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Abstract

In [E], the authors proved the uniqueness among the sokitidrich admit every exponential mo-
ments. In this paper, we prove that uniqueness holds amduatjoss which admit some given expo-
nential moments. These exponential moments are naturbbgste given by the existence theorem.
Thanks to this unigueness result we can strengthen theneanlFeynman-Kac formula proved E]\ [4].

1 Introduction

In this paper, we consider the following quadratic backwstathastic differential equation (BSDE in
short for the remaining of the paper)

T T
Y, =¢— / 9(s,Ys, Zs)ds +/ ZdWs, 0<t<T, (1.2)
t t

where the generatorg is a continuous real function that is concave and has a qtedr@awth with
respect to the variable. Moreover¢ is an unbounded random variable (see e@. [8] for the case of
guadratic BSDEs with bounded terminal conditions). Letersall that, in the previous equation, we
are looking for a pair of procedd’, Z) which is required to be adapted with respect to the filtration
generated by th&?-valued Brownian motio#V’. In [4], the authors prove the uniqueness among the
solutions which satisfy for any > 0,

E [ePSUPogng‘Ytq < 0.
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1 INTRODUCTION 2

The main contribution of this paper is to strengthen theiquaness result. More precisely, we prove
the unigueness among the solutions satisfying:

Ip>7,3>0, E [e’““pw@(yfﬁif Geds) | eesuPociar Vo' | < 4oo,

wherey > 0 and (a¢).c(0,7] IS @ progressively measurable nonnegative stochastiepsosuch that,
P-a.s.,

V(ty,2) € 0. 7] x Rx R, g(t,y,2) <a+Blyl + 1 |z

Our method is different of that ir[|[4] where the authors applg so-called-difference method, i.e.
estimatingt’! —0Y2, ford € (0, 1), and then letting — 0. Whereas in this paper, we apply a verification
method: first we define a stochastic control problem and theprove that the first component of any
solution of the BSDE is the optimal value of this associa@utiml problem. Thus the uniqueness follows
immediately. Moreover, using this representation, we ate t give a probabilistic representation of the
following PDE:

atu(ta :E) + Eu(tv $) - g(ta xz, U(t, $), 7J*qu(t, IE)) = 05 U(Tv ) = hv

whereh andg have a “not too high” quadratic growth with respect to thealale z. We remark that the
probabilistic representation is also given ﬂy [4] underdbedition thath andg are subquadratic, i.e.:

V(t,2,,2) € [0,T] x RT x Rx R, |h(w)] + |g(t, 2,9, 2)| < f(t,y,2) + Clzf’

with f > 0,C > 0 andp < 2.

The paper is organized as follows. In section 2, we prove @tence result in the spirit oﬂ[3] and
[: here we work with generatorsg such thaty~ has a linear growth with respect to variableand
z. As in part 5 of [13], this assumption allows us to reduce hipsts of [{1]. Section 3 is devoted to the
optimal control problem from which we get as a byproduct ajuaness result for quadratic BSDESs with
unbounded terminal conditions. Finally, in the last secti@ derive the nonlinear Feynman-Kac formula
in this framework.

Let us close this introduction by giving the notations tha&t will use in all the paper. For the re-
maining of the paper, let us fix a nonnegative real number 0. First of all, (W;).c[o, 1) is a standard
Brownian motion with values iiR? defined on some complete probability spate F, P). (F;)i>o is
the natural filtration of the Brownian motidi augmented by th&-null sets of . The sigma-field of
predictable subsets @, 7] x Q) is denotedP.

As mentioned in the introduction, we will deal only with reallued BSDEs which are equations
of type ). The function-g is called the generator arfdthe terminal condition. Let us recall that
a generator is a random functié®, 7] x Q x R x R'*¢ — R which is measurable with respect to
P ® B(R) ® B(R'*?) and a terminal condition is simply a re&l--measurable random variable. By a
solution to the BSDEIZlI.l) we mean a pait, Z;):co, 7] Of predictable processes with valueRir R <4
such thafP-a.s.,t — Y; is continuoust — Z, belongs tol.?(0,T), t — g(t,Y;, Z;) belongs toL' (0, T")
andP-a.s. (Y, Z) verifies ). We will sometimes use the notation BSDE)to say that we consider
the BSDE whose generatorgsaand whose terminal condition §s

For any reap > 1, S? denotes the set of real-valued, adapted and cadlag predésse o, such
that

| 2

1/p
Wl =8 | sup ] <+
M? denotes the set of (equivalent class of) predictable pses¢%;)c 0,77 With values inR'*<¢ such

that
p/2] /P

T
1Zl o = E </O |ZS|2ds> < +o00.
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Finally, we will use the notatio™ := supy, <7 |Y:| and we recall thal” belongs to the class (D) as
soon as the familyY, : 7 < T stopping timé is uniformly integrable.

