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ABSTRACT. Assuming minimal regularity assumptions on the data, we revisit the
classical problem of finding isometric immersions into the Minkowski spacetime for
hypersurfaces of a Lorentzian manifold. Our approach encompasses metrics having
Sobolev regularity and Riemann curvature defined in the distributional sense, only.
It applies to timelike, spacelike, or null hypersurfaces with arbitrary signature that
possibly changes from point to point.
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1. INTRODUCTION

Given a Lorentzian manifold (M, g) of dimension n+1 or a hypersurface H C M,
we study here whether it can be immersed isometrically in the Minkowski space
M"+L = (R™*! 5). While this subject has been extensively studied within the class
of smooth immersions in the context of Riemannian geometry, we are interested in
the present paper in the case of Lorentzian manifolds and their hypersurfaces of
arbitrary signature and in metrics with limited regularity in a Sobolev space. Our
analysis will encompass metrics g of class I/Vlif with p greater than the dimension
of the underlying manifold, which, in fact, is the optimal regularity. We prove
the existence of a global isometric immersion if the underlying manifold is simply
connected. We also prove the uniqueness up to isometries of the Minkowski space
and the stability of the immersion with respect to the metric.

One of our results is as follows:

Theorem 1.1 (Immersion of a manifold in Minkowski spacetime). Let (M, g) be
a simply connected, Lorentzian manifold with dimension n + 1 whose metric g is
of class W}i’cp(/\/l) with p > n+ 1. Then, there exists an isometric immersion v :
M — M+ of class I/Vli’cp(./\/l) if and only if the Riemann curvature (tensor field)
Riemy defined in the distributional sense vanishes. Furthermore, the application
g +— 1 is locally Lipschitz continuous in the following sense. For any connected
open set A € M and any € > 0, there exists a constant C(e, A) with the following
property: if g and g are metrics on M that satisfy

. - _ 1
min (|detg|,[det g|) > e, max ([lgllwrrca) [9lwrea)) < -

then there exists isometries w, 7 : M1 — M"*+! of the Minkowski space such that
the corresponding isometric immersions 1 : (M, g) — M" ™ and ¢ : (M,5) —
Mt satisfy the inequality

|17 04 — 7o Yllw2ra) < Cle, A) llg — dllwrr(ay.

The corresponding immersion problem in the case of the Euclidian space has
been recently revisited by Ciarlet and his collaborators; see, for instance, [3] and
the references therein. Observe that, in the above theorem, the curvature of the
manifold is defined in the sense of distributions only; for the definition of covariant
derivatives and curvature tensors associated with metrics with limited regularity
we rely on LeFloch and C. Mardare [5] and the references cited therein. The proof
of Theorem 1.1 (in Section 3 below) will rely on earlier work by S. Mardare on
Pfaff-type systems [6, 8]. Previous arguments strongly used the assumption that
the metric under consideration was Riemannian. To establish Theorem 1.1, we take
account that the metric is Lorentzian; in fact, our argument immediately extends
also to any pseudo-Riemannian manifold (with arbitrary signature).

Our second contribution concerns the immersion of hypersurfaces within the
Minkowski space. We first consider the case of hypersurfaces with general signature,
then we specialize our results to spacelike or timelike submanifolds. Consider a
hypersurface H C M in a Lorentzian manifold with dimension n+1 and a transverse
field (henceforth called rigging) ¢ along H, that is, a vector field £ € TM that is
transversal to H. Then, the Levi-Civita connection of M can be decomposed into
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“tangent” and “transversal” components as follow:
VxY =VxY -KX,Y){, XY eTH,
Vxl=L(X)-M(X), XecTH,
where V, K, L, M are operators defined on T'H. We say that an immersion 9 :
H — M"*! and a rigging ¢/ : H — TM"*! preserve the operators V, K, L, M if the
Levi-Civita connection V" of the Minkowski spacetime satisfies
VI Y =0, (TxY) - K(X,Y)!, XY eTH,
VZ*XE’ = (L(X)) = M(X)¥', X eTH.
The main result established in Section 4 below is as follows.

Theorem 1.2 (Immersion of a hypersurface with rigging). With the notation above,
suppose that H is simply connected and the operators V, K, L, M are of class L (H)
with p > n. Then, there exists an immersion ¥ : H — M"T! and a rigging
0« H — TM™, respectively of class I/Vliép(’l-[) and W P(H), preserving these

loc
operators if and only if the (generalized) Gauss and Codazzi equations (see (4.4)

below) are satisfied. Moreover, the application (V,K,L,M) — (,¢") is locally
Lipschitz continuous in the following sense. For any connected open set A € H
and any € > 0, there exists a constant C(g, A) with the following property: if two
sets of operators V, K, L, M and @, K.L.M satisfy

A~ s 1
max (H(Y7K7LaM)HLP(A)’ ||(Y7K’L7M)”LP(A)) < gv

then there exists an affine bijection o : M1 — M"+! of the Minkowski spacetime
such that the corresponding immersions 1,1 : H — M"*! and riggings €', " satisfy
the inequality

1 = o 0 Yllwes(ay + 1€ = 0l llwrn )
< O, A) (|(V. K LA = (T, K L M) o) )

Observe that no assumption is made on the signature of the hypersurface. In
particular, this theorem applies to hypersurfaces that are nowhere null. For such
hypersurfaces we obtain in Section 5 a simpler derivation by choosing the rigging
to be the unit normal vector field to H. Recall that the pull-back on H of the
forms g and Vn, denoted by g and K, are the first and second fundamental forms
of H C M, respectively. In Section 5 below we will prove:

Theorem 1.3 (Immersion of spacelike or timelike hypersurfaces). Suppose that H
is simply connected and nowhere null and that (g, K) is of class WLP(H) x LP (H)

loc

with p > n. Then, there ewists an immersion 1 : H — M of class WP (H)
preserving the fundamental forms g and K, if and only if the Gauss and Codazzi
equations (see (5.1) below) are satisfied. Moreover, the application (g, K) —
is locally Lipschitz continuous in the following sense. For any connected open set
A @ H and any € > 0, there exists a constant C(e, A) with the following property:
given any (g, K) and (g, K) satisfying

min (| det g, | det g|) > e,

- ~ 1
max (||gllwrray, 1K Lecay, 1g1wrecay, [ KllLray) < o
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there exists proper isometries w, 7 of the Minkowski space such that
170 = mobllwesca < Cle,A) (17 - gllwiocn + 1K = Kllzoa)).

The paper is organized as follows. In Section 2, we introduce our notation
and provide some preliminary results. Sections 3, 4, and 5 are devoted to the
proof of Theorems 1.1, 1.2, and 1.3, respectively, and contain slightly more general
conclusions.

2. NOTATION AND PRELIMINARIES

For background on the analysis techniques (Sobolev spaces on manifolds, etc),
we refer to [1, 2].

Throughout this paper, all Greek indices and exponents vary in the set {0, 1,...,n},
while Latin indices, save for n, p, m, £ and ¢, vary in the set {1, ...,n}. Einstein sum-
mation convention for repeated indices is used. A pseudo-Riemannian manifold is
a smooth manifold M endowed with a metric, that is, a symmetric non-degenerate
(0,2)-tensor field g of constant index. A pseudo-Riemannian manifold is called
Riemannian if its index is zero and Lorentzian if its index is one. The Minkowski
spacetime M™*! is the vector space R**! endowed with the Minkowski metric

NX,Y)=-XY04+ Y XV, X =(X%),Y=(Y")eR"
i=1
An isometric immersion of a pseudo-Riemannian manifold (M, g) into another

pseudo-Riemannian manifold (M’, ¢’) is an immersion ¢ : M — M’ that preserves
the metric tensor, in the sense that )*¢g’ = g. Here and in the sequel, notation such
as ¢*¢’ and 1, X denotes respectively the pull-back of ¢’ and the push-forward of
X by ®; in particular, ¢*¢’ is the (0, 2)-tensor field on M defined by

W)X, Y) =g (X, 4Y), XY eTM.
Related to the Minkowski space, we define the (n + 1) x (n + 1) matrix
(2.1) I, = diag(—1,1,...,1)
and the sets

0"(n+1) :={Q e R Q1,9 = I},

01 (n+1):={Re0"(n+1); det R =1}.
The matrices in O7(n + 1) and O (n + 1) are respectively called Minkowski-
orthogonal and proper Minkowski-orthogonal matrices. By contrast with the set
of (usual) orthogonal matrices, i.e., those matrices P that satisfy PT P = I, where

I = diag(1,...,1) denotes the identity matrix of order n + 1, the set Q"(n + 1) is
not bounded. An isometry of the Minkowski spacetime M"*! is a mapping

(2.2) 7y e R" v 4+ Qye RMHL,

where v € R™! and Q € 0"(n + 1). Such an isometry 7 is called proper if
Qe 0l (n+1).

