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Abstract: We study convergence rates of Bayesian density estimators
based on finite location-scale mixtures of a kernel proportional to exp{—|z|?}.
We construct a finite mixture approximation of densities whose logarithm
is locally B-Holder, with squared integrable Holder constant. Under ad-
ditional tail and moment conditions, the approximation is minimax for
both the Kullback-Leibler divergence. We use this approximation to es-
tablish convergence rates for a Bayesian mixture model with priors on the
weights, locations, and the number of components. Regarding these priors,
we provide general conditions under which the posterior converges at a near
optimal rate, and is rate-adaptive with respect to the smoothness of the
logarithm of the true density.
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1. Introduction

When the number of components in a mixture model can increase with the sam-
ple size, it can be used for nonparametric density estimation. Such models were
called mixture sieves by Grenander [15] and Geman and Hwang [7]. Although
originally introduced in a maximum likelihood context, there has been a large
number of Bayesian papers in recent years; among many others, see [25], [5],
and [6]. Whereas much progress has been made regarding the computational
problems in nonparametric Bayesian inference (see for example the review by
Marin et al.[22]), results on convergence rates were found only recently, espe-
cially for the case when the underlying distribution is not a mixture itself. Also
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the approximative properties of mixtures needed in the latter case are not well
understood.

In this paper we find conditions under which a probability density of any
Holder-smoothness can be efficiently approximated by a location-scale mixture.
Using these results we then considerably generalize existing results on posterior
convergence of location-scale mixtures. In particular our results are adaptive to
any degree of smoothness, and allow for more general kernels and priors on the
mixing distribution. Moreover, the bandwidth prior can be any inverse-gamma
distribution, whose support neither has to be bounded away from zero, nor to
depend on the sample size.

We consider location-scale mixtures of the type

k
m(x,k,u,w,o) :Z’u}]ﬂ)o-(l'*ﬂj), (1)
j=1

where o > 0, w; > 0, Zle w; =1, p; € R and, for p € N,

_ 1 ~(lal/o)? P
%(33) 90T (1 N %)e ( )

Approximation theory (see for example [3]) tells us that for a compactly
supported kernel and a compactly supported S-Holder function, being not nec-
essarily nonnegative, the approximation error will be of order k=%, provided
o ~ k7! and the weights are carefully chosen. This remains the case if both
the kernel and the function to be approximated have exponential tails, as we
consider in this work. If the function is a probability density however, this raises
the question whether the approximation error k~—? can also be achieved using
nonnegative weights only. To our knowledge, this question has been little studied
in the approximation theory literature.

Ghosal and Van der Vaart [13] approximate twice continuously differentiable
densities with mixtures of Gaussians, but it is unclear if their construction can be
extended to other kernels, or densities of different smoothness. In particular, for
functions with more than two derivatives, the use of negative weights seems at
first sight to be inevitable. A recent result by Rousseau [26] however does allow
for nonnegative approximation of smooth but compactly supported densities by
beta-mixtures. We will derive a similar result for location-scale mixtures of a
kernel ¢ as in (2), for any p € N. Although the same differencing technique
is used to construct the desired apprimations, there are various differences.
First, we are dealing with a noncompact support, which required investigation
of the tail conditions under which approximations can be established. Second,
we are directly dealing with location-scale mixtures, hence there is no need for
a ’location-scale mixture’ approximation as in [26].

The parameters k, o, w and p in (1) can be given a prior distribution IT;
when there are observations Xi,..., X, from an unknown density fy, Bayes’
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formula gives the posterior

— fA H?:l m(Xi;kaﬂawva)dH(k,,U/,’w7O')
B fH'?:l m(Xi§kaM7w70)dH(k7M,w,a) ’

(A| Xy,...,X,)

The posterior (or its mean) can be used as a Bayesian density estimator of fj.
Provided this estimator is consistent, it is then of interest to see how fast it
converges to the Dirac-mass at fy. More precisely, let the convergence rate be a
sequence ¢, tending to zero such that ne? — oo and