2 An existenceresult
In this section, we prove a mere modification of the existarsalt for quadratic BSDESs obtained ﬂ [4]

by using a method applied in section 5 ﬂf [4]. We consider lieeecase wherge~ has a linear growth
with respect to variableg andz. Let us assume the following on the generator.

Assumption (A.1). There exist three constanis> 0, v > 0 andr > 0 together with two progressively
measurable nonnegative stochastic procegsgs<:<r, (a;)o<t<r and a deterministic continuous non-
decreasing functiop : R — R* with ¢(0) = 0 such thatP-a.s.,

1. forallt € [0,7T], (y, 2) — g(t,y, 2) is continuous;

2. monotonicity iny: for each(t, z) € [0,T] x R1*4,
Yy €R,  y(9(t,0,2) - g(t,y,2)) < Blyl*;
3. growth condition¥(t,y,z) € [0,7] x R x R'*4,
—a, = Iyl + 12) < gt,y,2) < G+ o(lyl) + 3 |21

Theorem 2.1 Let (A.1) hold. If there exists > 1 such that

T T
X AT e= apePtdt +yp dt
ep(ve 3 +7/0 aze >+(€)+</0 a, )

then the BSDH (1].1) has a soluti¢¥, Z) such that

p

E < 40

T P 1/p
(eF)P + </t g,dr) }]—}]) ,

Proof. We will fit the proof of Proposition 4 in|]3] to our situation. ¥out loss of generality, let us
assume that is an integer. For each integer> r, let us consider the function

1 r .
——logE lexp <’Y€B(T_t)€_ + 7/ a,.eﬁ(“t)dr> }ft
v t

<Y < CefT (E

with C' a constant that does not depend’Bn

gn(t,y,Z) := inf {g(tap7Q> +n|p7y| +TL|Q7 Z|7(paq) € Q1+d} .

gn is well defined and it is globally Lipschitz continuous withrstant:. Moreover(gy, )., > is increasing
and converges pointwise o Dini's theorem implies that the convergence is also unif@n compact
sets. We have also, for all > r,

h(tayvz) = _Qt - T(|y| + |Z|) < gn(ﬁayvz) < g(t,y,z)

Let (Y™, Z™) be the unique solution i§? x M? to BSDEE,—g,,). It follows from the classical compar-
ison theorem that
}/tn+1 < }/tn < }/tr.
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Let us prove that for each > r

1
V" > ——logE
gl

T
exp <veﬁ(T”§ + 7/ areﬁ(rt)dT) ‘]:t‘| = X
t

Let (Y™, Z™) be the unique solutio§? x MP to BSDE(¢—,—g;h). It follows from the classical com-
parison theorem that™ < Y andY™ < 0. Then, according to Proposition 3 if] [4], we havé > X
and soY” > X foralln > r. We setY” = inf,,>, Y™ and, arguing as in the proof of Proposition SEh [4]
or Theorem 2 in[[3] with a localization argument, we constauprocessZ such tha(Y, Z) is a solution

to BSDEE,—g). For the upper bound, lét’, Z) be the unique solutioS? x MP to BSDEE™,—f).
Then the classical comparison theorem gives usithatY and we apply a classical a priori estimate for
L” solutions of BSDEs in[}2] t&. 0

Corollary 2.2 Let (A.1) hold. We suppose th@at + fOT a;dt has an exponential moment of ordgr®”
and there existp > 1 such thatt™ ¢ LP and fOT a,dt € LP.

o If¢& + fOT a.dt has an exponential moment of ordgr®” with ¢ > ~ then the BSD.l) has a
solution(Y, Z) such thaE [?"] < +oo with A, := Y~ + [ a,ds.

o If ¢* + [ a,dt has an exponential moment of ordethen the BSDE[(Z.1) has a soluti¢¥, Z)
such thaff [es(yﬂ*} < +o0.

Proof. Let us apply the existence result : BSl.l) has a soliow) and we have

oo (e [ )]

=M,

t
1

Ay :Y;—i—/ asds < —loglE
0 v

Soedt < (M;)?7 with ¢/ > 1. SinceM?/7 is a submartingale, we are able to apply the Doob’s
maximal inequality to obtain

E [qu*] <CE {eqeaT(E—JrfDT &Sds):| < +oo.
To prove the second part of the corollary, we define

T p
/ a.ds }ft] .
0

We setg > 1. There exist<.,, > 0 such thatr — e®/"</¢ is convex on[C. ., +oc[. We have

/1" < e(Cenat N Pe/a_Sincee(C=ra+N)'/"¢/4 is a submartingale, we are able to apply the Doob’s
maximal inequality to obtain

Ny :=E [ ()P +

E o)) < OB [e(Cent €4 0. "] < OB [o(€" 415 2:09] < foc,
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3 A uniguenessresult

