be derived from the nonlinear 3p shell model either
by finding the limit as € goes to zero of the the nonlinear 3p shell model, or by
restricting the range of admissible deformations and stresses used in the nonlinear
3D shell model by means of ad hoc a priori assumptions that are supposed to take
into account the smallness of the thickness (e.g., the Cosserat assumptions, the
Kirchhoff-Love assumptions, etc.).

As shown by Le Dret & Raoult [10] and Friesecke, James, Mora & Miiller [6] (see
Pantz [15] for an earlier attempt), the first approach yields two limiting nonlinear
2D shell models, valid under two distinct sets of assumptions. One of these limiting
models is called “nonlinear membrane shell model” and governs shells whose middle
surface cannot be deformed without changing their metrics, while the other one is
called “nonlinear flexural shell model” and governs shells whose middle surface can
be deformed without changing their metrics.

The second approach yields a variety of nonlinear 2D shell models, as, e.g., those
of Koiter, Naghdi, etc. As of now, the nonlinear 2D shell models given by the second
approach are not rigorously justified, but they are conjectured to govern all shells,
that is, irrespectively if their middle surface can, or cannot, be deformed without
changing its metric. This alleged property makes these nonlinear 2p shell models
more useful than those given by the first approach, since they could be used for
instance in computer simulations without first analyzing the “rigidity” of the middle
surface of the shell under consideration, which could be a difficult task.

The paper studies the second approach. It provides a simple procedure to derive
nonlinear 2D shell models from the nonlinear 3D shell model recast as a minimiza-
tion problem. This procedure is inspired by the “general shell elements” used in
computer simulations, which in effect are discrete shell models obtained from the
nonlinear 3D shell model; see Chapelle [1] and the references therein.
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By applying this procedure to a shell made of a Saint Venant-Kirchhoff material,
we show that the “nonlinear Ciarlet-Koiter shell model”, introduced in Ciarlet [3]
and justified by means of formal series expansions in Ciarlet & Roquefort [5], is a
nonlinear model of Cosserat type, up to some negligible terms. More specifically, it
is obtained by minimizing the total energy of the nonlinear 3D shell model over the
set of all stresses and deformation fields that satisfy the constraints

¥33 =0 and ®(-,z3) = @ + 237,

where 333 is the normal component of the stress tensor, x5 is the coordinate along

thenormalﬁberstoS,cp:SHR?’,n:M,aHdB:wC]WHSCR?’ is
|810 A\ 820|
any chart describing locally the surface S (the above expression of ) is independent

of 9).

Finally, we show that the linear part with respect to the displacement field
¢ := ¢ — 0 of the nonlinear Ciarlet-Koiter shell model is a modified version of the
linear Koiter model.

The paper is organized as follows. Notation and basic definitions are introduced
in the next section. Section 3 introduces the three-dimensional model of nonlinear
elasticity in the form of a boundary value problem, then as a minimization problem.
In Section 4, we describe a general approach to the derivation of 2D shell models
from the three-dimensional model of nonlinear elasticity. Section 5 introduces the
nonlinear Koiter shell model together with its variant proposed by Ciarlet [3]. By
applying the method described in Section 4 to a shell made of a St Venant-Kirchhoff
material, we obtain in Section 6 several 2D shell models that generalize the nonlinear
shell models of Naghdi, of Koiter, and of Ciarlet-Koiter. In Section 7, we identify
the linear part of the (generalized) Ciarlet-Koiter shell model. In the last section,
we summarizes the relationships between the shell models defined throughout the

paper.

2. NOTATION AND DEFINITIONS

The space R? is equipped with the Euclidean inner product w - v and with the
Euclidean norm |u|, where u, v denote vectors in R®. The exterior product of two
vectors u, v € R® is denoted u A v.

For any integer n > 2, the symbols M", S", M} and S% respectively designate
the space of all square matrices of order n, the space of all symmetric matrices,
the set of all matrices A € M" with det A > 0 and the set of all positive-definite
symmetric matrices. The notation (a;;) designates the matrix in M"™ with a;; as
its element at the ¢-th row and j-th column. The identity matrix in M" is denoted
I .= ((5;) The space M™ and its subspace S™ are equipped with the inner product
A: B :=3}_,  aibij, the Frobenius norm ||A| := v A: A, and the spectral norm
|A| == sup{|Av|; v € R", |v| < 1}, where A = (a;;) and B = (b;;) denote matrices
in M™. The determinant and the trace of a matrix A = (a,;) are denoted det A
and trA.

Let © be an open subset of R™ and let 2 = (z;) denote a generic point in 2. The
gradient of a function f : @ — R is the vector field Vf := (0f/0x;), where i is
the row index. The gradient of a vector field v = (v;) : @ — R™ is the matrix field
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Vo := (0v;/0x;), where i is the row index, and the divergence of the same vector
field is the function divw := ), 0v;/0x;. Finally, the divergence of a matrix field
T = (ti;) : Q — M" is the vector field divT := (Z?zl Oti;0T;)icqr,...n}-

The space of all indefinitely derivable functions ¢ : 2 — R with compact support
contained in € is denoted D(2) and the space of all distributions over 2 is denoted
D'(Q).

The usual Lebesgue and Sobolev spaces are respectively denoted LP(§2) and
W™P(Q) for any integer m > 1 and any p > 1. The space W;"P(Q) is the closure
of D(R2) in W™P(Q) and the dual of the space W{™P(Q) is denoted W=7 (1),
where p’ = p’%l. If the boundary of  is Lipschitz-continuous and if T'y C 09 is a
relatively open subset of the boundary of 2, we let

WEP(Q) = {f € WHP(Q); f=0on T},
WEP(Q) = {f € W*P(Q); f=0nf=0o0nTy},

where 0y, denote the outer normal derivative operator along 9 (since €2 is Lipschitz-
continuous, a unit outer normal vector n = (n;) exists 9Q-almost everywhere along
09, and thus 0, = >, m%) If p = 2, we use the notation H™(Q) = W™2(Q),
HE () = WEA(©) and HZ, () = W22(9).

