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Numerical analysis of nonlinear eigenvalue problems

Eric Cances' Rachida Chakirf and Yvon Maday'#

May 13, 2009

Abstract

We provide a priori error estimates for variational approximations of the
ground state eigenvalue and eigenvector of nonlinear elliptic eigenvalue prob-
lems of the form —div(AVu) + Vu + f(u®)u = Au, |lu 2 = 1. We focus in
particular on the Fourier spectral approximation (for periodic problems) and
on the P; and P2 finite-element discretizations. Denoting by (us, As) a vari-
ational approximation of the ground state eigenpair (u, \), we are interested
in the convergence rates of ||[us — ul|g1, [Jus — ul/z2 and |As — A|, when the
discretization parameter § goes to zero. We prove that if A, V and f satisfy
certain conditions, |As — A| goes to zero as ||us — ull3 + |lus — ullp2. We
also show that under more restrictive assumptions on A, V and f, |As — A|
converges to zero as ||us — qu{h thus recovering a standard result for linear
elliptic eigenvalue problems. For the latter analysis, we make use of estimates
of the error us — u in negative Sobolev norms.

1 Introduction

Many mathematical models in science and engineering give rise to nonlinear eigen-

value problems. Let us mention for instance the calculation of the vibration modes of

a mechanical structure in the framework of nonlinear elasticity, the Gross-Pitaevskii

equation describing the steady states of Bose-Einstein condensates [9], or the Hartree-
Fock and Kohn-Sham equations used to calculate ground state electronic structures

of molecular systems in quantum chemistry and materials science (see [3] for a

mathematical introduction).

The numerical analysis of linear eigenvalue problems has been thoroughly studied
in the past decades (see e.g. [1]). On the other hand, nonlinear eigenvalue problems
seem to have received much less attention from numerical analysts.

In this article, we focus on a particular class of nonlinear eigenvalue problems arising
in the study of variational models of the form

I_inf{E(v), veX, Q1;2_1} (1)

where

Q is a regular bounded domain or a rectangular brick of R? and X = H}(12)
or
) is the unit cell of a periodic lattice R of R? and X = H(9)
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with d =1, 2 or 3, and where the energy functional F is of the form

E(w) = %a(v,v) + % /Q F(v*(z)) dz (2)
with
a(u,v) = /Q(AVU) -Vu + /Q Vuo. (3)

Recall that if Q is the unit cell of a periodic lattice R of R?, then for all s € R and
keN,

HL(Q) = {vla.ve Hi (RY) | v R-periodic} ,
C;(Q) = {vlg, ve C*R?) | v R-periodic} .
We assume in addition that
o Ac (L™(N)%? and A(x) is symmetric for almost all z € Q (4)
Ja > 0s.t. T A()E > al¢]? for all € € R and almost all = € Q (5)
o Ve LP(Q) for some p > 2 (6)
e F e C[0,+00),R)NC?((0,00),R) and F” > 0 on (0, +00) (7)
VR >0, dCr € Ry s.t. VO < t; < R, Vta € R,
(F/(B) — F(2)83] < Ca(1 + [Pt — 1] and ®)

|F'(t3)ta — F'(t1)t2 — 2F" (1115 (ta — t1)| < Cr(1 + [t2)[ta = ta1]*. (9)

In particular, the function F'(t) = ct? satisfies the assumptions (7)-(9) if and only
if ¢ > 0 and % < ¢ < 2. This allows us to handle the Thomas-Fermi kinetic energy
functional (¢ = %) as well as the repulsive interaction in Bose-Einstein condensates

(¢ =2). In order to simplify the notation, we denote by f(t) = F'(t).

Making the change of variable p = v? and noticing that a(|v|, |v]) = a(v,v) for all
v € X, it is easy to check that

I_inf{E(p), p>0, Jpe X, /Qp—l}, (10)

where

&) = 3aV/BVR) + 5 [ Flo)

Under assumptions (4)-(9), (10) has a unique solution py and (1) has exactly two
solutions: u = \/pg and —u. Besides, E is C* on X and for all v € X, E'(v) = Ayv
where

A, = —div(AV:) + V + f(0?).
Note that A, defines a self-adjoint operator on L?*(Q), with form domain X. The
function u therefore is solution to the Euler equation

Yo e X, (E'(u)—Mu,v)x x =0 (11)

for some A € R (the Lagrange multiplier of the constraint ||u[|?. = 1) and equa-
tion (11), complemented with the constraint |ullpz = 1, takes the form of the
nonlinear eigenvalue problem

{ Ayu = u (12)

llull g2 = 1.



In addition, u € C°(Q), u > 0 in  and A is the ground state eigenvalue of the
linear operator A,. An important result is that A is a simple eigenvalue of A,,. All
these properties are classical. For the sake of completeness, their proofs are however
given in the Appendix.

Let us now turn to the main topic of this article, namely the derivation of a priori
error estimates for variational approximations of the ground state eigenpair (\, ).
We denote by (Xs)s>0 a family of finite-dimensional subspaces of X such that

wmin {[lu — vs]l i1, vs € X} — 0 (13)

and consider the variational approximation of (1) consisting in solving

Is = inf {E(w), vs € Xy, / vi = 1}. (14)
Q
Problem (14) has at least one minimizer us, which satisfies
VU(; (S X5, <E/(U5) — )\5U§, 'U5>X/,X =0 (15)

for some A\; € R. Obviously, —us also is a minimizer associated with the same
eigenvalue A\s. On the other hand, it is not known whether us and —u; are the only
minimizers of (14). This follows from the fact that the set

{p|Jus € X5 st. |lus|p2 =1, p=uj}

is not convex in general. We will see however (cf. Theorem 1) that for any global
minimum ug of (14) such that (u,us) > 0, the following holds true

||U5 — UHHl 5_)—01 0.