(d(fo, f) > Men | X1 ..., Xn) =0 (3)

in Fj'-probability, for some sufficiently large constant M, d being the Hellinger-
or Li-metric. The problem of finding general conditions for statistical models
under which (3) holds has been studied in among others [11], [13], [32], [17],
[8] and [29]. In all these papers, the complexity of the model needs to be con-
trolled, typically by verifying entropy conditions, and at the same time the prior
mass on Kullback-Leibler balls around fy needs to be lower bounded. It is for
the latter condition that the need for good approximations arises. Our approx-
imation result allows to prove (3) with ¢, = Tf%(log n)t for location-scale
mixtures of the kernel 1, provided p is even and fy is locally Holder and has
tails bounded by 1. The constant ¢ in the rate depends on the choice of the
prior. We only consider priors independent of 3, hence the posterior adapts to
the unknown smoothness of fy, which can be any 8 > 0. The adaptivity relies on
the approximation result that allows to approximate fy with fi x4, for a density
f1 that may be different from fy. In previous work on density estimation with
finite location-scale mixtures (see e.g. [27], [8] and [13]) fo is approximated with
fo * 1, which only gives minimax-rates for 8 < 2. For regression-models based
on location-scale mixtures, fully adaptive posteriors have recently been obtained
by De Jonge and Van Zanten [2]; their work was written at the same time and
independently of the present work. For continuous beta-mixtures (near)-optimal
! rates have been derived by Rousseau [26]. Another related work is [28], where
also kernels of type (2) are studied; however it is assumed that the true density
is a mixture itself . In a clustering and variable selection framework using multi-
variate Gaussian mixtures, Maugis and Michel [23] give non-asymptotic bounds
on the risk of a penalized maximum likelihood estimator. Finally, for a general
result on consistency of location scale mixtures, see [31].

-1
Notation Let C, denote the normalizing constant (QI‘ (1 + %)) . The

1/p
inverse ¢, 1(y) = o (1og %) is defined on (0, C},]. When o = 1 we also write

Y(x) = 1 (x) = Cpexp{—|z|P} and ¥~ (y) = ¥; ' (y). For any nonnegative «,
let

Ve = / 2 () da. (@)

1In the sequel, a near optimal rate is understood to be the minimax rate with an additional
factor (logm)e.
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For any function h, let K h denote the convolution A * 1), and let A,h denote
the error (K,h) — h.

The (k — 1)-dimensional unit-simplex and the k-dimensional bounded quad-
rant are denoted

k k
Ak:{xeRk:xiEO,Zmizl}, Sk:{xeRk:xiEO,ingl}

i=1 i=1

and Hy[b,d] = {x € R* | x; € [b;,d;]}, where b,d € RF. When no confusion can
result we write Hy[b, d] := Hg[(b,...,b),(d,...,d)] for real numbers b and d. For
positive numbers ¢ and e,

Tee =[—¢ 1oge|1/p,c| loge|1/p]. (5)

Given € > 0 and fixed points € RF and y € Ay, define the [;-balls

k
By(z,¢€) {ZER’“;ZIZZ-—% < e},
i=1

k
Ap(y,e) = {z€ Ak;z | zi —yi |< €}
i=1

Inequality up to a multiplicative constant is denoted with < and 2 (for <
we also use O). The number of integer points in an interval I € R is denoted
N(I). Integrals of the form [ gdF} are also denoted Fyg.

2. Main results

We now state our conditions on fy and the prior. Note that some of them will
not be used in some of our results. For instance in Theorem 1 below, (C3) is
not required.

Conditions on fy. The observations X;,..., X, are an i.i.d. sample from a
density fy satisfying the following conditions.

(C1) Smoothness. log fo is assumed to be locally 3-Hélder, with derivatives
li(z) = %log f(z). We assume the existence of a polynomial L and a

constant v > 0 such that
1 (x) = U (y)] < 71L(2) |2 —y|7~" (6)

for all z,y with |y — z| < 7.
(C2) Tails. There exists € > 0 such that the functions [; and L satisfy

2B+e

Foll;|™7

<oo,j=1,...,r,  FoL*'% < o0, (7)
and there exist constants o > 2, T' > 0 and ¢ > 0 such that when |z| > T,

folz) < cax™. (8)
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(C3) A stronger tail condition: fy has smaller tails than the kernel, i.e. there
exist constants 7" and My, such that

fol@) < Myop(x), [z = T. (9)

(C4) Monotonicity. fy is strictly positive, and there exist x,, < xps such that
fo is nondecreasing on (—o0, x,,) and nonincreasing on (2, 00). Without
loss of generality we assume that fo(zm,) = fo(xa) = ¢ and that fo(z) > ¢
for all x,,, < x < zps. The monotonicity in the tails implies that K, fy 2
fo; see the remark on p. 149-150 in [9].

Assumption (C3) is only needed in the proofs of Lemma 4 and Theorem 2.
We can now state the approximation result which will be the main ingredient
in the proof of Theorem 2, but which is also interesting on its own right.