For any integer m > 1 and any open set 2 C R", the space of all real-valued
functions that are m times continuously differentiable over §2 is denoted C™ ().
The space C™(2), m > 1, is defined as that consisting of all vector-valued functions
f € C™(Q) that, together with all their partial derivatives of order < m, possess
continuous extentions to the closure Q of 2. The space of all continuous functions
from a topological space X into a finite dimensional vectorial space Y (such as R",
M", etc.) is denoted C(X;Y), or simply CY(X) if Y = R. The notation C™(£;Y),
C™(;Y), LP(;Y) and W™P(;Y) designates the spaces of all mappings from
Q) into Y whose components in Y are respectively in C™ (), C"™(Q), L?(f2) and
WP (Q).

3. THE THREE-DIMENSIONAL MODEL OF NONLINEAR ELASTICITY

In this section, we present the equations governing the deformation of elastic
bodies. We follow Ciarlet [2].

Consider an elastic body defined by a reference configuration M C R3. Assume
that the body is kept fixed on a relative open subset (OM )y C OM of its boundary
and is subjected to applied forces inside the body and on the part (OM); :=
OM\ (OM)g of its lateral boundary. The response of the body to these applied
forces is characterized by a deformation field ® : M — R3 and a stress field
3 : M — S? (also known as the second Piola-Kirchhoff stress field) that satisfies
the equation

(3.1) 2(m) = B(m, V&(m)) for all m € M,

where 3 : M x M2 — S? is the response function of the material. The equation
(3.1) is called the constitutive equation of the elastic material.
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The applied forces acting on the deformed configuration ® (M) are given by their
densities

(3.2) f(m) Z.Af(m, ®), me M,
h(m) = h(m,®), m € (OM);

per unit volume and per unit area on the reference configuration, where f and h
are given functions.

One of the main objectives of elasticity theory is to determine the couples (®, 3)
corresponding to static equilibriums of the body in presence of applied forces.
Thanks to the stress principle of Euler and Cauchy and Cauchy’s theorem, this
amounts to solving the following boundary value problem

_div(V®X) = f in M,
(V®EX)n=h  on (M),

where n denotes the exterior unit normal vector field to the boundary of M. The
system formed by the equations (3.1)—(3.3) constitutes the three-dimensional model
of nonlinear elasticity.

If the material constituting the shell is hyperelastic and the applied forces are
conservative, the nonlinear model of three-dimensional elasticity can be recast as
a minimization problem. These assumptions imply that there exist functionals W,
F and H such that

(3.3)

W'(®)(v) = /M(VQE) .V,

F'(®)(v) = /M fo,

H’(@)(U):/(BM) h-v

for all sufficiently smooth vector fields v : M — R3 such that v = 0 on (OM).
The notation W', F’', H' designates the Gateaux derivative. The functional W is
defined in terms of a given function W M x Mi — R, called the stored energy
function, by the relation

W(®) = /M W (m, V&®(m))dm

for all admissible deformations ®.
Under these assumptions, the boundary value problem (3.3) is formally equiva-
lent to the Euler equations J'(®)(v) = 0, where

(3.4) J(®) = /M W(m, V&(m))dm — F(®) — H(®).

The functional J is called the total energy of the body.

The minimization problem associated with the nonlinear model of three dimen-
sional elasticity thus consists in finding the minimizers of the total energy J within
the class of all admissible deformations ®. The definition of an admissible defor-
mation depends on the function W and notably on its coerciveness (an explicit
example is given in Section 6).

To sum up, we found that the couples (®,3) formed by a minimizer ® of the
total energy J and X(m) = X(m, V®(m)), m € M, are solutions to the three-
dimensional problem of nonlinear elasticity.
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The total energy J and the constitutive equation (3.1) of the hyperelastic mate-
rial can be recast in a form more convenient for our purpose by taking into account
the principle of material frame-indifference. This principle implies that there exist
functions W : M x S? — R and > M x S? — S such that

W(m, V®(m)) = W(m,C(m)), me M,
2(m) = B(m, V®(m)) = X(m,C(m)), meM,

with C = V®TV®, for all admissible deformation ® : M — R3. This means that
J and X depend only on the strain field C (also known as the metric tensor). In
fact, it is more convenient for our purpose to recast the above relations as

W(m, V®(m)) = W(m,C(m),%(m)), me M,
¥(m) = X(m,C(m)), me M,

for some function W: M x §2 x S* — R (this is always possible since one can for
instance define W(-,-, %) := W for all £ € §3). Thus the total energy J can be
expressed as a functional of ®, C' and X by letting

J(®) = J(8,C.3),
where

(3.5) J(®,C, %) = /M W(m, C(m),S(m))dm — F(®) — H(®).

In this setting, solving the nonlinear model of three-dimensional elasticity con-
sists in finding the minimizers of the total energy J within the set

AM) = {(®,C, %) € V(M;R® x S2 x §%);
C=vVe've, = =3(,0)},

where the set V(M;R3 xS? x S?) is determined by the condition that W(-,C,X) €
LY(M) and by the boundary condition of ® on (9M)y. An example is given in
Section 6.

(3.6)

4. A GENERAL APPROACH TO THE DERIVATION OF SHELL
MODELS

This section shows how to construct 2D shell models. We follow an idea that
is used in the engineering practice and numerical computations to devise “general
shell elements” (see, e.g, Chapelle [1]), though we apply it to the minimization
problem, rather than variational problem, of shells.