Let S(n + 1) denote the space of all symmetric real matrices. For any matrix
G eS(n+1),let Ag <A < ... <\, denote its (real) eigenvalues. Let

Lin+1):={GeSn+1); g <0< <..< A}
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denote the set of all Lorentz matrices of order n + 1 and define for all 0 < ¢ < 1
the subsets

Le(n+1):={Ge€L(n+1); |detG| >¢e and |G| < '}.

Note that L(n + 1) = lim.,oL.(n + 1). It is easy to show that any matrix G €
L(n+1) has a decomposition G = FT I, F for some invertible matrix F' of order n+1
(see the beginning of the proof of Lemma 2.1 below). But such a decomposition is
not unique, for the matrix QF with @ € O"(n+1) also satisfies G = (QF)TI,,(QF)
(the converse is also true, i.e., if G = FTI, F then F = QF for some Q € 0"(n+1)).
Since the set O(n+1) is not bounded, this shows in particular that the norm of the
matrix F' in the above decomposition is not controlled by the norm of G. This is
one of the reasons we need to prove the following lemma about the decomposition
of Lorentz matrices:

Lemma 2.1. Let G € L.(n + 1). There exists a mapping F : L.(n + 1) —
ROHDX(H1) sych that

G=F@A"LF@G), |F@&)|=IG">,
|F(G) — F(G)| < Cle,n)|G G-
The mapping F depends on G but the constant C(g,n) does not.

Proof. The Euclidean norm of a vector v € R"*! is denoted |v|, the Euclidean inner
product of two vectors v,w € R"*! is denoted v - w, and the operator norm of a
matrice A € RFD*(+1) j5 denoted and defined by |A| := Sup|,|=1 |[Av].

Let po, p1, ..., Pn be an orthonormal basis in R™*! formed by eigenvectors of G,
ie., Gpa = AaPa. Let P = [po p1 ... pn] be the matrix whose a-column is the
vector p,. Then PTP = I and PTGP = diag(\o, A1, ..., \n). Denoting A :=
diag((—Xo)Y/2, A2 AY?) and F := APT | we thus have F = |A| = |G|"/2

G = P(AL,A)PT = (AP")TI,(AP") = FTI,F.

Let F(G) = F. To define the matrix F := F(G) for any other matrix G €
L (n + 1) we distinguish two cases, according to whether |G — G| < 2™+ or not.
This condition is related to the Gram-Schmidt orthonormalisation method.

Let 5\0 <0< A < ..< )\, denote the eigenvalues of G. Then for every
a€f0,1,..,n},
|de~tG‘ > En-i—l.

@
If G satisfies |G — G| > 2¢"1, we define the matrix F := F(G) as follows. Let
Do, P1s ---, Pn, b€ a set of orthonormal eigenvectors of G such that G, = Moo and let
P = [jo p1 ... Pn] denote the matrix whose a-column is the vector p,. Then PTP =
I and PTGP = diag(Xo, A1, ..., An). Denoting A := diag((—)\o)l/27)\}/2,...,)\i/Q)
and F := APT, we thus have |F| = |[A| = |G|'/? and

Ao >

G = P(AL,A)PT = FTI,F
and

. ~ 2 1
_ 1/2 1/2
B FI < |G + 1612 < 5 < =3

G —G).
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If G satisfies |G — G| < 2¢™t1, we define the matrix Z:i:: F(@G) as follows. Let
Po € R™! be the (unique) unit vector satisfying Gpo = Aopo and po - po > 0. Let
us first prove the inequalities

- . ~ 1 .
(2.3) |Ao = Aol < |G — G| and |P0—P0|SW|G_G|~
Since Ao = inf|,|=1{(Gv) - v}, we have

Xo — Xo < (Gpo) - o — (Gpo) - Bo < |G — G.
By symmetry, this shows that [A\g — Ao| < |G — G.
To prove the second inequality of (2.3), we decompose the vector py as
Po = apo + bw where w € R"™ |w| = 1,w - py = 0, w - po > 0.

Clearly, 0 < a,b < 1 and a? + b?> = 1. Then

Aob = (Gpo) - w = (Gpo) - w+ (G = G)fo) - w = b(Gw) - w + (G ~ o) - w
Since the vector w belongs to the orthogonal complement of py in I@"H, it follows
that (Gw)-w > A1. The last equality above then implies that (A1 — )b < |G —G|.
Since A; > ™! and \g < —e™*!, we have

b< SentT |G - G

Consequently,

[Bo—pol> = (a— 1) +0° < (1—a®) + 5> =20 < G- GP.

W
We next define an orthogonal basis in R"*! by applying the Gram-Schmidt
orthonormalisation method to vectors po, p1, ..., pn. These vectors are linearly in-
dependent thanks to the assumption that |G — G| < 2e"*! and to the relations
2p0 - po = |po|® + |pol? = |Po — po|* > 2 — 252(%1”@ — G|* > 0. We thus define an
orthonormal basis {?g, 91, ..., U } by letting
o o e
U9 = po and T = mvk, where vy = pr — Z(pk <00, forallk=1,...,n
i=0
Clearly, py- vy, > 0 for all k. Since |py| = 1, this implies that [T —pg| < v/2|v —pgl.
Consequently, for all k =1,2,...n,
k—1 k
Bk — pel® < 2ok — prl> =2 (- 5:)* =2 (pr - (8 — pi))?
=0

|
—

IA
N
[
= O

2) |5 —pil?
7

and so there exists a constant C(n) = 2"~ /2 such that

- - C(n
[k — p| < C(n)|0o — po| < n+(1\)[G G| forall k=1,.

I
=}

Since the subspace of R™*! spanned by the vectors v, ..., 0y, is stable under the
linear mapping defined by the matrix G (because this subspace is the orthogonal
complement of the subspace spanned by {0}), Gty = Ao and Gy, = Y ;| Hix;



6 ISOMETRIC IMMERSIONS INTO THE MINKOWSKI SPACETIME

for some coefficients Hy, € R, i,k € {1,2,...,n}. These relations show that the
matrices V = [vo V1 ... ”n] and H = (sz) satisfy

3 o Xo O
VIVT =1 and VTGV = (7" ).
0o i

Note that H is a symmetric and positive-definite matrix whose eigenvalues are

precisely Ap,...,A,. Hence |H| = |\,|. Note also that the definition of matrices
V,H, P and D = diag(\, ..., \,) imply that

- n /
7Pl (Y -p) < e a
a=0

\H - D| < |VTGV — PTGP| < |V — P|(|G| +|G]) + |G — G| < C@ -
577,

for some constant C(n). Furthermore, since the mapping A — A'/2 is infinitely
differentiable on the (convex) set of all symmetric positive-definite matrices, there

exists a constant C'(n,¢) (an explicit value is C(n,¢) = {5*%) such that
|H'/2 — DY?| < C(n,e)|H — D).
Finally, we define
L N —Xo)/? i
F(G) = F, where F:= <(() o) ;1/2> VT
This definitions satisfies the conclusions of the theorem, since
|| = max{[Xo|"/%, |H'?|} = |G|'/2

and

Y VIR )
Frn,p=v " _|vi=a
0 A

and

P F| = (X720 pp (M)
- 0 /2 0 D1/2

§max<’(75\o)1/27(7A0)1/2’,|ﬁ1/2 D1/2|> + max |)\0 B& ]D1/2|)\VT PT|
< C(n,e)|G -G

for some constant C'(n,e) (an explicit value of which is C(n,e) = C(n)e~227).