Theorem 1. Let f be a density satisfying conditions (C1),(C2) and (C4), and
let K, denote convolution over the kernel ¢ defined in (2), for any p € N. Then
there exists a density hy such that for all small enough o,

2
/flog thk = 0(c?"), /f <log thk> = 0(c?P). (10)

The construction of the approximation hy is detailed in section 3. As our smooth-
ness condition is only local, the class of densities satisfying (C1),(C2) and (C4)
is quite large. In particular, all (log)-spline densities are permitted, provided
they are sufficiently differentiable at the knots. Condition (7) rules out super-
exponential densities like exp{—exp{z2}}. In fact the smallest possible L(x)
such that (6) holds, does not have to be of polynomial form, but in that case it
should be bounded by some polynomial L for which (7) holds. Note that when
B = 2, L is an upper bound for d% log fo(z) = f(l)/ (x)/folx)—(f'(x)/f(z))?, and
apart from the additional € in (7), this assumption is equivalent to the assump-
tion in [13] that Fo(fy /fo)? and Fy(fy/fo)* be finite. Also the monotonicity
condition can be weakened, as in fact it suffices to have an upper and lower
bound on fy for which (C4) hold. For the clarity of presentation however we
assume monotonicity of fj itself.

We now describe the family of priors we consider to construct our estimate.

Prior (II) The prior on o is the inverse Gamma distribution with scale pa-
rameter A > 0 and shape parameter a > 0, i.e. ¢ has prior density %x_(‘”‘l)e_)‘/x

and o~ ! has the Gamma-density %zo‘*le*)‘z.

The other parameters have a hierarchical prior, where the number of compo-
nents k is drawn, and given k the locations pu and weights w are independent.
The priors on k, p and w satisfy the conditions (11)-(14) below.

The prior on k is such that for all integers & > 0

Boefb(]k?(log k})T g H(k) S Blefblk‘(log }C)T7 (11)
for some constants 0 < By < By, 0 < b; < by and r > 0. The constant r affects
the logarithmic factor in the convergence rate in Theorem 2 if it is smaller than
one.
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Given k, the locations puq, ..., ug are drawn independently from a prior den-
sity p, on R satisfying

pu(®) 2 Y(2), (12)
pu(z) < e "™ for constants a; > 0and as < p. (13)
Given k, the prior distribution of the weight vector w = (wq,...,wy) is

independent of u, and there is a constant d; such that for e < %, and wg € Ag,
1

M(w € Ag(wg,€) | K=k) 2 exp{—dlki(log k‘)blogf}7 (14)
€

for some nonnegative constant b, which affects the logarithmic factor in the
convergence rate.

Theorem 2. Let the bandwidth o be given an inverse-gamma prior, and assume
that the prior on the weights and locations satisfies conditions (11)-(14). Given
a positive even integer p, let ¢ be the kernel defined in (2), and consider the
family of location-scale miztures defined in (1), equipped with the prior described
above. If fo satisfies conditions (C1)-(C4), then II(- | X1,...,X,) converges
to fo in Fg-probability, with respect to the Hellinger or Li-metric, with rate
en = n~P/0+28) (logn)t, where v and b are as in (11) and (14), and t > (2 +
b+p1)/(2+ 871 + max(0, (1 —r)/2).

The proof is based on Theorem 5 of Ghosal and van der Vaart [13], which is
included here in appendix A.

Condition (11) is usual in finite mixture models, see for instance [10], [20]
and [26] for beta-mixtures. It controls both the approximating properties of the
support of the prior and its entropy. For a Poisson prior, we have r = 1 and for
a geometric prior r = 0.

Conditions (12) and (14) translate the general prior mass condition (41)
in Theorem 3 to conditions on the priors for g and w. The prior is to put
enough mass near pg and wg, which are the locations and weights of a mixture
approximating fy. Since pg and wq are unknown, the conditions in fact require
that there is a minimal amount of prior mass around all their possible values.
The restriction to kernels with even p in Theorem 2 is assumed to discretize
the approximation h; obtained from Theorem 1. Results on minimax-rates for
Laplace-mixtures (p = 1) (see [18]) suggest that this assumption is in fact
necessary. Note that also [2] and [28] require analytic kernels.

3. Approximation of smooth densities

In many statistical problems it is of interest to bound the Kullback-Leibler
divergence Dgr(fo,m) = [ folog % between fy and densities contained in the
model under consideration, in our case finite location-scale mixtures m. When
B < 2, the usual approach to find an m such that Dy (fo,m) = O(c?%), is
to discretize the continuous mixture K, fy, and show that |K,fo — m|ls and
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| fo — Ko folloo are both O(c?). Under additional assumptions on fy, this then
gives a KL-divergence of O(0??). But as || fo— K, fo||so remains of order 6 when
B > 2, this approach appears to be inefficient for smooth fo. In this section
we propose an alternative mixing distribution fo such that Dgr(fo, Ky fo) =
O(c?%). To do so, we first construct a not necessarily positive function f;, such
that under a global Hélder condition, || fo — Ko frllc = O(c?). However, as we
only assume the local Hélder condition (C1), the approximation error of O(c”)
will in fact include the local Holder constant, which is made explicit in Lemma
1. Modifying fr we obtain a density which still has the desired approximative
properties (Lemma 2). Using this result we then prove Theorem 1. Finally we
prove that the continuous mixture can be approximated by a discrete mixture
(Lemmas 3 and 4). In the remainder of this section, we write f instead of f; for
notational convenience, unless stated otherwise.