To prove our uniqueness result for the BS(l.l), we willadtice a stochastic control problem. For
this purpose, we use the following assumptioryon

Assumption (A.2). There exist three constants, , > 0, 3 > 0 and¥y > 0 together with a progres-
sively measurable nonnegative stochastic prot@gsco, 7 such thatP-a.s.,

e foreach(t, z) € [0,T] x R1*4,
l9(t.y.2) = g(t,y' )| < Koy ly =o' Y(y,y') € R,
e foreach(t,y,z) € [0,7] x R x R*4,
5 Y2
g(t,y,Z) < Qi +ﬂ|y| + 5 |Z| )

e 2 — g(t,y, z)is aconvex functiov(t,y) € [0,T] x R.
Sincey(t, y, .) is a convex function we can define the Legendre-Fenchelftranation ofg :

f(t,y,q) =sup (2q — g(t,y,2)), Vte[0,T],ge R%ycR.

f is a function with values ifR U {+oc} that verifies direct properties.

Proposition 3.1

o Y(t,y,y',q) €[0,T] x R x R x R% such thatf (¢, y, q) < +oc,
f(ﬁay/aq) < +OO and |f(t,y,z)—f(t,y’,z)| <K97y |y_y/|

e fis aconvex function ip,

o f(ty.q) > —ar— Byl + & laf.

We setN € N* such that .
1 1 1
S () 3.1
N (v p) B(1/p+1/e) (1)

Fori € {0, ..., N} we definet; :== L and

tit1
2
Ati7ti+1(77) = {(qS)SG[tiyti+l]7 / |QS| ds <+oo P—a.s.,
t

i

) ; tita
(M)seft, 1., is @ martingale  ES {I??l +/ If(s,O,qs)ldS} < 400,

i

ith Q. ! 1 i 2 dd@l . i
with M} := exp g qdes—§ g lgs|” ds | an T My, ¢

Letg be in Ay, ¢, (n). We definedW}’ := dW; — ¢,dt. Thanks to the Girsanov theoreW, , —
Wi )hepo,1/n) is a Brownian motion under the probabiliy. So, we are able to apply Proposition 6.4 in
[Pl to show this existence result:
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Proposition 3.2 There exist two process¢s ¢, Z9) such that(Y;”?),c(s, +.,,) belongs to the class
(D) j;t_i“ 1279 ds < 400 P — a.s., j;t_i“ |f(s, Y19, q5)| ds < 400 P — a.s. and

tit tita
v [ feyrtagds s [ zpnaws <e<tn,
t t
We are now able to define the admissible control set:
A = {(qS)SE[O T 4Q[tn_1,T] € AtN717T(£), Vi € {N -2,..., 0} 4|t tig1] € Atiqti+1 (}/t(irl)

Ity ts
with Y;Sqﬂ — Yw:l“ Mtig1stiyal andYq — E}

A is well defined by a decreasing recursionioa {0,...,N — 1}. Forq € A we can define our cost
functionalY'? on [0, T'] by
Vie {N—1,...,0},Vt € [ti,tis1], Y=Y, Vit sl

Y7 is also well defined by a decreasing recursiort @n{0, ..., N — 1}. Finally, the stochastic control
problem consists in minimizing ¢ among all the admissible contrajse A. Our strategy to prove the
unigueness is to prove that given a solut{df 7), the first component is the optimal value.

Theorem 3.3 We suppose that there exists a solutiphZ) of the BSDE[(1]1) verifying
Ip>7,3e >0, E [exp (pA*) + exp (E(YJF)*)} < 400,

with A, := Yt_+f0t asds. Thenwe hav® = ess inf. , Y7, and there existg* € A suchthat = Y7,
Moreover, this implies that the solutidi, Z) is unique among solutions verifying such condition.

Proof. Let us first prove that for any admissible, we hav® < Y'9. To do this, we will show that
Vit tie) < Y|, 1,,,) DY decreasing recurrence o' {0, N' — 1}. Firstly, we have'r = Y7 = {. Then
we suppose that, < Y, Vt € [tiy1,T]. We sett € [t;, tit1],

T mf{ tsup{/ | Z|? du/ | Z4)? du/ | du}>n}/\tz+1,

h(S,y, Z) = 79(55 Y, Z) =+ ZQs, and

h,(S, }/;]7 ZS) - h,(S, Y57 ZS)
he = YI Y,
0

if Y-V, #0

otherwise.