The proof is completed. O

The following results on systems of first-order partial differential equations are
due to S. Mardare [8, Theorems 1.1 and 4.1] and will be used throughout the article.

Theorem 2.2 (Existence and uniqueness for Pfaff-type systems). Let Q be a con-
nected and simply connected open subset of R™ letp >m > 2, letqg>1and > 1,
and let 2° € Q and YO € R9%¢. Then, the system of matriz equations
oY
Az
Y(2°) =YY,

= YA, + B,Y +C,,
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loc(Q7szz)7
B, € LP (0, R9*9) and C, € L] (2, RI*Y) satisfy the compatibility relations

has a unique solution in I/Vlif(ﬂ, RI*) provided its coefficients Ay € LY

gff - gﬁ; = AgA, — Ay Ap in D' (Q,R>Y),
OB O BuBy— ByB, in D' (Q, R7*9),
g(;j _ ggg = CyAu — Cady + BaCy — ByCo  in D'(Q, RI%Y).

Although the above result was stated in [8, Theorem 1.1] for systems of the form
0. Y =Y A, +Cy, it is a simple matter to check that the technique therein extends
and provides our more general result stated above. On the other hand, following
closely the proof in [8, Theorems 4.1 and 6.8] we can also check the continuous
dependence property stated now.

Let © € R™ be a bounded connected open subset with Lipschitz continuous
boundary, let 2° € Q, and let p > m and e > 0. Consider any matrices Y°, Y9
R9%¢ and matrix fields A,, Aq € LP(Q, R, B,, By € LP(Q,R9%9) and C,, C,, €
LP (2, R9**) such that

YO + (| Aall o) + [|BallLeo) + 1Call o) < e ',
YO + (| Aall Loy + I1BallLe() + 1Call o) < e '

If the matrix fields Y,Y € Wl’p(Q, R7*¢) satisfy the equations

loc

Y

g — =Y Ao+ BaY +Cq and Y(2%) =Y",
T

gj — VAn 4 BuV 4 Co and V(29) = 70

then, for some constant Cy(e) > 0,
IV = Pllwrso) < Cole) { ¥ (2%) = ¥(a°)

+ Z (||Aa — Aallzr@) + |Ba — Ballzr) + |Ca — C'aHLp(Q)> }

3. IMMERSION OF A LORENTZIAN MANIFOLD

Let (M, g) be a Lorentzian manifold of dimension n+ 1. We want to investigate
whether (M, g) can be immersed isometrically in the Minkowski space of the same
dimension, i.e., whether there exists an immersion ¢ : M — R"*! such that ¢*n =
g. In coordinates, this condition asserts that, for every local chart ¢ : U C M —
Q C R"*!, the composite mapping f := 1 o p~!: Q — R"*! satisfies the following
two conditions

det(df) #0 in Q (that is, ¢ is an immersion),
(df) T 1y(df) = (9ap) in Q (that is, Y1 = g),

where gog = ¢(0a,03) and I, is the matrix defined by (2.1). Here, 0, denote
the tangent vector fields on M along the given coordinates x®. Observe that the
matrix (gag) is symmetric, invertible, and has exactly one negative eigenvalue at
every point of €2, since ¢ is assumed to be Lorentzian.
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First, we prove that the Riemann curvature of a spacetime of dimension n + 1
must vanish if it is isometrically immersed in the Minkowski space of the same
dimension.

Lemma 3.1. If ¢ : (M,g) — M"" is an isometric immersion of class I/Vli’cp
with p > n + 1, then the Riemann curvature tensor Riemg of g vanishes in the
distributional sense over M.

Proof. For smooth immersions, this is a classical result. We need to check that the
classical arguments carry over to an immersion f that is only of class V[/lif with
p > n+ 1. This is in fact the minimal regularity for which the Riemann curvature
tensor of g is well-defined as a distribution.

The assumptions of the lemma show that the mapping f = 1 o ¢! belongs to
the space I/Vliép (2, R"*1) and that the covariant components g, of the metric g
satisfy the relations

af, oft  of; oft
B1) @ L) = (Ges) gusle) = — o 0Ty OI T

where f, = f* denote the covariant and contravariant components of f with respect

0

to a given Cartesian basis in R"*1. Since ai; € Wﬁf (©) and this space is in fact
x

an algebra (we use here the assumption p > n + 1), the above relation implies that

Jas € Wzif (©). In view of the definitions of the inverse of a matrix and of the

Christoffel symbols, this implies that
(97") = (905) ™" € W (),

1,0 ) )
af = 59 (@gﬁu + wgva - %gaﬁ) S LZI:,C(Q)

Hence, the Riemann curvature tensor of the metric g, defined by

T 8 T a T v T 1% T
R oaf = %Fﬁo - Wrao +7T ot av _Fa

o+ B

is well defined as the sum of a distribution in m;cl’p(ﬂ) and a function LZI;/CQ ().
Here, the space VVlo_cl’p (2) is defined by

I/Vlo_cl’p(Q) = {u eD(Q); u=f+ Z g%, for some f, f* € Ll’;c(Q)}_
a=0

We will now show that R”,,; = 0 in the distributional sense. Define F,(z) :=
of

pye (), 0 =0,1,...,n. Since these vectors form a basis in R"*! for every x € Q,
x
the vector gf 2 (x) can be decomposed over this basis and so there exist coefficients
C7, such that
oF, .

(3.2) 872 =CP Fy3 Q.
Since gfg = gfg and (F,)T1,F; = gor (see (3.1)), the coefficients C2, must satisfy
the relations

Cga = Cgou

99or

O = Cgogﬁ‘f' + go'ﬁcg‘r
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Solving this system shows that

s _1g, 0 0 0

C. - 9 .qJdvo A sJav T 5 Yac :Fﬂ-
a0 = 59 (axag + 5,09 59 ) =T%,

Hence, the partial derivatives F,, = 38 {,

OF,
Oox“

which can be rewritten as matrix equations that is,

oo (d) = (df)Ta

where T, := (I'? ) denote the matrix field with T  as its component at the S-row
and o-column. In particular, we see that the mapping v preserves the connection.

To conclude, we now rely on the commutativity property for second derivatives
of the fields F,, and obtain:

o o
8 (F gFT) == @ (Fﬁa'FT) .

Combined with the relatlon o — T8 F 3, this implies that, for every test function
v € D),

/Q ( r;oaaﬁ(av)wggr@(av)) dr = /Q ( 5083 (Fyo)+T75, 1% (F, )) d.

Since the vectors fields Fy, F1, ..., F,, form a basis in I/Vli;p(Q; R"*1), we can define
the dual basis FO, F!, ..., F™ and use the components of the vector field FYw, where
w is any test function in D(), in lieu of v in the above equations. This implies
that

=T7% Fjs,

(3.3)

0 0
Y
/Q( Fgaa 6w+FT )dx-/g( Fﬁ(’a —w+ 5,17 )dx
Since the test function w was arbitrary, the above equation is equivalent with the
following equation between distributions in D’'(2):

RTo.aﬁ = 0
(]

The next lemma establishes a partial converse to Lemma 3.1, that is, if the
Riemann curvature of the metric g vanishes, then the Lorentzian manifold (M, g)
can be locally isometrically immersed in the Minkowski space of the same dimension.
We recall that an isometry = : M"*! — M"*+! of the Minkowski spacetime M"*!
was defined in (2.2).

Lemma 3.2. Suppose that g is of class V[/Eicp(/\/l) with p > n+1 and that Riemy =
0 in the distributional sense. Consider a connected and simply connected open
subset U C M that can de described by a single local chart. Then, there exists an
immersion ¥ : U — R™"*1 of class V[/lif(U) such that ¢*n = g. Moreover, if m is an
isometry of the Minkowski spacetime M™ "L then m o) also satisfy (mo)*n=g.