To illustrate the problem that arises when approximating a smooth density
f with its convolution K, f, let us consider a three times contlnuously differen-
tiable density f such that ||f"||ec = L.2 Then ||f — Ko f]loo < 1y Lo?, where vo
is defined as in (4). Although the regularity of f is larger than two, the approx-
imation error remains order o2. The following calculation illustrates how this
can be improved if we take f1 = f — A, f = 2f — K, f as the mixing density
instead of f. The approximation error is

(Ko f1) @) |—\/¢a:c ((F — Do f)) — F())
- \ R {(f(u) — (@) - / bole— m)(F(6) — f(u))de} du‘
- |22 @) + 00 —f/% — w)f" (W — 0(6*)| = (o

Likewise, the error is O(c”) when f is of Holder regularity 3 € (2,4]. When
B > 4, this procedure can be repeated, yielding a sequence

fis1=f—Asf;, 720, fo:=1Ff (15)

Once the approximation error O(c”) is achieved with a certain f,, the approx-
imation clearly doesn’t improve any more for f; with j > k. In the context of a
fixed > 0 and a density f of Holder regularity 3, fi will be understood as the
first function in the sequence {f;};cn for which an error of order ¢ is achieved,
i.e. k is such that 8 € (2k, 2k + 2]. The construction of the sequence {f;}icn is
related to the use of superkernels in kernel density estimation (see e.g. [30] and
[4]), or to the twicing kernels used in econometrics (see [24]). However, instead
of finding a kernel 15, such that || f — g * f||ec = O(c?), we construct a function
fx fow which || f — ¥ * filleo = O(c?).

In Lemma 11 in appendix B we show that for any 8 > 0, ||f — Ky fkllcoc =
O(c?) when f is (globally) B-Hélder. In Theorems 1 and 2 however we have

2We emphasize that this global condition is only considered here as a motivation for the
construction of fi; in the rest of the paper smoothness condition (C1) is assumed
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instead the local Holder condition (C1) on log f, along with the tail and mono-
tonicity conditions (C2) and (C4). With only a local Hélder condition, the ap-
proximation error will depend in some way on the local Holder constant L(x)
as well as the derivatives [;(x) of log f. This is made explicit in the following
approximation result, whose proof can be found in Appendix C. A similar result
for beta-mixtures is contained in Theorem 3.1 in [26].

Lemma 1. Given 8 > 0, let f be a density satisfying condition (C1), for
any possible function L, not necessarily polynomial. Let k be such that § €
(2k,2k + 2], and let fi, be defined as in (15). Then for all sufficiently small o
and for all x contained in the set

3

Ay ={z: |l;(z)] < Ba_j|logo|75,j =1,...,r|L(x)| < Ba_ﬁ|logo|7%}

(16)
we have
(Ko fi)(@) = f(x) (1 + O(R(z)o”)) + O (1 + R(z))o ™), (17)
where H > 0 can be chosen arbitrarily large and
R(x) = rpp|L(@)| + Y rilla(@)] PV, (18)
i=1

for nonnegative constants r;.

Compared to the uniform result that can be obtained under a global Holder
condition (Lemma 11 in appendix B) the approximation error (K, fi)(x) — f(x)
depends on R(z). The good news however, is that on a set on which the I;’s are
sufficiently controlled, it is also relative to f(z), apart from a term o/ where H
can be arbitrarily large. Note that no assumptions were made regarding L, but
obviously the result is only of interest when L is known to be bounded in some
way. In the remainder we require L to be polynomial.

Since K, f; is a density when f; is a density, we have that for any nonnegative
integer j (fo denoting the density f itself) f; integrates to one. For j > 0 the
fj’s are however not necessarily nonnegative. To obtain a probability density,
we define

Jes = fw:fi) > S, (19)
G = F@, + 3 f@) (20)

hi@) = g;(@)/ / 0;(z)dz. (21)

The constant % in (19) and (20) is arbitrary and could be replaced by any other
number between zero and one. In the following lemma, whose proof can be found
in Appendix D, we show that the normalizing constant [ g is 1 + O(c?). For
this purpose, we first control integrals over the sets A, defined in (16) and

E,={x: f(z) > O’Hl}, (22)
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for a sufficiently large constant H;.