In addition, a simple calculation leads to
As — A= ((Ay — N)(us —u), (us —u))x/ x + / W (Us — 1) (16)
Q

where

wu,ug -

2 08) —S)

Us — U

The first term of the right-hand side of (16) is nonnegative and goes to zero as
lus — ul|%;.. We will prove in Theorem 1 that the second term goes to zero at least
as ||us —ul| 2. Therefore, [\s — A| converges to zero with § at least as |jus — u|% +
Hu(; - u||L2.

The purpose of this article is to provide more precise a priori error bounds on
[lus — w|| g1, |Jus — ullr2 and |[As — Al. In Section 2, we prove a series of estimates
valid in the general framework described above. We then turn to more specific
examples, where the analysis can be pushed further. In Section 3, we concentrate
on the discretization of problem (1) with

Q= (0,2m)",
X = Hy(0,2m)°,

1 1 1
E(v) == |Vv|2—|——/Vv2+—/ F(v2),
2 Jg 2 Jg 2 Jo



in Fourier modes. In Section 4, we deal with the P; and P finite element discretiza-
tions of problem (1) with

Q rectangular brick of R,

X = HY{(Q
1
/|Vv|2 /Vv + = /F(UQ).
2 Ja

Lastly, we discuss the issue of numerical integration in Section 5.

2 Basic error analysis

The aim of this section is to establish error bounds on ||us — u|| g1, |Jus — u|| 2 and
[As — A| in a general framework. In the whole section, we make the assumptions
(4)-(9) and (13), and we denote by u the unique positive solution of (1) and by us
a minimizer of the discretized problem (14) such that (ugs,u)z2 > 0.

Lemma 1 The functional E is twice differentiable at u and for all (v,w) € X x X,
(E" (u)v,w) = (Ayv,w)x' x +2 f (u?)uvw. (17)

There exists § >0 and M € Ry such that for all v e X,
0 < (A= Nvsvhxx < Mol (18)
Blolf: < (B"(u) = No,0)xr x < M]3 (19)
There exists v > 0 such that for all § > 0,

Alus = ullZn < ((Au = N)(us = u), (a5 —w))xo,x- (20)

Proof The quadratic functional v +— %a(v, v) is clearly twice differentiable on X.
Using (8) and (9), it is easy to check that the functional ® : v — 3 [, F(v?) is
twice differentiable on X as well and that

' (u) = f(u?)u, (@ (u)v,w)x/ x = / (f (u?) 4 2f (u*)u®)vw.

Q
This straightforwardly leads to (17). We have for all v € X,

((Au = Nv,0)x x < Al [Vll72 + [VII2 ol Fa + 1 f (u?) | z]0] 2
and
(B"(w) = Nv,v)x7 x < ((Au = N)v,0)x7 x + 2| (0®)u?|| Los [|0]| 72

Hence the upper bounds in (18) and (19). We now use the fact that A, the lowest
eigenvalue of A,, is simple (see Lemma 2 in the Appendix). This implies that there
exists 77 > 0 such that

Vo e X, ((Au—Nv,v)xx = n([vl|7 = [(u,v)r2]?) > 0. (21)

This provides on the one hand the lower bound (18), and leads on the other hand
to the inequality

Vo e X, ((E"(u)—MNv,v)x x > 2/Qf/(u2)u2v2.



As f'=F" >01in (0,400) and u > 0 in €, we therefore have
VU S X \ {O}, <(EN(U) — A)U, v>X’,X > 0

Reasoning by contradiction, we deduce from the above inequality and the first
inequality in (21) that there exists 77 > 0 such that

Yoe X, ((B"(u) = Nv,v)x:x = 7]vll7-. (22)
Besides, there exists a constant C' € Ry such that

«
VweX, ((Au—Mv,v)x x> §||Vv||%2 — Cllulz-. (23)

Let us establish this inequality for d = 3 (the case when d = 1 is straightforward
and the case when d = 2 can be dealt with in the same way). For all z € X,

(Ay = Nv,v)xr x = /Q(AVU) -Vou + /Q(V + f(v?) = A)o?

> al|Vol2e — [V zellv]lZa + (F(0) = N]Jv]l2
1/2 3/2
> af| Vo2 — [V e llvl Y20l 22 + (£(0) = NJv]2
3/2 1/2 3/2
> of|Vol|2a = CFP IV pelloll 2 IV0l36 + (£(0) = A)o]f2-
a 27C6
> SITulEs + (700 A= TRIVIL:) ol

where Cj is the Sobolev constant such that Vv € X, ||v|| s < Cg||Vv] 2. The coer-
civity of E”(u) — A (i.e. the lower bound in (19)) is a straightforward consequence
of (22) and (23).

To prove (20), we notice that
2 2 1 2
lusllze = [(u, us)r2l” = 1 = (u,us)r2 = 5llus — L.
It therefore readily follows from (21) that
((Au = N)(ws = w), (w5 = w)xr.x 2 3 s = ullf.

Combining with (23), we finally obtain (20). O

For w € X', we denote by 1, the unique solution to the adjoint problem

find 1, € ut such that
Yo eut, (B (u) — \)thw,v)xr x = (w,v)x/ x,

where

ULZ{U€X| usz}.
Q

The existence and uniqueness of the solution to (24) is a straightforward consequence
of (19) and the Lax-Milgram lemma. Besides,

Vwe X', Yol <7 MJwllx < 87 Mw] 2. (25)

We can now state the main result of this section.



Theorem 1 It holds

llus — u|| g o 0. (26)

Besides, there exists dg > 0 and C € Ry such that for all 0 < § < dy,

lus —ullzr < C min |lvs — ul|g (27)
vs€Xs
fus =l < € (Jus = ulfs s — ul
Hlus =l iy [~ sl ) (28)
Ds =A< C (lus — ulls + lus — ulzz) (29)

Proof Using (20) and the convexity of F', we get

E(us) — E(u) = %(Auuts, Us) X1, X — §<AuU, u)x7,x
+%/QF (u%) - F (u2) —f (u2) (u? — u?)
= 5 (A~ Mg — ), (5 — W x
1 2 2 2 2 2 2 2
+§/QF(u (R =) — F () - f (u?) (13 — )
> %Hua—ullfm. (30)

Let Ilsu € X5 be such that
||lu — Msul| g = min{||u — vs|| g1, vs € Xs}.