Proof. Let ¢ : U C M — Q C R"™! be a local chart such that Q := ¢(U) is
connected and simply connected. The components g,g of the metric with respect
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to this chart belongs to VVliép (©2). This space being an algebra, the inverse of matrix
field (gag) and the Christoffel symbols I'y 5 satisfy

7T) = (90p) T € WP (),

loc
0 1= 30 (Ggmton + Guptvn = ges) € LoD

(g

Finding an isometric immersion 1 : (U,g) — (R"*1 n) is equivalent to finding a
mapping f : Q@ — R™*! such that

(3-4) (df)" Iy (df) = (gor) in

where df denotes the gradient of f (the set £ and the vectorial space R"*! are
equipped with the usual Cartesian coordinates and bases). Thus we are left with
solving a nonlinear matrix equation in the unknown f. We are going to show that
the equation (3.4) can be solved if the components of the matrix (g,,) are the
covariant components of a metric whose Riemann curvature tensor vanishes in the
distributional sense.

We first observe that the equation (3.4) can be solved “at one point” z, € Q,
since by Lemma 2.1 there exists a matrix F, € RO*+Dx(+1) that satisfies

FEITIF* = (gaf(x*))'

Solving the nonlinear equation (3.4) is now reduced to solving two linear systems.
The first one is the Pfaff system

a—F =FT, a.e. in{,
(3.5) Ox®
F(xy) = Fy,

where, for every a, I'y := (I'] 5) denotes the matrix field with I'g 5 as its element at

the o-row and 3-column. This system has a solution F & VVli’Cp(Q;R("H)X(”“))
by Theorem 2.2, since the compatibility conditions
'y or ) 1 1
5@*5£:MM*MM in D' (Q; R x (1))
are equivalent to the fact that the Riemann curvature tensor of g vanishes in the
distributional sense.
The second system is the Poincaré system

(3.6) df =F inf,

where F' is the solution of the first system (3.5). The above Poincaré system has a
solution f € Wii’cp (Q; R™*1) since the compatibility conditions that F' must satisfy,
namely

OFs  OF,

oz OxP’
are equivalent to relations I'g 5 = I'g,, in view of (3.5). Or these relations are indeed
satisfied by the Christoffel symbols.

It remains now to prove that the solution f of the system (3.6) satisfies the
equation (df)”I,(df) = (go-). Combining relations (3.5) and (3.6) shows that f

where F,, denotes the a-column of the matrix field F,
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d
satisfies the equation 88( J;) = (df)Tn. This implies that the matrix field (df ) I,, (df)
x

satisfies the equation

0
o | (AT Ly(d)] = TF | ()T 1y (df)| + | ()T Ly ()| P
But the matrix field (g,,) also satisfies this equation, i.e.,

9 _ T
@(ga‘r) - Fa (gm—) + (ga'r)rom

since this is simply a rewriting of the definition of the Christoffel symbols. In
addition, the definition of the matrix F shows that {(df)TIn(df)} (4) = (gor) (7).

Therefore the uniqueness part of Theorem 2.2 shows that the two solutions coincide,
ie., (df)T1,(df) = (go+) in the entire domain .

Finally, if 7 is any isometry of the Minkowski spacetime (R"T! n), it is easily
checked that 7 o 1) is also an isometric immersion of (U, g) into (R"*1, 7). O

Lemma 3.2 is a local existence result, in the sense that the isometric immersion
1 is defined only on a subset U C M. But we have a good control of the size
of this neighborhood, since U only needs to be connected, simply connected, and
defined by a single local chart. This fact, together with the uniqueness result of
Lemma 3.5 below, allow us to establish a global existence result (i.e., the isometric
immersion 1 is defined over the entire manifold M) when M is simply connected
(see Lemma 3.6 below).

We next prove a stability result for the isometric immersion v defined by Lemma
3.2.

Lemma 3.3. For each € > 0 and connected smooth open set A € M, there exists

a constant C = C(e, A) with the following property: If the metrics g = ¥*n and

G =1 n induced by the immersions ¥, : M — M"+1 of class W}i’cp with p > n+1
satisfy

. - _ 1

min (| det g|, | det g|) > e, max (||gllwreays |Gllwrecay) < -

)
then there exists isometries © and 7 of the Minkowski space M1 such that
1704 — 7o Ylwaniay < Cl7 = gllwrra-

Remark 3.4. (i) The constant C(e,.A) may go to infinity when either e — 0 or A
“approaches” the whole manifold M.

(ii) The inequality above shows that small perturbations of the metric g induce
small perturbations of the immersion v, defined up to an isometry of the Minkowski
space.

Proof. Let ¢ : U C M — Q C R""! be a local chart such that U is connected
with a smooth boundary. Let f : =1 o ¢ ! and f := 1 o~ '. In coordinates, the
relations g = ¢*n and g = w*n read

(3.7) (@A) Ly(df) = (957),  (d))"I(df) = (3,,) n €

As in the proof of Lemma 3.1 (see (3.3)), these relations imply that f, f € W,2P(Q; R™1)
and that the matrix fields df and df satisfy the equations

0 o ,
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where I, is the matrix field defined from the metric g as in the proof of Lemma 3.2
and I',, is defined in the same way but with g replaced by g. 3
Fix any point z, € 2. By Lemma 2.1, there exist matrices F' and F' such that

(gor(2)) = FTI,F and (§,,(x.)) = F71L,F,
(3.8) IF| = |(gor(2))]"* and || = |(for (2.))]""?
| = F| < C|(gor () = Gor (@) < C(gor) = (Gor)lwiace),

for some constant C' depending on &,n. Combined with Equations (3.7) (applied
at the point z,), the first relations above imply that the matrices Q = F(df (z,)) "
and Q = F(df(x,))~" (the matrices (df(z,)) and (df(z,)) are invertible since 1)
and 7,/? are immersions) satisfy the relations

R'L,R=1, Q'LQ=1I,
Since the matrix fields (Q df) and (Q df) satisfy the equations
0 0  ~ = e .
oz (@) = (QdNTas 52(Qdf) = (@Qdf)Te i,
(Qdf)(zx) = F, (Qdf)(zs) = F,
the stability property for Pfaff’s systems stated in Section 2 implies that
|Qdf — Qdfllwrse) < C (IF = Fl+ > I0a = Tallr@) ),

where the constant C' depends only on n,e and €. y
On the other hand, the definition of the Christoffel symbols I'] 5 and I'7 5 shows
that

Y e =Lallzr@) < Cll(gor) = (Gor) lwince).

Usig this inequality and the second inequality of (3.8) in the previous inequality
yields

1Qdf = Qdfllwir) < Cll(gor) = Gor)llwino)-
This inequality in turn implies (thanks to Poincaré-Wirtinger’s inequality) that

(v +@Qf) = (8 + QF)llwzr) < Cll(gor) = (For) Wi,

where v = —Qf(x,) and © = —Qf(z,). Since the matrices Q and Q are Minkowski-
orthogonal, the mappings 7 : ¥y € R*™ — v 4+ Qy € R and 7 : y € R*"!
U+ Qy € R™"*! are isometries of the Minkowski spacetime M" 1. Letting z = ¢(p),
p € U, in the above inequality shows that

||7~T [©] ’LE — T O '(/JHWQ,p(U) S C Hg — gHWl,p(U).
This inequality still holds when U is replaced with the possibly larger set A since

A is connected and A is compact. O

An immediate consequence of the previous lemma is the following uniqueness
result.

Lemma 3.5. If 1,1 : (M, g) — (R"*1,5) are isometric immersions of class Wi’f
with p > n+1, then for every connected component of M there exists an isometry
7 of the Minkowski spacetime (R™ 1 1) such that 1 = 7 0.
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Now, we are in a position to establish a global version of Lemma 3.2. This
completes the proof of Theorem 1.1 stated in the introduction.

Lemma 3.6. Suppose that M is simply connected, g is of class I/Vl;ép(./\/l) with
p > n+1, and Riem, = 0. Then, there exists an isometric immersion ¢ : (M, g) —
(R™1, 1) of class W2P(M).

Proof. We can assume without losing in generality that the manifold M is con-
nected, otherwise it suffices to apply the forthcoming argument in each connected
component of M. The idea is to patch together sequences of local isometric im-
mersions ¥, : U, C M — R"! constructed in Lemma 3.2. The uniqueness
result of Lemma 3.5 allows us to choose 1,, in such a way that ¢; = ; on the
overlapping domain U; NU;. The simple-connectedness of M insures that this def-
inition is unambiguous (i.e., it does not depend on the choice of the local isometric
immersions).

