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Abstract

We give a new proof of a theorem of Bourgain [3], asserting that solutions of linear
Schrédinger equations on the torus, with smooth time dependent potential, have Sobolev
norms growing at most like ¢¢ when t — +o0, for any € > 0. Our proof extends to Schrédinger
equations on other examples of compact riemannian manifolds.

1 Introduction

The main goal of this paper is to give a simpler proof of a theorem of Bourgain [3], and to obtain
extensions and generalizations of this result. Let M = T be the standard torus T¢ = (R/27Z)<,
and let V : R x T? — R be a smooth function, bounded as well as its derivatives. Let u be the
solution of the Schrédinger equation

(i — A+ V(t,2))u =0

uli=0 = up

(1.1)
with ug € H*(M).

Theorem 1.1 (Bourgain) For any s > 0, there is a constant C' > 0 such that for any uy €
H*(T4), the solution u to (1.1) satisfies, for any t € R,

(1.2) (e, Y+ < CCL+ [#]) ol -

Remark: Actually, we shall obtain a slightly better estimate than (1.2), namely

lult, )l zs < Cllluollers + [¢]lluoll £2]-
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Since V is real valued, ||u(t,-)||z2 = |Juol|r2, so that interpolating with (1.2), one obtains that
for any s € R, any € > 0, there is C' > 0 such that for any uy € H*(T%), any t € R,

(13) Jutt, Mlaze < CO+ ) ol

Inequality (1.3) is the statement of Proposition 1 in Bourgain [3]. If one assumes that V is
analytic and time quasi-periodic, it had been proved previously by Bourgain [2] that (1.3) holds
with (1 + |¢]|)¢ replaced by some power of log? when ¢ > 2. In dimension d = 1, Wei-Min
Wang [12] showed recently that such a logarithmic bound holds for any real analytic potential,
whose holomorphic extension to a complex strip around R x S! is bounded, adapting the method
of [3] to this setting. Let us mention that Bourgain [2] constructed examples of time periodic
potentials for which ||u(t, )| s is bounded from below by a power of logt when s > 0 and
t — +o00. On the other hand, in a recent work, Eliasson and Kuksin [10] have shown that if
the potential V on R x T? is analytic in space, quasi-periodic in time, and small enough, then
for most values of the parameter of quasi-periodicity, the equation reduces to an autonomous
one. Consequently, the Sobolev norm of the solution is uniformly bounded. For Schrédinger
equations on the circle, Wei-Min Wang [13] has constructed an explicit example of a small time
periodic potential for which the solutions of the corresponding equation have bounded Sobolev
norms.

The proof of Theorem 1.1 given by Bourgain in [3] (see also appendix 1 of [4] for the case
d = 1) relies on reduction to a time periodic problem and then uses space-time Fourier series
decompositions. The alternative proof we propose here makes use only of “symbolic calculus”
properties, and is stationary in essence: we construct for every fixed time an operator, which
conjugates equation (1.1) to a similar equation, where the potential V' has been replaced by
another operator V', exactly commuting to a modified Laplacian. The conclusion then follows
from energy inequalities and characterization of Sobolev regularity in terms of that modified
Laplacian.

In section 2 below, we shall actually state and prove an abstract version of Theorem 1.1, where
—A,V are replaced by operators assumed to satisfy a list of assumptions. We check in section 3
that these assumptions hold for the Laplacian on T?. We use for that the same geometric
properties of the spectrum of —A on T? as Bourgain in [3].

A natural question is to know whether a result like Theorem 1.1 holds on other compact manifolds
than T¢. We are able to check that our abstract result does apply to a couple of classes of compact
manifolds.

Recall that a Zoll manifold is a compact manifold whose geodesic flow is periodic. The sphere
is such a manifold, and we refer to the book of Besse [1] for other examples. Our second result
is the following one:

Theorem 1.2 Let M be a Zoll manifold, and let V : M x R — R be smooth, with all its
derivatives bounded. For any s > 0, there is a constant C > 0 such that, for any uy € H*(M),
the solution u of (1.1) satisfies, for any t € R,

(14) JeaCt, e < CCL+ [¢]) ol -



Again, one deduces from (1.4) an estimate of the form (1.3). The proof of Theorem 1.2 is given
in section 4. We check that the assumptions of our abstract result of section 2 hold for —A
on a Zoll manifold. The key point is a separation property of the eigenvalues of —A on M,
which extends to higher dimensions the fact that on S! these eigenvalues are the squares of the
integers.

Theorems 1.1 and 1.2 above apply to examples of manifolds which are not stable under any
reasonable perturbation. One may ask if it is possible to get an estimate of the type of (1.2)
for solutions of Schrodinger equations, with time dependent potential on a continuous family
of compact manifolds. This is the aim of our third theorem, where we study the case of some
surfaces of revolution, for which the spectrum of the Laplace operator may be precisely described
by results of Colin de Verdiere [7, 8].