We deduce from (13) that (ITsu)s>o converges to u in X when 0 goes to zero.
Denoting by s = ||Ilsul| 2 su (which is well defined, at least for § small enough),
we also have

lim ||us — u =0.
Tim (175 —
The functional E being strongly continuous on X, we obtain

Jus = ullfs < = (Blus) = B@) < = (B@p) — Bw) =, 0. (1)

It follows that there exists §; > 0 such that

1
VO <6 <61, Jusllg <2lullgr,  |us —ullg < >



Next, we remark that

A=A = (E'(us),us)x x — (F'(u),u)x’ x

= a(us, us) — alu,u) /fu(;u(;—/f

_ a(u(;—u,u(;—u)+2a(u,u§—u)+/f(u5)u5—/f(u2)u2
- a(u§—u,u5—u)+2/\/ s —u —2/f (ug — 1)

i f

= a(us —u,us — u) — A||us — u||L2 -2 /Q Fu)u(us — )

/f“a /f
= ((Au = (g — u), (45 — ) x + /Q Waug (15 = ) (32)

where
() = ()

Wuus = s Us — U
Using (8) and (18), we obtain that for all 0 < § < ¢,

A5 = Al Mlus = ullzp + [lwusll 2w = us| 2
Mlus = ullzp + ClI1+ [us |2 lu — sl 2
Mlus = ullFpr + C(1+ lluslF)llu — us]| 2

C (Ilus — ullzp + llu—uslz2) (33)

VAN VAN VAN VAN

where C' denotes constants independent of 4.

In order to evaluate the H'-norm of the error us — u, we first notice that
Vos € X, lus — ullm < [lus — sl + [Jvs — ullam, (34)
and that
lus —vsl| 7 < B7H(E"(u) = N)(us — ), (us — vs)) x7,x
57 (B (0) = M(as = ), s = vl
HE" 00 = = o) (05~ ) ) (39
For all ws € X5
(B (u) = N)(us — u),ws) x7,x
== [ (Fyus = a5 =27 () s = ) ws + (s =) [ (s = wpws.

Q

Using (9) and (33), we therefore obtain that for all 0 < § < ¢; and all ws € Xy,
[{(B" () = N)(us — u),ws)xr,x| < Cllws| s [lus — wl[Fp (36)
It then follows from (19), (35) and (36) that for all 0 < § < §; and all v5 € Xy,

lus — vsl|l e <C (lvs — wllgr + llus — ullF) -



Combining with (34) we obtain that there exists 0 < do < 07 and C' € R such that
for all 0 < § < d5 and all vs € X5,

lus — ull g <Cllvs — ullar. (37)
Thus (27) is proved.

Let u} be the orthogonal projection, for the L? inner product, of us on the affine
space {v € L*(Q)| [,uv =1}. One has

1
u; € X,  uj—ueut, UE—Ua=§||U6—U||%2ua

from which we infer that

fus—ule = [ (5= )5 =20+ [ (a5 = w)lus =)

Q

= = w0 =) = s =l | (5= e

1
= [ s = s =)+ s = s (1= [ )
Q Q

= s = s =)+ s =l
= (ug—u,u}—u}xl,x—l—i”w—u”%g
= (B () ~ Ao — whxrx + llus — ulds
= (B ()~ N)uts ), ) x
s — (B (u) = Ao, g b xrx + s — s
- A s~ ) b

s =l [ 02000+ s =l
For all v5 € X5, it holds
Jus —ulZe = ((B"(u )= (s bl
(B () - ua—u> Bug—u — Vo) s x
s =l [ 7020 g+ s — ull

= = [ (s = 10y = 25l s = ) g
0= ) /Q usts
(B () = A)(us — LR
tlus = ulls [ 7020+ sl
= [ (s = )5 21 @) s = ) g
(s = A) / s = s + s =) [ (w5 = 0

<(EN( ) U5—u) 1/)u5 u 1/’5>X/
s — ull2s / /0y 3 s — ulld,



where we have used that Uys—utt = 0.
Q

Let 1/)2 € Xs be such that

ku(;—u - "/Jg”Hl = w];nei?% ”"/’u(s—u - "/’5HH1'

Noticing that |||z < |[Yus—ullmr < B~ M|lus — u| 12, we obtain from (9), (19)
and (33) that there exists C' € R4 such that for all 0 < § < 4y,

hus —ullZs < c(nua s = g2+ lts — vl [t — 920
s — s + flus — ulZalus - u|H)

Therefore, there exists 0 < dg < d2 and C € R, such that for all 0 < § < Jo,

lus = ullz> < C (lus — ullFpllus — ullzz + lus — ull g [1ous—u = ¥5lmr) , (38)
which completes the proof of Theorem 1. O
Remark 1 In the proof of Theorem 1, we have obtained bounds on |\s — A| from

(32), using L* estimates on wy. ., and (us —u) to control the second term of the
right hand side. Remarking that

fu?)u — fuf)u — 2f" (ug)ud(u — us)

Vwyu = —u (s — )2 Vus
o fw)us — f(uP)us = 2" (uP)u? (us — u) v
us n
(us —u)?

fug) — f(u?)

+2uus (f'(ug) Vus + f'(u*)Vu) + 2us y—
5 —

VU(; )

we deduce from (8)-(9) that if us is uniformly bounded in L*°(SY), then wy ., s
uniformly bounded in X. It then follows from (32) that

IAs = Al < C (lus — ull3p + llus — ullx),

an estimate which is an improvement of (29). In the next two sections, we will see
that this approach (or analogous strategies making use of negative Sobolev norms of
higher orders), can be used in certain cases to obtain optimal estimates on |As — A|
of the form

s = Al < Cllus — ull3

3 Fourier expansion

In this section, we consider the problem

inf{E(v), veEX, /sz’ = 1}, (39)

where

Q=(0,2m)¢ withd=1,2or 3,
X = Hy (),

1 1 1
E(v) == |Vv|2—|——/Vv2+—/ F(v2).
2 Jg 2 Jg 2 Jo



We assume that V' € HZ(Q) for some o > d/2 and that the function F satisfies
(7)-(9) and is such that the function ¢ — F(t?) is in C°T}(R,,R) if ¢ € N, and in
ClIT2(R,,R) if o ¢ N. Actually, as we know that the unique positive solution u
to (39) stays away from 0 in €2, the assumptions on F' can be slightly relaxed, but
we will not elaborate further on this technical detail.