We observe thah,| < K, ,. Then, by applying It6 formula to the procgds? — Y, )eli mudv we obtain

S X A / "ol v [£(5, Y8, q,) — hs, Y0, Z,)] ds+ / "ol v 79 _ 7] aws.
n n ¢ t

By definition, f (s, Y4, qs) — h(s,Y4,Zs) > 0, so

Y-V, > E® [ﬁh“ﬁﬂnﬂ

7.
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. 5 . tit1 . . . .
Since (Yf el hsdé) tends toYt‘fHeft hsds almost surely and is uniformly integrable, we have

n

i

lim EQ |efi" hodsya| £,| = EQ [efi ™ hedsya | 7]
n—+oo it tig1 |t
Moreover, YT;eftT” heds| < (Y H)*eTKaw 4 (Y—)*eTKow, s0, by the dominated convergence theorem
we obtain v
i h i tg
lim EQ |:€f" hstYTi } ft:| = EQ |:€f" o hSdS}/t-;+1 ft:| .
n—-+0o0o n
Finally,

Y4 -Y;> lim EY {efi" hods [yq. - YT;;} Ift] — E¥ [eft T hods (Yt?“ - YH) \ J—}} >0,

k2
n—-+oo Tn

because&’!  >Y;,,, by the recurrence’s hypothesis.

Now we set ¢* € 0.g(s, Ys, Zs) with 0.g(s, Ys, Zs) the subdifferential of +— g(s, Ys, 2) atZ,. We
recall that for a convex functioh: R'*?¢ — R, the subdifferential of at z, is the non-empty convex
compact set of; € R'*¢ such that

I(x) —I(zo) = u'(x —x0), VaeRYX

We havef (s, Y, q}) = zqf — g(s,Ys, Z,) forall s € [0,T], so

* 1 * o —
g(S,Y;,ZS) < qus _ﬁ|qs|2+ﬁ|y;|+a5

Ve P\ 1 .o _
< a 2 Zs o T A= . Yv& S
2(7| P+ 5 | g el + Bl +a
w12
'q47' < —9(8,Y5, Z0) + 91 Z:[° + BIY| + s,

and finaIIy,fOT lg:|” ds < +o00, P-a.s.. Moreovelt, ¢’ € [0,T],

t t’
Yo=Yt [ fsYagds+ [ ZoaW. +gids),
t t

Thus, we just have to show that is admissible to prove that' is optimal, i.e.Y = Y . For this, we
must prove thatqy)se(t, +,..] € At tiy (Yeoy,) fori € {0,..., N — 1}. We define

t t j
; 1 9 dQ** -
M! := exp </ q:dWS——/ lg| ds>, =M,
k " 2 /. dP bt

) t 5 t 5 d@*z )
7). = inf {t € [ti, tit1], sup (/ lq%] ds,/ |Zs| ds) > n} Ativt, dIEZ =M.
t; t; "

Let us show the following lemma:

Lemma3.4 (M};i ), is uniformly integrable.
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Proof. Firstly, from

zy < exp(z) + y(log(y) — 1), V(z,y) € R x RT™,

we deduce y Y
wy=pr < exp(pz) + p (logy —logp —1). (3.2)
Thus
B (4] = E [M;_iA*] < E[exp(pA*)] + ~E [M;_i (1ogM;. —logp — 1)}
n p n n
1ogei | [T 4o
< Cp+ —E™ lgz|” ds| ,
t;

Sincey(s,Ys, Z) = Zsqi — f(s,Ys, q¢) and (M}, , )iept, 1,,,) IS @ martingale, we can apply the Gir-
sanov theorem and we obtain '
Ti

Yoo+ [ (s, Ya,qt)ds

t;

7

£ —E% (Vi) = E[MLY:] = E[Y2].

Moreoverf(ta Y, Q) 2 % |Q|2 - B |y| — 0 andY‘er 2 -Y_,so0

T}L’
T:;
2
/ g2 2 ds
t.

i

_ BEQZ’i

/n|Y5|ds
t.

i

1 i
+ —E
2y

7

Ev] > -E&' |y ]| -E® U " agds
" t

1 e | [ T /o e
> _ woy * S owQry *|2 4 Q —\* +\*
> C-E¥ A+ E / ] ds] ~ (RS [y + (v)])
1/1 1 T (B & /Tf% 5
> (2= (24 2) ) Ew 2 ds| .