Consider on the sphere S? a metric of revolution g. Denote by L the length of a meridian
geodesic going from the North pole to the South pole, and by o the arc-length along that
geodesic. Assume that outside the poles g may be written g = a(c)df? + do?, where 6 is the
polar angle, a : [0,L] — Ry is a smooth function satisfying a(0) = a(L) = 0, a(o) > 0 if
o €]0, L], having a unique critical point o in ]0, L[, and suppose that this critical point is non-
degenerate (so that a’(0¢) < 0). We refer to page 63 of [8] for pictures of surfaces that do or
do not satisfy the above condition. Intuitively, it means that if M is isometrically embedded in
R3, the distance from the axis of rotation to the point on a meridian geodesic with parameter
o (which is given by y/a(o)) has only one extremum. In other words, M has only one equator.
Note also that the assumptions are stable under small perturbations of a.

Theorem 1.3 Let M be the above surface, V : R x M — R a smooth potential, bounded as
well as all its derivatives. Then estimate (1.2) holds for solutions of (1.1) with Cauchy data
ug € H*(M).

Again, the apparently stronger estimate (1.3) holds as well.

The proof of Theorem 1.3 will be given in section 5. We shall check that the assumptions of
our abstract theorem hold true using the results of Colin de Verdieére [7, 8], which allow one to
describe the (joint) spectrum of the Laplacian on the surface we consider from the image of a
subset of the lattice Z? by a symbol.

The abstract result of section 2 does not apply just to Schrédinger operators. In section 6 we
treat the example of a “linear KdV” equation, proving the following:

Theorem 1.4 Let W : R x S' — R be a smooth function of (t,z) bounded as well as its
derivatives. Consider the equation on R x S
Oru + 8§u + Wo,u+ 0, (Wu) =0

(1.5)
u|t:0 = Uup.

Then for any s > 0, there is a constant C' > 0 such that, for any ug € H*(S'), the solution of
(1.5) satisfies (1.2) for any t € R.



Using again conservation of the L? norm of u, one deduces from an estimate of type (1.2) a
bound of the form of (1.3).

2 Abstract result

This section is devoted to the statement and proof of a general result from which theorems 1.1
to 1.4 will follow. Let us introduce some notation. Let M be a compact riemannian manifold,
dx the riemannian volume, A the Laplace-Beltrami operator, H*(M) the Sobolev space on M.
Let m € R4 be a fixed given number. We define for any s € R a space E*® of functions on R x M
by

(2.1) E* ={uc CO'(R; H*(M));Vk € N,0fu € CO(R; H "™ (M))}.

For ¢ € R, we denote by L7 a subspace of the space of operators from C°(R;C*(M)) to
CY(R; D'(M)) satisfying the following:

e Each Q € L7 is a smooth family in ¢ of bounded operators from H*(M) to H*~7(M).
e If one sets Ad(9,)Q = [0, Q] = 8;Q, for each k € N, any Q € £, Ad¥(9,)Q € L£° with

estimates

(2.2) I[A* (80)Qul(t, )l prs-= < Chsllullzs

uniformly for t € R,u € H®.
e If Q* denotes the adjoint of Q € L7 (at fixed time, for the usual L2-pairing), then Q* € L.
e For any 01,09 € R,

(2.3) L7 0 £72 C L7192 and, when o1 < 09, £ C L2,
We denote £L7°° =, g £°.
Fix o € [0,m] and self-adjoint operators A € L™,V € L. Consider the abstract equation

(10 +A+V)u=0

u|t=0 = Uuo,

(2.4)
where wug is given in H*(M) for some s > 0. We introduce the following assumptions: For any
o € R, there are subspaces L{, LI of £7, invariant under Q — @Q*, such that

e For any @ € £°, there are QW) e Ly, Q¥ e Lp with

(2.5) Q=0W 4+Q®

e There is p > 0 and, for every o € R, any ¥ € L, there is Q € LI’ °° such that

(2.6) [Q,A] —X e LT

e There is an element A € £2 and, for every s € 2N, a constant C' > 0 such that, for any ) € L

(2.7) [Q, Al € L7, [A,A] =0, [id,,A] =0



and for any u € E°, any t € R,

(2.8) C M fult, s < Mult )72 + 1A 2ult, )72 < Cllult,-)|1F--

The main result of this section is the following:

Theorem 2.1 Under assumptions (2.5) to (2.8), for any s > 0, there is a constant C' > 0 such
that, for any u € E* solving equation (2.4), the bound

(2.9) Ju(t, M < CQA A+ [¢])[uollms

holds for any t € R.

We shall prove Theorem 2.1 rewriting equation (2.4) under an equivalent form, exploiting as-
sumptions (2.5) and (2.6).

