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Abstract

Let M := (M(X),p) be a direct summand of the motive associated with a geometrically
split, geometrically variety over a field F' satisfying the nilpotence principle. We show that
under some conditions on an extension E/F, if M is a direct summand of another motive M
over an extension F, then M is a direct summand of M over F'.

1 Introduction

Let A be a finite commutative ring. Our main reference on the category CM (F;A) of Chow-
Grothendieck motives with coefficients in A is [fl].

The purpose of this note is to generalize the folowing theorem due to N. Karpenko ([, propo-
sition 4.5). Throughout this paper we understand a F-variety over a field F' as a separated scheme
of finite type over F'.

Theorem 1.1. Let A be a finite commutative ring. Let X be a geometrically split, geometrically
irreducible F-variety satisfying the nilpotence principle. Let M € CM(F;A) be another motive.
Suppose that an extension E/F satisfies

1. the E-motive M(X)g € CM(E; A) of the E-variety X g is indecomposable;
2. the extension E(X)/F(X) is purely transcendental;
3. the motive M(X)g is a direct summand of the motive M.

Then the motive M(X) is a direct summand of the motive M.

We generalize this theorem when the motive M (X) € CM(F; A) is replaced by a direct sum-
mand (M (X),p) associated with a projector p € Endcar(r;a)(M(X)). The proof given by N.
Karpenko in [] cannot be used in the case where M (X) is replaced by a direct summand because
of the use on the multiplicity ([l]], §75) as the multiplicity of a projector in the category CM (F; A)
is not always equal to 1 (and it can even be 0). The proof given here for its generalization gives
also another proof of theorem [L.1].

2 Suitable basis of the dual space of a geometrically split
F-variety
Let X be a geometrically split, geometrically irreductible F-variety satisfying the nilpotence prin-

ciple. We note CH(X;A) as the colimit of the CH(Xg;A) over all extensions K of F. By
assumption there is a integer n = rk(X) such that

CH(X;A) ~ éA.
=0

Let (2;)"_, be a base of the A-module CH (X;A). Each element z; of the basis is associated with a
subvariety of X g, where F is a splitting field of X. We note (i) for the dimension of the E-variety
associated to x;.



Proposition 2.1. Let X be a geometrically split F-variety. Then the pairing

T CH(X;A) x CH(X;A) — A
' (a, ) > deg(a- B)
1s bilinear, symetric and non-degenerate.

The pairing ¥ induces an isomorphism between CH (X; A) and its dual space Hom (CH (X;A),A).
Considering the inverse images of the dual basis of Homa(CH (X, A); A) associated with the basis
x;, we get another basis (xf)"_, of CH(X;A) such that

\I/(SC“SC;) = 51’]’
where d;; is the usual Kronecker symbol.
Proposition 2.2. Let M and N be two motives in CM (F; A) such that M is split. Then there is

an tsomorphism
CH*(M;A) @ CH*(N;A) — CH*(M ® N;A)

Proof. c.f. [[]] proposition 64.3. O

Let Y be a smooth complete irreducible F-variety. We note M for the motive (M(Y),q)
associated with a projector ¢ € End(M(Y")). Then we have the following computations.

Lemma 2.3. For any integers i, j, k and s less than Tk_(X) =mn, and for any cycles y and Yy in
CH(Y; A), with 1 being the identity class in either CH(X;A) or CH(Y; A) we have

1. (@ x x%) o (z X x%) = dis(wh X TF)

2. (x; xyx1)o(xp xxt) =dis(xr Xy x1)

8. (y xaj)o(w; xy) =deg(y - y)(w; x x})

Proof. We only compute (2) (other cases are similar).

X
=

(i xy x 1) o (a x 23) = (PR ) Dy) (wr x a3) - (027 F) (s xy x 1)) (21)
= () (e x 2k x 1x 1) - (1 x 23 Xy x 1)) (2.2)
= (P F ) (n x (2 a) x y x 1) (2.3)
=iz Xy x 1) (2.4)

3 Rational cycles of a geometrically split F-variety

Let X be a geometrically split F-variety. We note (M(X),p) the direct summand of M(X)
associated with a projector p € CHgim(x)(X x X;A). Considering the motive M defined in the
previous section, if (M (Xg),pg) is a direct summand of Mg for some extension E/F, then there
exists cycles f € CH(Xg x Yg;A) and g € CH(Yy X Xg; A) such that fog =pgr. We can write
these cycles in suitable basis of CH(X x Y;A), CH(Y x X;A) and CH(X x X; A) by proposition
E. Thus there are two subsets F' and G of {0,...,n}, scalars (which can be equal to 0) fi, g5, pij
and cycles y;, y; in CH(Y;A) such that

Lo f=3cr filzi x y:)
2. 9=2ec9ily; x z})
3.p= ZieF ZjeG pij(xi X x;‘)

With pi; = fig; deg(y; - yi) by lemma as go f = pg.