>0

This inequality explains why we take N verifyin@.l). Hiyave get that

9F [M;;. 1ogM;;} — g l / " ds| < G (3.3)

ti

Then we conclude the proof of the lemma by using the de La &&@ussin lemma. (]
Thanks to this lemma, we have mwgm] = 1 and so(M} )¢ ] is @ Martingale. Moreover,

tistiva
applying Fatou’s lemma and inequaliﬂ3.3), we obtain

SO
/ g2 2 ds
ti

2F | M}

tit1

. w0 tit1 w1
lothZiH} =EC { / |q:|2ds] < limninfEQn <400, (3.4)

t;
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So, by using this result and inequalify (3.2) we easily shoat EQ"" [(YT)* + (Y )*] < +oc. To
conclude we have to prove thag™" {jf“ |£(s,0,q%)] ds} < +o0:

) tit i tit1
EC [/ |f<s,o,q:>|ds} < EO [/ If(s,Ys,qZ)|+Kg,y|Ys|d8]
ti t

7

) tit1
< RO [ / If(s,Ys,Q§)|d8+Kg,yT((Y+)*+(Y)*)]
ti

%0 tit
< C+EY [/ f*(s,mq;‘)Jrf_(Sastq;k)dS]-

t;
Firstly, t t
i i1 i i+1 _
E@{/ f(&&ﬁﬂ%gEQ[/ ék+mnm4<+m
ti t

7

Moreover, thanks to the Girsanov theorem we have

EQ*,i [Y}Z] _ EQ*,i

Y, + / ' f(s,Ys,q;T)dS] 7
t.

7

SO

w0

EC ;
=

ti ti

"f+(s,Y;,q:)ds] < E? [Yti—YTHE@”l ”f‘(s,Ys,q;‘)ds]
*,1 ti+1
< o | [T e <o
t;

Finally, EQ"" Uf”l f*(S,YS,q:)dS} < 400 andEQ”" [f:i“ |f(5,0,¢5)] ds} < 400. Thus, we prove

thatg* is optimal, i.e.Y? =Y.
The uniqueness df is a mere consequence of the fact thiat= Y9 = ess iNfe.4 Y?. The unique-
ness ofZ follows immediately.

Remark 3.5 By taking into consideration the inequaliﬂ3.4) it is pibds to restrict the admissible
control set by considering

t;

Atiati+1 (77) = Atiati+1 (77) N {(qS)SG[ti,ti+1]7 EQl |:/

ti

+1 5
|gs] ds:| < +OO}
instead o4y, +,., ().

Remark 3.6 If we havey(t,y, z) < g(¢,0, 2), thenf(t,y,q) = f(,0,q) > % |q|2 — a; and we do not
have to introducéV in the proof of lemmg 3.4. So we have a simpler representétieorem:

Y, = essinf V)%, Vte[0,T].
q€Ao,1(§)

For example, whep is independent of, we obtain

Y, = essinf EQ
g€ Ao, (&)

T
= / F(s,q0)ds
t

ft] , Vtel0,T].
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4 Application to quadratic PDEs

In this section we give an application of our results conceyBSDES to PDEs which are quadratic with
respect to the gradient of the solution. Let us considerdheviing semilinear PDE

Opu(t, z) + Lu(t,z) — g(t, z,u(t,x), —0*Vyu(t,z)) =0, u(T,.)=h, (4.1)

where/, is the infinitesimal generator of the diffusion’* solution to the SDE
X0t =g +/ b(u, X5%)ds —|—/ o(uw)dW,, t<s<T,andX’* =2z, s<t. (4.2)
t t

The nonlinear Feynman-Kac formula consists in proving thatfunction defined by the formula
Y(t,z) € [0,T] x R, w(t,z) :=Y" (4.3)

where, for eaclity, z) € [0, T] x R?, (Yto:wo Zto:z0) stands for the solution to the following BSDE
T T
Y, = h(XtT“’I“) 7/ g(s, Xlo*o Y, Z,)ds 7/ ZdWs, 0<t<T, (4.4)
t t
is a solution, at least a viscosity solution, to the PPE (4.1)

Assumption (A.3). Letb:[0,7] x R — R? ando : [0,T] — R¥*? be continuous functions and let
us assume that there exigts> 0 such that:

1. forallt € [0,7], |b(t,0)] < K, and
V(z,2') € RTx RY,  |b(t,x) —b(t,2")| < K |z — 2'|;
2. o is bounded.
Lemma4.1

1 to,xo |2
VA € [0 ,3Cr >0,3C >0, E{ sup X0l } < CpeClrol’,

" 2e2KT || |2 T 0<t<T

with " — C'7 nondecreasing.
Proof. Asin |E] we easily show that, for al > 0, we have

sup |Xttovmo| < (|x0|+KT—|— sup
0<t<T 0<t<T

)eKT

t
/ Le>iy0(s)dWs
0

t
/ Le>ty0(s)dWs
0

2
12
sup ‘Xf"’”“"‘ < C(T? + |zo) + (14 2)e*ET sup

0<t<T 0<t<T

We definel := A\(1 + £)e2X7 . It follows from the Dambis-Dubins-Schwarz representatteeorem and
the Doob’s maximal inequality that

E l sup exp (5\
0<t<T

which is a finite constant ik ||o||>, 7" < 1/2. 0
With this observation in hands, we can give our assumptionthe nonlinear term of the PDE and
the terminal condition.