Proposition 2.2 Assume that (2.5) and (2.6) hold. Let N € N*. Set Py =i0; + A. There are
sequences (Q%)1<j<n, (Q))1<j<n satisfying

Qe L7, [Q), A € L7707, ()" = -]

—(j+1 oo—7] *
Qf € LUV QA € L7797, (Q)) = QY

(2.10)

there are elements VN € LT with (VN)* = VN, there are elements

RY € L7 Ne (RY)* = RY
RY € £~NF2p with [RY | A] € £oo~WN+Ve (RNY = RY,

such that, if we set Q; = Q} + Q7 QN = Zj'v:1 Qj

1
(2.11) T+ QM) (10 + A+ V)T +QN) =0, + A+ VN + RY + §[R§Vp0 + PyRY].

Before proving the proposition, let us first compute the left hand side of (2.11).

Lemma 2.3 Let Q}, Q] be given operators satisfying (2.10) for 1 < j < N. Denote QN =
Z;‘V:I Q;; Q//N — Zévzl Q;’ One may ﬁnd

e Elements Sj € L£-0tDr 1 < j < N +1, such that [A, S;] e ﬁ"o_jp,S;-‘ = S;, depending only
on Q)1 <0 <35,Q7,1<L<j,
o Elements S; € £L70=U=Dr 2 < j < N 4 1, depending only on Q}, Q4,1 < ¢ < j, such that
S* =5,

J Js

so that, denoting SN = E;V:Jil S;, SN = Z;V:JEI S’j

(2.12) (I+QM)*(Py+V)(I+QN) = P0+V—[Q’N,A]+Q”NP0+P0Q”N+%[SNP0+PDSN]+S’N.



Proof: Using that (Q"V)* = —Q'V, (Q"N)* = Q"V, we write
I+QV) (R + V)T +QY) =P+ V — [Q", R] + Q"V Py + PiQ""
Q)@Y Py + R@Y) Q"]
5 1@VY 1R, QY + @), RQM)
+H@Y)V + VY + (V) VQY.

(2.13)

Let us check that the terms in the right hand side may be written as contributions to the right
hand side of (2.12). We write [Q'Y, Py] as the sum of [Q'", A], which gives the third term in the
right hand side of (2.12), and of [Q"",i9;] that may be written

N+1

> Q)1 i0).

=2

By (2.10) and the definition of L7 classes, [Q}_;,i0] € £-0=Vp < £oo=G=Dr_ Since this bracket
is self-adjoint, it contributes to S'j. To study the (QV)*QN Py + Po(QN)*Q" contribution in
(2.13), decompose
@) QY = @Yy Q™ +B
B = (Q/N)*Q//N + (Q//N)*Q/N + (Q”N)*QHN-
Term B is the sum in j > 2 of quantities
Z (Q/‘l* ;'/2 + Q;'/‘z* 31) + Z Q;'ll* 3'/2'
1

J1+ja=j Jtje=i—
1<g1,j2<N 1<71,J2<N

(2.14)

By (2.10), (2.3), this expression belongs to £~U+1?_ its bracket with A is in £7077° and it is
self-adjoint. Moreover, it depends only on @}, Q7 for ¢ < j and ¢ < N. Consequently, it gives
in (2.12) a contribution to S; when 2 < j < N, and to Sy4; when j > N + 1.

Consider now the contribution of
(2.15) @My QNP+ Po(Q™) QN

to the right hand side of (2.13). We write (Q"")*Q'" as the sum for j > 1 of

> (@) Q%
J1tj2=j+1
1<j1,92<N

This is a self-adjoint quantity, belonging to £~U+1D? whose bracket with A is in £7°~77. More-
over, it depends only on @}, ¢ < min(j, N), so it contributes to S; for j < N — 1, and to Sy for
j > N, in the last but one term in (2.12).

Let us study next the

(2.16) (@) [P0, QN + [(QM)*, Po]QY



term in the right hand side of (2.13). We may write (2.16) as a sum in j > 2 of
(2‘17) Z A (Q;kl [Pﬂv QjQ] + [Q;Q? PO]le)‘

J1ti2=J

1<j1,j2<N
Since [Py, Q;] = [i0;, Q4]+ [A, Q;] belongs to £70~U=1r by (2.10), and since (2.17) is self-adjoint
and depends only on @), @ for £ < inf(j, N + 1), we get a contribution to S; when j < N, and
to Sy4+1 when j > N, in the right hand side of (2.12).