To begin with, we fix a point pg € M and a local chart (vg,Uy) at py, where
Uy C M is a connected and simply connected neighborhood of pg and g : Uy C
M — ¢o(Ug) € R™L. Then, Lemma 3.2 shows that there exists an isometric
immersion g : (Up, g) — (R"T1 n).

Given any p € M, we choose a path v : [0,1] — M joining py to p (i.e., a
continuous function v : [0,1] — M with v(0) = po and (1) = p). Next we
construct a division A := {to,t1,t2,...,tx,tx+1} of the interval [0, 1], with K € N
and0 =tg < t; < .. <tg < txs1 = 1, and asequence of local charts (¢, U)X _;,
with ¥(t;,) € Uy, and ¢, : Uy C M — @4, (Up,) C R? L in such a way that U, is
connected and simply connected and ¥([ty, tms1]) C Up, for all m = 0,1,2, ..., K.
Let us prove that such a construction is possible.

Consider the set A of all pairs (A, (¢m, Unm)f—y), with K = |A] =2 (where |A|
denotes the cardinality of the set A), that satisfies all the properties of the above
paragraph with the only difference that now txy; < 1 only (in other words, the
last element of A need not be equal to 1). It is enough to prove that

suptrg+1 =1 =maxtx41.
A A

Obviously, A is not empty and sup 4 tx4+1 > 0.

Assume on the contrary that s := sup4tx+1 < 1 and consider a local chart
(¢, U) at y(s) such that U is connected and simply connected. Since 7 is continuous
and U is a neighbourhood of 7(s), there exists 0 < ¢ < min{s,1 — s} such that
v([s —e,s+¢€]) C U. On the other hand, since s is a supremum, there exists a pair
(A, (©m, Um)#:l)a where L = |A| — 2, such that t; 1 > s —e (tL+1 being the last
element of the set A). It is easy to check that the pair (A, (¢, Upn ) 2L ), where

m=1
A" = AU{tpys:=s+e}, (or+1,Urq1) = (,U),

belongs to A. Hence, sup 4 tx+1 > s + €, which contradicts the definition of s.
Therefore, s = 1.

In order to prove that s = 1 is in fact a maximum (i.e., sup 4 tx+1 = maxa tx+1),
we consider a local chart (¢, U) at p = (1) and we repeat the argument above with
the only difference that now ¢ is chosen such that 0 < e < 1 and v([1 —¢,1]) C U.

With 7, A, and (¢, U)X _; constructed as above, Lemmas 3.2 and 3.5 allow
us to successively choose isometric immersions

1/’1 : (Ul,g) - (RnJrlvn),"',wK : (UKag) - (Rn+lan)a
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in such a way that ¢, = 1¥,,—1 on the connected component containing 7 (t,,) of
UnNUp—1, forallm=1,2,.... K.

Finally, we define a mapping v : (M, g) — (R"*! n) by ¥(p) := ¥ (p), where
Y is defined as above. Indeed, one can see that this definition is independent on
the choice of 1 i by using the simple-connectedness of the manifold M (a similar
argument was used in [8]). Then, ¢ is clearly an immersion since this property is
local. O

4. IMMERSION OF A HYPERSURFACE WITH GENERAL SIGNATURE

We now turn our attention to hypersurfaces H C M in a Lorentzian manifold
M of dimension n + 1. The basic question we addressed here is whether such a
hypersurface can be immersed in the Minkowski spacetime (R™*1,7) by means of
an immersion v : H — R"*! that preserves the geometry of the hypersurface.

To begin with, we recall the corresponding results in Riemannian geometry.
Let H C M be a hypersurface in a Riemannian manifold (M, g) of dimension
n+1. Then, H is endowed with first and second fundamental forms, which together
characterize the geometry of the hypersurface. The first fundamental form g is the
pull-back of g on H, while the second fundamental form K is the pull-back of Vv
on H, where v is a normal form to the hypersurface H and V is the Levi-Civita
connection induced by g on M. Then, the question is whether there exists an
immersion v : H — E"*!, where E"*! denotes the Euclidean space of dimension
n + 1, such that g and K are the first and second fundamental forms induced by
1. In the classical setting (i.e., all data are smooth), Bonnet’s theorem asserts
that such an immersion exists locally if and only if the fundamental forms satisfy
the Gauss and Codazzi equations. Subsequently, this theorem was generalized by
Hartman & Wintner [4] to fundamental forms (g, K) that are only in C' x C°, and
finally by S. Mardare [7, 8] to the case (g, K) € WP x LP with p > n, the latter
regularity being optimal.

If (M, g) is now a Lorentzian manifold, the first fundamental form of a hyper-
surface H C M need not provide useful information about the geometry of H: If
the hypersurface is null, then its normal vector field is a null vector lying in the
tangent bundle to the hypersurface and the first fundamental form is degenerate.
For this reason, the first fundamental form is replaced in the Lorentzian setting
with a connection V on H, defined by projecting the Levi-Civita connection V (as-
sociated with the Lorentzian metric g) along a prescribed vector field ¢ transversal
to H. Such a vector field £ € T'M is called a rigging and must satisfy

6, ¢ T,H, peH.

It is convenient to normalize ¢ by imposing (vp,¢,) = 1 for all p € H, where v
denotes as usual a normal form on H chosen once and for all. For a mathematical
presentation of the notion of rigging, we refer to LeFloch and C. Mardare [5].
Given a hypersurface H C M and a rigging £ € T'M, the rigging projection on
‘H is denoted X € TM +— X € T'H and is defined by setting
X =X+ (v, X)L
Then the connection V on H is defined by

VxY =VxY, X, YeTH,
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and the second fundamental form K of H is defined by
K(X,Y)=(Vxv,Y), XY eTH.

Beside the connection V and the second fundamental form K which in a sense
characterize the geometry of the hypersurface H, we must introduce additional
operators characterizing the rigging vector ¢. Guided by the decomposition
(4.1) Vxl=Vxl+ {uv,Vx){=Vxl—(Vxv,0)t, X eTH,
we define the operators L : T'H — T'H and M : TTH — R by

L(X) =Vx¢, M(X)=(Vxv{), XeTH.

We note that the operators V, K, L, M can be also introduced via the decomposi-
tions:
VxY =VxY -KX,Y), X)YeTH,

(4.2) Vxl=L(X)-M(X), XeTH.

Remark 4.1. Define the operator #:60 € T*M — 6% € TM by
0,Y)=g(#*Y), YecTM.

If the vector field £ = v* is transversal to H, then V is the Levi-Civita connection
induced by the first fundamental form of H, L(X) = K(X,-)*, and M = 0. Thus
the operators V, K, L, M associated to a pair (H,{) are defined in terms of the
fundamental forms associated with the pair (H, v#); cf. also Section 5 below.

Our principal objective in this section is to prove that the operators V, K, L, M
characterize the pair (H, ¢) formed by the hypersurface and the rigging vector field.
We are going to generalize Bonnet’s theorem in the Lorentzian setting to a pair
(H,¢). Let Mt = (R**!, n) be the Minkowski spacetime of dimension n + 1 and
let V" be the Levi-Civita connection induced by 1. If ¢ : H — R"*! is an immersion
and ¢’ : H — TR"*! is a rigging along H’ := () (this definition makes sense since
H' is locally a hypersurface of R"*1), then we define the operators V/, K’, L', M’
on H’ via the decompositions (similar to (4.2)):

VY =VyY - K'(X,Y)!', XY eTH,
Vil =L'(X)-MX)', XeTH.

We say that an immersion v : H — R"*! and a rigging ¢ : H — TR"*! along

H' = v(H) preserve the operators V, K, L, M if, for all X|Y € TH,

¢*(YXY) = ~2p*X¢*Y7 w*(L(X)) = Ll("/}*X)a
K(X,Y)=K'($.X,1.Y), M(X)=M(.X).
Equivalently, this means that
Vi, xY = ¢.(VxY) - K(X,Y){', XY €TH,
VZL*XE’ = (LX) - MX), XeTH.