2
)1 <E l sup e:\lwtﬂ < 4E [eXIIOIIiOTIWN} ,

0<t< |2, T

t
/ Lssio0(s)dWs
0
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Assumption (A.4). Letg: [0,7] x R x R x R — R andh : R — R be continuous and let us
assume moreover that there exist five constaits), 3 > 0, v > 0, a > 0 anda’ > 0 such that:

1. foreach(t,z,z) € [0,T] x R? x R1*4,

V(y,y') €R?, g(t,z,y,2) — g(t,z,y',2)| < Bly — ¢/l
2. foreach(t,z,y) € [0,T] x R* x R, z > g(t,z,y, z) is convex onR'*;
3. foreach(t,z,y,2) € [0,7] x R x R x R1*9,

v
—r(L J2f* + [yl + ) < g(t, 2, y,2) < vk alal” + Blyl + 5 12,

—r —a |2 < h(x) <r(1+ J2f?);
4. foreacht,z,2’,y,2) € [0,T] x R? x R% x R x R1*4,
9t 2.y, 2) — g(t, 2y, 2)| < r(1+ |z] + [2]) [z — 2],
|h(z) = h(@")| < r(1+ [z] + |2']) [z — 2/ ;

1

od+Ta< —————.
2ye3T |lo|2, T

Thanks to Lemm§ 4] 1, we see that there exist ve®” ande > 0 such thath~ (X10™) + [f (C +

a \Xf‘””]z )dt has an exponential moment of ordgand ht (X1°™°) + fOT (r +r ]Xf”“f) dt has

an exponential moment of order So we are able to apply Corollafy P.2 and Theoferh 3.3 to oactst
a unique solutior(Yo:*o 7t0.%0) tg the BSDE 4). Let us prove thatis a viscosity solution to the

PDE (4.}).
Proposition 4.2 Let assumptions (A.3) and (A.4) hold. The functiotefined by3) is continuous on
[0, 7] x R? and satisfies
V(t,x) € [0,T] x RY,  |u(t,z)| < C(1 + |]?).
Moreoveru is a viscosity solution to the PD@Ll).

Before giving a proof of this result, we will show some auili results about admissible control sets. We
have already notice in Rem.6 that we have a simpler septation theorem whéhis small enough

to takeN = 1 in (B.4). So we define a constafit > 0 such that for alll’ € [0, 7] we are allowed to
setN = 1. We will reuse notations of secti¢h 3. By using Remprlk 3.5ab7" € [0,T1], ¢ € [0,T],

r € R?, we define the admissible control set

< +00,

T T
Aor(tia) = {<qs>se[o,n, / lgs2ds < too P —a.s., E2 V lgal? ds
0 0

T
(My)seqo,r) is @a martingale  E? l]h(X%””)] +/ | f(s, X0",0,q5)| ds| < +o0,
0

. ¢ 1t d
with M; := exp </ qsdWs — —/ |q5|2 ds> andg = MT} .

We will prove a first lemma and then we will use it to show thas thdmissible control set does not
depend ort and:x.
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Lemma 4.3 3C > 0 such thatvT € [0,T1], V¢t € [0,T],Vz € R%, Vg € Ao r(t,x),Vs € [t,T],
EQ “X;@ﬂ <C (1 +af + T/ EQ {|qu|2} du) .
t
Remark 4.4 ¢ andQ depend orx andt but we do not write it to simplify notations.

Proof. Foralls € [t, T] we have an obvious inequality

2 s 2
T (/ |qu|du)
t

Then, by applying Cauchy-Schwarz’s inequality and Doolkéximal inequality, we obtain

s 2 t
P <o vt ([ i) v s | [ ot
t t

<t/ <T

2
s T
EQ [|X;=z|2} < Cf1+42)? +T/ EQ [\Xfﬁﬂ du + E2 / o (u)dWe
t t
+TE2 [/ |qu|2du]> .
t
Finally, the Gronwall's Lemma gives us the result. U

Proposition 4.5 Ay r(t, z) is independent of andz, so we will write itAg 7.

Proof. Letz,2’ € R% t,¢' € [0,7)andq € Ao r(t, ). We will show thaty € Ao (¢, 2"). Firstly,

QD <C (1 +/t,T]EQ [lauP?] du> oo

B [[nxp]] <o (1 +EQ UX;I

Moreover 5 ) )
—C+ X < ool = 0+ [XE]) < f(s, X0, 0,00),
i
and )
S, X1 0,q0) < S (3, X07,0,q5) + C( X0 + [ x|,
’ ’ ’ 4 2 .
S0, £(s, X'*,0,,)| < |5, X£#,0,0.)] + C(1XL*[* + | x¢+'| ) and finally

ds| < +o0.