Lemma 2. Let f be a density satisfying conditions (C1),(C2) and (C4). Then
for all small enough o and all nonnegative integers m and all K > 0,

/ (Kg' f)(@)dz = O(c*7), / (K f)(@)de = O(c™), (23)
A E

c c
o o

provided that Hy in (22) is sufficiently large. Furthermore, A, N Eq C Joy for
small enough o. Consequently,

/%mmm:1+L

Finally, when 8> 2, and fy is defined as in Lemma 1 and hy as in (21),

(%f — fr)dz =14 O(c?P). (24)

c
o,k

Kohi(z) = f(z) (1+ O(R(I)O’B)) +0(1+ R(x))aH) (25)

for allx € A, N Ey, i.e. in (17) we can replace fi by hy, provided we assume
that = s also contained in E,.

Remark 1. From (20), (21) and (24) it follows that hy > f/(2(1 + O(c?))).
The fact that K, f is lower bounded by a multiple of f then implies that the
same is true for K hy.

Remark 2. The integrals over AS in (23) can be shown to be O(0*#) only using
conditions (C1) and (C2), whereas for the integrals over ES also condition (C4)
18 required.

Using this result we can now prove Theorem 1:

Proof. Since

/Splogg</Spp;q:/s(p_qq)2+/s(p—®=/5@_qq)2+/C(q—p)

for any densities p and ¢ and any set .S, we have the bound

f(z) (f(z) = Kohg(x))*
/f(x) log K () dr < /AmEﬁ thk(xI; dx

f(=)
4—/A§UEg f(x)log de+[4§uEg (Kohy(z) — f(x))dz.

The first integral on the right can be bounded by application of (25) and Remark
1 following Lemma 2. On A,NE, the integrand is bounded by f(z)O(c? R(z))—
20(cP 1 R(z)) + O((1 + R(x))?)o?H / f(x). Let H; be such that the second in-
tegral in (23) is O(0?#) (i.e. K = 23), and choose H > H; + B. It follows
from the definition of R(z) and (7) that the integral over A, N E, is O(c27)
for each of these terms. For example, [(1 + R(z))?0*/f(z)dz = [ f(z)(1 +

(26)
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R(x))20? [ f2(x)dx < o?H=H) as f(z) > ot on E, and the Lebesgue mea-
sure of this interval is at most o~ 1. To bound the second integral in (26) we
use once more that K,hy 2 f, and then apply (23) with m = 0. For the last
integral we use (23) with m = 0,..., k4 1; recall that hy, is a linear combination
of KI'f,m=0,...,k.

The second integral in (10) is bounded by

RO e T s =

which is O(0?#) by the same arguments.

O

The continuous mixture approximation of Theorem 1 is discretized in Lemma 4
below. Apart from the finite mixture derived from hj we also need to construct
a set of finite mixtures close to it, such that this entire set is contained in a
KL-ball around f. For this purpose the following lemma is useful. A similar
result can be found in Lemma 5 of [13]. The inequality for the L;-norm will be
used in the entropy calculation in the proof of Theorem 2.

Lemma 3. Let w, % € Ay, p,ji € R¥ and 0,6 € RY. Let 1 be a differ-
entiable symmetric density such that xv'(x) is bounded. Then for miztures
m(z) = m(x; k, u,w, o) and m(x) = m(x; k, i, w,5) we have

k . -

. ~ w; A\ W; _ |o—6 |

_ < _ 2 R PR i |
I I L S e
I =il % i' Oy +
m—m — it
<o oA — (0 NG)? fi— Hi (o NG)?

Proof. Let 1 < ¢ < k and assume that w; < w;. By the triangle inequality,

|witho (- = pi) — Wihs (- — i) || < witho (- — prs) — Witho (- — i) ||
+ | @itho (- — pri) — Witho (- — i) || + | Witho (- — fis) — Wirhs (- — i) |

for any norm. We have the following inequalities:

< wwu‘ “‘_ﬂﬂf|n—zL
o — sl < 0A0/|¢ W) [drs —— o5
N P kel (27)
o (=) = olz =il S Togye |-
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To prove (27), let 0 = 271 and 6 = 27!, and for fixed x define the function
9o 1 2 = zp(22). By assumption, g, (2) = ¥(zz) + 229’ (22) is bounded, and

1 d

- S @ .
97—l = 510 | 92(2)=00(2) 1<) 23| | Zelloe < (orgyall el | o7

Applying the mean value theorem to v itself, the last inequality is obtained. [

The approximation hy defined by (21) can be discretized such that the result
of Lemma 1 still holds. The discretization relies on Lemma 3.13 in [19], which
is included in Appendix F. As in [2] and [28] (XXX), we require the kernel ¢ to
be analytic. i.e. p needs to be even.