We are left with examining the V-contributions in the right hand side of (2.13). Since (Q™V)*V +
V@Y is the sum for 2 < j < N + 1 of Qi V+VQj-1 € £70=G=1 and since V = V*, we get
again a contribution to S; in (2.12). The term (QV)*VQY is treated in a similar way. This
concludes the proof of the lemma. O

Proof of Proposition 2.2: Let us show that we may construct recursively a sequence of operators
1,...,Q, QY so that the right hand side of (2.11) may be written for r =1,..., N + 1,

N N+1

. . 1

0+ A+ V= 3[Q)A +ZQP0+P0Q] 5 2 [SiPo+ PoS)]
J=r J=r

(2.18) N
+ Z gj + RTN+1
j=r

Where Vile £, (v = vrlforr > 2, V0 =0, 8, =V, Ry, € L70N ( }"VH)* =
~Ni1- Note that (2 18) with 7 = 1 is the conclusion of Lemma 2.3 by our definition of V', 5y if
we set RNJrl — Sn41. Moreover, (2.18) with » = N +1 is exactly the conclusion (2.11) we want to

reach, setting R = R%ﬂ, RY = Sn.1. Assume (2.18) has been obtained at rank r. Decompose

according to (2.5) S, = vr 1y with v ¢ EODO_(T_I)p and V(2 ¢ [:%(b—(r—l)p. Since
S* = §,, we may assume (V")* = vy (y7(2))* = y™(2) Moreover, these operators depend
only on @}, QJ, £ <r. Weset V" =V""1 4 V(1) and we use property (2.6) to find Q'. € Ly
such that [Q%, A] — V() is an element of £~°° that contributes to R7]”\f+-',}1 in (2.18) at rank r+ 1.
Moreover, we may assume (Q.)* = —Q".. This eliminates the S, contribution in (2.18).

We are left with finding Q/ satisfying (2.10), such that
1
Q Po + P()Q §[S7~P0 + P()ST].

Since by Lemma 2.3, S, depends only on Qf,...,Q.,QY,...,Q’_;, which have been already
determined, we may define Q! = —%Sr. The conditions satisfied by S, according to Lemma 2.3
show that Q! obeys (2.10). This concludes the proof of Proposition 2.2. O

Proof of Theorem 2.1: By interpolation, it is enough to prove (2 9) when s € 2N. Apply
Proposition 2.2 with pN > s +m > s 4+ 9. We may find PV = Z] 1 Pj, with P; L77P, such
that

(2.19) I+QN)YI+PNy—T=RY



belongs to LN+ If 4 solves (2.4), we set
v=(I+P")u
so that, for a constant C' depending only on N and on the index of regularity,

[0t )lzs < Cllult, )|l
(2.20) [ult, zs < Clllv(E, ) llers + lult, )l 2]
10¢v(t; ) e < CllIOpult, )| e + [lult, )| me] (o € R).

By (2.11) and (2.19) and the fact that u solves (2.4),

1
(0 + A+ VYN + RY + §[R§VP0 + PyRY v

def

= (I+QM)*[ioy + A+ V,RNu = f.

By (2.2), (2.3) and the choice of N
1 i < Cllutt, )2
for some uniform constant C' > 0. Consequently
(i +A+VNw=g
where by (2.2), (2.3) and the last inequality (2.20)
lg(t )lzrs < Clllut, )z + vt ) 2]
By commutation condition (2.7), and the fact that V¥ € £, we may write
(10 + A+ V(A% 20) = w

with ||w(t, )|z < C[llu(t,)||z2 + [[v(t,-)||z2]. The L2-energy inequality — which holds since at
fixed t, A, VY are self-adjoint — together with (2.8) implies that for any ¢ > 0

[o(t, [ms < Cll[v(0, )|z + /Ot[HU(T, ez + o7, )l 2] dr].

Since by (2.20), |lv(r,-)||2 < C||u(r,)||z2 and using the conservation of the L2-norm for (2.4)
llu(r, )2 = ||w(0,-)| 2, we obtain

[o(t, [ < Cllv(0, )z + [[u(0, )| 2]

for any ¢ > 0. Estimate (2.9) follows from that and (2.20). O



3 Schroédinger equation on T¢

We assume here that the manifold M is the torus T? = (R/27Z)%. Let V : R x T¢ — R be a
C* function of (¢,z), bounded as well as all its derivatives, and let u be a solution of (1.1). For
n € Z4%, we denote by II,, the spectral projector

einx ein:c

27r)d/2 > (2m)d/2’

II,u = <u, (

Definition 3.1 For o € R, we denote by L° the space of smooth families in time of continuous
operators from C>®(T%) to D'(T), such that, for any k,N € N, there is C > 0 with

(3.1) TR 0F Q(t, )T ll £ z2) < C(1+ [n] + [/ (n = /)™

for any n,n/ € Z%, any t € R (where (k) = (1+ |k|*)'/2).

