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Asymptotic shallow water models for internal waves in a two-fluid
system with a free surface

Vincent Duchéne*

June 3, 2009

Abstract

In this paper, we derive asymptotic models for the propagation of two and three-dimensional gravity
waves at the free surface and the interface between two layers of immiscible fluids of different densities,
over an uneven bottom. We assume the thickness of the upper and lower fluids to be of comparable size,
and small compared to the characteristic wavelength of the system (shallow water regimes). Following
a method introduced by Bona, Lannes and Saut based on the expansion of the involved Dirichlet-
to-Neumann operators, we are able to give a rigorous justification of classical models for weakly and
strongly nonlinear waves, as well as interesting new ones. In particular, we derive linearly well-posed
systems in the so called Boussinesq/Boussinesq regime. Furthermore, we establish the consistency of
the full Euler system with these models, and deduce the convergence of the solutions.

1 Introduction

1.1 General settings

This paper deals with weakly and strongly nonlinear internal waves in a two-fluid system. We consider the
case of uneven bottom topography and free surface, though the rigid lid assumption is mentioned. The
idealized system studied here consists in two layers of immiscible, homogeneous, ideal, incompressible and
irrotationnal fluids under the only influence of gravity.

The mathematical theory of internal waves, following the theory of free-surface water waves, has at-
tracted lots of interest over the past decades. We let the reader refer to the survey article of Helfrich and
Melville ] for a good overview of the ins and outs on this problem.

Many models for a two-fluid system have already been derived and studied. Systems under the rigid-lid
assumption have first been investigated (see [P2 or [L9] for example). Weakly nonlinear models in the free-
surface case have been presented by Camassa and Choi [@] Nguyen and Dias [@] presented a great deal
of numeric simulations for such Boussinesg-type systems. Strongly nonlinear regimes have been derived by
Camassa and Choi [E], and Barros, Gavrilyuk and Teshukov [, generalizing the classical Green-Naghdi
model (see [[])). A different approach has been carried out by Craig, Guyenne and Kalisch [L1], using
the Hamiltonian formulation of the Euler equations. Most of these works are formal, and restricted to
two-dimensional flows, or to the flat-bottom case. Finally, we refer to the work of Bona, Lannes and
Saut [ff] who, following a strategy initiated in [,[l,], rigorously derived a large class of models in different
regimes, under the rigid-lid assumption. This paper is concerned with the more complex case where the
rigid-lid assumption is removed and replaced by a free surface.
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The strategy consists in rewriting the full system as a system of four evolution equations located
on the surface and the interface between the two fluids (as opposed to two equations in the rigid-lid
case). The reformulation introduces a Dirichlet-to-Neumann operator G[¢] and an interface operator H[(],
defined precisely below. The computation of asymptotic expansions of these operators leads to the models
presented here. We focus here on shallow water regimes, allowing strongly nonlinear waves.

Our analysis gives a rigorous derivation of most of the models existing in the literature, and also
interesting new ones. In particular, we derive a set of models in the Boussinesq/Boussinesq regime, with
coefficients that can be chosen so that the system is linearly well-posed. We prove that the full Euler system
is consistent with each of our models, which roughly means that any solution of the full system solves the
asymptotic systems up to a small error. We also prove, using energy methods together with consistency,
that the solutions of our models converge toward the solution of the full Euler system, assuming that such
solution exist.

The paper is organized as follows. Section [I| is devoted to the reformulation of the full system, from
the Euler equation to the “Zakharov formulation”, written in dimensionless form. In Section E, we focus
on the linearized system, and its dispersion relations are derived. From the asymptotic expansion of
the operators G[¢] and H|[(] presented in Section fl, the asymptotic models under different regimes are
rigorously obtained, and presented in Section E The consistency of the full Euler system with each of
our models is proved. Then, Section E gives convergence results : we show that the solutions of the full
Euler system tend to associated solutions of our models in the shallow-water limit. Finally, the links with
different models already existing in the literature are presented in Section , for rigid-lid models [ﬂ] and
layer-mean equations [E,@] The proof of Proposition @ is given in Appendix.
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Figure 1: Sketch of the domain

Notation. We use the Cartesian coordinates (X, z), where z is the vertical variable, and X is the d-
dimensional horizontal variable : X = 2 when d =1 and X = (z,y) when d = 2.



The symbols V and A denote the gradient and Laplace operators in the horizontal variables, whereas
Vx,, and Ax, , are their (d + 1)-variable version. For yu > 0, we also define the scaled version of the
gradient and Laplace operators, namely V%Z = (\/EVT, 9,)T and A%Z = pA + 02.

Given a surface I' := {(X, 2), z = ((X)}, we denote by 9,, the upward normal derivative at I" :

1
V14|V

If we consider an elliptic operator P = Vx , - PVx ;, then the co-normal derivative associated to P is

(_v<7 1)T'

Op :=n-Vx, , with n:=

85 :=n-PVyx,,

that we simply denote 0, when there is no risk of confusion.
For any tempered distribution u, we denote by u its Fourier transform. We use the standard Fourier
multiplier notation f(D)u, defined in terms of Fourier transforms by

f(D)u := fu.
The operator A = (1 — A)'/2 is equivalently defined using the Fourier multiplier notation to be A =

(1+ D)2,

We denote by H*(R?) (or simply H*® if the underlying domain is clear from the context) the L2-based
Sobolev spaces. Their norm is written | - | ., and simply ‘ . ‘2 for the L? norm.

Then for 0 < T < oo, ¢ € N, W%>([0,T]; H*(R%)) (or simply W% H* and L*H* when q = 0)
denotes the space of the functions f(t, X) defined on [0,7] x R, whose derivative up to the order ¢ in ¢
are bounded in H*(R?), uniformly with respect to ¢ € [0, T). Their norm is written ‘ . ’Wons'

Since it often appears, it is convenient to introduce for s and 7' > 0 the space H*([0, T']), made up of the
quadruplets ({1, Ca,u1,uz) such that uy, ug € WH([0,T); H¥T7/2(R4))4, ¢, € WhHeo([0, T]; H*+3/2(R%))
and ¢ € Who([0,T]); H**+%/2(R%)). Their norm is written | - | ..

Finally, we denote by S* the planar strip R? x (0, 1), and by S~ the planar strip R% x (—1,0). We use
the notation || - HH for the usual norm of H*(S*), and simply || - ||, for the L*(S*) norm. We also for
s € R and k € N introduce the spaces

(B

HYH(S8F) = {f € D'(SF) : || f| 5. <0},
where || f]| .. = S5_o [[A*70i f]].

1.2 The basic equations

We assume that each fluid is irrotational and incompressible, so that we can introduce velocity potentials
¢; (i =1,2) respectively associated to the upper and lower fluid layer. The velocity potentials satisfy

Ax .¢i=0in Qi (1)

where Q¢ denotes the domain of the fluid i at time ¢t. Moreover, we assume the fluids to satisfy the Euler
equation, and their respective density p; is constant, so that the velocity potentials satisfy the Bernoulli
equation :

1 9 P i

at(bi + _|VX,z¢i| = —-—— —gzm Qtv (2)

2 pi
where g denotes the acceleration of gravity and P is the pressure inside the fluid. The kinematic boundary
condition at the known bottom topography T'y := {z = —hoo + b(X)} is given by

On¢2 = 0 on T',. (3)



It is presumed that the surface and the interface are given as the graph of functions (respectively (i (¢, X)
and (2(t, X)) which express the deviation from their rest position (respectively (X, hio) and (X,0)) at
the spatial coordinate X and at time ¢. The assumption that no fluid particle crosses the surface or the
interface gives the following kinematic boundary conditions :

0:C1 = 1+ |V(i[20.¢1 onI'y :={z=hio+ Gt X)}, (4)
0iG2 = V14 |V(|?0,01 = /14 |V(:|?0,02 on I'y := {z = (2(t, X)}. (5)

Finally, we close the set of equations assuming that
P is constant at the surface, and continuous at the interface. (6)

Remark 1.1. The system is always ill-posed in the absence of surface tension (see /IE]) We could add a
surface tension term to the equations, and carry on the study as above. However, because of the smallness
of this surface tension, the models obtained in that way would be the exact same as the ones we give on
Section @ Thus, for simplicity, we decide to omit the surface-tension term.