T
E© [/ ‘f(s,Xﬁl’I’,O,qs)
0

Now we will do a new restriction of the admissible control. set

Proposition 4.6 375 €]0, 73], 3C > 0, such thatyT € [0, T3], Vt € [0,T],Vs € [0,T], Vx € R,

T 2
/ g2 2 du
t

Yio| < C(1+|z[*) and EY <CA+ |zP).
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Proof. We are able to use estimations of the existence Theprém 8.0emma[4}1:

1/2
—ClogE [ sup exp (C+765T(0/ +Ta) \X§’$|2)] YT C (1 +E { sup \Xﬁvﬂ“])
0<s<T 0<s<T

—CO+z*) <Yb*< CQA+ ).

S

Then, according to the representation theorem, we have

T
yi* = EY lh(X%””H / f(s,Xﬁ’z,iét’””andS]
0

> —C-dEY [‘XtTI 2]

T . T 9 . T
/ |qZ|2du] — aE? U P ds] — BEC / |Y;=z}ds] :
0 0 0

But, thanks to the uniqueness, we haye’ = Y5 for s > ¢, soEQ [|Y/*[] < C (1 +EY [|X§=””|2D.
Moreover, we are allowed to use Lemfngd 4.3,

1 _or
+—E°
2y

T
Yi® > —C(+z]?) = C(o/ + Ta+ BC) <1 + || +T/ EY [Iqilﬂ du)
t

1 o | [T .0
4o B | [ g du
27y 0
2 1 Q* r * 2
> —C(l+z|")+(——-CT|E lgk|" du| .
27y 0

We set) < T> < Tj such that — CT > O forall T € [0, T3]. Finally,

. T
B | [l
0
0

According to the Propositioh 4.6 we know tH#" [ftT g ? du} < C(1 + |#|?) so we are allowed
to restrict A r: for all » > 0 we define
T 2
[l au
t

With this new admissible control set we will prove a last inality:

)

<O+ 2 + V)" < C1+af?).

o0 = Ao N {(qs)se[o,T]JEQ

<O+ r2)} . (4.5)

Proposition 4.7 3C > 0,¥T € [0, Tu), Vt, ¢’ € [0,T], Va,2' € R%, Vg € A1 Vs € [0,7),

E® [’Xg@ — xte

2
| <o arlaf +1of)le-11).
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1

Pr oof.

’ ’ 2 ’ ’ ’
EQ ‘X;%w sz \T } +EQ UX;ZJE sz T

2 !
} < EQ U)ﬁ@ _ Xﬁ’z

We have, fors > t,

X;f’”” — Xz’””/ =x—a + / (b(u, Xff”) — b(u, Xff”/)) du.
t

Jau).

So,

’ 2 s ’
EQ UX?E B } <C <|z — P +/ EQ UXfﬂ _ Xte
t

We apply Gronwall’s Lemma to obtain that

;12
EC ngrz . } <Clz—2.

Now we deal with the second term. Let us assumethatt’. Fors < ¢, X% — X!"=" = 0. When
t < s<t',we have

Xt xt :/ b(u,XfL’C”/)du—i—/ O‘(U)de-"-/ o(u)gydu.
t t t

So,
’ ’ /2 tl 7 2 tl tl 2
EQ UXiz - X ] < C|EQ / b(u,Xfﬁ)’du +/ |J(u)|2du+EQ / lo(u)qu| du
t t t
t/ /2 t/
< C |t’—t|+|t’—t|/ E2 ngyw ]du+|t’—t|/ £ [|g. ] du
t t
T
< O —t 1+|x/|2+/ EQ [|qu|2]du
0
< CO+ [P+ /) [F —1).

Lastly, whent’ < s,

’

Xt Xt = X - XL / b(u, X5™) = bu, X5 )du.
t/

t!

So,

’ ’ 2 s 7 ’ ’
EQ UX;?I — Xxte ] < C(1+|x|2+|x’|2)|t’—t|+/ EQ Uxf;f — Xt
t/

2
du} ,

and according to Gronwall’'s Lemma,

EQ Uxtsz’ - X

2 2 12\ 1
}<0(1+|$| + 127 | —t].
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Proof of Proposition E First of all, let us assume thdt < T5. With this condition, we are allowed
to use all previous propositions. Firstly, the quadrataréase of: is already proved in Propositi.6.
Then, we will show continuity ofi in (to, z0) € [0, 7] x RY. We have

Y(t,x) € [0,T] x RY, |u(t,z) — u(to, zo)| < |u(t, ) — u(t,z0)| + |u(t, zo) — u(to, zo)| .
Let us begin with the fist term. We defime= |z| V |x¢|. Thanks to the representation theorem, we have

v,* = essinfy;?"* and Y™ = ess infy,®"".
qe

‘ZEAS,T S,T
So,
}}/tt,x o }/tt.,:no} < ess Suqﬁ/tq,t,m o }/tq,t.,:no} )
qEAG 1
But, fort < s < T,
yore —ygte| = (B2 [h(XET) — h(XE™)