Notation 3.1. Let p € CHgim(x)(X X X) be a non-zero projector. Embedding p in a splitting field
of the F-variety X, we can write p =) ,cp ZjePg pij(zi x 7). We define the least codimension
of p (denoted cdmin(p)) by

cdmin(p) ;== min (dim(X) — ¢(7))
(i7j)7 pi];éo

Proposition 3.2. Let p € CHgin(x)(X x X) be a non-zero projector. We consider its decompo-
SION P =3 e p D iep, Pij(Ti X ) in a splitting field of X. Then for any i € Py and j € P> we

have
Dij = E PkjDik
keP1NPy

Proof. We can assume that ¢(7) is constant on P;. Then a straightforward computation gives

pop=(Y_ > pilwixa})o(d D piylzix ) (3.1)

i€Py jEP: keP; s€Ps

=D D> > > pipks(wi x @) o (wp x 27) (3.2)

i€EP) jJEP> k€EPy s€Ps

Z Z Z Z PijPrsOis(Th X 7) (3.3)

1€P JEP> kePy s€Ps

> ( > pigpril X$§)> (3.4)

kePy s€ePy \i€P1NPy

Moreover p o p = p, thus if (k,s) € Py x Py we have prs = ) ;c p ~p, PisPki-

4 General properties of Chow groups

Embedding the Chow group of the F-variety X is quite usefull for computations, but the general-
ization of the theorem needs a direct construction of some F-rational cycles f and g. We study
in this section some properties of rationnal elements in Chow groups and how they behave when
the extension E(X)/F(X) is purely transcendental.

Proposition 4.1. Let X andY be two F-varieties. Let E/F be an extension such that E(X)/F(X)
is purely transcendental. Then the morphism
respxy/rx) : CH(F(X) xY;A) — CH(E(X) x Yg; A)
s an epimorphism.
Proof. The morphism resg(x)/r(x) corresponds with the composition
CHF(X)xY;A) — CH(F(X)xYg;A\) — CH(E(X) x Yg;A)
The first map is an epimorphism as it coincides with the pull back of the projection
(idpxy x py) : F(X) x Yp — F(X) x Y.
The second map corresponds with the composition
CH(F(X)xYg;A) — CH(Yg x A’}(X);A) — CH(E(X) x Yg; A).

As the extension F(X)/F(X) is purely transcendental, there is an isomorphism between E and the
function field of an affine space A’I}( X) for some integer n. The first map is an epimorphism by the

homotopy invariance of Chow groups ([[]], theorem 57.13) and the second map is an epimorphism
as well ([fJ, corollary 57.11). O



5 Generalization of the going-down theorem in the category
of Chow-Grothendieck motives

We now have all the material needed to prove the generalization of theorem E

Theorem 5.1. Let A be a finite commutative ring. Let X be a geometrically split, geometically
irreducible F-variety satisfying the nilpotence principle. Let also M € CM(F;A) be a motive.
Suppose that an extension E/F satisfies

1. the E-motive (M (X)g,pr) associated with the E-variety X and a non-zero projector p is
indecomposable;

2. the extension E(X)/F(X) is purely transcendental;
3. the motive (M(Xg),pr) is a direct summand of the E-motive M.
Then the motive (M(X),p) is a direct summand of the motive M.

Proof. We can consider that M = (Y, q) for some smooth complete F-variety ¥ and a projector
qc CHdim(y)(Y x Y A).
As (M(X)E,pE) is a direct summand of Mg, there are E-rationnal cycles f € CHgim(x,)(XEX YE; A)
and g € CHgim(y,)(Ye x Xg;A) such that go f = pp. Embedding these cycles in a splitting field
of (M(X),p) we get in suitable basis

L f=2icr filwi X yi)
2.9= ZjeG gj(yé‘ X x;‘)
3. P=icr 2jec Pij(xi X x})
with pi; = fig; deg(y} - i) B
Splitting terms whose first codimension is minimal in f and p by introducing
Fy:={i € F, p(i) =cdmin(p)}
we get
L f=Yep filzi xy) + Xicpp, filzi x i)
2. D=2 icr, 2ujecPij(Ti X x}) + ZieF\Fl > jec pij(xi X )

As FE(X) is an extension of E, the cycle f is E(X)-rational. Proposition [] implies that the
change of field resg(x),r(x) is an epimorphism and we can consider fasaF (X)-rational cycle.