1.3 Reduction of the equations

In [@]7 Zakharov remarked that the surface wave system can be fully deduced from the knowledge of the
surface elevation, and the trace of the velocity potential at the surface. We extend it here for two fluids in
the free-surface case. Indeed, if we introduce the traces

Yi(t, X) == ¢1(t, X, hio + C1(t, X)), and 9a(t, X) == ¢a(t, X, G2(t, X)),

then ¢o is uniquely given as the solution of Laplace’s equation (ﬂ) in the lower fluid domain, with the
Neumann condition (E) on I'y and the Dirichlet condition ¢ = %9 on I's. Then, ¢ is obtained as
the solution of Laplace’s equation on the upper fluid domain, with the Neumann condition given by (E)
On¢2 = Op¢1 on I's, and the Dirichlet condition ¢1 = %1 on I'y.

Following the formalism introduced by Craig and Sulem in [@], we first define the Dirichlet-Neumann
operators :

G1[C1, G2, 0] (W1, 92) == /1 + |V (1]20n01)2=h10+¢1 >
Ga[Co, bt := /14 [V(2|?Ond2|2—=c,-

We also define the following operator :
H[Ch <27 b]('l/fl, 2/12) = v¢l|z:<2 .

Using the chain rule and the last definitions in the relation (E) evaluated at the surface, we obtain

(Gl[claCQab](wlvdb) + VCI : V1/}1)2 _ _i
2(14[VGi?) p1’

Outs +9(1+ 1) + 5[V P - (7

where P, is the constant pressure at the surface. Using again the Bernoulli equation for the upper and the
lower fluid evaluated at the interface, we have

(Ga[Co, bltho + Vo - H[C1, G2, bl(v1,42))* P

OUB112mc,) + 92 + 5 HIGL, o, (o, ) ®)

2(14|V¢2]?) oo
1 o (Gl blhe + VG - Vi) Py



where Ps is the pressure at the interface, identical in (E) and (E), thanks to the continuity assumption in

®-
Finally, using (fl), (f]), the gradient of the equality ([]) and a straightforward combination of (f) and
(Fl), we obtain the system of equations

0:C1 — G1[C1, G2, 0] (Y1, 92) = 0,
0¢Ca — G2[C2, b]i2 = 0,
V1 + gV + 3V (V%) — VNIL(Gr, Co, b, 1, p2) = 0, (10)
O (Vipg — YH[C1, Co, b (¥1,902)) + 9(1 — )V + 3V (IVa|* — 7| H[C1, G2, b] (41, Y2, b) %)
—VN2 (G, G, b, 101, 102) = 0,

where v = Z—;, and

G b . 2

(G2[G2, Dltha + Vo - Vipa)? — y(Ga[Ga, bltbe + V(o - H([C1, o, 0] (11, 12))?
2(1+1V¢l?) '

This is the system of equations that we use to derive asymptotic models.

NQ(ClaCvaaq/}laq/}Q) =

1.4 Nondimensionalization of the equations

In this subsection, we rewrite the system (E) in dimensionless variables, introducing dimensionless pa-
rameters which are crucial to study the asymptotic dynamics. We denote by a1 the typical amplitude of
the surface deformation, and by as that of the interface. A is the typical wavelength (assumed to be of
the same order for the surface and the interface and in any horizontal direction). Finally, B is the order
of bottom topography variation.

We define the dimensionless variables

- X z - t == b(X)
X=—, Zi=—, ti=—r—, bX):=—+,
)\ th )\/\/ghlo ( ) B
and the dimensionless unknowns
c o Gi(X o Pi(X
a; CLQA\/ g/h,lo
Five independent parameters of the system are thus added to v = Z—; :
a1 ag h’%O th B
= == == = — =
“ th €2 hlo B )\2 ’ h20 ’ th

So, €1 and €y are the nonlinearity parameters and p is the shallowness parameter. We also define the
convenient notation
aq €1
ai=—=—.
a2 €2
Remark 1.2. The scaling for nondimensionalization has been chosen considering the solutions of the
linearized problem.

We now rewrite the system in terms of dimensionless variables. First, we have to define the dimension-
less operators, associated to the the dimensionless fluid domains :

Q= {(X,2) € RH ep(a(X) < 2 < L+ e (X)),

0= {(X,2) € R~ 4 5b(X) < 2 < (X)),



In the following, we always assume that the domains remain strictly connected, so there is a positive value
h such that for all X € R?,

1+€1<1(X)—€2<2(X)Zh>0 and %+€2<2(X)—ﬂb(X)Zh>0 (11)

Definition 1.3. Let (; and b € W1>°(R%), such that Qs satisfies , and suppose that Vi € H/?(R9).
Then with ¢2 the unique solution in H?(Qs) of the boundary value problem

Al)t(,zd)Q =0 n QQ,
P2 = P2 on Ty := {2z = e2(2}, (12)
Ongpo =0 on Ty = {z=—%+ﬁb},

we define Gy [exa, BbJior € HY/(R?) by

G leaCa, B2 == — 1€V o - Vo amency + Duth2)amcrcy-

Definition 1.4. Let now (1, (2, and b € WH(R?) be such that Q and Qo satisfy , and suppose
Vb1, Vb € HY2(RY). Let ¢ be the unique solution in H?(Q) of the boundary value problem

AlU‘X,zgzl)l = 0 m Ql;
o1 = s onTi:={z=14+ea0}, (13)
Ono1 = WG? [e2C2, Bb]tpy  on Ty.

Then we define G%°[e1¢1, €2Ca, Bb](101,42) € HY/?(R?) by
GY0lerCr, €aCa, BBl (Y1, 2) i= —pe1VC1 - Vi amitarcs + 01 om14a16rs
and H"O[e11, 2o, B0) (101, 2) € H'/2(R?) by
H"0e1(y, €2, Bb)(¥1,12) = (V1) 2= enc-

In the following, when there is no possibility of mistake, we simply write :

Gothy := G4 eaCa, Bb]1)a,
Gh(1,49) i= G [e1Ca, €2Ca, B) (41, ¥h2),
H (1, ¥2) = H"’[e1(1, €ala, Bb) (Y1, 2).
Remark 1.5. The existence and uniqueness of such solutions ¢2 and ¢1 are given by Proposition .

Using these last definitions, it is straightforward to check that the system @) becomes in dimensionless
variables (where we omit the tildes for the sake of clarity):

adC1 — %Gl(d)lﬂ/b) =0,

9iCa — 5 Gatp2 = 0, (14)

8tV1/)1 =+ on(l + %V(|V1/}1|2) — ‘LLEQVNl =0,

On(Vipa = YH (Y1, 92)) + (1 = 1)V + FV(IVepa|* — | H (1, 92)[%) — pe2 VN2 = 0,
where .
(4 G1 (1, 92) + VG - Vi )?

2(1+ plerVGi]?) ’
(ﬁGﬂ/fz + €V - Vi) — ’Y(%Gﬂ/)z + Vo - H(¢1,92))?
2(1 + ple2VGe|?) '

We derive the asymptotic models from this system, corresponding to different sizes for the dimensionless
parameters.

Nl =

NQ =



1.5 The linearized equation

Linearizing the system (@) around the rest state, we obtain

ady(y = 2GY°[0,0,0](v1,92) = 0,

DyGe — £G5°10,0]2 = 0,

Vi1 +aV(§ =0,

0 (Vipa — yH!°[0,0,0](¢h1,92)) + (1 = 7)VEa = 0.
Now, when the surface, the interface and the bottom are flat, we have explicit expressions for the operators
G1, Gy and H. Indeed, taking the horizontal Fourier transform of the Laplace equations in ([[2) and ([[3),
we obtain that ?45; and a are solutions of the following ordinary differential equations :

(15)

—ulDPy +y" = 0.
Then, using the boundary conditions, we deduce
62(X, 2) = ¥a(X) cosh(y/ED]2) + 2 (X) tanh(L D) sinh( V7 D),
so that we have
1t
G10,0} = VD tanh (Y,

Then we obtain

¢1(X,Z) :( wl(X)

cosh (/1| DI)
+ Yo (X) tanh(% |D|) sinh(y/p|D|z),

— tanh(V D) tanh (711 D]) (X)) cosh( 7 D2)

so that we have

G*°10,0,0](1h1, 1) = %(Sinh(\/ﬁuﬂ)wl + tanh(g)wz,
and finally
H"0[0,0,0)(t1,19) = % — tanh(gmntanh(\/ﬁ|D|)w2(X).