Lemma 4. Let the constant Hy in the definition of E, be at least 4(S+p). Given
B >0, let f be a density that satisfies conditions (C1)-(C4) and forp=2,4,...
let 1 be as in (2). Then there exists a finite mizture m = m(-; kg, flg, Wy, 0)
with ke = O(c~Y|log o|**?™") support points contained in E,, such that

/ 23 / f ? 248
log — = log— | =0 . 28
/f og = 0(0™), f\log - Ca) (28)
Furthermore, (28) holds for all miztures m’ = m(-; ky, p,w,0’) such that o’ €

(0,0 + 0% T+2) 1€ By (g, 0® ™ F2) and w € Ay, (wy,o® 1Y), where §' >
1+ 3/H,.

The proof can be found in Appendix E. A discretization assuming only (C1),(C2)
and (C4) could be derived similarly, but to have sufficient control of the number
of components in Theorem 2, we make the stronger assumption (C3) of expo-
nential tails . Together with the monotonicity condition (C4) this implies the
existence of a finite constant cy such that for all sufficiently small e,

{w: f(x) > e} C [~cs|log e/, cs|log e /7] = T, . (29)
The constant c; depends on f by the constant M in (9). This property is used

in the proof of Lemma 4.

4. The proof of Theorem 2

We first state a lemma needed for the entropy calculations.

Lemma 5. For positive vectors b = (b1,...,b;) and d = (di,...,dy), with
b; < d; for all i, the packing numbers of Ay and Hylb,d] satisfy

bR

RITTE (di — by + 2¢)
(2€)%

IN

D(C, Ak7ll)

D(e, Hi[b,d], 11)

IA
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Proof. A proof of (30) can be found in [11]; the other result follows from a
volume argument. For A\, the k-dimensional Lebesgue measure, \i(Sk) = %
and A\, (B(y, §5,11)) = %, where By (y, §,11) is the I;-ball in RF centered at 7,

with radius §. Suppose x1,...,zy is a maximal e-separated set in Hy[b, d]. If
the center y of an [;-ball of radius § is contained in Hy[b, d] then for any point
z in this ball, | z; — y; |< 5 for all i. Because for each coordinate we have the
bounds | z; |[<|y;i | + |z —yi [< di + § and | 2; |> b; — §, z is an element of
Hy[b—§,d+5]. The union of the balls By (21, §,01),..., Be(zn, §,11) is therefore

contained in Hy[b— §,d + §]. O

Proof of Theorem 2. The proof is an application of Theorem 3 in [13] (stated be-

low in appendix A), with sequences €, = n=3/0+28) (logn)" and &, = n=?/(1+28)(logn)t2,
where ¢t; and to > t; are determined below. Let k,, be the number of com-

ponents in Lemma 4 when ¢ = o, = al,,/ P This lemma then provides a k-
dimensional mixture m = m(-; ky,, (™, w™, 7,)) whose KL-divergence from f,

is O(0,2#) = O(¢2). The number of components is

kp = O(an*1| log an|1+”71) =0 (nl/(HQB) (log n)1+p71*t1/ﬂ) , (32)

their locations being contained in the set E,, defined in (22). By the same lemma
there are l;-balls B, = By, (1™, 0,7 ™172) and A(n) = Ay, (w™, 0,5 H1+1)
such that the same is true for all k,-dimensional mixtures m = m(-; kn, u, w, o)
with o € [0, 00 + 0,0 7112 and (p, w) € By, x A(n). It now suffices to lower
bound the prior probability on having k,, components and on B,, A(n) and
[On,on + 0n6/H1+2].

Let b = 0’H, + 2; as 0~ ! is inverse-gamma, it follows from the mean value
theorem that

)\a

N —(a+) 7)\/zd
F(a)l‘ e X

onton®
(0 € [on, 00 + 02"]) = /
g

n

onton® «@ a+1 _
2/ Le‘””dw > 4)\ opb2em Ao
o I'() INGY)