(4.3)

Throughout this section, we assume that ¢ € W2P(H) and ¢ € W,LP(H) with
p > n; the corresponding operators V, K, L, M belong to the space L (H). This
regularity is sharp in the sense that the forthcoming results do not hold under a
lower regularity.

We will show that such an immersion exists locally if and only if the operators
V, K, L, M satisfy generalized Gauss and Codazzi equations, defined as follows. Let
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0:U CH— QCR" be alocal chart, let 2°, i = 1,2, ...,n, be a set of Cartesian
coordinates in €, and let ; be the vector field tangent to the coordinate line .
Then, {01, ..., 0, } form a basis of the tangent space T'H to the hypersurface H C M,
while {¢, 0, ..., 0, } form a basis of the tangent space to M thanks to the definition
of the rigging E We denote RF,, ; the components of the Riemann curvature tensor

field associated with the connectlon V and Kjj, LJ M; the components of the
operators K, L, M, respectively.

Lemma 4.2. If the immersion v : H — M™*! is of class I/Vli;p and preserves the
operators ¥V, K, L, M, then the following generalized Gauss and Codazzi equations
are satisfied in the distributional sense:
RN+ KLY — KjpLf =0 (Gauss),
Viln — ViKin — KjpM; + KinM; =0 (Codazzi-1),
ViLy = VLY — LiM; + LEM; =0 (Codazzi-2),
ViM; — V;M; — Kjp L + K L =0 (Codazzi-3).

(4.4)

Proof. Let F denote the Christoffel symbols associated with the connection V, so
that

Vo,0; = I’ O
Then, the definition of the operators V, K, L, M shows that
Vo,0n = Tiy0 — Kinl,
Vol = LFo, — Myt,

and the assumption that the immersion ¢ and rigging ¢’ preserve the operators
V, K, L, M shows that the function f : = o ¢~!: Q — R"*! satisfies

Of \ . Of
(axh) =Lingr — Kanl'
or' B s Of ,
ozt~ Liggr — Mt

Since the second derivatives of ,L and ¢/ commute, the above relations imply
that

0 ) - (2.
dai (Lk% M) = 5 (Lf % - M),

Hence, we find (the relations below should be understood in the distributional sense,
against test functions in D(Q2), as in the proof of Lemma 3.1)

8F§h 8f ath / af 1 k 8f /
S 5ot~ gl T (Thgye — Kanl') = K1 5 = 25
ok of oK of of

_ jhi_ Jh _ AN ) kY /

T 9zt OzF Oxi ¢ +T; (Fma k sz) th(L Ok Mf)
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and
81’5 af OM; ’ k(1k af / k af /
e 5af ~ g ¢+ U (T = Kont') = Mi(L 5 = M)
oLY of oM, of of
St Bt B il W L’?<F’?—— ié’)—M»(L’?——MiE’).
o oz o - i linggr . TN Ok
Using the fact that {E’, gmfl s ai]; } is a basis in the tangent space TR™*1, it is
easily seen that the last two equations are equivalent to the generalized Gauss and
Codazzi equations of the lemma. ([l

We showed in the previous lemma that the generalized Gauss and Codazzi equa-
tions are necessary for the existence of an immersion v and rigging ¢ preserving
the operators V, K, L, M. We now show that these equations are also sufficient, at
least as far as the local existence of 1) and ¢’ is concerned.

Lemma 4.3. Suppose that V,K,L,M are of class L{ ., p > n, and satisfy the
generalized Gauss and Codazzi equations (4.4). Consider any connected, simply
connected, open subset U C 'H that can de described by a single local chart. Then,
there exists an immersion v : U — M™ ! and a rigging ¢/ : U — TM™!, respec-
tively of class W2P(U) and WL (1p(U)), that preserve the operators ¥, K, L, M.

Moreover, if o is an affine bijection of the Minkowski spacetime M™ 1!, then o o)
and ol also satisfy this property.

Proof. Let ¢ : U C ' H — ©Q C R™ be any local chart so that Q := ¢(U) is connected
and simply connected. Let Ffj, K, L;?, M; denote the components of the operators
V, K, L, M with respect to this chart and note that all these components belong
to the space L ().

Finding an immersion ¢ : U — M"*! and a rigging ¢ : U — TM"*! that
preserve the operators V, K, L, M reduces to finding an immersion f : Q — R?*!
and a rigging ¢’ : Q — TR to the hypersurface f(Q) C R"*! such that

() =T~ Kt
ox? (axh ) ih gk h
(4.5) g
or _ Lkﬁ — MV
oxt " Oxk o
This will be done in two stages. First, we solve the Pfaff system
F rk Lk
(4.6) 0 - =FA, ae. in(, A= ih v ,
al”b - th Mz

where in the definition of the matrices A; the row index is k and the column index is
h. In view of Theorem 2.2, this system has a solution F € VVZEI);I'(Q;R(”“)X(”H)),
since the compatibility conditions
04;  04;
ort  OxJ
are precisely equivalent to the Gauss and Codazzi equations (4.4). Moreover, the
solution to this system is unique provided we impose an initial condition, say
F(zy)=F, € R(+Dx(n+1) for some z, € Q (F, will be chosen later).
Then, we solve the Poincaré system
8‘/:4 =F;
ot

= AjA; — AiAj in D' (Q, RFDx(n+1))

(4.7) in ©,
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where F; is the i-th column vector of the matrix field F' that satisfies the system
(4.6). This Poincaré system has a solution f € W;2F(€Q, R"*1) since the compati-
bility conditions
or;  OF;
oxt  Oai
are satisfied. Indeed, they are equivalent to the equations I'}; = I'f; and Kj; = Kj;
in view of equation (4.6); or the Christoffel symbols and the covariant components
of the second fundamental form clearly satisfy these symmetry properties.
To conclude the proof, we remark that f is an immersion and the vector field
0 := F, 41 (that is, ¢/ is the (n 4 1)-th column vector of the matrix field F' that
satisfies the system (4.6)) is transversal to f(Q) provided we choose the matrix F
to be invertible. This is a consequence of the fact that the solution F' of the Pfaff
system (4.6) in invertible at every x € Q if and only if F' is invertible at one single
point; see S. Mardare [3, Lemma 6.1]. The desired immersion is then defined by
Yi=fop:U— ML,
Finally, if o is any affine bijection of the Minkowski spacetime (R"*! n), it is
easily checked (in view of Equations (4.6)) that o o ¢ and o.¢' also satisfy the
conclusions of the lemma. (]

Lemma 4.3 is a local existence result, in the sense that the immersion ¢ and
rigging ¢ are defined only on a subset U C H. But we have a good control of the
size of this neighborhood, since U only needs to be connected, simply connected,
and defined by a single local chart. As already remarked in the previous section,
this will allow us to establish a global existence result when H is simply connected.
(See Lemma 3.6 below.)

We next prove that the immersion ¢ : H — M"*! and rigging ¢/ : H —
TM"™*! defined by Lemma 4.3 depend continuously (up to an affine bijection of the
Minkowski space) on the operators V, K, L, M . Note that if o : M"+! — M"*! is
an affine bijection of the Minkowski space, then (¢, ¢) and (o o ¢, 0.¢') share the
same operators V, K, L, M.