The positive solution u to (39), which satisfies the elliptic equation
—Au+Vu+ f(u?)u = I,

then is in H*(6).

A natural discretization of this problem consists in using a Fourier basis. Denoting
by er(z) = (2m)~%2e™* we have for all v € L?(),

v(x) = Z Uper(x),

kezd

where 7y, is the k" Fourier coefficient of v:

Uy = /QU(:C)MCZ:U = (27T)_d/2/ v(z) e *T dg.

Q

The approximation of the solution to (39) by the spectral Fourier approximation is
based on the choice

Xs = Xn = Span{ey, |k|« < N},

where |k|. denotes either the [?>-norm or the [*°-norm of k (i.e. either |k| =
(Zle |ki|2)1/2 or |k|s = maxi<;<q|k;|). For convenience, the discretization pa-
rameter for this approximation will be denoted as N.

Endowing HJ,(Q2) with the norm defined by

1/2

lollzzr = | D (L[R2 [0 |

keZe

we obtain that for all s € R, and all v € Hj (), the best approximation of v in
HY(Q) for any r < s is
HNU = Z i)\kek. (40)
kEZ4 |k| <N
The more regular v (the regularity being measured in terms of the Sobolev norms

H"), the faster the convergence of this truncated series to v: for all real numbers r
and s with r < s, we have

Yo e Hy(Q), |lv—Tyv|a <

1
< =l (a1)

Let un be a solution to the variational problem
inf {E(UN), on € Xy, / v = 1} (42)
Q
such that (un,u)r2 > 0. Using (41), we obtain

[ = Tnul[gr < [l o2,

— Nchrl

10



Besides, the unique solution to (24) solves the elliptic equation
= Aty + (V4 f(u?) +2f (w?)u? = A) = 2 ( / f’<u2>u3ww) utw— (w,u) 2,
Q

from which we infer that if w € H},(Q2) for some 0 < r < 7, then 1, is in H;&H(Q)
and satisfies
[Ywll e < Cllwllar, (43)

for some constant C' independent of w. In particular,
1 C
[bun—u = INYuy—ull g2 < NHU’wwHH? < NHUN —ulze.

A direct application of Theorem 1 then yields that there exists dg > 0 and C € R
such that for all 0 < § < 4y,

C

luy —ullm < 75 (44)
C

lun —ullpz < Noiz (45)
C

Av — A < Notz (46)

The last estimate is slightly deceptive since, in the case of a linear eigenvalue problem
(i.e. for —Au + Vu = Au) the convergence of the eigenvalues goes twice as fast as
the convergence of the eigenvector in the H'-norm. We are going to prove that this
is also the case for the nonlinear eigenvalue problem under study in this section, at
least under some additional assumptions on the function f.

Let us first come back to (32), which we rewrite as,

A — A = {(Ay — Ny — ), (un —w)xx + / W (un —1)  (47)

i £ = 7 ()
_ 2 Juy) —Jju
Wy uy = UN r—
We then observe that up is solution to the elliptic equation
—Auy + Iy [VuN—l—f(u?v)uN] = ANUN- (48)

This implies that the sequence (un)nen, which is uniformly bounded in H#(Q), is
in fact also uniformly bounded in H;&”(Q). Together with (9), this implies in turn

that (wy,uy)Nen is bounded in Hj(Q) N L®(Q). We therefore obtain from (47)
that
A = Al < C (luw = ullzp + lluy —ullg-1). (49)

Let us now compute the H ~!-norm of the error. Let w € H#(Q) Proceeding as in
Section 2, we obtain

/ w(uny —u)
Q
- _/Q (fwh)un = fu?)uy = 2f' (W)u? (uy —u)) Tt

0w =) [l =)+ O =) [ (=)
Q Q
B (1) = ) ) e~ Tt
1
Hlu = ulfs [ b, = gllu —ults [ w.

11



Combining (19), (43), (44)-(46), (47) and the above equality, we obtain that there
exists a constant C' € Ry such that for all N € N and all w € Hy (),

st =

Therefore

O (luy = ullipn + N2 luy — ) Jw] g

- C
— Nmin(2(o+1),o’+3) H’w”H1

IN

w(uy — u)
Jet ¢ (50)

lun —ullg-1 = sup ]| 711 = Nmin(2(c+1),0+3)

weHY (D\{0}

for some constant C' € R independent of N. We end up with

C

AV =A< rmeern e

To proceed further, we need to make additional assumptions on the function f.
Indeed, if we had a uniform bound on wy,, in Hy () for some r > 1, the above
argument would lead to

AN — Al

IN

C (lun — ullFp + llun — ull g--)
C

= Nmin(2(c+1),0+r+2)

A simple case when this is true is when F(t) = ct? with ¢ > 0; in this particular
case indeed, wy, uy = 2cui (uy + u) is uniformly bounded in H;”(Q). We can
summarize the results obtained in this section in the following theorem.