The above definition implies immediately that conditions (2.2) and (2.3) are satisfied by the
class £°. Moreover, A = —A belongs to £2, and the operator of multiplication by V is in £°, as
follows from Fourier series decomposition of x — V (¢, z) at every fixed t. We shall consequently
apply the results of section 2 with m = 2,00 = 0. Let us state the following lemma due to
Bourgain ([3] Lemma 8.1; see also for the proof lemma 19.10 in [5]):

Lemma 3.2 (Bourgain) For any § €]0, 15[, there are p €]0,6[, v > 0 and a partition (Qa)aca
of Z such that

Va € A, Vn € Qq, V0 € Qu, In—n| + ||n|* = [0'°] < v+ |n]’,

(3'2) / / 2 2
Vo,B € A,a# B, Yn € Qq, Vn' € Qg, |n—n'| +|n|” — [n/|7] > |n|’.

We denote for a € A

(3.3) My = Y I,

neq

Definition 3.3 We denote by L{ (resp. LIp) the subspace of L7 given_by those operators
Q € L7 such that for any o, € A with a # [ (resp. any o € A) II,QIlg = 0 (resp.
I1,QI, =0).

Proof of Theorem 1.1: To deduce Theorem 1.1 from Theorem 2.1, we just need to check that
conditions (2.5) to (2.8) are satisfied by the class of operators we just defined. Take @ € L7 and
define
Q(l) = Z ﬁaQﬁa € EUDv Q(2) = Z ﬁaQﬁﬂ € L%D'
acA a,BEA
a#p



Then (2.5) holds true. Consider now ¥ € L and let us find Q € L solving (2.6) i.e.
—[Q,A] — ¥ € L7°°. Write ¥ = ¥; + R with

(3-4) Br= 2 2. Lgpupopulsul+n T ST

n€Zd n'cZd

where p is given by Lemma 3.2 when some 6 €]0, %[ has been fixed. Since the equation —[Q, A] =
Y1 may be written

(3.5) (jn']” = [, QI = TL, 5 10,,/,

we see that (3.5) defines an element Q € L3 ,". We are left with checking that R = ¥—%; € L.
But

Inl+[n'[)#}
and since ¥ € L{, this expression is non zero only when n and n’ belong to Q, and Qg
with @ # (. So the second condition in (3.2), together with the cut-off in (3.6), implies that
|n —n/| > c(|n] + |n|)? for some ¢ > 0. It follows from (3.1) that R € £L~°°.

We still have to check conditions (2.7) and (2.8). For any o € A, we choose n(a) € Q, and
define

(3.7) Au=3Y" |n(e)Iau.
acA

It follows from the definition of £g that the first condition (2.7) holds (actually [A, Q] = 0 for
Q € L{). The second and third conditions are trivially verified. Finally, by the first condition
in (3.2), there is C' > 0 such that for any o € A

CTHL A+ (@) I Maulfz < D7 (L+ ) [Myull?e < C(1+ n(e)*) [ Haull?.

nEQa

which shows that (2.8) holds. Consequently, we may apply Theorem 2.1, which brings Theo-
rem 1.1. O

4 Schrodinger equation on Zoll manifolds

We assume now that M is a compact Zoll manifold. By results of Colin de Verdiere [6] (see
also Duistermaat-Guillemin [9], Guillemin [11] and Weinstein [14]), it is known that if 7 is the
minimal period of the geodesic flow, the eigenvalues of v/—A on M are contained in |25 I,,
where for n > 1

2 C 2
(4.1) I, = [ln +o— il
T

,—nN+ o+ }
no+n T no +n
for some o € R, some C' > 0, some large ng € N, and where I is a finite set of positive numbers
strictly smaller than 27” +a-— noc—;—l' If ng is large enough, these intervals are disjoint. For any
n € N, we define II,, to be the spectral projector associated to I,,.

10



Let V: Rx M — R a C* function of (¢,x), bounded as well as its derivatives. We consider
again equation (1.1).

Definition 4.1 For o € R, we denote by L7 the space of smooth families in time of continuous
operators from C(M) to D'(M) such that for any k, N € N, there is C > 0 with

(42) I8 QU ML 2qzy < CQUtm 4 ) (= )™

for anyn,n’ €N, any t € R.

Conditions (2.2) and (2.3) are satisfied by elements of this class, as it follows from the charac-
terization of Sobolev spaces in terms of the spectral projectors II,, that

“+00
2
lullFs ~ > (14 [n]*)* [ Maull.

n=0

We shall set A = —A € £2? (so m = 2 with the notations of section 2), and the operator of
multiplication by V is in £°. Actually, if we set \,, = 27“71—1—04, n € N*, A\g = 1, there is a constant
Cy > 0 and, for every n € N, an endomorphism A,, of the range of II,,, whose operator norm is
bounded by Cp, such that

—ATL, = A2, + AT,

Consequently

(4.3) (A2 — N2, VILy = — AL VILy + 1, VILy A,y — T1,[A, V]I,

n

whence

A2 — Ai,mnnvnn,uﬁ(m <O+ M+ M)

since [A, V] is of order 1. Iterating (4.3), one obtains estimates of form (4.2) with o = 0.