Using these expressions in the system )7 we can easily calculate the dispersion relations. Indeed, the
wave frequency w3 (k), corresponding to plane-wave solutions etk X—iwst are the solutions of the quadratic
equation

L tanh(,/7lk|) + tanh(¥E[k]) NLE tanh(, /7| k|) tanh (¥ |&])

w? + (1 =0. 16
VI 1 4 tanh(,/7lk|) tanh (42 |k]) = [ 1+ ~ tanh (/7] k|) tanh(%E |k|) (18)

This equation has two strictly positive solutions (and their opposite) if and only if v < 1, corresponding
to the case wherein the lower fluid is heavier than the upper one. This expression also appears in [[L1]
and [P4]. The figure f] shows the evolution of the wave frequencies wi, —w4, as functions of the wave
number k. We chose the parameters p = 0.1, 6 = 1/3, v = 2/3.

2 Asymptotic Models

We derive asymptotic models for the system, by obtaining explicit expansions of the operators. Following
the method of [E], it is convenient to first reduce the problems (@) and (E) to elliptic equations on a flat
strip.
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Figure 2: Full system dispersion

2.1 Flattening of the domain
We define the mappings

o - St . o z — e202(X)
M= (x2) - (Xn(xX.2) vith (X 2) = T TR — w6 (X)
0 - S . _ z — €20 (X)
Bai= (x5 = (X,ra(X,2)) with r2(X, 2) = 1/5 — Bb(X) + 202(X)’
and denote their inverse
g = ST ith 51(X, 2) = (1+ €161 (X) — e26a(X))= + eaCa(X
1= (X,Z) — (X,Sl(X,Z)) W1 S1 7Z) _( 61<1 62<2 z €2<2( )7
Sy = ()‘?:Z) - (X,s?&,z)) with so(X, 2) i= (1/5 — Bb(X) + e2Ca(X))z + eaCa(X).

Introducing the (d 4+ 1) x (d + 1) matrices

1 0.8;14 04,1 wlg  0g 0,81y —Vxs; po-s:lq —uVxs;
P’i = ) _ T = T 1+;L|szi|2 ’
ale VXSz 1 Ol,d 1 Ol,d 1 _/,LVXSl T 0.
(17)

where 0, , is the m x n zero matrix and I; the d x d identity matrix, we can transform the Laplace
equations (IE) and (E) into elliptic boundary value problems on flat strips.

Proposition 2.1. Let (1, (o, and b € WH(R?), such that Q and Qo satisfy , and suppose Vi1,
Vipy € HY2(R?). Then there exists a unique solution ¢y € H*(ST) and ¢2 € H?(S™) to the following

boundary value problems
Vx: PVx.p2=0 inS~,

P2 = 1o on {z = 0}, (18)
8n§b2 =0 on {Z = _1}5

Vx,z-PiVx.01=0 inST,

o1 =1Yn on {z =1}, (19)
an¢1 = an¢2 on {Z = 0}7



where Op@ stands for the upward co-normal derivative associated to the elliptic operator involved :
On¢ :=eqy1- PVx 0.

Moreover, ¢; := (X, z) — ¢i(X,7:(X,2)) (i = 1,2) respectively solve the problems (13) and (13). Thus,
the operators G1, G2 and H can equivalently be defined with

Gav2 = eqy1 - PaVx 2 ¢2).—0,
G1(Y1,vY2) = eqr1 - PIVx 241221,
H(Y1,2) = V1 :—0-

Proof. The reduction of the problems ([[3) and (1) on the flat strip can be found on [I7 (Proposition
2.7). The coercivity condition is satisfied thanks to ([L]) and the assumptions on (1, ¢» (see Proposition
2.3 of [l]) :

1
> 0,v0 € RT,6- PO > [0f" (20)

Thus, we just prove here the existence and uniqueness of the H2-solutions ¢; (i = 1,2). Since for all
g € HY%(R%), h € HY?(R?), one can easily construct a function w € H*(S*) such that wy,_; = h and
Onw|z—o = g, ([19) and ([Lg) clearly reduce to the following problem

Vx,z-PVx.p1=f inST,
é1 =0 on T :=R¢ x {1}, (21)
Ont1 =0 on I'y := R x {0},

where f € H~'(S*) and P satisfies (R0).
As a first step, we introduce the variational formulation of this problem. Let us define the functional
space
V= {ve H(S"),y(v) = 0 on R},

with 4o : HY(St) — H'Y2(R?) the trace operator on I';. Since 7 is continuous, V, equipped with the
scalar product of H'(S*) and the corresponding norm, is a closed subspace of H(S™), hence a Hilbert
space. A solution of the variational problem related to (@) is then a function u € V' such that

Yv eV, PVu-Vv=—- fu. (22)
s+ s+
Since V = {v € D(St),v = 0 on I'1} is dense in V, a solution of the variational problem (R9) is a weak
solution of the problem (RI).

Now we can check that a(u,v) := [ s+ PVu-Vuis a continuous bilinear form. The coercivity of a is given
by (() and a generalized Poincaré inequality (see [B], Theorem 5.4.3). Finally, since b:v € V + — [ s+ fv
is clearly continuous, the Lax-Milgram Theorem gives the existence and uniqueness of a solution u € V' of
(B2), and thus a weak solution of (R1). Moreover, one has

lal| o < CIFN gy

The last step consists in proving that the solution u lives in H2(S™), if we assume that f € L?. We
introduce for h > 0,
un = (g, ) Thu(x,y, z) — u(z,y, ) _ u(z + h,y, z) — u(x,y, z)

h h

Then wy, is the solution (1) with f;, = T’lé_-f and gp = ™9, so that

lenlzrs < 1]l s



Then we remark that for any v € H'(S), v (2,y,2) = + f;+h O, v(t,y, 2)dt, so that

1 h
lonll - < 5/ 19z0][ 2t < o] -
0

Thus, one has thanks to the duality between H' and H&,

HthHfl < sup [, o)l M
ver [0l wemr o)l

< [1£1z-

We finally have
[unl g < Ol -
Since V is a Hilbert space, we deduce that there exists w € V and a subsequence (up,) such that wup,
weakly converges towards w. Moreover, we know that uy, converges towards d,u in D'(ST), so we deduce
OueV c H.
We prove in the same way that d,u € H', so that Axu € L?. Finally, thanks to (@), we have

|02u| < |Axu| + k|Vx.. - PVx..u| = |Axul + k| f],

so that u € H%(ST), and the Proposition is proved. O

2.2 Asymptotic expansion of the operators

Since we are looking for shallow-water models (p < 1), we need to obtain an expansion of the operators
in terms of . The method is the following. We first exhibit the expansion of the matrix P; in terms of u.

Then we look for approximate solutions ¢;” (i = 1,2) under the form :

67" = O + oy + 1797

Plugging this ansatz into (L) and (@), and solving at each order of u, gives the (bf . From which we can
deduce the expansion of the operators, by computing the normal derivative of ¢;”.

Since ([1) is exactly the same problem as involved (in the case of the water-wave) in [fl], we can directly
apply the Proposition 3.8 to the lower fluid.

Proposition 2.2. Let tg > d/2 and s > to + 1/2, Vi € HSTU/2(R?), & € H*/2(R?) and b €
H*H1/2(R?), such that is satisfied. Then one has

|Gathy + uV - (haVia)| . < 1*Co, (23)

|Gty + uV - (haVipg) — PV - Tlhy, Bb]Viba| . < pCh, (24)

with C; = C(+, mb’HsH/szvGQ‘CQ‘H3+5/2+2N V¢2’H5+7/2+2j), and where hy := 5 —Bb+ex(z is the thickness

of the lower layer, and

T[h, bV = —%V(lﬁv V) + %(V(h2Vb V) = h*VbV - V) + hVbVb - V.

Remark 2.3. To obtain the estimate ([23), we use the approzimate solution

22

gpp-,l — 1/)2 — ‘uhg (hQ(? + Z)AU)Q — ZﬁVb . V1/)2)
We need a higher order approximation to obtain @), namely gb;pp’Q = (bgpp"l + u2¢2, where ¢2 can be

obtained using the same method as in the following study. The Proposition @ is then obtained following
the path of Appendiat@ for the lower fluid (see /E/ for a rigorous proof).

10



The study of the upper fluid is different from the one of the lower fluid, since we have now a nonhomo-
geneous Neumann condition on the interface. In order to manage this, we first decompose ¢1 := ¢1 + ¢1,
where ¢ is the unique solution of

Vx,z PVx.$1 =0 inST,
¢1 = Y1 on {z =1}, (25)

Onp1 =0 on {z = 0},
and ¢; is the unique solution of

Vx..- PiVx .61 =0 inSt,
$1=0 on {z =1}, (26)
On1 = Gao on {z = 0}.