Considering the morphism Spec(F (X)) — X associated with the generic point of the geomet-
rically irreducible variety X, we get a morphism

(X xY)px)y — X xY xX

This morphism induces a pull-back ¢* : C’Hdim(X)(Y xY x X;A) — CH gim(x) (X xY; A) sending
any cycle of the form a x 8 x 1 on « x § and vanishing on other elements. Moreover €* induces
an epimorphism of F-rational cycles onto F'(X)-rational cycles (M, corollary 57.11). We can thus

choose a F-rational cycle f; € C’Hdim(X)(Y x Y x X;A) such that €*(f1) = f .
By the expression of the pull-back ¢* we can assume

=) filmixyix )+ D> filwi xyix )+ (ax B x7)
i€F i€F\Fy

where the codimension of the cycles v is non-zero.
Considering f; as a correspondance from X to X x Y, we consider fs := f; o p which is also a
F-rational cycle. We have

E:(Z fZ(ZL'ZXyZX1))O(Z Zp”(zzxx;))Jr Z Z)\w(zzxijl)qu&xBx’y

i€Fy i€F jEG i€EF\F, jEG
(5.1)
=3 > fpglmixyyx D+ DD Njles xy; x )+ axfxF (5.2)
i€F) jEFING ICF\F, jEG



where the cycles 4 are of non-zero codimension, the cycles & are such that codim(&) > cdmin(p)
and where elements );; are scalars.
We now consider the diagonal embedding

XxY — XxYxX

A : (‘T’ y) — (‘r’y’ ‘/L')

The morphism A induces a pull-back A* : C’Hdim(X)(Y XY x X;A) — C’Hdim(X)(Y xY;A)
We note f3 := A*(f2), which is also a F-rational cycle and whose expression in a splitting field

of X is
=3 > fpalmixy)+ Y Y Aglmixy) + Y (@-9) x5
i€F) jEFING i€F\F, j€G

where codim(& - 5) > edmin(p) as codim(a) > cdmin(p) and codim(%) > 0.
We can compute the composite g o f3:

gofs=90(>_ > fipulmixy)+70( D > Ajlw xy;)+g0 (D _(@-39) xf)) (5.3)

i€F jJEG i€F\F) jEG

=3 3" > gt xal) o (@i xy)+ (O _ax B (5.4)

i€F seGjeF1NG

With cycles @ such that codim(@) > cdmin(p). Computing the component of g o f3 for elements
of the form zy x z* with ¢(k) = cdmin(p) we get

F=2200 D0 gshimilyex al) o (xi xy;) +(Q_a@xp) (5.5)

i€F s€eG jeFING

=33 Y gefipideg(yl - yy) (@i x %) (5.6)

i€Fy s€G jEFNG

Now we can see that if k € I}, then the coeflicient of g o f5 relatively to an element xj, x z% is
equal to e ¢ gs fipri deg(y: - y5). Moreover proposition @ says that

> gsfipkideg(yi-vl) = D DisPhi = Phs

i€ NG i€ NG

Since p is non-zero, there exists (k,s) with £ € Fy and pis # 0, thus we have shown that the
cycle g o f3 as a decomposition

gof3:pks(1'k><1':)+ Z pij(zix:c;‘)JrZ(aoB)
(4,5)#(k,s)

where codim(@) > cdmin(p). Since p is a projector, for any integer n the n-th power of g o f3 as
always a non-zero component relatively to xj x % which is equal to pys, that is to say

VneN, (go f3)°" = prs(or x 22) + Y pyleixal) + Y (@0 B)
(4,5)#(k,s)

where codim(a) > cdmin(p).

As the ring A is finite, there is a power of go(f3) which is a non-zero idempotent (cf [f] lemma
3.2). Since the E-motive (M (X)g,pg) is indecomposable this power of g o (f3)g is equal to pg.
Thus we have shown that there exists an integer n; such that

(go(f3)r)™ =pE

In particular if g1 := (g o (f3)r)*™ " o g we get g1 o (f3)r = pe.

Since the E-motive (M (Xg),pg) is indecomposable, p is equal to its transpose as it is another
non-zero projector. We get '(f3)g o' g1 = pr. Repeating the same process as before, we get a
F-rational cycle g and an integer ng such that

("(f3)e o (9)r)°"* =pE



If f:=('(f3)g o (§)E)°" " of (f3)E, we have constructed two F-rational cycles f and § such that
fBogs =npE
Using the nilpotence principle again, there is an integer n € N such that
(fod)=p
Hence if f = (fog)" 'o f, fis a F-rational cycle satisfying
fog=p
Thus we have shown that the motive (M (X),p) is a direct summand of the motive M. O
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