We consider an elastic body that in its stress-free state occupies a domain of the
form

M :={s+a3v(s); s€ S, —e <a3z<ce},
where S is a surface with boundary immersed in R?, v : § — R3 is a continuous unit
vector field normal to S, and € > 0 is a parameter. Such a body is called shell with
middle surface S and thickness 2¢. Note that the results of this section also apply
to shells with variable thickness, i.e., when M := {s 4+ z3v(s); s € S, —¢et(s) <
x3 < et(s)} for some given function ¢ : S — [0, 00) that is sufficiently smooth.
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The minimization problem introduced in the previous section, which models the
behavior of the shell M in presence of applied forces, will henceforth be called
nonlinear 3D shell model. When the thickness 2¢ is small with respect to the char-
acteristic dimensions of S, the nonlinear 3D shell model can be approximated with
another minimization problem that is defined solely on the middle surface S, in-
stead of the three-dimensional domain M. Such a minimization problem will be
called nonlinear 2D shell model. This section shows how to derive nonlinear 2D shell
models from the nonlinear 3D shell model.

The idea is to minimize the total energy J over a subset of A(M) whose elements
have a prescribed dependence in the transverse variable x3. Since 3 is close to zero,
the Taylor formula suggests that a polynomial dependence would be appropriate.
Given any integer N > 1, we define the subset A~ (M) C A(M) as follows: a triple
(®,C,%) € V(M;R? x S3 x S3) belongs to AN (M) if

N

B(s+ x3v(s)) = Z(xg)kgok(s), with ¢, : S — R,
k=0

c=c"@),

¥ =3%(,0),

- ~ N
where X is the function appearing in the definition (3.6) of A(M) and C" is defined
in terms of ® by a specific formula depending on N. For N > 2, this formula is

~ N
the same as that appearing in the definition of A(M), i.e., C" (®) := V®TV®.
By contrast, for N = 1, this formula differs from that appearing in the definition

of A(M) since C' must be defined in such a way that the normal component of

1
3(-,C (®)) vanishes (this condition is commented upon in the last paragraph of
the section). The precise definition is the following:

Definition 4.1. The nonlinear 2D shell model corresponding to N > 1 consists in
minimizing the total energy J defined by (3.5) over the set

AN (M) = {(®,C,%) € V(M;R? x §2 x §%)
N

(4.1) B(w3) =Y (23) ey, @ 1 S — R,
k=0

c=C"(®). 2=3(,0)},

where C’N(‘I') = Ve®'V® if N > 2 and C’l(‘ﬁ) = é}jgi ® g’ is the tensor field
whose coefficients C’llj satisfy the system

CcL =C =[VIev®l, ,

(4.2) - .
[2(, Clig" @ g']s3 = 0.

Here, g’ : M — R3 i € {1,2,3}, denote any linearly independent smooth vector
fields that satisfy g*(m) = v(s) and g®(m) - v(s) = 0 for all m = s + z3v(s) € M,
and [T7;; denote the components of the matrix field T : M — M? appearing in the
decomposition T = [T);;g° ® g”.
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Note that the components C, = C. are defined explicitly by the first equation
of (4.2), while the component Ci, is a function of C}, defined implicitly by the

second equation of (4.2). Note also that C”l(@) £V3'VD.

Remarks 4.2. a) The distinction between N > 2 and N = 1 in Definition 4.1
is motivated by the theory of linearly elastic shells. For if j denotes the total
energy associated with the linear 3D shell model, then minimizing j over the linear
counterpart of the set AY (M), as defined in Definition 4.1, yields a correct linear
2D shell model for all N > 1. By contrast, if one changes the definition of AN (M)

by letting C’N(tI)) =VT®V® for all N > 1, then the corresponding linear 2p shell
model is incorrect for N = 1.

b) The case N = 0 is excluded in Definition 4.1 because whatever the definition of
C and X in terms of ®, the corresponding minimization problem fails to approach
the nonlinear 3D shell model for an arbitrary shell. Specifically, C and 3 can be
defined in such a way that the corresponding 2D shell model does approach the
nonlinear 3D shell model in the case of a “nonlinearly membrane shell”, but fails to
do so in the case of a “nonlinearly flexural shell”.

¢) The equation ¥ = X, C’l(@)) can be viewed as a “two-dimensional consti-
tutive equation” relating the stress tensor field and the deformation field ®.

The 2D shell model defined by Definition 4.1 with N = 1, which can be viewed
as a shell model of Cosserat or Reissner-Mindlin type, is based on two a priori
assumptions. The first one asserts that any point situated on a normal fiber to S
remains on a straight line, not necessarily normal, passing through the deformed
middle surface after the deformation has taken place. The second assumption
asserts that the normal component of the stress tensor 3 : M — S? inside the shell
vanishes. This assumption is justified by estimates, due to John [7, 8], showing that
the ratio of the normal stress tensor over the tangent stress tensor approaches zero
as the thickness of the shell goes to zero.

5. THE NONLINEAR SHELL MODELS OF KOITER AND
CIARLET-KOITER

In preparation of the next section, we recall the definition of the nonlinear shell
models of Koiter and Ciarlet-Koiter. For ease of exposition, we restrict our pre-
sentation to shells whose middle surface can be described by a single chart. This
means that there exists an embedding 6 : @ — R? of class C® such that S = 0(w).
We assume that 8 is of class C? in @ and that w C R3 is bounded, connected, with
a Lipschitz-continuous boundary. A generic point in @ is denoted y = (y1, y2) and
partial derivatives are denoted 0, := 8/9y,. In this setting, the reference configu-
ration of the shell is the image M = ©(Q), where Q :=w x (—¢,¢), @ : Q@ — R? is
defined by

O(y,z3) = 0(y) + zzaz(y) for all (y,z3) € W x [—¢,¢],
and

ag(y) := W a,(y) = 0.0(y).
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Note that the vector field az(6(y)) := a3(y) is a smooth unit normal vector field
to the middle surface S of the shell. Since the vector field v introduced in Section
4 is another smooth unit normal vector field to the same surface, we have either
v = a3z or v = —ag3. Hence there is no loss in generality if we assume henceforth
that v = az on S.