Theorem 2 Assume that V € HZ(SY) for some o > d/2 and that the function F
satisfies (7)-(9) and is such that the function t — F(t?) is in C°*1 (R, R) if o € N,
and in Cl1t2(R, | R) if o ¢ N. Then there exists C € R, such that for all N € N,

c
lun —ullg < NoiT (51)
C
lun —ullpz < Noiz (52)
c
|)\N o /\| = Nmin(2(o+1),0+3) °
If in addition
2 dwR) = fw?)
Wauy = UN T
is uniformly bounded in H;‘;H(Q), then
C
An — Al < N2 (53)

In order to evaluate the quality of the error bounds obtained in Theorem 2, we have
performed numerical tests with Q = (0, 27), V (z) = sin(Jx—7|/2) and F(t?) = t?/2.
The Fourier coefficients of the potential V' are given by

PN 1 1

Vi=———o, 54
VGV o
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from which we deduce that V' € H (0,2m) for all o < 3/2. It can be see on Figure 1
that [uy — u||H1 HuN — ul|p2, HuN — ul|g-1, and |Axy — A| decay respectively as
N=267 N=367 N=467 and N5 (the reference values for u and A are those obtained
for N = 65). These results are in very good agreement with the upper bounds (51),
(52), (50) and (53), which respectively decay as N—2:5t¢ N=3:5+c N—45+€ and
N=5t¢ for € > 0 arbitrarily small.

F \t\* ]
10-3 3 \\\ E
10% ; “_ \M ;
0% B 3
10° Toee 4
07 E
108 L =

E |y=-267617x + 0.205405 E

F |V =-367532x+ 0.434802 ]
107 E

E 1 . . . . . 5|

9.1010" 2.10" 3.10' 410" 510" 6.10'7.10"

Figure 1: Numerical errors ||uny —u| g1 (+), [lun —ul|p2 (X), [Jluny —u| g-1 (*), and
AN — Al (o), as functions of 2N + 1 (the dimension of Xy ) in log scales.

4 Finite element discretization

In this section, we consider the problem

inf {E(’U), veX, [ vi= 1} , (55)
Q
where

Q) is a rectangular brick of R, withd =1, 2 or 3,
X = HY(9),

1 1 1
E(v) = i/ﬂ|Vv|2+§/QVv2+§/QF(v2).

We assume that V satisfies (6) and that the function F satisfies (7)-(9). Througout
this section, we denote by w the unique positive solution of (55) and by A the
corresponding Lagrange multiplier.

In the non periodic case considered here, a classical variational approximation of (1)
is provided by the finite element method. We consider a family of regular triangu-
lations (7p,)p of Q. This means, in the case when d = 3 for instance, that for each
h > 0, 7y is a collection of tetrahedra such that

e () is the union of all the elements of 7j;

e the intersection of two different elements of 7j, is either empty, a vertex, a
whole edge, or a whole face of both of them;

13



e the ratio of the diameter hx of any element K of 7, to the diameter of its
inscribed sphere is smaller than a constant independent of h.

As usual, h denotes the maximum of the diameters hy, K € 7;,. The parameter of
the discretization then is § = h > 0. For each K in 7}, and each nonnegative integer
k, we denote by P (K) the space of the restrictions to K of the polynomials with d
variables and total degree lower or equal to k.

The finite element space X}, ;; constructed from 7, and Py (K) is the space of all con-

tinuous functions on 2 vanishing on 02 such that their restrictions to any element
K of Tj, belong to Px(K). Recall that X, , C HJ () as soon as k > 1.

We denote by Wg,k and W}z,k the orthogonal projectors on Xp, . for the L? and

H' inner products respectively. The following estimates are classical: there exists
C € R, such that for all » € N such that 1 <r <k +1,

Vo € H'(Q) N Hy (), 6 = mh k@l < Ch™ [0 v, (56)
Vo € H'(Q) N Hy(Q), 16— mh 1Sl < CR" ¢l (57)

Let up, i be a solution to the variational problem

inf{E(Uh)k), U,k € Xh,ka / U}%,k = 1} (58)
Q

such that (upk,u)r2 > 0. In this setting, we obtain the following a priori error
estimates.

Theorem 3 Assume that V' satisfies (6) and that the function F satisfies (7)-(9).
Then there exists hg > 0 and C' € Ry such that for all 0 < h < hg,

uny —ullgr < Ch (59)
lunt —wullrz: < Ch? (60)
M1 — A < CR% (61)

If in addition, V € H'(Q), then there exists hg > 0 and C € Ry such that for all
0 < h < hy,

lunz —ullgn < Ch? (62)
luno —ull2 < ChH? (63)
M2 —A < ChRY (64)

Proof As Q) is a convex polygon, and as V and F satisfie (6) and (7)-(9) respec-
tively, we have u € H?(2). We then use the fact that 1y, , —y is solution to

_Awuwc—u +(V+ f(u2) + 2f/(u2)u2 - /\)wuh,k—u
=2 (/ f'(u2)u31/)uhyku) u+ (upp —u) — (upk — U, u)2u, (65)
Q
to establish that 1y, , —, € H?(Q) N Hg () and that

[$u s —ull 2 < Clluny —ul|z2 (66)

for some constant C' independent of h and k. The estimates (59), (60) and (61)
then are directly consequences of Theorem 1, (57) and (66).

14



Under the additional assumption that V € H'(£2), we obtain by elliptic regularity
arguments that v € H3(Q). The H* and L? estimates (62) and (63) immediately
follows from Theorem 1, (57) and (66). We also have

A2 — Al < OR? (67)

for a constant C' independent of h. In order to prove (64), we proceed as in Section 3.
We start from the equality

A2 — A= ((Au = A)(uz,n — u), (uzp —u))xr,x + / " (ug,p — ) (68)
Q

where ) )

~h 2 f(u27h) - f(u )

w = U2 h—-

’ U p — U
We now claim that up 2 converges to u in L*(2) when h goes to zero. To establish
this result, we first remark that
wn2 —ullpee < llun2 — ThoullLe + [|Zh2u — ull e,

where 7}, 2 is the interpolation projector on Xp 2. As u € H3(Q) — C'(Q), we have

lim || Zp2u — uljp~ = 0.
h—0+

On the other hand, using the inverse inequality

3C e Ry s.t. VO < h < hg, Yo, € Xp 9, ||’Uh72||L°0 < Cp(h)||’l}h72|

H»

with p(h) = 1ifd =1, p(h) = 1 +1Inh if d = 2 and p(h) = h~'/? if d = 3 (see [8]

for instance), we obtain

(P)|lun,2 = Zn2ull g
(h) (lun,2 — ullgr + lu = Zn2ul 1)