We shall apply the abstract results of section 2 with m = 2,090 = 0,p = 1. Let us introduce
some notation. For Ny an integer to be chosen below large enough, we set

No

Mo=> T, =M, ifn>No+1
n=0

(44) Ag = —TIIp + (I — Ho)A
“+o0o
. o 2.
—A =1l + z (771—}—(1) 1L,,.
n=Nop+1

Our assumptions made after (4.1) imply that 27”71 +a > 0 for any n € N*. Moreover (4.1)
implies that Ag — A is bounded on L?.

Definition 4.2 We define L, (resp. Lp) as the subspace of L7 given by those operators
Q € L7 such that for any n,n’ in No = {0} U{n € Nyn > No} with n # n' (resp. for any
n € No) I, QI = 0 (resp. 11,,QII,, = 0).
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Proof of Theorem 1.2: ~ We have again to check conditions (2.5) to (2.8). If Q € L7, we
decompose it as Q = QM) + Q@) with

Q(l) = Z ﬁnQﬁna Q(2) = Z ﬁnQﬁn’

n€Ng n,n’ €Ny
n#n'
obtaining QM) e L3, Q¥ e L%p- Next we have to establish (2.6) with A = —A. Since

A — Ag € L7, we just need to solve for ¥ € L, [Ao, Q] = X. Write this equation
(4.5) [A, Q] +[(A0 - A),Q] = X.

Setting as above A\, = 27“71 4+ «a for n > Ng+ 1, A\g = 1, define for Q € Eﬁ_Dl, ¥ e Lp

Lo(Q) =[A,Ql= > (A = A)ILQIL,
n,n’ €Ny

n#n'
L'(2) = > (A2 = A2) LI,

n,n’ €Ny

n#n'

(4.6)

so that Ly (X) € £p" and Lo Ly (X) = X. We define

AQ) = [0 - A,Q).

By construction

(4.7) IL, A(Q)II,, = A(I1,QIL,,)
vanishes if n = n’ = 0. Moreover, since for n € Ny ||(A¢ — A)ﬁnHﬁ(m) < C, we get

(4.8) T, ALy [ 222) < ClTL QT || £(22)
for some uniform constant C' > 0. By (4.6), we get for any n,n’ € Ng,n # n’

C

S _
T, Ly~ o A(Q)Ly || £z2y < w1

ML, QI || (22,

and since we have seen that by (4.7) the left hand side vanishes when n = n’ = 0, we may
assume n +n’ > Ny. If this integer is large enough, we get

- - 1.~ -
(4.9) T Lo 0 A(QT [lg(z2) < 5lITn QT (22

Define for N > 2, L (NN) to be the space of those @ satisfying estimate (4.2) with the exponent
N, and for k < N. This is a Banach space for the norm [|Q||zg_(n) given by the best constant

C' in the right hand side of (4.2). Estimate (4.9) shows that L' o A is a bounded operator from
EKI_DI (N) to itself, with operator norm smaller than % Consequently, the series Z;LO?) (Lo Lo A)F
converges in LI (N) for any N > 2. Write equation (4.5) as

Lo(Q) - A(Q) =%
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and invert it by
Q= (Id—LytoA)~ 'Ly
By (4.6) Ly'Y € £35', and by the above remarks, the series
“+oo
YLyt o AfLg'E

k=0

defines an operator in ﬁKI_Dl. This establishes property (2.6). Finally, if Q € Lg, [Q,A] =
0 because of the definition of A. Moreover, the last two properties in (2.7) hold trivially.
Inequalities (2.8) follow from the spectral characterization of Sobolev spaces. We may therefore
apply Theorem 2.1 in our framework, and get Theorem 1.2 as a consequence. O

5 Schrodinger equation on surfaces of revolution

We assume in this section that M = S? with a metric g satisfying the assumptions of Theo-
rem 1.3. Let us recall results of [8], mainly Theorem 6.1 of that paper. Under the preceding as-
sumptions, there are two first order commuting self-adjoint pseudo-differential operators @1, Q2
satisfying the following:

e The joint spectrum of (Q1,Q2) is

1 1
(5.1) AOZ{HZ(M,M)E (Z+§) X Z; na2| Snl—Q}-

In particular, there is an Hilbert basis (¢, )nen, of L*(M) made of joint eigenfunctions of (Q1, Q2)
ie.

(5'2) Ql%on = N1Pn, Q2Son = N2Pn.

e There is a classical symbol of order 2, F, defined on R?, with an asymptotic expansion in
homogeneous components F' = Fy+ Fy+ F_1+--- where F} is elliptic (on a conic neighborhood
of Ag), such that —A = F(Q1,Q2). In particular

(5.3) —Apn = F(n)en, n € Ag.

For n € Ao, u € D'(M), we set Il,u = (u, ) pn.