Again, the system satisfied by ¢; reduces to the water-wave problem (where the topography of the bottom
would be given by €2(2), so we introduce as in Remark @ the approximate solutions

(z = 1)
2

G =y — ph (o (
étlzppﬂ — q;lllppyl + Mzé%

+ (Z - 1))A1/)1 - (Z - 1)€2V<2 . le),

It follows that G1v; the contribution on the Dirichlet-Neumann operator from ¢; can be expanded as in
the following Proposition.

Proposition 2.4. Let tg > d/2 and s > to + 1/2, Vi1, (o € HTU/2(R?), ¢, € H*9/2(R?), such that
(f1) is satisfied. Then one has

|G1tp1 + 1V - (Vi) . < 1?Co, (27)
|G1r + V- (M Vpy) — V- T lhy, €202 V| . < p’Ch, (28)

with Cj = C(%?62’<2‘Hs+7/2+2j761‘<-1 Hs+5/24257 v¢1’H5+7/2+2j); and where hy = 1+ €1(1 — €2(2 s the
thickness of the upper layer, and T|h,b|V is defined as in Proposition @

The last step consists in computing the contribution on the Dirichlet-Neumann operator from 1. We
first define ¢1" = ¢° + po' + p?¢?. It is straightforward that

. 0d,a 0a,1 hilg —Vx$1
Py = P’ + P!, with P° := ( 01 4 hi ) and Pl := ( —Vys,T Vxsi]> |
) 1 1

where we have used the notations 0,, , for the m x n zero matrix, and I; for the d x d identity matrix.
Plugging these expansions into (@), using Proposition , and solving at each order, we get :

At order O(1) :
020 =0 in ST,
Y=0 on {z =1},
h%az(bo =0 on {z=0},

so that we have
#° = 0. (29)

11



At order O(u) :

020! = =Vx .- P'Vx.¢" =0 in St,
¢t =0 on {z =1},
h%@ml = —€4+1 - Ple)Z¢O -V (th’t/Jg) on {Z = 0},

which gives immediately

¢ = =V - (haViho) (2 — 1). (30)

At order O(u?) :

hlla§¢2 = hl ((2 — 1)h1V . VAQ - 261VC1 . V.Az - €1AC1A2) in S+,

»* =0 on {z =1},

1=0:07 =V - Tlha, BbV¢s + V(s - (VA2 + €1V Az)  on {z =0},
with the notation As := V - (haV)2). This leads to the solution

3 2 1 2 1
%—%+§)—hl(2qvgl -VA2+61AC1A2)(%—§) (31)

4 (V- Tlha, Bb]Vts + €2VCo - (V. Az + VL A2)) (2 — 1)).

9% =hi (WY - VAz)

This formal derivation of é‘llp P allows us to obtain the expansion of G115, the contribution on the

Dirichlet-Neumann operator from ¢;. Formally, we have
_ 1
Grip ~ —pz + i (V - Tlha, 0]V - 5V (BVA) — V- (e Vids) ). (32)

Summing this expansion with the one of Proposition @ gives immediately the expansion of the full op-
erator G1 (11, 12). The following Proposition gives a rigorous statement of this fact ; its proof is postponed
to Annex @

Proposition 2.5. Let to > d/2 and s > to 4+ 1/2, Vip1, Vipo € HTH/2(R?), ¢ € HY/2(R?), ¢, €
H*+t9/2(R?) and b € H**"/2(R?), such that (1) is satisfied. Then one has
|G1 (91, ¥2) + p( A1 + A2)| . < 12Co,  (33)

1
|Gy (01, ¥2) + pu(Ar + Ag) — pi? (v L+ V- T- 5V (RIVA2) -V - (hlelvglAQ)) <piCr,  (34)

e

with Cj = C(%, ﬁ’b’Hs+7/2+2j ) 62}C2 ’Hs+5/2+2j ) €1 ’Cl ’Hs+3/2+2j ) }v"/}l Hs+7/2+25) ’v/lb? ’Hs+7/2+2j)7 and the no-

tations
./41 = V . (hlvwl), Ag = V . (hngz),
Ti = T[h1, €20V, To:=Tha, Bb]Vipa.
Remark 2.6. As in Remark @, the proof of the estimate @) requires the approrimate solution gblllpp’l,
with
S = G+ 60+ et
and the second estimate @) uses

¢tlzpp72 = q;lllppﬁ + ¢0 + N¢1 + N2¢2-

In Appendix@ (Steps 4 and 5), we give estimates on ¢1 — ¢1*F, obtained thanks to the trace theorem and an

elliptic estimate on the boundary value problem solved by ¢1 — ¢1". This leads to the desired inequalities,
since Gl(’lﬂl,’tﬂg) — 6,, (llpp = 6n(¢1 — (llpp).
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The last expansion to obtain is the one of H (1, 3), which is given by the following.

Proposition 2.7. Let to > d/2 and s > to + 1/2, Viby, Viby € H5TH/2(R?), ¢ € HFT/2(R?), ¢ €
H*+9%(R?) and b € H*1/2(R?), such that ([{1) is satisfied. Then one has

|H(¢1,92) — V| ;. < uCo, (35)
|H (11, 1h2) = Vi — uV (h1(A1 +A2) — %h%AUH —h1eaVQ - VUH) e < p>Cy, (36)

with Cj = C(%, 5’b’H5+7/2+2'@7f2 ’C2‘Hs+5/2+2j y €1 ‘Cl ’Hs+3/2+2j7 ‘Viﬁl ‘Hs+7/2+2j7 V’Q/Jg ‘Hs+7/2+2j )7 and using

the notations of Proposition

Proof. The proof uses the estimates (6) and (70) on u := ¢1 — ¢$*"". Indeed, we have to give an estimate
for ‘Vu|z:0‘HS, and a trace theorem (see Métivier [@] pp.23-27) gives for all s > 0,

(V.o . < Cst(||ATT2Vul|,, + [|A*71/20, V)12 < @HAS“/QvgzuHLQ.

NG

Then, the estimate (pg) allows to conclude :

1 1 1+
’vu\z:OIHs < ﬁcs,to (E7 €1 Kl ’Hn]ax{t0+2,s+3/2} ) 62’@ ’Hmax{t0+2,s+3/2}))(/’l/2 HhHHs+1/2 + Tﬁ ’V}Hsﬂ)'

The first estimate (BH) follows from this relation, together with the estimates (4) and (f).

As for the Proposition E, the second estimate (B{) requires the use of the higher order approximate
solution @ := ¢ — ¢$P™? and the result is obtained in the same way. O
Remark 2.8. Using the same approzimate solution as for the expansion of G1(i1,%2), we obtain an
estimate one order less precise in [ than in and ) This loss of precision is not seen at the formal

level and comes from the —= term, due to the horizontal scaling, which is necessary in order to have a

Vi
uniformly elliptic operator.

2.3 Asymptotic models

The expansions of the operator we obtained allow us to derive asymptotic models from (@) The frame
of this study is limited to shallow water regimes over finite-depth fluids, that is to say : 4 < 1, and § ~ 1,
but our method could be extended to deep water regimes (§ < 1), as in [E] As we see in Section E, we
recover most of the models which have been introduced in the literature, as well as interesting new ones
(the Boussinesq/Boussinesq model with coefficients ([i4), and the higher order system (f#d)). Furthermore,
we show rigorously that ([[4) is consistent with all of these models, in the following sense (see [d]).

Definition 2.9. The internal-wave system @) is consistent with a system S of 2d + 2 equations, if any
sufficiently smooth solution of ) such that (@) is satisfied solves S up to a small residual called the
precision of the asymptotic model. Throughout this paper, the precision is given in the sense of L H?
norms, which means that the H® norm of the residual is uniformly bounded, with respect to t where the
solution is defined.

Remark 2.10. The consistency does not require the well-posedness of (@), and only concerns the prop-
erties of smooth solutions of the system. However, if we assume the existence of such functions, we can
prove that they are approrimated by the solutions of consistent systems, as we see in Section E
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2.3.1 The shallow water/shallow water regime : < 1

We assume here that both layers are in the shallow-water regime (u < 1), whereas strong nonlinearity are
allowed (1,2 = O(1)). We use the first order expansions (3)), (B3) and (BF), and we plug them into ([[4).
We obtain, discarding the O(u) terms, the following system :

@G + V- (M Vihy) + V- (haVihe) = 0,
OrGa + V- (haVipa) = 0,
8V + aV(y + %v (IVen ) =0, (37)

8, Vbs + (1 — 7)Via +yaV(r + %v (IVea]?) =0,

where h,l =1+ €1<1 — EQCQ and h,2 = % — 6b—|— EQCQ.