We assume that the shell is kept fixed on a part (OM)g = O(Ty) of its lateral
boundary, where 'y = 79 X (¢,¢) and v9 C Ow is a non empty relative open set of
the boundary of w. Finally, we assume that the shell is subjected to applied body
forces of density f : 2 — R? per unit volume and that no surface forces act on the
boundary of the shell (i.e., h = 0). Note that the density f does not depend on
the deformation field ®, which means that we only consider dead forces.

The nonlinear partial differential equations proposed by Koiter [9] for modeling
such an elastic shell is based on the assumptions that the stress inside the shell
is planar and parallel to the middle surface and that the deformation of the shell
satisfies the Kirchhoff-Love assumption. Using these assumptions to simplify the
nonlinear 3D shell model and neglecting some of the terms of a lesser order of magni-
tude as the principal ones, W.T. Koiter reached the conclusion that the deformation
field ¢ : @ — R3 of the middle surface of the shell should be a minimizer, over a
set of smooth enough vector fields ¢ : @ — R? satisfying appropriate boundary
conditions on the boundary of S, of the functional Jx defined by (cf. Koiter [9,
eqn. (4.2),(8.1) and (8.3)]):

Tie) = 5 [ 7 {eGar (8)Grasu8) + = B () Ry 06) ) Vady

2
- [{ [ staan} - wyaa.

In this formula, Greek indices and exponents range in the set {1,2} and the sum-
mation convention with respect to repeated indices and exponents is used. The
functions G,p(®) and R,s(v), denoting respectively the covariant components of
the change of metric tensor field and the covariant components of the change of
curvature tensor field associated with the deformation field 1, are defined by

1
Gap(¥) := 5(aap(¥) = aap),
Raﬂ(ﬂ’) = bozﬁ(w) - baﬂ7
where aqg := aa3(0), bap = bap(0), and

(5.1)

(5.2)

01 N\ Oavp
|01% A 02|

(the functions aqp(¢) and bag(1P) respectively denote the covariant components of
the metric tensor and the covariant components of the second fundamental form of
the surface ¥ (@)). The functions a®" denote the contravariant components of the
two-dimensional elasticity tensor. They are defined in terms of the Lamé constants
A > 0 and g > 0 characterizing the St Venant-Kirchhoff material constituting the
shell by the expressions

aaﬁa'r = 4>\M
A+ 2u

Finally, v/ady denotes the area element along the surface S = 6(w).

(5.3) aag(’l/)) = aoﬂ,[) : 85¢ and bag(’l,[)) = aag’l,b .

(5.4) a®a" + 2u(a® " 4 a®7a"7).
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From the definition of b,3(%), one can see that the nonlinear Koiter model is
well defined only for those deformations fields ) that satisfy

01 N Dotp #0 a.e. in w.

To surmount this difficulty, Ciarlet [3] introduced a new nonlinear shell model by
replacing the functions R,z(t) appearing in the nonlinear Koiter’s model with

Rig(®) = big() — bas,
(5.5) 01 A Dot

bfxﬁ("/’) = Oap - m
Thus the nonlinear shell model of Ciarlet-Koiter consists in minimizing the func-
tional
&3
3

€

~ [{ [ ez} wvaay,

—€

Te) =5 [ @G (W)Guan() + SR ()R () | Vady

(5.6)

This model was justified in Ciarlet & Roquefort [5] by means of formal series ex-
pansions. In the next section, we show that this model is the “principal part” of a
nonlinear 2D shell model found by the method described in Section 4.

6. THE GENERALIZED NONLINEAR SHELL MODELS OF NAGHDI,
OF KOITER, AND OF CIARLET-KOITER

In this section, we apply Definition 4.1 to a shell made of a St Venant-Kirchhoff
material. We show that the model obtained for N = 1 generalizes the nonlinear
shell models of Naghdi, of Koiter, and of Ciarlet-Koiter.

To begin with, we explicit the nonlinear 2D shell model introduced in Definition
4.1. Since the shell is made of a St Venant-Kirchhoff material, the functions 3 and
W appearing in (3.5) and (4.1) are defined by

3(-,C) = %{tr(C — I} +p(C —1I) forall C €S2,
W(,0,%) = 13 (C- 1),

where I is the identity matrix in M3, trE denotes the trace of the matrix E € M?3,
and A > 0 and p > 0 are the Lamé constants of the St Venant-Kirchhoff material.
These formulas imply that the space V (M;R?*xS2 xS*) appearing in the definitions
(3.6), (4.1) and (4.1) is defined by

V(IM;R? x 82 x §?) := {® € WH(M;R?), C € L*(M;S2),
S € LA (M;S?); ®(m) =m for all m € (OM)o}.

Indeed, if ® : M — R? is a generic deformation field and C = V®TV® and
¥ =3(,C), then

A 2
W€, %) = Z{w(C - D} + LllC — 1)

pol 2 2 H 4 3p
>C(= - > = -
> L(GIC” =11 = & vel - 2
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Combined with the fact that the set M is bounded, this shows that W(:, C,3)
belongs to the space L'(M) if, and only if, ® € WH*(M).
Now we explicit the definition of the space A'(M) defined by (4.1). It suffices

to compute the solution él(‘I>) of the system (4.2).

Since @ is an embedding, the vector fields g, := 9,0 and g3 = ag are linearly
independent for sufficiently small . Thus they form a basis in R? at all m € M
and the vector fields g’ : M — R3 defined by g’ - g; = 6; also form a basis there.
Moreover gz = g> = az = v and g% - v = 0 at every point of M. Let Jij = &i - 85,
g :=g'-gl and g := det(g;;). Then the tensor field C’l(‘IZ') = C'}jgi@)gj appearing
in the definition of A'(M) is defined by the solution C'le to the system

Cl,=Cri=0i® 0,®,
(@ @)~ D)} + 1) =0,
The last relation being equivalent to
A(gaﬁéiﬁ +C35 — 3) +2u(Ci3 — 1) = 0,

we have

Cl,=Cl =0,® 0,9,
(6.1)

~1 —1_ af . _
Cl=1 )\+2M(g 0a® - D3P 2).