T
+/ (f(ua X’Z,I, Y£7t717 qu) - f(ua X'zjmoa Y£7t7107 qu)) du’f5:|

1/2 1/2

N

B [+ X3 + 1xi )] B [l - xp]

1/

T 2 2 2 271/2
+/ E® [C1+ [xie )+ [xim )] B [|XET - xb P du

S

T
+0/ EQ [|y 2t — ygheol|] du,

thanks to Assumption (A.4) and Holder’s inequality. Acdogito Lemmd 4], the definition o}, ,~ and
Propositio{ 4]7, we obtain

T
EQ Hy;q,t,ac _ Y'Sq,t,on < C(l + |$|2 + |$0|2)1/2 |.Z‘ _ $O| + C/ EQ Hyuq,t,ac _ Yf’t’ZOH du.

Then, Gronwall's lemma gives Y% — V;#"*°| < C(1 + |z| + |zo]) | — mo|. Since this bound is
independent of, we finally obtain that
Y/ =V <O+ Ja] + |aol) |2 — o -

Now, we will study the second term. Without loss of geneyalét us assume that< ¢.
to
|Ytt-,10 o }/ttoo,zo‘ < ‘}/ttyﬂﬁo - Ytt07960| + / |g(s, zo, Ysto,zo, 0)‘ dS,
tto
< ‘}/;t,:vo _ E/tto,:v()’ +/ C(l + |$0|2 + ’Y:O’IU‘)dS.
t
We apply Propositio@.G to obtain

’Ytt,mo _ }/;Stg()’mo‘ < ‘Y;t,wo _ Yttowoy + C(l + |$0|2)(ﬁ _ ﬁO)-

We still have

|Ytt-,10 _ Ytto,ro‘ < ess SUFT)Ytq"t’IO _ }/tq7t07960| )
qEAG
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Moreover, exactly as the bound estimation® |Y.9:t* — Y4t | we have, for < s < T,

EC [|yate _ yatom|] < E9 [0(1 +[xh | 4 ]X;W”!Q)} Y e [\X?“ - X?”’“ﬂ .

T
+/ EQ [C(1 + | Xt + |XZ“’I“|2)T/2 B [| x50 — Xt ] " du

T
+C/ EQ [|[yateo — ytomo|] du.

According to Lemmd 4]3, the definition oA 1 Propositior{ 4]7 and Gronwall's Lemma, we obtain
[y heo —y2lorol < O(1 + |2f* + |wof*) |t — to]'/?. Since this bound is independentgfe finally
obtain that
[V = Y] < OO+ laf? + o) 1 — to] /2.
So,
lu(t, ) — ulto, z0)| < C(1+ |z| + |2o|) |z — xo| + C(1 + |2 + |zo|*) [t — to]"/*.

We now return to the general case () : we setN € N such thatl’/N < Ty and, fori € {0, ..., N},
we definet; := iT/N. According to the beginning of the proaf,is continuous orit 1, 7] x R%. We
definehn_1(z) := Ytiévjll’x. Sincelhn_1(x) — hn-1(2’)] < C(1+ |z| + |2'|) |x — 2'|, we are allowed
to reuse previous results to show the continuityuadn [ty _o, Tv_1] x R%. Thus, we can iterate this
argument to show the continuity afon [0, 7] x R%. Moreover the quadratic increasewfvith respect
to the variabler results from the quadratic increasewobn each interval.

Finally, we will use a stability result to show thatis a viscosity solution to the PDﬂl.l). As in the
proof of Theoren] 2]1, let us consider the function

gn(t,lﬂ,y,Z) := inf {g(tazap7Q> +7’L|p7y| +TL|(J7 Z|7(paq) € Q1+d} .

We have already seen th@t,), >, is increasing and converges uniformly on compact sets tbet
(ymte zmte) pe the unique solution i§? x M2 to BSDEQ(X5:"),—gn(., X5, .,.)). We define
Up(t, x) == Yt""t’x. Then by a classical theorem (see e[b [#})is a viscosity solution to the PDE

Opu(t, ) + Lu(t,x) — gn(t, z,u(t,x), —0*"Vyu(t,z)) =0, u(T,.)=h.

Moreover, it follows from the classical comparison theoriat (u.,),,~ [, is decreasing and, by con-
struction, converges pointwise to Sincew is continuous, Dini’'s theorem implies that the convergence
is also uniform on compacts sets. Then, we apply a stabdiylt (see e.g. Theorem 1.7. of chapter 5 in
[[]l) to prove that is a viscosity solution to the PDE_(}.1). 0
Remark. The uniqueness of viscosity solution to PDE is considere®éy io and Ley in [[3] and

[Bl.
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