Lemma 4.4. Let V,K,L,M and ?,f(, L, M denote the operators induced on the
hypersurface H C M by the immersions ¥, ¥ : H — M"* and riggings ¢/, ¢ : H —
TM"™ 1, respectively. For any connected smooth open set A €@ M and any & > 0
such that

R 1
maX(”(YvK7LaM)HLT’(A)a ”(Y?K7L7M)”LP(A)) < gv

there exists a constant C = C(g, A) such that, for some affine bijection o : M" Tt —
M™+L of the Minkowski space,

[ — o ot|lwaniay + 1€ — 0l |wrnay < C <||(§7K,E,M)*(Y,K,L,M)HLP(A))

Proof. Let U € M be a connected smooth open set for which there exists a local
chart ¢ : U CH — Q CR". Let f:=¢op ! and fi= 1/?0@’1. Define the matrix
fields F,F : Q — R{"H)X("j‘l) whose columns are respectively the vector fields
of 2L ¢ and %, o 2L 07 As in the proof of Lemma 4.3, we then have

61117 ) a(l’,’ﬂ" ] BITL,

F Tk Lk
0 - =F A4, ae. in, A= " ! ,
ox? — Kih ]\4Z
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and

. N &
. _ rk L.
aE =FA;, ae inQQ, A; = i L
- Ky, —M;

Let , € . Since the matrices F'(z,) and F(x,) are invertible, the matrix
Q := F(x.)(F(z.))™" € ROFX(MF) s well defined and is also invertible. Then
the matrix fields (QF) and F satisfy (QF)(z*) = F(z.) and

I(QF)
oxt
Then, the stability property for Pfaff systems stated in Section 2 shows that there
exists a constant C' = C(g,2) such that

IF = QFlwiri) < C YA = AillLr(e)-

=(QF)A; and % =FA; ae inQ.
x

This inequality in turn implies (thanks to Poincaré-Wirtinger’s inequality) that
there exists a vector v € R"*! such that

If = (v + Q) w2y < Clldf — QUAf)lwrw(s)-

Noting that F = [(df) ¢'] and QF = [Q(df) Q] (the notation |[...] designates the
matrix obtained by adjoining the columns of the matrices listed inside the brackets),
we deduce from the last two inequalities that

IF = (v +QF)lw2wi) + 1€ — QFlwrwiy < C Z 14; — Aill Lo (0

<CZ|| 15 ~1.77 M) (Fk Kl]aL M)”LP(Q)

17

Using the change of variables x = ¢(p) in the last inequality above yields the
inequality of the lemma over the set A = U, with a mapping o : M"*1 — M"+!
defined by o(y) = v+ Qy for all y € R™™1. Finally, to derive the desired inequality
over the possibly larger set A it suffices to use the connectedness of 4 and the
compactness of A. O

An immediate consequence of the previous lemma is the following uniqueness
result.

Lemma 4.5. If the immersions ¥, ¥ : H — M™1 and riggings ¢/, 0 are respectively
of class W2’p and Wloc , with p > n, and preserve the operators YV, K, L, M, then for
every connected component of H there exists an affine bijection o : MrHL s Mt

of the Minkowski spacetime such that =00 Y and V' = o, 0.

We are now in a position to establish a global version of Lemma 4.3. The proof
is similar to that of Lemma 3.6 and is omitted. This also concludes the proof of
Theorem 1.2.

Lemma 4.6. Suppose that H is simply connected and that the operators V, K, L, M
are of class LY (H), p > n, and satisfy the Gauss and Codazzi equations (4.4).
Then, there ezists an zmmerszon w H — M and a rigging ¢ - H — TM"*1,
respectively of class W, 2P and WEP| that preserve the operators V, K, L, M.

loc »
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5. IMMERSION OF A SPACELIKE OR TIMELIKE HYPERSURFACE

In this section, we specialize the results of the previous section to hypersurfaces
that are nowhere null. If H C M is such a hypersurface, the normal vector field
vf is transversal to H and therefore the metric g, induced on H by the metric g
of the surrounding manifold M, is non-degenerate (see, e.g., LeFloch & Mardare
[5, Theorem 6.1]). For this reason, we need not prescribe a rigging along H, the
projection on H being made along v#. With the notation of the previous section,
this is equivalent to choosing ¢ = v#. Therefore, the results of the previous section
apply to a spacelike or timelike hypersurface H, but can be simplified since the
operators V, K, L, M are now uniquely determined by the fundamental forms of
the hypersurface H. How this simplification can be achieved is the subject of this
section.

Let (M, g) be a Lorentzian manifold of dimension n + 1. Denote by [X, Y] the
Lie bracket of two vector fields, and by V the Levi-Civita connection induced by g.
Define the operator ?:6 € T*M — 6% € TM by

0,Y)=g(#"Y), Y eTM.

Consider an oriented non-null hypersurface in H C M and fix a unit normal form
v on ‘H. Since H is non-null, the metric field g:TH xTH — R, also known as the
first fundamental form of H, has either index zero (Riemannian metric) or index
one (Lorentzian metric). The second fundamental form on H is defined as in the
previous section by

K:THxTH—R, K(X,Y)=(VxyY), X, YeTH.

Then, the operators V, K, L, M associated with rigging ¢ = v are defined in terms
of g, K as stated in the following lemma. The proof is omitted.

Lemma 5.1. (i) Y is the Levi-Civita connection induced by g, i.e., V : TH x
TH — TH is the unique operator defined by Koszul formula
29(VxY,Z) =X(g(Y, 2)) + Y (g(X, Z)) = Z(9(X,Y))

(ii)) L(X)=K(X,)* foralX ecTH.

(isi) M =0.

An immediate consequence of this lemma is that the generalized Gauss and
Codazzi equations (see (4.4)) reduce to the classical equations, as follows: the
generalized Gauss equations coincide with the Gauss equations, the Codazzi-1
equations coincide with Codazzi equations, Codazzi-2 equations are equivalent to
the Codazzi equations, and Codazzi-3 equations are equivalent to the equations
gthithk = gththik expressing the symmetry of the “third” fundamental
form of H.

If H is a hypersurface in M and ¢ : (H,g) — (R""',7) is an immersion into
the Minkowski spacetime, then the image H’' = 1(H) is locally a hypersurface in
R™*+1. Therefore, there exists a smooth unit normal form v’ : H — TR"*! to the
hypersurface H' (uniquely defined up to its sign); this means that (v, 1. X,) = 0
for all p € H and X € T'H. For definiteness, we choose the sign of v/ to be that for
which the immersion 1 preserve the orientation. The second fundamental form of
‘H’ is then defined as the pull-back on H’ of the two-covariant tensor field V"',
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Our objective in this section is to study whether there exists an immersion
1 : H — M™+! that preserves the fundamental forms g, K of the hypersurface, that
is, an immersion that satisfies

Y'n=g and YK’ =K.

Let 1 : (H,g) — (R™*! n) be an isometric immersion, that is, an immersion that
satisfies ¢*n = g. If ‘H is nowhere null, then the hypersurface H' = ¥ (H) is also
nowhere null (since the metric induced by n on H’ is non-degenerate). Therefore,
the unit normal vector field v/* : H — TR™*! is transversal to H’ , hence ¢/ := 1/ !
is a rigging in the sense stated in Section 4. Then the operators V', K', L', M’
associated with the immersion ¢ and rigging v/ * are well defined (see Section 4)
and they satisfy the conclusions of Lemma 5.1. As a consequence, an immersion
Y H — M"Y preserves the fundamental forms of H if and only if (1), u’ﬂ) preserves
the operators V', K', L', M.

In what follows, we may use local coordinates on the hypersurface: if ¢ : U C
H — Q C R"™ denotes a local chart at p € H, then z° denotes a set of Cartesian
coordinates in §2 and 0; denotes the vector field in T'H tangent to the coordinate
line 2. Note that the vector fields {9, ...,0,} form a basis of the tangent space
TH, while {v#,0y,...,0,} form a basis of the space TM. We denote Gij» Kijs I‘fj,
Rkhij respectively the components in the local coordinates x; of 9, K, V, Riemg,
where Riem, is the Riemann curvature tensor field associated with the metric g.
Finally, let (g"*) := (g;;) ! and K" := g"* K.

From Lemmas 5.1 and 4.2, we immegiately deduce the following necessary con-
ditions for the existence of an immersion preserving the fundamental forms.

Lemma 5.2. If the immersion v : H — M"! of class Wii’f¢ p > n, preserves the
fundamental forms of H, then

RN+ KK — Kj K =0 (Gauss),

(5.1) .
Yinh — YjKih =0 (Codazzz).

We next show that these equations are sufficient for the existence of a local
immersion .

Lemma 5.3. Suppose that g € WLP(H) and K € L

ro(H), p > n, satisfy the
Gauss and Codazzi equations (5.1). Consider any connected and simply connected
open subset U C H that can de described by a single local chart. Then, there exists
an immersion ¢ : U — M"T of class Wﬁf(U) that preserves the fundamental
forms of the hypersurface. Moreover, if w is a proper isometry of the Minkowski
spacetime M1, then mo : H — M™1 also preserves the fundamental forms of

the hypersurface.