The above relations show that the space A' (M) defined by (4.1) is the following

AI(M) = {(éa C,E); ‘:ﬁ(,$3) = o + T3P1, PorP1 € W'}%(;Ll(w;RS)u
(6.2) o A
C=Chgog), 2= {u(C - DI +p(C -1},

where CN'}J are the functions defined by (6.1). A straightforward calculation shows

that the above expression of the tensor field ¥ is equivalent to X = »Lii g ® gj,
where

- A
shel = 7:“(90780(1, 0; P — 2)gaﬁ + ugaagﬁr(aaq) <0:® — go7r),

A+ 20
Sl,aS — 2173(’( — /,[/gaﬂaﬁé . 83¢7
21,33 =0.

The first equation of the above system can be written in the simpler form
1,008 1 afor
¥ = §A2D (0P - 0: P — gor),

where

2\p
Aaﬂa‘r —
2D A 4 2,[,L

The above argument can be summarized in the following

ga"rgaﬁ + u(gao’gﬁT + gom'gﬁa).
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Theorem 6.1. The nonlinear 2D shell model obtained by applying Definition 4.1
with N =1 to a St Venant-Kirchhoff material consists in minimizing the functional

j(‘I’,C,E):/ iE:(C—I) dm—/Mf-i’dm

M
1

— 5 [{A8577(Ch ~ 00)(Chs = gu)

+4ugaﬁéégé’ég}\/§dx - /Q £ ®/gdz

over the set of all triples (®,C,X) satisfying the conditions (note that ¥ and C~'§3
do not appear in the last expression of J(®,C,3X))

D(-,73) = @y + 131, Po,P1 € W~}(§4(‘U§R3)7
Cly = Ciy = Oatpy - 1 + T30ap1 - @1,
Clhp = gap + (aas() — aap) + 23(0apy - 051 + 0590 - Oatpy + 2bap)
+ (23)*(Datp1 - Opp1 — Cap),

where cop = Ogas3 - Ogag is the third fundamental form of the surface S = 0(w).

Since 2 = w x (—¢,¢) depends on a parameter ¢ that approaches zero, the
above shell model can be simplified by dropping from the total energy [J those
terms that are of a lesser order of magnitude with respect to €. A first step in
this simplification is to replace Agg” and /g by the first term of their Taylor
expansions in the variable x3, namely $a*?°" (see (5.4)) and y/a. Noting that

1 =
i(Céﬂ — 9ap) = Gap(pg) — T3Rap(wg, 1) + (3)* Pap(ey),

where

Gapl(0) = 5(@as(0) ~ tas),

1
Rop($g; 1) = —5(80400 01 + 050 - Oatp1) — bagp,

1
Paﬁ(‘Pl) = 5(&&1 '8[5!801 - Ca6)7

and noting that these expressions do not depend on x3, we deduce that

j(':I)vCa 2) = J2D(<‘007‘-pl) + 0(6)7
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where
(6.3)
1 (1607 63
J2p (0, 1) =5 {eGm(%)Gaﬁ(%) + 5 Bor (o, 1) Rap(o, %)}ﬁdy

% / 2”aag€(86500 1) (0atpy - 1)V ady

[ o ] ) o
1

5 [ @07 (Garlp0) Pas(01) + Gulp0) Por (1) ) Vady
1

2

ed
a7 — 5 Por (1) Pap(p1)Vady

1 W&
+ 5/ 2pa 'Bg(aﬁﬂpl ~1)(Oatpy - p1)Vady.

As a consequence, the 2D shell model defined in Theorem 6.1 can be approached
with a simpler one, namely:

Definition 6.2. The generalized nonlinear Naghdi model consist in finding vector
fields ¢, ¢, € Wvl(;‘l (w) that minimize the “two-dimensional total energy” Jap.

Remark 6.3. The generalized nonlinear Naghdi model is defined in terms of the
differential operators (Gog, Rag, Pag) of order one (only ¢, ¢, and their gradients
are involved). The unknown ¢, represents the deformation field of the middle
surface of the shell. The second unknown ¢, can be seen as auxiliary, but cannot
be dropped altogether because the curvature of the middle surface of the middle
shell cannot be described only by ¢, and V.

The generalized nonlinear Naghdi model can be further simplified if the vector
field ¢, is chosen a priori as a function of ¢,. In particular, we obtain by choosing
¢, to be perpendicular on the surface ¢,(w) the following result:

D19y N Dapg
Theorem 6.4. a) If p, = ————— then
) e 0199 A D2pg|
(6:4) Tan(por0) = Tilipo) — [ { [ wapaos} SLRZL a1 Riclipy),
w ~J—e 019 A D2py|

where Jx is the functional defined by (5.1) and Rk is defined by

3
Riclpo) =5 [ @7 G () caslipy) ~ can)Vady

5
€
+ E a*’or (cor(p0) — CUT)(Ca,B(‘PO) - caﬁ)\/‘;dy-

The functions cag(¥q) and cap respectively denote the third fundamental forms of
the surfaces @y(w) and O(w).

b) If ¢y = ﬁ(al‘Po A Dapy), then

(65) Jan(enn) = Thlpo) = [ { [ aafdesl - @p nonpg)dy + Riclipy).