Definition 5.1 For o € R, we denote by L the space of smooth families in time of continuous
operators from C°(M) to D'(M) such that, for any k, N € N, there is C > 0 with

(5.4) ITLaOFQ(t, )Ll sz < C(L+ |l + n'])7 (m — /)™

for any n,n’ € Ag.
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It follows from (5.4) and the fact that [|ul|%. ~ Y ,ep, (7)°°|[IL,ul|2, that (2.2) and (2.3) hold.
Moreover —A € £2. If (t,z) — V(t,7) is a smooth function on R x M, with all its (¢,x)-
derivatives bounded, we see by iteration of the equality following from (5.2)

(nj — TL;)H”VH”/ = Hn[Qja V]Hn/, ] = 1, 2,

that the operator of multiplication by V is in £°. We shall apply the results of section 2 to
A=—-A, m=2 09=0. Let us check (2.5) to (2.8). We need to define decomposition (2.5).
Let us introduce some notation. For p €]0, 1], define for ¢ € Z? — {0}

(5.5) Ty = {n € Agi|F'(n) - €] < plen”}.

We shall use the following properties of the above sets:

Lemma 5.2 (i) There is K > 0 such that for any p €]0, 3], for any ¢ € Z*> — {0}, any n € Ty
with |n| > K,

1
(5.6) ‘n Els Ly

e

if 0+ = (=g, 1) when £ = (£1,05).

(ii) There is K >0 and for any p €]0, 3], for any £,¢' € Z? — {0} which are not collinear

TN Ty C {n € Ao; |n| < K (|02 + |01

Proof: (i) For |n| > 1, we write F/(n) = Fy(n) + F(n) where F is a symbol of order zero and
F5 is homogeneous of degree two and elliptic. For 0 < |\| < %, compute

Fy((1+M)n) = (1+ A)2Fy(n) = Fy(n) + Fiy(n) - (An) + O(JAn?).

Then
Fy(n) -n = (2+ \)Fy(n) + O(|A||[n]*),

whence taking A small enough, |F}(n) - n| > ¢|n|?, which implies for |n| > K large enough
(5.7) |F'(n) - n| > cn|?
for some ¢ > 0. If n € I'y, decompose

1
szmw@+&w@

with Ay(n) = F'(n)- 7 By(n) = F'(n) - £ \4\ If we use (5.7), estimate |Ag(n)| from the definition
of Ty, and |By(n)| by |F'(n)| < C|n|, we get

L

cinf? < plnf!*+ Clal| -

n ‘
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for |n| > K. Enlarging K if necessary, we get (5.6).

(ii) Let n € Ty N Ty and assume |n| > K([¢]* + \E’]z)ﬁ for some K > 0. If K is large enough,
(5.7) implies that |F'(n)| > ¢|n| and we may define e = % Decompose £ = (£-e)e+(L-et)et,
so that

(5.8) det(¢,0') = (£ - e)det(e, £') + det(£,e)(¢ - e).
By definition of 'y, 'y, e,
€ el < Blelin} 10 - ef < 247,
c c
Since det(¢, ') € Z*, we deduce from (5.8)

2p -1
1< ?VWHTLV}

1
which contradicts the assumption on n if K > (%) 1=p . This concludes the proof of the lemma.
O

Let us define the subspaces £% and L. Denote by P a subset of Z? — {0} such that for any
¢ € 72 — {0}, there is a unique £y € P and a unique d € Z* with ¢ = dfy, and such that if £ € P,
Iy # 0. Fix a number p €]0, 3].

Definition 5.3 Let A > 0 be a large constant to be chosen, o € R.

(i) We denote by L the subspace of those Q € L such that

1 1
(5.9) In—n/| < =|n|”’* and |F(n) — F(n)| > =|n|’
A A
if TL,QIL,,, # 0.
(i1) We denote by L{ the subspace of those Q € L7 that may be written
(5.10) Q=Qo+ Y Qi+R,
LepP

where R € L™°°, Qo satisfies I1,QoIL,y = 0 if n,n’ € Ag,n # n’, and for £ € P, 11,,Q11, is non
zero only when

1
(5.11) nely, n ely, U <|n-—n|< Z|n]p and n —n' is collinear to {.

Let us check that condition (2.5) is satisfied:

Lemma 5.4 Assume that A in (5.9) is large enough relatively to %. For any QQ € L7 there are
QW € £y, Q¥ € £y, such that Q = QW + QP
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Proof: Let us define

2) _
Q( )= Z Z ]l{|n—n’|<%\n|p/2,\F(n)—F(n/)|>%W‘P}HHQHW-
n€Ngn’€Ng

Then Q®?) € L. Set
R=3 0 D L s g/ In@lLy

nelAgn’'€Ag

so that R € £L7°° C L{. Consequently, we may write

Q - Q(Q) —R= Z Z ﬂF(n7 n/)HnQHn’

neAon’ENo

where
1 1
(5.12) 0= {(nn) €22 x 2% n—n/| < Z|n|"*, |F(n) - F(n')| < SInl*}.
A A
In other words,