C’ p(h) h? 0.
SR A

wn2 — Th,oul| L Cp
Cp

INIACIA

Hence the announced result. This implies in particular that w" is bounded in H'(2),
uniformly in h. Consequently, there exists C' € Ry such that for all 0 < h < hg,

Anz = Al < C (|lun2 — ullfp + [lunz — ul 1) - (69)

To estimate the H ~'-norm of uy o — u, we write that for all w € Hj (),

[ vtz =

= —/ (f(ui p)unz — (W unz — 2f (u?)u? (un2 — u)) T ot
Q
+(/\N - /\)/ UN(Wi72¢w - 1/}71)) + ()‘h,Q - )‘) / (uh,Q - u)1/}w
Q Q
H{(E" (u) = M) (tn,2 — u), hw — T othw) x7,x
, 1
Hune =l | £t = 5l =l [ . (70)
where 1, is solution to
—Atpy + (V + f(u?) + 2 (w?)u? = Ngpu,
=2 (/ f'(u2)u31/1w) u+w— (w,u)2u. (71)
Q
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It then follows from (71) that 1, is in H3(2) and that there exists C' € R such
that for all w € HE(Q) and all 0 < h < hy,

[Ywllgs < Cllwllg:

We therefore obtain the inequality
[Yw = T 2%l < CR?|Jwl| s, (72)

where the constant C' is independent of h.

Putting together (9), (19), (57), (62), (63), (67) and (72), we get

fQ w(up2 — u)

lunz2 —ullg-1 = sup < Cht
weHL(2)\{0} [[wl] e
Combining with (62) and (69), we end up with (64). O

Numerical results for the case when Q = (0,7)2, V(z1,22) = 2% + 23 and F(t?) =
t2/2 are reported on Figure 2. The agreement with the error estimates obtained in
Theorem 3 is good for the Py approximation and excellent for the P approximation.

5 The effect of numerical integration

Let us now address one further consideration that is related to the practical imple-
mentation of the method, and more precisely to the numerical integration of the
nonlinear term. For simplicity, we focus on the case when A = 1.

From a practical viewpoint, the solution (ug, As) to the nonlinear eigenvalue prob-
lem (15) can be computed iteratively, using for instance the optimal damping algo-
rithm [4, 2, 7]. At the p'™® iteration (p > 1), the ground state (uf, \}) € X5 x R of
some linear, finite dimensional, eigenvalue problem of the form

/ Vuf;’ - Vg +/ (V + f(ﬁf;’fl)) U_§U5 = Xg/ u_f;vg, Yus € X5, (73)
Q Q Q

has to be computed. In the optimal damping algorithm, the density ﬁg_l is a

convex linear combination of the densites pf = |uf|?, for 0 < ¢ < p — 1. Solving
(73) amounts to finding the lowest eigenelement of the matrix H? with entries
ity [ Vor-Vous [ Vao [ 16w (74)
Q Q Q
where (¢k)1<k<dim(x(;) stands for the canonical basis of Xj.

In order to evaluate the last two terms of the right-hand side of (74), numerical
integration has to be resorted to. In the finite element approximation of (55), it
is generally made use of a numerical quadrature formula over each triangle (2D)
or tetrahedron (3D) based on Gauss points. In the Fourier approximation of the
periodic problem (39), the terms

/ Vere and f(ﬁg*l)ﬁel,
Q Q
which are in fact, up to a multiplicative constant, the (k —1)"™ Fourier coefficients of

V and f (ﬁg_l) respectively, are evaluated by Fast Fourier Transform (FFT), using
an integration grid which may be different from the natural discretization grid

2w 2
A 0< i1 oo i< 9N
{(2]\]_'_1]17 72N+1jd7>7 = J1, yJd > }
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Figure 2: Errors ||unk — ul|lgr (), [Junk — ullrz (x) and [Ap e — A] (%) for the Py
(k =1, top) and Py (k = 2, bottom) approximations as a function of & in log scales.

associated with Xp. This raises the question of the influence of the numerical
integration on the convergence results obtained in Theorems 1, 2 and 3.

Remark 2 In the case of the periodic problem considered in Section 8 and when
F(t) = ct?* for some ¢ > 0, the last term of the right-hand side of (74) can be
computed exactly (up to round-off errors) by means of a Fast Fourier Transform
(FFT) on an integration grid twice as fine as the discretization grid. This is due to
the fact that the function pE~ ' e e; belongs to the space Span{e, ||n|. < 4N}. An
analogous property is used in the evaluation of the Coulomb term in the numerical
simulation of the Kohn-Sham equations for periodic systems.

In the sequel, we focus on the simple case when d = 1, Q = [0,27), X = H;& (0, 2m),

and ) ) )
1 4 1 g 1 g

L n2 .+ 2 _/ 4

E(v>—2/0 |v|+2/0 votd g [l
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with V' € Hg(0,2m) for some o > 1/2. More difficult cases will be addressed
elsewhere [5].

In view of Remark 2, we consider an integration grid
27 21 Arw 27 (N, — 1)
TaAi0.9m) =0 28 20 0 AmUg T 8
N, Zn102) {’Ng’Ng’ TN, }

with Ny > 4N + 1 for which we have

27
~ 2m
vove Xy, [ llt=1 Y ol
0

9 27
TE N, ZN[0,2m)

and for all p € XQN,

2
o 1 i(h—Dr —
RSN, [ pma=gm X s = T ()

g re $£200,2)

where pFFT is the (k — )™ coefficient of the discrete Fourier transform of p. Recall
that if ¢ = dez (EQ eg € C%(O,Qﬂ'), the discrete Fourier transform of ¢ is the

NyZ-periodic sequence (@ )gez defined by

VgEeZ, o't =1 S plryer.