Remark 2.11. This system has already been introduced in the flat bottom case in , and equivalently,
though under a different form, in [Ld4]. We say more about this in Section [f.4.

Proposition 2.12. The full system (@) is consistent with (@’), at the precision uCy, with
Co = C(%u ﬁ|b|Wl,ooHs+7/2 ) 62‘<2 |W1,00Hs+5/2 y €1 ‘Cl ‘Wl,aoHs+3/27 ‘Viﬁl ‘Wl,ooHs+7/27 |V’t/12 |W1,00H5+7/2)'

Proof. Let to > d/2 and s > to 4 1/2. Let U := (1, o, Vb1, Vaba) be a solution of ([14), such that (L) is
satisfied, and U € H®. It is straightforward to check that we have

adiCi + V- (Vi) + V- (ha Vo) = V- (hiVh1) + V - (haViha) + S G1 (1, 2),
01G2 + V- (haVipa) = V - (haViha) + ﬁGﬂﬁz,
VU +aVG + 2V (Vi) = pesVAG, (38)
OViba + (1= 7)VGo +7aVG + 5V ([Veaf2) = 10U (H (1, 42) — Vi)
+ YV (H 1, 92)[> = [V1?) + pea VANa.

Except for 0;(H(¢1,%2) — Vip1), the right-hand side is immediately bounded by uCp, thanks to the
estimates (R3), () and (BH). The estimate on the derivative is obtained as in the following.
We use the study of Appendix @ : we derive (@) with respect to ¢t on both sides and get

V‘)‘(ﬁz . P“V‘)‘(ﬁz(&gu) = u? V‘)‘(_’Z -O¢th — V‘)‘(_’Z . Bt(P“)V“Xyzu in ST,
Ou=0 on {z =1}, (39)
8n(8tu) =V. 8tV + }L26d+1 . 8th — €d+1 8,5(P“)V§7zu on {Z = 0},

We now need estimates on the right-hand side of the system. Directly from the definition of h, we have
10k ,y.15/50 < Co. (40)
Thanks to the Step 4 of Section @, we have
[0:(P*)VE Lt v < Co-

Finally, we can obtain the estimate on 9,V using the same method as here on the lower layer :

1
‘8tV‘Hs S ,UJ2C(E7

Then we use the study of Appendix @, and obtain the estimates of Steps 4 and 5 for dyu, and use them as
in Proposition @ in order to obtain the desired inequality :

|0:(H (1, ¢2) — Vib1)| . = |VOu| ;. < uCo.

’ ’Hsfl)'
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Conservation laws. The first two equations of (@) reveal the conservation of mass, since a straightfor-
ward linear combination gives

{ Oth1 + €V - (h1 V) = 0, (41)

Oiha + €V - (hszg) =0.

We can play with the system to obtain other conservation laws. The conservations of total momentum
and energy are given by

6,5(’7]7,1’(1,1 + h2u2) + Vp+ (’7h1 + hg)ﬁVb + V- ('yhlul ® u1 + hous ® u2) =0,

1 1
6,5(5 (’7h1|’d1|2 + hg|’d2|2) +p) + §V . (7h1|U1|2U1 + h2|UQ|2U2) + V- (vthul + thQ + ’}/hlhg(ul + u2))
+ (’7h1U1 + h2u2)ﬁVb =0, (42)

with the notations h1 = 1 4 €1(1 + €3(2, ho = % — Bb + €3(a, u; = 2V (i = 1,2), and the “pressure”
pi= %’yh% + %h% + vhiho.

Dispersion relations. When we calculate the linearized dispersion relations as in Section E, we obtain

that w? (k) satisfy :
14+0++/(1—-0)2+474
(k) = - 2

This dispersion relation is not the same as the one of the full system (it corresponds to the first order of
the expansion in p of the solutions of (E)), but we still have the condition v < 1, for the system to be
linearly well-posed. The figure B presents shallow water/shallow water model dispersion, compared with
the dispersion of the full system, with the parameters = 0.1, § =1/3, v = 2/3.

20 T T T T T T T T T
— — — Full system
18} —— SW/SW model |
16
14 -

12 -

Figure 3: The shallow water/shallow water model dispersion
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2.3.2 The Boussinesq/Boussinesq regime : p~e; ~ e < 1

In this regime, the shallowness and the nonlinearity are supposed to be small and of the same size. This
time, we use the second order of the expansions, and obtain

adiG+ V- (m Vi) + V - (haVihy) = p(FEAV - Vioy + V- T [ha, R]Vihy — 55AV - Viy)),
0:Ga + V- (haViho) = (V - Tlha, %]V%B ,

OV +aVi + 2V (IVenf2) = 0,

O Vs + (1 =7)VG +ayV( + %V (IV2|?) = py0: (VA + SV AY),

with 7'[h, b]V defined as in Proposition ..
Remark 2.13. If the bottom is flat, then T [ha, %]ng is simply 555V Aty

Model with improved frequency dispersion. This model is linearly ill-posed. Fortunately, following
[ﬂ,@], we can easily derive asymptotically equivalent models, with coefficients which can be chosen so that
the system is well-posed. For simplicity, we assume now to be in the case of flat bottom (see [E] for the
varying bottom case).

We rewrite the system ([[3) with new variables : w; := V¢;(z;) (i = 1,2). From the calculations of

Section @, we obtain
(z—1)

2

+ (2= 1A — 3=~ DA,

¢ (2) = 1 —
app,1 1 2'2
G (2) = P2 — ﬂﬁ(g + 2)Ats.
We then define u; and us as in the following :
@ 1
up = Vi (z1) = Vib — b1 AVY1 — a1 AV,
@ 1
ug := V5P (z5) = Vapy — /Lﬁazﬁﬂ%

with 21 € (0, 1) for the upper fluid, and 22 € (—1,0) for the lower fluid, and the coefficients

2 2
a; =2z —1€[-1,0] ; as ::%+226[—1/2,O] ; b1 ::%—I—ale[—l/l()].

We plug this into (i) and obtain

a0+ V- (hiur) + V - (houg) + p(H21V - Auy 4 (H24 4 1302)7 . Ayy) =0,
9iCa + V- (haug) + piEE2V - Auy = 0,
€
(1 + ubi A)dyuy + p% Adyus + aV( + gv (lu1]?) =0, (44)

(14 p(5 + $)A)0uz — p3 Aduy + (1 —v)VG +ayV( + %V (|u2|2) =0.

Remark 2.14. If we choose a1 = —%, as = —% and by = —%, we obtain the classical “layer-mean” model

@), introduced by Choi and Camassa in /@] As we see below, this system is linearly ill-posed. One of
the interests of @) is to offer a large class of equivalent models, with parameters which can be chosen so
that the system is linearly well-posed.

Proposition 2.15. The full system (@) 18 consistent with (@), at the precision p*Cy, with
V¢1 ’Wl,ooHs+ll/27 ‘VQ/Q ‘Wl,aoHs+11/2)'

C = C(%u ﬁ’bywl,ooHs+ll/2 ) 62‘C2 ’Wl,coHs+9/2 y €1 ’Cl ‘Wl,ooHs+7/27
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Proof. Let tg > d/2 and s > to+ 1/2. Let U := ({1, o, Vb1, Vibo) be a solution of ([[4), such that (1) is
satisfied, and U € H*12.

We first give the proof for a; = by = as = 0, corresponding to the original system (@) We just have
to plug U in ([iJ), as in the proof of Proposition P19 Since €5 ~ p, we have |,LL62VJ\/1 |HS + },LLGQVJ\/'Q}HS <
p2Cy. The other residuals are bounded by u?Cy thanks to the estimates (24), (B4) and (B6) with €2 < 1,
and the equivalent estimates on the derivatives which are obtained as in the proof of Proposition .