(33)

n

which is larger than exp{—ne2} for any choice of t; > 0. Condition (11) gives a
lower bound of By exp{—bok, log" k,} on II(k,,), which is larger than exp{—ne2}
when (24 871)t; > 1+ p~! +r. Given that there are k,, components, condition
(14) gives a lower bound on ITI(A(n)), which is larger than exp{—né2} when
(24 7Yty > 2+b+p~ L. The required lower-bound for II(B,,) follows from (9)

and the fact that ,uln), cee ,u,(cn) are independent with prior density p,, satisfying

n

(12). The ’target’ mixture given by Lemma 4 has location vector ™ whose
elements are contained in E,, . By (9), E,, is contained in the interval T, .
defined in (29), with € = ¢,,1. Since p,, > 1, p,, is lower bounded by a multiple

of anc’j‘Hl at the boundaries of this interval. Consequently, for all t = 1,..., k,,
§'Hy+2 8"Hq+2+ch Hy
o o f
H(Iui—ugn)lﬁ = )N —
n n
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As the l;-ball By, (u(™, 0,9 71+2) contains the lo-ball { € RF» | p; — ugn) |<

§'Hy+2 .
= knl , 1 <i<k,}, we conclude that

o

I (u € By) 2 exp{—dk, logn}

for some constant d > 0. Combining the above results it follows that II(K L( fo, €,)) >
exp{—ne2} when t; > (2+b+p~1)/(2+ 371).

We then have to find sets F, such that (40) and (42) hold. For r, =
nﬁ(log n)i* (rounded to the nearest integer) and a polynomially increasing
sequence b, such that b22 > n'/(1428) with ay as in (13), we define

Fn = {m(7 k7M7w>U)|k S, € Hk[_b’rubn]ya € Sn}

The bandwidth ¢ is contained in S,, = (g,,,5y], where o, = n~4 and G, =
exp{neé2 (logn)°}, for arbitrary constants A > 1 and § > 0. An upper bound on
I1(S¢) can be found by direct calculation, for example

1

/Oo )\a xf(a*Fl)e*%dx:/o’” )\a xll*lef/\a:dx
s, L) o T

n

0'7?1 )\a
< 22 tdx = O(exp{—ane? (logn)’}).
Ja— (exp{—ane (logn)"))

Hence TI(S¢) < e~“"%. for any constant ¢, for large enough n. The prior mass
on mixtures with more than 7, support points is bounded by a multiple of
exp{—b1kylog™ k,}. The prior mass on mixtures with at least one support
point outside [—by,, b, ] is controlled as follows. By conditions (11) and (13), the
probability that a certain pu; is outside [—by,, b,], is

II(| wi |> bn) /[ - pu(z)de < bzlax{o,lfaz}efbfz'z' (34)

Since the prior on k satisfies (11), k clearly has finite expectation. Consequently,
(34) implies that

II(N([=bpn, bn]¢) > 0) =

NE

H(K:k?)H(_jTllan|Mz’ |> b, | K =k)

>
Il
—

(35)
(k) TI(| i [> ) S e 1on1

NE

<
k

Il
-

Combining these bounds, we find

N(FE) S TS + 3 pk) + TN([=by, b > 0)) 5 e Prosn”,

k=rn

The right hand side decreases faster than e~ if t, +1r > 2t;.
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To control the sum in (40), we partition J,, using
Fnj= {m(-; k,pyw, o)k < rp,pu € Hy[~bn,by], 0 € S,w»},
Sng = (Snj—1:805] = (@, 1+ &Y Lo, (I+E)], j=1...,Jn,

Jp = <log j") /log(1+ €,) = O (né,(log n)‘s) .

-—n

An upper bound on the prior probability on the F, ; is again found by direct
calculation:

(Fn ;) <T(Sn,) =o' € g, (1 +6) 7,0, (1 + )1 7))

2771 (1+€n)17j
= / . ya_le_Aydy
(o4

(36)

As the Ly-distance is bounded by the Hellinger-distance, condition (40) only
needs to be verified for the Li-distance. We further decompose the F, ;’s and
write

]:’ﬂJ = U};nzl]:’ﬂxj’k = U;nzl{m('; kvuawaa)‘u € Hk[_bn7bn]’a € Sﬂ,j}'

It will be convenient to replace the covering numbers N in (40) by their corre-
sponding packing numbers D, which are at least as big. Since for any pair of met-
ric spaces (A, d1) and (B, dz) we have D(e, Ax B, di1+d2) < D(5,A,d1)D(5, B, dy),
Lemma 3 implies that for all k > 1, D(€,, Fr jk, | - ||1) is bounded by

Lemma 5 provides the following bounds:

_ k—1
€ 15
p(Z.ank) < (=) .
377k 1) = <€n>
D(LS"J*1 Hy[=ba, bl 1) < kl(g"sn’jl)_kﬁ(% + E"s"*jfl)
) kl— nsyvnjls 1 — M YTV n YT RTE )
61l Mol ) L S
D(%S"%,(Sn,j—hsn,j]all) < (sn7j_1En/3) ((Smj — Sn7j_1) +€n3n,j—1/3)-

For some constant C', we find that

D(n, Frjs |l - 1) < raD(n, Frjros |l - [11)

< rpCmr ) (€,) 72 sn}js;g-"_ﬁl (max(by,, €nSn,j—1)) ™.

