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1 INTRODUCTION 
Many articles ([1, 2], etc.) have shown POD (Proper 
Orthogonal Decomposition, also called Karhunen-
Loeve expansion or Principal Component Analysis) 
method can help identify a shape. This method is 
used in this study to identify a deformation after heat 
treatment and to correlate it with a type of variation. 
 
In a previous article (see [3]), numerical simulations 
were performed to show that heat transfer 
coefficient, quenching temperature and carbon layer 
features have a major effect on deformation. This 
work focuses on the boundary conditions and their 
impact on distortions. 
 
First a set of nominal boundary conditions is defined 
to represent a nominal heat treatment process. Next, 
a POD of the FEM temporal solution is carried out 
to extract a POD basis of displacements. Taking into 
account all the displacements history, a more 
physical meaning of the eigenvectors is obtained 
(one or more vectors for dilatation for example). 
This basis is completed with other FEM 
computations for different boundary conditions. 
Directions are defined in the POD basis, each one 
linked to a variation of process parameter. Moving 
along a direction means that changes observed are 

caused by the parameter variation. 
 
In parallel, other computations are carried out for 
different boundary conditions. The final results of 
these simulations are projected on the directions 
previously defined. Major component gives a 
paramount directions and so a variation of process 
parameter. 
 
To make measurements simple, tubular samples with 
different bores are used (Fig. 1). Important 
variations in the bore diameters are defined in order 
to cause large final distortions (see [4]). 
 

 Fig. 1: Sample (from [4]) 
 
The heat treatment process (heating and carburizing 
followed by quenching) is simulated in 2D using the 
software Sysweld. We focus in this work on 
variations of carbon layer concentration, on 
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quenching temperature and heat transfer coefficient. 
Variations of these parameters are presented here 
and the other ones (CCT diagrams, mechanical 
model, etc.) are kept the same for all simulations. 

2 THE DECOMPOSITION 
As the problem under investigation has a convenient 
number of degrees of freedom, a classic Snapshot 
POD [5] is used to find the POD vectors. 
All the displacements at each time step 

t
q  are 

placed in a same matrix Q. First, the covariance 
matrix is calculated: 

QQC T
=  (1) 

Eigenvalues and eigenvectors (matrix V) of this 
matrix are computed. Only eigenvectors with 
meaningful eigenvalues are taken into account. POD 
basis is given by: 

VQ=Ψ  (2) 
Each column of Ψ is a POD vectors. 
 
The coefficients Φ of these vectors are given by: 

QTΨ=Φ  (3) 
Initial displacements Q can be recovered with: 

TQ ΦΛΨ=  (4) 
where Λ is the identity matrix. 

3 THE NOMINAL COMPUTATION 
A set of nominal values of the boundary conditions 
is defined. 
3.1 Carbon layer depth 
The carburizing computation is performed with a 
carbon activity of 0.95. We obtain a maximum value 
of mass carbon concentration [C] of 0.87% at the 
sample corners.  
3.2 Quenching temperature 
Nominal quenching temperature is 50°C. The 
quenching lasts 610 seconds. It is followed by an 
air-cooling to reach a temperature of 25°C in the 
part. 
3.3 Heat transfer coefficient 

Heat transfer coefficient h is considered as constant 
(1500 W/m²/K) on all surfaces. 

4 THE PERTURBED COMPUTATIONS 
Simulations are performed for the set of parameters 
defined in Table 1. 
 
Table 1. Changes in boundary conditions to create the basis 
Parameter Values applied 
Carbon activity                              [-] 0.85, 0.9, 1, 1.05 
Heat transfer coefficient    [W/m²/K] 1350, 1425, 1525, 1550 
Quenchant temperature              [°C] 40, 45, 55, 60  
  
Therefore the number of computations is the 
following: a nominal computation and twelve 
perturbed computations. Note that for heat transfer 
coefficient, only the heat transfer of the lower face 
(h*) is modified, as shown in Fig. 2. This would 
represent a modification of the quenchant media 
circulation for example. 

 Fig. 2 : Heat transfer coefficient used for perturbed 
computations 

5 THE POD BASIS CONSTRUCTION 
The goal is then to create a basis and a direction 
related to a change of boundary conditions. 
Emphasis is placed on comparisons with results of 
the nominal set. So it is relevant to create two POD 
bases: a “recurrent” one, which contains all common 
eigenvectors, and another “specific” one, with 
eigenvectors which are dedicated to the variations. 
 
The nominal and perturbed computations are used to 
create the POD basis. Matrix Q contains all 
displacements at each time step and for each case: 
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Simulation 1 is the nominal case. 
 
After performing the decomposition described in 
section 2, we obtain a matrix Ψ with all eigenvectors 



and a matrix Φ with components of these vectors. Φ 
has the same structure as Q. 
 