The general case is obtained when we substitute Vi, — ubi AV — u%alAVz/Jg for uy, and Vg —
pi3zaz Ay for uy in ([i4). We obtain ([i3) up to additional terms that are clearly bounded by p?Cy. O

Dispersion relations. As we have said previously, the coefficients can be chosen so that the system
() is linearly well-posed. Indeed, it is straightforward to check from the linearized system that w? (k),

corresponding to plane-wave solutions e’ X ~+t must be the solutions of the equation
Wt — A(ulk ) [k[*w? + B(ulk|*)|k[, (45)
with
d(a —a
Ay o QoA PEGRY) 4§ — (ot V)L = (b + V) + (1= 9)(F — as¥)(1 = baY)
(1-b1Y)(1 - 252°Y) + Ja, V2 ’
:—awY)(1-pY
B(Y) :=(1 ) G —a2V)(1 ~ 1Y)

(1-b0Y)(1 - 22°Y) + Ja; Y2
and the notations

14 2aq 1+ 3a2
= M « = M
26 ’ 2 36° ’

1430

B : 3

aq

In order to have two positive solutions of (i), the coefficients have to satisfy ag < —1/3, and by < —1/2.
We see that the original system @), as well as the classical layer-mean model (@) are ill-posed. However,
there exists sets of parameters a;, as, b1 such that the generalized system is well-posed. Moreover, we
can choose the coefficients such that the dispersions meet with the ones of the full system, at the order
3 in ulk|?. We present in figure @ the difference between the dispersion of the full system and the one of
the Boussinesq/Boussinesq model for three sets of parameters : a1 = by = as = 0 corresponding to the
original system @), a = —%, as = —% and b; = —% corresponding to the layer-mean system (@), and
finally a1 =~ 0.4714, as ~ —0.3942 and b; = —1 corresponding to optimized parameters in (@) Moreover,
we chose = 0.1, 6 = 1/3, and v = 2/3. Note that except for the last set of parameters, the system is

linearly ill-posed, so that the computation breaks for high wave numbers.

2.3.3 The higher order system
We are now back in the strong linearity regime, allowing large amplitude (€1, e = O(1)). But now we use

the higher order expansions (P4), (B4) and (Bd), and thus obtain the strongly nonlinear model

a0+ AL+ Az = /L(V T +V-To—3V-(hiVA) - V- (h161v<1A2))’
8tC2 + Ay = uVv - '672,
Vi1 + aViy + Ezv (IV1[2) = pesVAG, (46)

0Vt + (1= 1)V +7aV 1 + 2V (IVaf?) = (10, VH + 7€V (Vi - VH)
+ea VN, + ”yegv./\/'l),
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k k

Figure 4: The Boussinesq/Boussinesq models dispersion error

where we have used the following notations :

Al = V . (hlvwl), Ag = V . (hngz),

Ty :=Tlh1, 20|V, Tz :=Tlha, 80V,

H:=hi(V - (hiV1) + V - (R Vh2) — $haApy — 1 V(1 - Vi),
N = (e1V¢1- VY1 =V (h1 V1) = V- (h1 V)

2 )
Ny = (62Va - Vipa—V-(h1ViP2))? —y(e2V - Vi1 — V- (h1 Vih2))?
9 I= 3 .

Proposition 2.16. The full system @) 18 consistent with (@), at the precision p*Cy, with
V¢1 ’Wl,ooHs+11/27 ‘VQ/Q ‘Wl,ooHs+11/2)'

C = C(%u ﬁ’bywl,mHs+11/2 ) 62‘C2 ’Wl,ooHs+9/2 y €1 ’Cl ‘Wl,ooHs+7/27

Proof. Let to > d/2 and s > to + 1/2. Let U := (C1, Ca, Vab1, Vabg) be a solution of ([14), such that ([L1])
is satisfied, and U € H*"2, We plug U in (i), and thanks to the estimates (P4), (B4) and (Bd), and the
equivalent estimates on the derivatives are obtained as in the proof of Proposition , we can check that

the residuals are bounded by p?Cj. O

Dispersion relations. The linearized system is exactly the same as the one of (@) So the system is
linearly ill-posed, and we should derive models with parameters, to obtain well-posed systems.

3 Convergence results

We show here how to use the consistency results obtained in Section E to prove convergence results,
stating that solutions of (@) - if they exist - remain close to the solutions of the asymptotic model on a
relevant time scale. In order to simplify the analysis, we focus here on the shallow water/shallow water
model (B7), in the flat-bottom case (3 = 0), so that the system can be written

U + Ay (U)0,U + Ax(U)d,U = 0, (47)
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with U = (hq, ha, Uia, U1y, uzs, Uzy) = (1 + €1(1 — €2C2, § + €202, €20,01, €20y 11, 20,102, €20,12), and the
matrices

Uy 0 hl 0 0 0 uly 0 0 hl 0 0

0 U2y 0 0 hQ 0 0 U2y 0 0 0 hQ
1w owy, 00 o 0o o o o o
AU=1"9 o o 0o o o |» 2UO= 1 1 u, uy, 0 0
vl 0 0 u ug 0 0 0 0 0 0

0o 0 0 0 0 0 vl 0 0wy uy

We first prove that our model (@) has solutions, since it is a symmetrizable hyperbolic system.

Proposition 3.1. Let s > %l +1. Let Uy € H*(R?)®, such that there exists h > 0 such that for all X in
Re, Uy(X) satisfies the assumptions

hi>h, ha>h, and |ui, +ui,| < (1 -1, |u3, +u3,| < ho. (48)

Then there exists T' > 0 and a unique U € C°([0,T"); H*(R%))® such that U satisfies () and U(t = 0) =
Up.

Proof. We introduce the following matrix S, namely

Y Y YUl Uty 0 0
ol 1 0 0wz Uy
) Yuiz 0 ~vhi 0 0 0
S() = yuiy 0 0 ~hi O 0

0 uge O 0 hy O
0 U2y 0 0 0 hQ

It is straightforward that S(U) and S(U)A(U, &) are self-adjoint, with A(U, () := & A1(U) + &As(U).
Then, using the Gauss reduction algorithm, one can check that S(U) is definite positive if U satisfies ([i§).
These requirements are satisfied at time ¢ = 0 by Uy, and we define T as the maximum time such that
they remain satisfied for all ¢ < T. We know that 7" > 0 thanks to a continuity argument. Then since
we have proved that S is a symmetrizer of ({f]), the Theorem 7.3.3 of [P]| gives T’ < T such that U is
uniquely defined on [0, 7). O

The last step consists in proving that the solutions of (@) approximate the solutions of the full system
(@), assuming that the latter exist. We first give the the following a priori estimate, which can be found
for example in [R1] (Theorem 7.3.9).

Lemma 3.2. Let f € C1([0;T]; H%), F a smooth function such that F(0) = 0. Then with
we CH[0,T]; H?) N CO([0,T]; H**Y) a solution of the symmetrizable hyperbolic system

U + A1 (U)3,U + Ao (U)9,U = f + F(U), (49)

which satisfies for M > 0

|U‘W1’°°([O,T]><]Rd) <=M,

there are constants C(M) and K (M) such that

t
U], < CeXU©)],,. +C /0 CK 9| f(s)] . ds.
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Proposition 3.3. We fiz v € (0,1) and § € (0,400). For tg > d/2 and s > to + 1/2, let U €
CY([0;T); H*)S N CO([0; T); H*+1)S be a solution of ([[]) such that ([[1) is satisfied and U is bounded in
H*([0,T)), uniformly with respect to €1, ez € [0,1), and p € (0, y™**]. We denote by U := (C1, Ca, @iy, Ua)
the solution of @), with the same initial values, that we assume to satisfy (@) Then one has

’U - U’Hs < MCf)u
with Co = C (5,7, 6, w™*, |U | ., T)-
Proof. Thanks to the consistency result (Theorem P.13), we know that U satisfies ([Id)), with F' = 0 and

’f‘Hb S MCO7

with Cy = C(3, |U‘H) Then, the difference between the two solutions R* := U — U satisfies ([if), with
the same f and

F(RM) := — A1 (R*)0,U — As(RM)0,U — Ay (U)d, R* — Ay(U)0, R*.
Taking a smaller T if necessary, one has

|U|W1,oo([o,T]de) + ‘U|W1’°°([0,Tlde) <M,

where M is independent of €1, €2 and . Thus, we can apply Lemma @, and one has

t
1
VMMWSCAOJ“ﬁmm@SMﬁgmMMHmmI»

4 Links to other models

4.1 Rigid lid in the shallow water/shallow water case

In [E], Bona, Lannes and Saut presented a model for internal waves in the shallow water regime, with the
rigid lid assumption. They showed that a nonlocal operator has to appear for d = 2 (see observations
in [@]) This operator cannot be seen in our model (@), so that it is a purely two dimensional, rigid lid
effect. However, we show in the following how to make it appear from (B7).
Indeed, the rigid lid assumption means that €; = 0, when e remains > 0, so that « = 0. The system
(BA) becomes
V- (mVip1) + V- (haVihe) =0,
9C2 + V- (haVih2) =0,
Vi + SV (IVe]?) =0, (50)
ONVia + (1= 7)Y + SV (V) =0,
where h1 =1 — €2(s and he = % — Bb+ e2(s.