Proof. The metric g may be either Riemannian or Lorentzian. The proof is the
same in both cases, except for the value of the parameter A = g(v,v) appearing
below, which is equal to —1 if g is Riemannian and to 1 if g is Lorentzian.

Let op:UCH—QCR" beNany local chart, so that Q2 ::~cp(U) is connected and
simply connected. Fix a point z, € Q and an invertible matrix F, € R(»+1)x(n+1)
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that satisfies the relation (this choice will be explained later)
Gij(Tx 0
- <<~J< ) )

0 A
where I,, was defined in (2.1). The existence of such a matrix F, is proved by
Lemma 2.1. Since the matrix (—F,) also satisfies the equation above, we may
assume that det F, > 0.
As in the proof of Lemma 4.3, there exists a unique matrix field ' belonging to
W,LP(Q; RV (+1)) that satisfies the Pfaff system

OF rk Kk
_=FC; ae. in, Cpi= " ‘.
(5.2) o K 0

F(z,) = F..
Let F; denote the i-th column vector field of the matrix field F'. Again as in the
proof of Lemma 4.3, there exists a vector field f € VVlz’p(Q,]R”‘*‘l), unique up to

ocC
the addition of a constant vector field, that satisfies the Poincaré system

of

(5.3) Gm=F Q.
Then one can see that f is an immersion and satisfies (see (4.5)):
9 (of k Of )
(=) =T, == — Kinl',
(5.4) ot <8xh> ik 4
) or Kk@i
ox? b Oxk’

where ¢/ denotes the (n + 1)-column vector field of the matrix field F.
We now prove that F' satisfies

FT ()1, F(a) = <(~g~g(m)) i) zeq.

By construction, this relation is satisfied at x,. Furthermore, on one hand, equation
(5.2) implies that

0

oxt

and, on the other hand, the definition of the Christoffel symbols Fi—“j shows that

o ((gij) O (gij) O (gij) O
6x< 0 A)ZC"T< 0 )\>+< 0 A)C"'

Therefore the uniqueness part of Theorem 2.2 shows that

FT(2)1,F(z) = <(g”(z)) 0), req,

(FT1,F| =C] [FTI,F]| + [F"1,F] C;,

0 A

since both satisfies the same Cauchy problem.

Let us now prove that ¢ := f oy : U — M"*! satisfies the conclusions of the
lemma. First, the above equation shows that f is an isometric immersion; in other
words, 1 preserves the first fundamental form of the hypersurface H. Second, it
shows that the (n + 1)-column vector of F, denoted ¢, is orthogonal to the tangent
space of the hypersurface f(Q) in the Minkowski spacetime and that n(¢',¢') = .
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This implies that either ¢ = v/*, or ¢/ = —1/*. In fact, since det F(z,) > 0 and F

is continuous (thanks to the Sobolev embedding W;1*(9) € €%(Q) for p > n) on

the connected set €, we have det F > 0 at every point of §2; therefore ¢/ = v/ 3

Combined with the equations (5.4), which are nothing but the classical Gauss
and Weingarten equations on the hypersurface f(€2), this implies that K;; are
the covariant components of the second fundamental form of f(2). In terms of
the immersion 1, this means that 1) preserves the second fundamental form of the
hypersurface H. ([l

Before extending the local immersion of Lemma 5.3 to a global one, we need
prove the uniqueness of such an immersion. In fact, we will establish a stronger
result, namely that the immersion 1 : H — M"*! depends continuously on its
fundamental forms.

Lemma 5.4. Let (g, K) and (g, K) denote the fundamental forms induced on the

hypersurface H C M by two immersions ¥, : H — M"*L respectively. For
any connected smooth open set A € M and any & > 0, there exists a constant
C = C(e, A) with the following property: if the fundamental forms (g,K) and

(9, K) satisfy

min (| detgl, | detg|) >,

- - 1
max (|[gllwrecays 1K | Lecays 13lwreay, 1K | zeay) < o
then there exists proper isometries m and T of the Minkowski space such that
709 =m0 vllwasay < C (17 - glwroa + 1K = Kllzoa).

Proof. We follow the proof of Lemma 4.4, save for the choice of the proper isometries
mand 7. Let U @ M be a connected smooth open set for which there exists a local
chart p : U C H — Q C R™ Let f :=vo¢ ! and f := 1o ! Define the
matrix fields F, F : Q@ — ROTDX(+D whose columns are respectively the vector

fields aajl s eens S‘Z{L,V’u and %, . aif,,,ﬁ’u. As in the proof of Lemma 5.3, we then
have
F rk Kk
0 - =FC; ae. inQ, C;i=| " i
ozt —Kin 0
and .
OF - - . Tk K
-=FC; aeinQ  Cp=( " ‘.
ox Ry 0

Let 2, € Q. Since ¢ and 7,/; are isometric immersions (i.e., they preserve the first
fundamental form) and v’ ﬁ, 7% are unit normal fields, we have on one hand

ij (Tx 0 5 ~ Gij (.
F(z,)"1,F(z,) = <(go( ! A)’ Fz) I F(x,) = <(g0( ) i)

On the other hand, Lemma 2.1 shows that there exists matrices F,, E'* such that

BT1 B, = ((gij(x*)) 0>7 ET1 B = ((g}-j(x*)) 0),
0 A 0 A\
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and

(5.5) ‘E* —FE, < C|(gar($*)) - (ga‘r(m*)” < H(QUT) - (QUT)||W1'P(Q)'

As explained in the proof of Lemma 5.3, we may assume that det £, > 0 and
det B, > 0. Let Q := E,F(z,)”" and Q := E,(F(z,))"! and note that they are
Minkowski-orthogonal matrices with positive determinant.

The definition of the matrices Q and Q implies that the matrix fields (QF) and
(QF) satisfy

8%2?) =(QF)C; ae. in Q, (QF)(z,) = E,,
3(8?5 ) _(OF) Gy ae. in®,  (OF) ) = E,.

Then, in view of the stability property for Pfaff systems stated in Section 2, there
exists a constant C' = C(e, ) such that

|QF = QF sy < C (1B, = B + 3 ICi = Cill o ).

Using inequality (5.5) and the definition of matrices C;, C;, we next obtain
IGF = QF i) < € (IlGor) = (gor)lwioge) + | (Kis) = (Kig) (@) )-

Noting that QF = [Q(df) Q7" and QF = [Q(df) Qv'"] (the notation [...] desig-
nates the matrix obtained by adjoining the columns of the matrices listed inside
the brackets), we deduce from the above inequality that

1@ — @) lwroey < C (I(Gor) = (gor) oy + 1(Kiy) = (K)o ).

This inequality in turn implies (thanks to Poincaré-Wirtinger’s inequality) that
|@+@F) ~ @D lwasiey < C (IGoe) — (gor)llwr o + 1K) = (i) vy ).

where v = —Qf(zy) and © = —Qf(ac*) Since the matrices Q and Q are proper
Minkowski-orthogonal, the mappings 7 : y € R" ™ — v+ Qy ¢ R" ' and 7 : y €
R™ — § 4+ Qy € R™! are proper isometries of the Minkowski spacetime M"*1.
Finally, letting 2 = ¢(p), p € U, in the above inequality shows that

1709 —mopllwanwy < C (17— glwrwow) + 1K = gllze@))-

This inequality still holds when U is replaced with the possibly larger set A since
A is connected and A is compact. O

An immediate consequence of the previous lemma is the following uniqueness
result.

Lemma 5.5. If the immersions ¥, : H — ML of class I/VIZO’CP, p > n, have the

same fundamental forms, then for every connected component of M there exists a
proper isometry T of the Minkowski space such that 1 = 7 o).

We are now in a position to establish a global version of Lemma 4.3. The proof
is similar to that of Lemma 3.6 and is omitted.
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Lemma 5.6. Suppose that H is simply connected and that (g, K) are of class
WP (H) x I}

oc loc

(H), p > n, and satisfy the Gauss and Codazzi equations (5.1).
Then, there exists an immersion v : H — M1 of class Wﬁf(H) that preserves
the fundamental forms of H.
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