A coefficient γjBCk representing the “intensity” of an 
eigenvector j for a simulation k is defined: 

( )∑ Φ=
i

BC
ji

BC
j

kk
2γ  (6) 

An eigenvector j is considered as specific if the 
following condition is fulfilled: 

kk BC
jk

BC
jk γαγ maxmin <  (7) 

where α is a parameter to be determined. 

6 DEFINITION OF THE DIRECTIONS 
Once the specific POD basis Ψs has been 
determined, the directions correlated to a change of 
boundary conditions have to be defined. 
Matrix Q is again projected but this time on the 
specific basis, to provide specific coefficients Φs, 
which fit best the results Q. 
 
For each perturbed simulation, difference between 
its projection and the nominal projection is used to 
create the direction in which the simulation moves in 
the specific basis. The projection variation is: 
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where ∆BCk is a weight attributed to the boundary 
conditions change. 
 
The components of the direction related to the 
change in boundary conditions ∆BCk are computed 
by: 
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The set of all these directions form the matrix δ. The 
matrix δT.δ shows the coupling between each 
direction. A high coupling means that directions are 
nearly similar and can not provide a unique 
information on a variation. 

7 IDENTIFICATION OF CHANGE IN 
BOUNDARY CONDITIONS 

Directions of some changes of boundary conditions 
have been defined. If some new perturbed results are 
projected on these directions, the major components 
will give the probable cause of the variation. The 
goal is to project the final result of the computation 

or of an experimental measurement. 
 
Let us investigate in detail the projection of the final 
state. The variation of this projection is computed as 
in equation 8 but only with the final displacement 
Φtf (a column vector): 

1BC
ttt fff Φ−Φ=∆Φ  (10) 

This variation is projected on the directions 
contained in the matrix δ: 

ft
Tp ∆Φ= δ  (11) 

Each column of p gives the components of the 
variation on the directions previously computed. A 
direction will be considered as paramount if the 
absolute value of its component is strictly superior to 
90% of the absolute value of the maximal 
component. This paramount direction provides 
information about the change of boundary 
conditions. 

8 APPLICATION OF THE METHOD 
One creates a basis able to recognize three types of 
variations: carbon layer concentration, quenching 
temperature and heat transfer coefficient. 
Of course, the parameters α (see equation 7) needs to 
be tuned to define the separation between recurrent 
and specific basis. One computes the dimension of 
the specific basis and maximum coupling between 
directions as a function of α (Fig. 3). 
 

 Fig. 3: Evolution of the specific basis dimension and of the 
maximum coupling of directions with alpha 

 
The best results are obtained when coupling is 



minimum but in association with an adequate 
number of specific POD vectors. In our case, the 
best detection of the variation occurs with a value 
for parameter α of 0.17. 
 
Fig. 4 shows examples of POD vectors which were 
determined. Some of them can obviously be linked 
to physical phenomena (for example, the first one is 
a dilatation mode) but the major part represents an 
arbitrary deformations. 

  
Fig. 4: Examples of normalized POD vectors (colours are 

function of the displacement norm). 
 
In a first step, the final displacements of the 12 
perturbed computations are projected on the three 
directions. In this case, one could expect a good 
detection since the same simulations results were 
used to create the basis. A really promising result is 
obtained: 10 variations are identified, one is 
undetermined and only one is false.  
 
In a second step, 6 other simulations were carried 
out, with the variations defined in Table 2.  
 
Table 2. Changes in boundary conditions to detect 
Parameter Values applied 
Carbon activity                              [-] 0.8, 1.1 
Heat transfer coefficient    [W/m²/K] 1175, 1725 
Quenchant temperature              [°C] 35, 65  
 
The projection of the final displacements on the 
basis leads to successful identifications of 5 
variations, one being undetermined. 
This result is excellent since this final displacement 
is nearly similar for all the computations (see Fig. 5). 
Furthermore, only displacements on the external 
surface are used. If one restricts to points of external 
diameter, the results are nearly as good (4 correct 
identifications and 2 errors). 
 

          a                            b                            c 
Fig. 5: Final displacements of three simulations (a: carbon 

activity of 0.8; b: heat transfer coefficient of 1725 W/m²/K on 
lower surface ; c: quenching temperature is 65°C). The scale is 

the same for the three figures. 

9 CONCLUSIONS AND PERSPECTIVES 
This method seems to be promising since a source of 
variations can be detected with the mere projection 
of a final displacement on a numerical POD basis. 
Once the major deviations are identified and 
correlated with simulations, the creation of the basis 
is quite simple. An important point here is that the 
correlation can only be qualitative and not 
quantitative. 
 
In future works, experimental measurements will be 
projected on the POD basis, for the same sample. 
Finally, applications to tooth gear shape will be 
considered. 
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