For simplicity, we restrict ourself to the case of a flat bottom (8 = 0), but we could do the same
calculations with 8 > 0. We first define the shear velocity

v = Vipy —yVihy.
From the first line, we deduce :

V- (hov) = =V - ((h1 + vh2)Vipy) = —WT—HSV (1 + 14__(15562C2)V¢1)-

Then we define the nonlocal operator 9 :
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Definition 4.1. Assuming that ¢ € L=(R?), we define the mapping

D[C] :: L2(I]/1§d)d N L2(§d>d

—

where V is the unique gradient vector in L>(R%)?, solution of the equation
V-(1+QV)=V- -W.

So from the definition, we have

_qr =t __
V1/11 - D[’Y+6562<2]( ’7+6h2’0).

We plug this expression into (@), and obtain immediately

atCZ + %V . (th[%éEQCQ](hQ'U)) g 0, (51)

€ _ 2 —
oo+ (1=7)VGe+ 5V (|U — 5 Q2 50e2Ca] (hav) | — _(Jfa)z'|Q[1—+§56242](h2?1)|2) =0,

where hy =1 — €2(s and hg = % + €2(2. This is exactly the system derived in [[{].
Using the same method, we could derive rigid-lid models from (@) and (Bg). The rigid-lid model in
the Boussinesq regime has already been exhibited in [ﬁ], and a fully nonlinear model is presented in @]

4.2 The layer-mean equations

In the literature, the water-wave system is often given by layer-mean equations (see for example [2F]),
using as unknowns the depth-mean velocity across the layers :

1 1+e1C1

ﬂl(X) = h_l X V¢1 (X, Z)dZ with h,l =14 61(1 - 62(2,
€202
_ 1 €2Q2 ) 1
UQ(X) = V(bg(X, z)dz with he := = — Bb+ e2(a,
ha J_1/5180 d

The systems under this form (obtained for example in [E] and [H]) are equivalent to the the system we
derived, since one can approximate u; and s thanks to our previous unknown v and 2 (as we see in
the following Proposition), and conversely. Thus, our study gives a rigorous justification of these models,
and we are able to offer consistency results.

Proposition 4.2. Let tg > d/2 and s > to + 1/2, Vi, Vipo € HTH/2(R2), ¢ € HTT/2(R?), (; €
H*+9/2(R?) and b € H*'V/2(R?), such that (1) is satisfied. Then one has
[ur — V| s < uCo,
@2 = Vo yosa < pCo,
[uy — Vb1 — uD1(Vepr, Viba)| oy < p*Ch,
[T — Vibo — DoV iy < 12Ch,
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with Cj = C(%, ﬁ|b‘Hs+7/2+2j ) 62‘C2 |Hs+5/2+2j ) €1 |<1 ‘Hs+3/2+2j ) ‘le ‘Hs+7/2+2j7 |V¢2 |Hs+7/2+2j); and where
D1 and Ds are defined by

1 1
Dy (V)1, Vipg) = —h—l(Tl - §(h§VA2) - (h1€1VC1A2)),
1
DyVipy = —h—2727

with the notations of Proposition @

Proof. Using the Green formula with ¢; the solution of ([L3), and a test function @ := (X, z) — (X)), we
have

‘/Q (Z?A§7z¢1dXdZ = — V§7z¢1 V‘)‘()ZcﬁdXdz —l—‘/r go@n1¢1dn1 —l—‘/r go@n2¢1dn2
1 1 2

N
1+e1C1
= — /L/ VQP/ V¢1dZdX +/ gDGl(’t/Jl,’lﬁz)dX —/ (pGg’@/Jng.

R4 €2(2 R4 Rd

Thus, we deduce
-1

V() = 7(G1 (Y1,12) — Ga1ba). (56)

Identically, we have
-1
V- (holiz) = 7G21/)2- (57)

We now prove the estimate ), and the other are obtained in the same way.
Using the Propositions and E together with @), and since (@) is satisfied, one has immediately

|V (a1 — V1/11)|H5 < puCo,

so that we only have to obtain an L2-estimate on %; — V);. Using the definition of %; and the mappings
defined on Section [, we obtain

1
Uy — Vi = / V(g1 — 1) + Vs10:¢1d2,
0

with ¢1 1 (X,2) € ST ¢1(X, 51(X, 7). We deduce [T — V1|, < Cle1|Cr] s €2/ ppae)|[, V2 (01 —
¥1)||. The estimate follows now from Step 3 of Section [A.3, together with the estimates (54) and (65). O
4.2.1 The shallow water/shallow water regime : ;< 1, e = O(1)

We use (5J) and (F3) in the system (B7), and with a straightforward linear combination, we obtain

8th1 + EQV . (hlﬂl) = O,
8th2 + EQV . (hQﬂg) = O,
Ortiy + Vha + BVb + Vi + 2V ([n]2) =0, (58)

Oy + Vhy + Vb +~yVhy + %QV ([z2l?) = 0.

Proposition 4.3. The full system ) s consistent with @), at the precision uCo, with
Vi/’? ’Wl,ooHs+7/2)'

CO = O(%a ﬂyblwl,m}qs+7/2 ) 62‘<2 ’Wl,ooHs+5/2 y €1 ‘Cl ‘Wl,ooHs+3/2’ ‘vwl‘wl,mHs+7/27

Proof. We know that from Proposition that ([l4) is consistent with (B7), at the precision uCy. From
(F2) and (53), we deduce that (¢1, Co, 1, T2) satisfies (B§) up to a residual of the same order. O
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Remark 4.4. Note that the first two equations of @) are equalities (where the last two equations are first
order approzimations in u), as we can see from (@), (@) and @) They reveal the conservation of mass.
Conservation of momentum and energy are the one obtained in Section , when we substitute w; for
Vi, (i =1,2). These conservation laws, and the one of higher order systems, had already been introduced
in the flat-bottom case in /ﬂ/

4.2.2 The Boussinesq/Boussinesq regime : p~e; ~ e < 1

We now restrict ourself to the flat-bottom case, since it considerably simplifies the notations, but the
following could be derived with 8 # 0 without any difficulty. The estimates (54) and (5g) with ez ~ p and
B = 0 give the following formal relations

1 1

u ~ Vi1 + M(gVAlﬁl + 2—5VA¢2)= (59)
1

uy ~ Vg + MWVsz. (60)

Plugging this into (@) we obtain the system
Oth1 + eV - (hlﬂl) =0,
Othe + €2V - (h2€ﬂ2) =0,
Ay + aV(y + gv (la1[?) = udy(2 AT + L AT), (61)
€
Oitia + (1 =)V + ay V(i + gv ([w2]?) = po:((55 + 1)AT2 + 2 AT).

Remark 4.5. This set of equations had been revealed in /@] It corresponds to @, with the choice of

parameters : a1 = —%, as = —%, by = —%. This particular choice of parameters leads to a linearly ill-

posed system. That is why it is interesting to obtain, as in Section , a larger class of models, allowing
well-posed systems.

Since this system is a particular case of the Boussinesq/Boussinesq model (@), we can apply the
Proposition .

Proposition 4.6. The full system ) is consistent with @), at the precision u?Cy, with
C = O(%, /8|b|Wl,ooHs+ll/2 s 62‘(2 |W1,00Hs+9/2 ) €1 |<1 ‘Wl,ooHs+7/27 |V1/)1 |W1,ooHs+11/2a ‘V1/}2 ‘Wl,aoHs+11/2)'
4.2.3 The higher order system

We now do the same study, without assuming any smallness on €;, e2. We plug (@) and (@) into (@)7
and obtain

Oth1 + €V - (hlﬂl) =0,
Otho + €2V - (hgﬂg) =0,

O, + V(G + %V ([1]?) = pe2VNL + peaV (uy - Dy) + pdy Dy,
OTts + (1 — 7)Vis +7aV( + %v (j72l?) = M(at(WH +Dy) + V(v - VH
+Uy - Dy + Ny + ”le)),

(62)

with the notations of Proposition @ and @ when we substitute @; for Vi, (i =1,2).