Q-Q¥_-_R= SN Ir(non+dO)1 (n + dOL,QM g + Y IL,QIL,

LeP deZ* neNg nelo
and we define

Qe= > Y lr(n,n+d)1y,(n+ dO)IL, Qg
deZ* n€lg

QO = Z HnQHn

nelg
Using (5.12), we see that the last two conditions in (5.11) are satisfied. We still have to check
that if I1,,QeIL, # 0, then n € Ty, n’ € T'y. By (5.12), if n’ = n + d¢,
L io/2 Lo
dl) < S 1nl?%,[F(n) ~ F(n 4 d0)] < < |n"

so that writing F(n + d¢) = F(n) + F'(n) - (df) + O(|d¢]?),

, 1 P 9 1 p( C)
. < — — — .
|d||F'(n) - £] < A|n| + C|dl)” < A\n\ 1+ 1

Since |d| > 1, |¢| > 1, we obtain for A large enough relatively to % that n belongs to I'y. One
obtains in the same way that n’ = n + d¢ € I'y. This concludes the proof of the lemma. |

Proof of Theorem 1.3: Let us check that condition (2.6) is satisfied when A = —A. Actually,
if ¥ € L{p, the equation [@, —A] = ¥ may be written, according to (5.3),

(F(TL/) — F(n))HnQHn/ =1L, X1L,/, n, n' € Ao,

and property (5.9) implies that we may find a solution Q € L3 of that equation.
ND
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We are left with verifying conditions (2.7) and (2.8). Let us define the operator A. By (ii) of
Lemma 5.2, for £ # ¢’ belonging to P, the sets
2
Ly 0 {msln| > BIOIT7}, To 0 {ns nl > BJ¢| 75}
are disjoint if B is a large enough constant. We define A by the orthogonal sum
- 2% 2
A- (n) Ir, ()1 o T+ ST (14 [T,
g;ngo e B ey % "
where €2 is the complement in Ay of
2
U {n;n € T'y,|n| > B|l|T=+}.
LeP

By (5.6),

definition, the last two conditions (2.7) hold as well. We just have to check that [Q, Al e L=
for any @ € L7). It is enough to verify that [Qo, A] and Y ,cp[Qr, A] are in L7°° in decomposition
(5.10). The case Q) is trivial. On the other hand, using (5.11)

2
n-%‘ ~ |n|2 when n € Ty so that, by orthogonality, condition (2.8) holds. By

L

. A\ 2
IL,(3, QM = (n: W) It o TLQAL,

;N
— -— ] 1 1 1L, Q/1L,,.
(n W) r,(n') (wI>Ble ) QI1,

By (5.11), if I1,,Q/IL,» # 0, we have n € 'y, n’ € I’y and n — n’ collinear to ¢, so that

. N2
Hn[Aa QZ]Hn’ = (n : ) 1 HnQKHn’-

4]

2 —1 2
{InI>Ble|T=,}  A{In/[>Bl([T=r}
If we use (5.4), together with the fact that by (5.11), |[n — n/| > |¢|, and that ]€|1%P > L|n| or

2
|| > %|n/|, we obtain

> T[A, QAL |, < Cx(1+ [n] + /)N
l

‘E(L2)
for any N. Since similar estimates hold for Ad*(d;)Qy, this shows that 3,[A, Q] is in £L=°.

We have thus verified that assumptions (2.5) to (2.8) hold. We may therefore apply Theorem 2.1,
whose conclusion implies Theorem 1.3. O

6 The linear KdV equation

Let W be as in the statement of Theorem 1.4, and let us check that we may apply Theorem 2.1
to equation (1.5). Set

(6.1) A =103, V = (Widy, 4 id,W).
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For u € L%(S') and n € Z, set

inT inT
e

e
V2T > V2T

and define the space of operators £ by estimates (3.1). Then A € £3, V € £! and we shall
apply the results of section 2 with m = 3,090 =1,p = 1. We set

(6.2) Mu = (u,

Mo = Mo, T, = I, + T, n € N,
and define L) and L as those elements of £ satisfying respectively

ﬁnQﬁn/ =0ifn#n

(6.3) .
I1,QII,, = 0 for any n € N.

Then any element of £7 may be decomposed under form (2.5). Let us check that (2.6) holds.
The equation [Q,i93] = X for ¥ € L may be written
(6.4) (n? — n)IL,QIL, = II,3IL,, n,n’ € Z.

Since ¥ € Ly, we may assume n # n/, which implies [n/3 — n3| > ¢(1 + |n|* + In’)?) for some
¢ > 0, so that Q defined by (6.4) belongs to £LIp?, i.e. we get (2.6) with og = p = 1.

Finally (2.7) is trivial, since we may take A=A. We may therefore apply Theorem 2.1. This
concludes the proof of Theorem 1.4.
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