9 27
TE N, ZN[0,2m)

We now introduce the subspaces Wy, for M € N* such that Wy, = )Z(M_l)/g if M is
odd and Wy, = XM/2,1 ©Clenrrs2 +e—niy2) is M is even (note that dim(Wpyr) = M
for all M € N*). It is then possible to define an interpolation projector Zy, from
C%(0,27) onto Wy, by

Ve e 2 nn0,2m), [Zv, (@) = 9(a).

g

The expansion of Zy, (¢) in the canonical basis of Wi, is given by

PLRCEEDY (b/gF\Teg (N, odd),
lgl<(Ng—1)/2
In,(9) = — —57 [€N,/2t €-N, /2
(2m)1/2 Z ¢pFTeg + (277)1/2¢?v};/rz (%) (Ng even).
lg|<Ng/2—1

Under the condition that N, > 4N + 1, the following property holds: for all ¢ €
C4%.(0,27),

271- ——
VK|, JI| < N, / In, (6)TFe1 = GIFL.
0

It is therefore possible, in the particular case considered here, to efficiently evaluate
the entries of the matrix H? using the formula

271'_ 21 21
H]fl = / e%-ei—l—/ Vﬁel—l—/ ﬁ}o\;lael
0 0 0
~  |k[?0k + VEET 4 [ EFT, (76)
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and resorting to Fast Fourier Transform (FFT) algorithms to compute the discrete
Fourier transforms. Note that only the second term is computed approximatively.
The third term is computed exactly since, at each iteration, ﬁ?vfl belongs to Xopn
(see Eq. (75)). Of course, this situation is specific to the nonlinearity F(t) = t?/2
considered here.

Using the approximation formula (76) amounts to replace the original problem

21
inf{E(vN), vNeXN,/ |vN|2—1}, (77)
0

with the approximate problem

2
inf{ENb(vN), ox € X / fon|? = 1}, (78)
0

where ) ) )
1 g 1 g 1 4

By(ow) =5 [ WP g [T 0ke g [ foslt
0 0 0

Let us denote by uy a solution of (77) such that (un,u)r> > 0 and by un,n,
a solution to (78) such that (un n,,u)r> > 0. It is easy to check that uy n, is
bounded in H#(O, 27) uniformly in N and N,.

Besides, we know from Theorem 2 that (uy)nen converges to u in H;# (0,27), hence
in L (2,7), when N goes to infinity. This implies that the sequence (A, —Auy ) Nen
converges to 0 in operator norm. Consequently, for all N large enough and all N,
such that N, > 4N + 1,

%HUN,NQ —un|ip < E(un,,) — E(un)
< En,(unn,) — En,(un)
27
+ / (V= Zn, (V) (Ju v, * — [un?)
27
< / V — Zn, (V) (Jun ., I — [un?)
0

< Cn(V =In,(V)lz2llun,n, — un|lm,
where we have used the fact that (|1LJ\/J\/_E]|2 - |uN|2) € Xon. Therefore,
un,n, —unllgr < Cl[Han (V= In, (V)| 22, (79)
for a constant C' independent of N and N,. Likewise,

ANN, = AN = ((Auy = AN)(un,N, —un), (un,N, — UN)) XX

_|_/0 Tr(V - IN(V))|U‘N7N9|2

27
+/ |UN,N9|2(UN,N9 + UN)(UN,Ng —UN),
0
from which we deduce, using (79),
[An,n, = AN| < ClHan(V = Zn, (V)| 2

An error analysis of the interpolation operator Iy, is given in [6]: for all non-
negative real numbers 0 < r < s with s > 1/2 (for d = 1),

C
le —ZIn, (Pl < —=

< 3w lollas, Vo€ Hy(0,27). (80)
9
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Thus,

C
Men (V = Iy, (V)22 < |V = In, (V)llze < w7 (81)
g
and the above inequality provides the following estimates:
HUN,Ng — u||H1 < C (N7071 + N(;U) (82)
”uN,Ng —UHLz < C(N_a_2+Ng_U) (83)
Avn, — Al < C(NT724N,7), (84)

for a constant C' independent of N and IN,. The first component of the error bound
(82) corresponds to the error ||uy — u|| g1 while the second component corresponds
to the numerical integration error |[un n, —un|/z1 (the same remark applies to the
error bounds (83) and (84)).

It is classical that for the norm |¢ — Zn, ¢||u- for 7 < 0 is in general of the same
order of magnitude as ||o—Zn, @[ 2. As the existence of better estimates in negative
norms is a corner stone in the derivation of the improvement of the error estimate
(46) for the eigenvalues (doubling of the convergence rate), we expect that the
eigenvalue approximation will be dramatically polluted by the use of the numerical
integration formula.

This can be checked numerically. Considering again the one-dimensional example
used in Section 3 (Q = (0,27), V(z) = sin(jlz — 7|/2), F(t) = t?/2), we have
computed for 4 < N < 30 and Ny = 2P with 7 < p < 15, the errors ||un,n, — ul| g1,
lun,n, —ul L2, [|lun,n, —ul g-1, and [Ax n, — A|. On Figure 3, these quantities are
plotted as functions of 2N + 1 (the dimension of X ), for various values of Ny.

The non-monotonicity of the curve N — |Ay n, — A| originates from the fact that
AN, N, — A can be positive or negative depending on the values of N and V.