Proposition 4.7. The full system ) is consistent with @), at the precision u?Cy, with
C1= O(%a /8|b|W1,ooHs+11/2 ) GQKQ |W1,ooHs+9/2 ) €1 |<1 }Wl,ooHs+7/27 |V1/)1 |W1,ooHs+11/2a }Vd}Q }Wl,ooHs+11/2>'
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Proof. Let tg > d/2 and s > to+1/2. Let ((1, G2, Vb1, Vo) be a sufficiently smooth solution of ([[4), such
that ([[1]) is satisfied. We know from Proposition that (1, Ca, Vb1, Vibo) satisfies (f16]) up to a residual
bounded by p2C;. Then, the estimates (54) and (b) give that ({1, (o, T, U2) satisfies (b2) up to a residual
of the same order. O

A Proof of Proposition 2.5

Our proof contains three parts. First we introduce u the correction to the expansion of ¢, formally obtained
in Section E, and we present the system solved by u. Then, we use the elliptic form of the operator to
obtain H? estimates on u. Finally, we use these estimates to prove the desired inequalities.

A.1 System solved by u

We first define the second order correction to the formal expansion :

(= = 1)?

u=¢1— Y1+ ph (h1( +(z=1)A¢P1 — (2 = 1)eaVa - Vo1 + (2 = )V - (h2V1/12)) :

=@l

From the computation carried out in Section , we know that u satisfies the following equalities :

Vx. PIVx.,u=p?V-P'Ve¢! in ST,
u=0 on {z =1},
O = Gatby + ¥ - (ha Vo) + 2 (O ") on {z = 0}.

Moreover, we notice that (E?I) gives Gaothg + uV - (haVhe) = V-V, with V' = pho(Vie —uz). Thus, using
the definition of P; in ([I]), we finally have the system

Vi PPV u=p? V5 -h in ST,
u=0 on {z =1}, (63)
Opu=V -V +pu2eqi1-h on {z =0},

where we have introduced the notation V% _ := (/aV",9.)", and with h := P*V% ¢! and

pro_ hlfd —\//_LVS%
T\ —vavs T el )

We now give the useful estimates of the right-hand side of the system. It is straightforward to check
that

1
Hh||Hs+1/2,1 < C(Ea €1 |<1 ‘Hs+3/27 62‘<2|Hs+5/276‘b‘H5+5/27 |V1/)1 |Hs+7/2a ‘V1/)2‘Hs+7/2)- (64)
Moreover, the Proposition @ gives
1
|V‘Hs < IUJ2C(E7 6‘b‘Hs+5/27 62‘<2|Hs+3/25 ‘V¢Q‘H5+5/2)' (65)

A.2 H*'-estimate (s > 0) on u
We follow the sketch of the proof of Proposition 3 in [E}, which contains five steps.
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Step 1. Coercivity of the operator. Since (1, (o € W1 and satisfy (@)7 we can check (see Proposition
2.3 of [l]) that for any © € RI+1,

1
0-Pre = |of,
with k = thuoo ++(1+ HHV51 ||io) The operator is uniformly coercive in .
Step 2. Existence and uniqueness of the solution. The result is given by the coercivity of the operator.
From the assumptions on (i, Ca, b, 1 and vy, we know that h € H*TV/21(SH)4+1 and V € H5+(RY).

For s > 1/2, the proof of Proposition works for the system (@), so that we know that there exists a
unique solution in H%(S*). We know prove by induction that for k € N,

he H*!' and V € H* — v € H*2. (66)

We assume that h € H**2 and V € H**!'. We thus know that w € H**2, so that v := Au € H**' c H'.
Hence, v is the classical solution of

Vi, PPV v=p? V4 -h in St
v=0 on {z =1}, (67)
Opv =V -AV + p?e4i1-0:h  on {z =0},

with z%h = p?Ah + [A, PHV% u. Thanks to Theorem 6 of [[g : for to > £, one has

18, P19l < €[V [V

27

so that h € H**1 and AV € H*. The inductive hypothesis are satisfied, so that we know that v € H¥*2.
Finally, we use the coercivity of the operator (Step 1) with the nth derivative of (fJ), and obtain

||az28nu||2 S kHvHX,z ’ PHVHX,zanuHQ + HAXanuH2

It follows that v € H*+3, and (@) is proved. The interpolation theory leads to the final result : for
5 > 1/2, there exists a unique solution u € H*+3/2 of (J).

Step 3. LZ2-estimate on V‘)‘(ﬂzu. We multiply @) by u, integrate by parts on both sides, and use the
boundary conditions to finally obtain

/ Vi u- PPV u=p? / Vi .u-h+ / Vu-V.
S S {z=0}
From the coercivity and the Cauchy-Schwarz inequality, we deduce

(V% cully < KO 19% cully + [V oz Vol o)

Then, a trace theorem (see Métivier [Rd] pp.23-27) gives
[Vatje=ol /o < Cst([|Vull, + [|AT10:Vul])
1

This finally gives the estimate

1 1+
va(,zu||2 < O(E’61|<1}le°°’62|<2|le°°)('u2Hh||2+ \/ﬁ\/ﬁ}V}Hl/z)' (68)
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Step 4. LZ2-estimate on A*V% u (s > 0). We define v = A®u. Multiplying (F3) by A® on both sides,
one obtains

Vi PPV v=p*V -h inR?x(0,1),
v=0 on {z =1}, (69)
O =V AV +p2eq11-h on {z = 0},

with z%h = g2A%h + [A®, PHV% u. We can use Step 3 with v and obtain

1 1+
IV 0ll, < O alCulyp s €2 Gl ) (W21 AR], + (|47, PV ull, + Tﬁﬁ\VIHHm)-

We obtain the commutator estimate thanks to Theorem 6 of [@] : for s > —% and to > %, one has
108%, Fgly < Cotol[ V5| prmaseo.os 19l o
In our case, it gives
1
H [Asa Pu]v§7zuH2 < Cs,to (Eu €1 ’Cl ‘Hmax{t0+2,s+1} > 62‘C2 ’Hmax{to+2,s+1})HAS_lvg{)zuHQ'

We finally get an estimate on "ASV‘§7ZU"2 in terms of ||A5*1V‘)‘(7zu"2. Step 3 is the case when s = 0. By
induction, and interpolation when s € (0, 1), we obtain the following relation for all s > 0 :

1+ /i
N

Step 5. L2-estimate (s >0) on A*9,V’ _u. The equation (F3) gives the formula

1
HASV§7ZUH2 < Cs,to (_; €1 ’Cl‘Hmax{t0+2,S+l} ) GQ‘CQ ’Hmax{to+2w3+1})(:u2 HAShH2 +

h ‘V’Hsﬂ/z)' (70)

1 + /L|V51‘282u

h = p?Vi . -h—uV - (hVu — Vs10.u) + pd. (Vs - Vu) — 9.
1

from which we deduce
1
[A*02ull, < C(5s |Gl e2|Celpr ) (07| A°V . - B, + VRE[ATVE ul],)-
Thus, we have the estimate
1
1420V Lull, < C(er]Gr e 2]l ) P45V L bl + VATV ),
and Step 4 allows us to conclude

max

1
HAS(‘LV§7ZUH2 < Cs,to (E, €1 ’Cl ‘Hmax{t0+2,s+2} s 62‘(2 ’Hmax{to+2,s+2} » )(,uz HhHHs+1,1 + ‘V’H5+3/2)'

A.3 Proof of the inequalities

To obtain the first estimate, we remark that

G1(¢1,92) + p(Ar + Ag) = Oy — pi° |€1VC1|2(h1A1/11 —€0 V1 +V- (h2v¢2)) :

=Uuo
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We have immediately

1
‘UO‘HS < C(E’ﬁ|b|HS+1’62‘<2|H5+1’61‘C1‘H5+1’ ‘vwl‘Hs+27 |V¢2|HS+2)7

so that we just have to bound |6nu‘Z:1‘Hs. We now use the trace theorem to get

1
’anu\zzlst S C(E?61‘C1’w1,oo762‘C2’w1,oo)(uyvu‘z:1‘Hs + ‘azu\z:l’Hs)
1
< C(ﬁ?el‘clywl,oo762‘<2’Wl,oo)(\/ﬁ"vl;()zu"Hs+l/2,0 + H(?ZV§7ZU’HHS—1/2,O>' (71)

The estimates obtained in Steps 4 and 5, together with (@) and @), give immediately the desired result.
To obtain the second estimate, one has to carry on the proof with the higher order approximate solution
obtained in Section @ :

~ 2
1= 61 — 9§,

and one would obtain the estimates exactly as above. We omit this technical step.
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