—€
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where lej( is the functional defined by (5.6) and RﬁK is defined by

63 apoT
R%{(‘Po) :§/a & Gar(SOO)Piﬁ(‘Po)\/&dy

uao‘ﬁag (a(:o))aa (a(z’o) ) Jady

3

+5 i
e Bor pt #
+ TO a® aTPUT(‘PO)Paﬂ(QOO)\/ady7
with 1. /01y AD Drpg A O
# L 1%0 2¥0 . 1%o 2%0\
Fasleo) = 2{80( va ) -0s( Ja ) —can}

a(ipg) := det(aas(p))-

Proof. a) If ¢, = %, then ¢, is orthogonal on d, ¢, and |¢;| = 1. This

implies that the second and seventh terms of the right-hand side of Jap (v, 1)
(see (6.3)) vanish and

d1pg N D2
— =" ) —bag = Rq
|81(PO/\82800‘) B B(‘Po)
1 D1y A Dapq D1y N Datpy
P, = =404 -0 — Ca
s(e1) 2{ (|31‘P0/\52<P0|) ﬁ(\31900/\529900 : ﬁ}

Ras(0,#1) = Dagtpo - (

1
= 5(caslpo) = cap)-
Using these formulas in the relation (6.3) shows that Ja2p (¢, ¢;) satisfies the equa-
tion (6.4).
b) If ¢, = %((%gao A Dapy), then ¢, is orthogonal on d,¢,. This implies that
the second term of the right-hand side of Jap (¢, ¢1) (see (6.3)) vanish and

O1pg N\ O2p
Rap(@o, 1) = dappo - (%) —bap = Riﬁ(%o)

Pas(ir) = 3 {0 (220 02%0) (N80 D O0%0) o N bt ()

2 Va Va
0upr 01 = 2ulenf?) = S0, (L1200l _ Ly (aleu)y,

01600 A Oa¢pg
Using these formulas in the relation (6.3) shows that Jap (¢, ¢, ) satisfies the equa-
tion (6.5).

O
The above theorem motivates the introduction of the following shell models:

Definition 6.5. a) The generalized nonlinear Koiter model consists in minimizing
the functional Jop over the set of all pairs (g, @1*) € [Wi,*(w)]? with

K _ 0199 N Dawpy
L |0 A Do
b) The generalized nonlinear Ciarlet-Koiter model consists in minimizing the

functional Jop over the set of all pairs (@, ") € (W14 (w)]? with

ot = 01 N\ O2tpg
1 - \/a .
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Remarks 6.6. a) Theorem 6.4 shows that the nonlinear Koiter and Ciarlet-Koiter
shell models respectively arise from the generalized nonlinear Koiter and Ciarlet-
Koiter models by neglecting the terms Rx () and RﬁK(cpo) appearing in the ex-
pression of the functional Jsp. Taking into account the expressions of these terms,
this amounts to neglecting the norm

e? Z [cap(po) — caﬁ||L2(w)

a,B

in the case of Koiter’s model, and the norm
&2 Z || ‘Po Mzzw)

in the case of Ciarlet-Koiter’s model. This operation would be justified if these
norms were of a lesser order of magnitude when € — 0 than respectively

D lIGas(@o)llzw) +€ D IRas(@o)ll2(w)
a,B a,B

and

ZHGa,@ (Po)llL2(w) +€ZHR (Po)llL2(w)-

While the powers of € appearing in front of the L?(w)-norms suggest that this is
indeed the case, the regularity of ¢, given by the coerciveness of Jx and Jg(, respec-
tively, is insufficient to control the L?(w)-norms of (cag(pg) — cap) and Pﬁﬁ(goo).
This observation suggest that these “small” terms in fact may be useful in the
existence theory of nonlinear 20 shell models. Incidentally, the L?(w)-norm of
(cap(¥o) — cap) also appear in the nonlinear Korn inequality on a surface estab-
lished in Ciarlet, Gratie & Mardare [4]; this enforces the argument for keeping these
terms in the total energy of Koiter and Ciarlet-Koiter’s models.

b) The definition of the vector field ¢ shows that the unknown ¢, of (general-
ized) Koiter’s model must satisfy 91, A d2¢py # 0 in w. By contrast, the unknown
o of (generalized) Ciarlet-Koiter’s model is not subjected to this restriction since
the vector field cp{q is always well-defined.

7. LINEARIZATION

In this section we justify the nonlinear 2D shell models introduced in Sections 5
and 6 by showing that they are good approximations of the nonlinear 3D shell model
at least “for small deformations”. This means that the linear part, with respect
to the displacement field of the middle surface of the shell, of these nonlinear 2D
shell models are linear 2D shell models whose solutions are known to approach the
solution of the linear 3D shell model when € — 0; cf. Lods & Mardare [12, 13, 14].
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We begin by linearizing the generalized nonlinear Naghdi model (Definition 6.2).
If ¢, := 60 + {, and ¢, := ag + {;, then

Gap(ey) = Vap(ly) + hoo.t.
Rap(@g: @1) = pap(Co,€1) +hoot.

1
5801900 P = 5043(C0, Cl) + h.o.t.
Paﬁ(‘Pl) = WuB(C1) + h.o.t.,

where h.o.t. denotes higher order terms (at least quadratic) in ({y,¢;) and
105(Co) = 3 (Bay a5 + sCo - a0)
pes(Cor 1) 1= =5 (0aCo - D503 + 030 - Doty + 2 - 03, + 25+ 0aC)
Gas(Gor€1) = 5(0uto 25+ &, -a0)

1
Tap(C1) 1= 5@0@1 - Ogag + Oaas - 05¢;).

Therefore
Jw(soo,sol):—/w{/_i fdxg}-eﬁdy—/u{/_egngdxs}-asﬁdy
+ j20(Co,€1) +hoot,
where
(G ) =5 [ a7 90 (Colrs(Co) + 5 por(Cor C)ous(or 1)} Vady

NI
w\»—*g\

+ / 8ua*’edp3(Co, €1)0a3(Co, €1)Vady

{/E fd:rg}.CO\/(Edy—/w{/8 ngdxg} ¢y ady

—€ —€

/w a®for (’Yar(CO)WaB(Cl) +7a5(Co) o (Cl)) Vady

+

+

E‘mv\ @‘me\

e AN

3
€ «
+ 3 Ha 'Baﬁ(Cl -a3)0a(Cy - a3)Vady.
The above relations show the following

Theorem 7.1. The linear 2D shell model obtained by linearizing the generalized
nonlinear Naghdi model consist in finding vector fields ¢y, ¢; € H%U (w) that mini-
mize the “two-dimensional total energy” jap.