The numerical errors ||un, N, —u| g1, [[un, N, —ul 12, [[un, N, —u| g-1, and [An N, = Al
for N = 30, as functions of N, (in log scales) are plotted on Figure 4. When N, goes
to infinity, the sequences logq [[un,n, — u|| g1, logyg [|un, N, — ull L2, logyg [|un, N, —
ullg-1, and logq|[An,n, — A| converge to logy, [[un — ul|g1, logyg[lun — ullLe,
logyg [lun — u|| g-1, and log;y |[An — A| respectively. For smaller values of Ny, the
numerical integration error dominates and these functions all decay linearly with
log,, N, with a slope very close to —2. For fixed N, the upper bounds (82)-(84)
also decay linearly with log,, V4, but with a slope equal to —1.5. To obtain sharper
upper bounds for the numerical integration error, we need to replace (81) with
a sharper estimate of [|Ilon(V — Zn, (V)| 2, which is possible for the particular
example under consideration here. Indeed, remarking that under the condition
Ny > 4N +1,

o\ 1/2
Man (V = Zn, (V)2 = [ D | D Vosen, :
lg|<2N |kez*
we can, using (54), show that
C N1/2

[Tan (V = Zn, (V)2 <
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Figure 3: Numerical errors ||un,n, — ul[g1 (top left), [lun N, — ul/z2 (top right),
llun,n, — ul[g-1 (bottom left), and [An N, — A| (bottom right), as functions of
2N + 1 (the dimension of Xy), for N, = 128 (red), Ny = 256 (green), N, = 512
(cyan), N, = 1024 (gold), N, = 2048 (magenta), N, = 4096 (pink), N, = 8192
(black), N, = 16384 (blue), N, = 32768 (light blue).

for a constant C' independent of N and N,. We deduce that for this specific example

lunn, —ullm < C (N—s/z i N1/2Ng—2)
HUN,Ng —ulle < C (N*7/2 + Nl/QN;;Q)
Ann, — Al < C (N—g/z n N1/2Ng—2) _
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6 Appendix: properties of the ground state

The mathematical properties of the minimization problems (1) and (10) which are
useful for the numerical analysis reported in this article are gathered in the following
lemma.
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Lemma 2 Under assumptions (4)-(9), (10) has a unique minimizer po and (1)
has exactly two minimizers u = \/po and —u. The function u is solution to the
nonlinear eigenvalue problem (12) for some A € R. Besides, u € C%*(Q) for some
0<a<l,u>01inQ, and X is the lowest eigenvalue of A, and is non-degenerate.

Proof As A is uniformly bounded and coercive on ©Q and V' € L%(Q) for some ¢ >
2, v — a(v,v) is a quadratic form on X, bounded below on the set {v € X | ||v||p2 = 1}.
Replacing a(v,v) with a(v,v) — C|jv||2, and F(t) with F(t) — F(0) — ¢tF’(0) does
not change the minimizers of (1) and (10). We can therefore assume, without loss
of generality, that

Yo € X, a(v,v) > |lv||2.  and  F(0) = F'(0) = 0. (85)

It then follows from (9), making ¢; equal to zero, that 0 < F(v?) < C(v? + |v]5).
As X — L?(Q) N L5(Q), E(v) is finite for all v € X, I > —oc and the minimizing
sequences of (1) are bounded in X. Let (v,)neny be a minimizing sequence of (1).
Using the fact that X is compactly embedded in L?(€2), we can extract from (v, )nen
a subsequence (v, )xeny Which converges weakly in X, strongly in L?() and almost
everywhere in Q to some u € X. As |lvg,|lr2 = 1 and E(v,,) | I, we obtain
lu|l2 =1 and E(u) < I (F is convex and strongly continuous, hence weakly l.s.c.,
on X). Hence u is a minimizer of (1). As |u| € X, |||ulllLz = 1 and E(|u]) = E(u),
we can assume without loss of generality that v > 0. Assumptions (4)-(9) imply
that £ is C! on X and that E'(u) = A,u. It follows that u is solution to (11)
for some A € R. By elliptic regularity arguments [10], we get u € C%%(Q) for
some 0 < a < 1. We also have u > 0 in €2; this is a consequence of the Harnack
inequality [11]. Making the change of variable p = v2, it is easily seen that if v is
a minimizer of (1), then v? is a minimizer of (10), and that, conversely, if p is a
minimizer of (10), then \/p and —,/p are minimizers of (1). Besides, the functional £
is strictly convex on the convex set {p >0]peX, fQ p= 1}. Therefore py = u?
is the unique minimizer of (10) and u and —wu are the only minimizers of (1).

It is easy to see that A, is bounded below and has a compact resolvent. It therefore
possesses a lowest eigenvalue \g, which, according to the min-max principle, satisfies

)\0:inf{/Q(AVv)-Vv—i—/Q(V—i—f(uz))UQ, ve X, /Qv2:1}. (86)
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Let vy be a normalized eigenvector of A, associated with A\g. Clearly, vy is a
minimizer of (86) and so is |vg|. Therefore, |vg| is solution to the Euler equation
Aulvo] = Xolvo|. Using again elliptic regularity arguments and the Harnack in-
equality, we obtain that |vg| € C%(Q) for some 0 < a < 1 and that |vg| > 0 on €.
This implies that either vy = |vg| > 0 in Q or vg = —|vg| < 0 in Q. In particular
(u,v0)r2 # 0. Consequently, A = A\g and \ is a simple eigenvalue of A,,. O

It is interesting to note that A is also the ground state eigenvalue of the nonlinear
eigenvalue problem

search (u,v) € R x X such that
Ayv = po (87)
[vllr2 =1,

in the following sense: if (u,v) is solution to (87) then either p > X or u = A and
v = tu.

To see this, let us consider a solution (i, v) € Rx X to (87) and denote by w = |v|—u.
As for u, we infer from elliptic regularity arguments [10] that v € C%(£2). We have
[[v]|zz = |Jul|rz = 1. Therefore, if w < 0 in ©, then |v| = u, which yields v = +u and
1= A. Otherwise, there exists xy €  such that w(zg) > 0, and, up to replacing v
with —v, we can consider that the function w = v — w is such that w(xzg) > 0. The
function w is in X N C%*(Q) and satisfies

02) — f(u2

(Ay — Nw + %v(u +o)w = (1 — A. (88)
Let w = {z € Q|w(x) >0} = {z€Q|v(x)>ur)} and wy = max(w,0). As
w4 € X, we deduce from (88) that

— f(u?)

((Au—)\)w+,w+>x,)x+/ f(ng_u2 ot + v)w = (u—/\)/vw.

w

The left hand side of the above equality is positive and fw vw > 0. Therefore, p > .
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