Remark 7.2. The linear 2D shell model defined in Theorem 7.1 can be viewed as
a “generalized Naghdi’s model” since the linear Naghdi model is obtained from the
generalized one by dropping last three terms of the functional jop and by imposing

Cl-a3:0.

Next we identify the linear shell models obtained by linearizing around the de-
formation field @ the nonlinear shell models of Koiter and Ciarlet-Koiter:
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Theorem 7.3. a) The linear Koiter shell model consists in finding a vector field
¢ = Ga' with ¢, € H. (w) and (3 € H2 (w) that minimizes the functional

1

3
(o) =5 [ a7 {907 (€110(0) + G or (€pan(O) } Vady

-[{/ i fdus | - ¢\/ady,
106(0) 1= 5(0uC a5+ 05C - a0),

paﬁ(C) = aﬁc sag — (804,80 . ag)(aac . a3)'
b) The linear Ciarlet-Koiter shell model consists in finding a vector field ¢ = (;a’
with ¢o € HJ (w) and (3 € H? (w) that minimizes the functional

_1 e3

5o =5 [ a7 {00 €ran(€) + T b€ (O} Vady

—/w{/ Fdas} - ¢Vady,

—€

Ph5(C) = pap(€) + bapa” Var (C).

Proof. a) This result is well-known.
b) It suffices to compute the linear part with respect to ¢ of the operator Ri B(cp),
where ¢ = 0 4 (. Since
D1 N Dz = Vaasg+01¢ Nag +a; A 0z¢ + 1€ A 9:¢,

we infer from the formula (5.5) that

B2 (9) = (Dag® + DaC) - {23 + %(alc Nag+ai A 0C + ¢ A B) | — bag
= 8(16C -as + %{8& . (a2 A 8(150) + 09C - (8a50 AN al)} + h.o.t.

= 0upC - ay + { — (8050 - 27) (9 C - a3) + bag(9C - a”)} +hot.
= pa,@(C) + baﬁaaT’ya‘r(C) +h.o.t.,

where h.o.t. denotes higher order terms (at least quadratic) in ¢. O

Now let us identify the linear shell models obtained by linearizing the generalized
nonlinear shell models of Koiter and Ciarlet-Koiter around the deformation field 6.
In view of Definition 6.5 and Theorem 7.1, it is clear that these linear shell models
are obtained from the linear 2D shell model defined in Theorem 7.1 by replacing the
vector field ¢, respectively with ¢ {( and ¢ {(u, where ¢ {( and ¢ {{ﬁ respectively denote
the linear part of I and cp{(ti with respect to the displacement field {; = ¢, — 0.

Since

81g00 AN 82@0 = \/5a3 + 81C0 Nas+a; A 82C0 + h.o.t.

and 1 )
— = —(1-0,(y-a%) +h.o.t.,
Brpo A Bapg] — val %o @)
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where h.o.t. denotes higher order terms (at least quadratic) in ¢, the Taylor series
expansions of the vector fields I and Lp{(ﬁ (see Definition 6.5) are

¢ =az — (9,¢y-a3z)a” + hot.,
o1 = a3~ (0,Co - as)a” + (05¢y - a%)as + hooit.

=as — (8UCO : a3)a0 + agT’YUT(CO)ag + h.o.t..
An immediate consequence of these relations is the following

Theorem 7.4. a) The generalized linear Koiter model consists in minimizing the
functional jop over the set of all pairs (o, ¢1), where

C{{ = _(8O'CO . a3)a07
Co = G042, (0.0 € H»% (w), Co,3 € H»i (w).

b) The generalized linear Ciarlet-Koiter model consists in minimizing the func-
tional jap over the set of all pairs ({y, qu) where

{(ﬁ == *(&;Co . a3)ag + aUT"}/oT(CO)al’n
Co = Co,ia", Coa € Hio (w), Co3 € Hso(w), a®Pya5(¢o) € Hig (w)-
Proof. The functional spaces to which the unknown ¢, belongs are determined by

imposing ¢, Cf{ € H%O (w), respectively ¢, C{(ﬁ € H%O (w) (see Theorem 7.1). It is
also a consequence of the observation made in Remark 7.6. (]

The following theorem, which is the counterpart in linearized elasticity of The-
orem 6.4, compares the generalized versus the usual linear shell models of Koiter
and Ciarlet-Koiter:

Theorem 7.5. a) Let ¢X be defined as in Theorem 7.4. Then

(1) da0(Cor¢t) = dicle) + [ { [ wa atdun }0go - an)Vaady + (o),

w —€

where ji is the functional defined by (7.1) and rx is defined by

3
ric(eg) =5 [ a7 {2 (GG + v Colm (Go) } Vady

55
+ —

5 [ AR (o)l (Co)Vady

and
1 ag a g 1T
Wfﬁ(Co) = i{bapﬂT(CO) + bﬁpa‘r(CO)} - bab[ﬂaT(Co)~
b) Let C{(u be defined as in Theorem 7.4. Then

j2D(CO>C{{ﬁ) :ﬁ((go) +/ {(/E x3f - a”dxg)(aaCo -a3)
(7.4) ¢ o

= ([ waf - aude )7 0n (60) Vady + i (Go)

—€
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where j§< is the functional defined by (7.2) and rg( is defined by

63

T%((Co) 6 /aaﬂgT{’VM(Co)nyﬁ(Co)""Vaﬁ((o)”gr@o)}\/&dy

5
€ apot
ti5 e formi (Co)mt 5(Co)vady

€3
+ § / uaaﬂaﬁ(aaT'yar(Co)) aa(aa‘r'yar(co))\/&dy

and
# :1 o # o # _ JOT
75(Co) = 5{¥anhe (Co) + ¥3Phs (Co) | — bab3Yor (Go)-

Proof. a) It suffices to compute the operators pas(Co, €1 ), 0a3(Cos €1°), Tap(Cos €3F)
and Cf -a3. After straightforward computations, we obtain

Pas(Cos C{() = %{aaCO -95€Co + 95C0 - Falo — 05(0ap - @3) — 9a(95C, - 33)}
— 0qag - a%(05€) - a3) = 0aplp - a3 — (0apl - a%)(05¢, - as)
Zpaﬁ(C0)~

and 0,3(Co, ¢3) = 0 and ¢f - a3 = 0. Since

0aC1 - Opaz = —0a((05C, - a3)a”) - Ipas
= —(0a0Co - a3 + 05C¢ - aaz)(a” - Opaz) — (0:Cy - a3)0aa’ - Jpas
= —(a” - 9pa3)(0acCo - a3 — bp0sCo - A7) + (9-Cy - a3)';, (a7 - Ipa)
= %{(%UCO rag —I'7,,(0-C - as)} — b%bZﬁaCo “ar
= bgp(w(Co) - bgb;(aaCO -ar),

we next obtain

1
Waﬂ(Co, C{(') = i{bgpaa(co) - bgb;aaco -ar + bgpﬂU(CO) - bgbgagCO ’ aT}
1
= 5 {88Par (€o) + D010 (C0) | — Vb3 ver (Co)
= Wgﬂ(Co)-

b) It suffices to compute the operators pas({g, Cllw)7 5a3(C0,C{(ﬁ), Tas(Cos C{q)
and C{(ﬁ -ag. Using in particular the above computations, we obtain

pa,@(COa {(ﬁ) = pa,@(CO) - %{aa '5[3((107%7@0)33) +ag- aa(aoT’yUT(CO)a3)}

= Paﬁ(CO) + Opaq - {a’UT'VUT (CO)aS}
= PaB(CO) + baﬁaaT’YUT(CO) = pﬁaﬁ(CO)
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and 8a3(Co, ¢X%) = 0 and ¢X* - a3 = a"7y,,(¢,) and

WQB(CO’C{( ) = Wgﬂ((o) {8 as - 8,3(0’ ’YO'T(C ) 3) + 8533 . 8a(aaT’YUT(CO)a3)}

fﬁ((o) + (0 33'8633)@ %T(CO)
gﬁ(co)+caﬂa "Yor(Co)

{6205, (Co) = Dbara® 1o (Co) + Db (Co) — b3bar a0 (Co) |
bg bE%r (Co) + capa” Yo7 (Co)

= {205 (Co) + 0P (Co) } = Db (Co)

= ﬂ-a,@(co)'
O

Remarks 7.6. a) Theorem 7.5 shows that the linear Koiter and Ciarlet-Koiter shell
models respectively arise from the generalized linear Koiter and Ciarlet-Koiter shell
models by neglecting the terms 7 (¢,) and rlﬁ,{(goo) appearing in the expression of
the functional jop. From the definition of Wfﬁ (¢p) and ﬂiB(CO), one can see that
there exists a constant independent of ¢ such that

& 3 I (Colllza) < €S {Ias(o) 2w + ellpas(o) 2 }
a,3 a,B
and
23 I ol < € {0l + el ple0) L2 )
a,3 a,B

This show that 7k (¢,) is indeed negligible and that r%(cpo) can be replaced (the
error is negligible) with

63 T oT
T [ 19000 00 (60)) 0a 0" 0r (Co)
This term is not negligible since the norm

&3 1900 e (Co)l 220

depends on higher derivatives of ¢ than the norm defined by the coerciveness of
7 (Co).

b) While rx({,) is negligible when compared with jx({,), the integral appear-
ing in the expression (7.3) of jap(Cy) is not (for arbitrary densities f of forces).
Therefore this integral should be kept in the energy functional jx of the Koiter’s
model at least when the quotient

fw { fie x3f - aode}(aoCO -ag)y/ady

S { el (@0) 122y + 2 lpas(po)li2o) }

does not converge to zero when € — 0. A similar observation holds for the integrals
appearing in the expression (7.4) of j% This remark explains why we did not

include these integrals in the definition of the remainders rx({,) and rg( (€o)-
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8. CONCLUSION

We summarize the derivation of 2D shell models from the nonlinear3p shell model
in the following figure. The notation should be self-explanatory.

Nonlinear 3D shell model:

Min J
A(M)

Nonlinear 2D shell model:

Min J
ANy
Generalized nonlinear - - Generalized linear
Naghdi model: Naghdi model:
Min J, Min j,,
D49, 0,51
Generalized nonlinear Generalized nonlinear Generalized linear Generalized linear
Koiter model: Ciarlet—Koiter model: Koiter model: Ciarlet—Koiter model:
Min J,p Min _ J,p Min j, Min  j,.
0o, 9 0o, 91 LoLK Co.5F
v v
Nonlinear Koiter model: Nonlinear Ciarlet—Koiter Linear Koiter model: Linear Ciarlet—Koiter
model: model:
Min Jy Min J Min j, Min j*
P 9 Co to €

FIGURE 1. Derivation of 2D shell models from the nonlinear 8D shell model.
An arrow between two models indicates that the model at the head of the
arrow is derived from the model at the nock of the arrow. Dotted arrows
indicates that the derivation is not fully justified; see Remarks 6.6 and 7.6.
The accuracy of the shell models decreases from top to bottom.
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