(37)
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If by, > €,55,j—1, we have (1+€,) 7 > %, and the last exponent in (36) is
bounded by —Ab;, '€, /(14¢,). A combination of (36), (37) and Stirling’s bound

on r,! then imply that \/TI(F, ;)\/N (€n, Fn,j» d) is bounded by a multiple of

Q(l—a)/Q(l +gn)_(a_l)j/Q\/ECT"/QT;"/2+1/2(én)_r"m

- A U
su P exp{=Ser (L4 @) )

< n%rn,+“T’3A(1 +gn)—%(j—1)(rn+a—2)+“7“(rn + 1)m+1c"‘7"€;rnb27” eXp{—)\b;l

2

< Koexp{Kr,(logn)},

~

for certain constants C, Ky and K;. If b, < €,5, j—1 we obtain similar bound

but with an additional factor &, "> n=AT/2(1 4 €,)0 /2 where the fac-
tor (1 + €,)0=1m/2 cancels out with (1 4 €,)~U~1™/2 on the third line of
the above display. There is however a remaining factor (1 + ¢&,)z0-1@=@),
Since J,, is defined such that n=4(1 4 €,)’» = exp{né?(logn)’}, the sum of
VI(Fn )/ N(€n, Fnj,d) over j =1,...,J, is a multiple of exp{ K17, (logn) +
né? (logn)?}, which increases at a slower rate than exp{ne2} if 2t, > max(t, +
1,2t; 4+ 0). Combined with the requirement that ¢, + r > 2¢; this gives to >

1?. Hence the convergence rate is ¢, = n~%/(+28)(logn)t, with t >
2+b+p /24 p ") +max(0, (1 —r)/2). O

5. Examples of priors on the weights

Condition (14) on the weights-prior is known to hold for the Dirichlet distri-
bution. We now address the question whether it also holds for other priors.
Alternatives to Dirichlet-priors are increasingly popular, see for example [16].
In this section two classes of priors on the simplex are considered. In both cases
the Dirichlet distribution appears as a special case. The proof of Theorem 2
requires lower bounds for the prior mass on /;-balls around some fixed point in
the simplex. These bounds are given in Lemmas 6 and 8 below.

Since a normalized vector of independent gamma distributed random vari-
ables is Dirichlet distributed, a straightforward generalization is to consider
random variables with an alternative distribution on R*. Given independent
random variables Y7, ..., Y, with densities f; on [0, 00), define a vector X with
elements X; =Y; /(Y1 4+ ...+ Y%),i=1,...,k For (x1,...,2k—1) € Sk—1,

€n

1+e€,

PXy <ar,e, X1 Sapn) / P(Y) € 21y, ... Y1 < ap_qy) APV (y)

k—1 -

/./ / /mk w y_ZSZHfz )dsy -+ - dsg_1dy.

i=1 =

(38)
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The corresponding density is

k—1

o k—1
JRoo X (g, ) = / v ey =Y aay) [ fiziy)dy
0 i=1 i=1

o k
=/ y* T fileay)dy,

0 i=1

(39)

where z, =1 — Zi:ll x;. We obtain a result similar to lemma 8 in [13].

Lemma 6. Let X1,..., X have a joint distribution with a density of the form
(39). Assume there are positive constants c1(k), ca(k) and c3 such that for i =
1,....k, fi(z) > c1(k)z®® if z € [0,ca(k)]. Then there are constants ¢ and C
such that for ally € Ay and all € < (3 A e (k)ea (k)T

P(X € Ak(y,2e)) > Cemckloa(e)

Proof. As in [13] it is assumed that y, > k~'. Define §; = max(0,y; — €°)
and &; = min(1l,y; + €2). If z; € (6;,0;) for i = 1,...,k — 1, then Zle |
zi—yi <235 @ — i | < 2(k — 1)€2 < e. Note that (21, ...,25_1) € Sk, as
Zf;ll z; < kzl + (k —1)€% < 1. Since all z; in (39) are at most one,

ea (k) k ea (k) ey (k)"
floy,. o ap—1) > /0 ! H(Cl(k)(xiy)cs)dy - ( 2(]23 + 1)lik))

i=1

c3

Because

k—1 k—1
xkzl—ij :yk—i—Z(yj—xj) Zk_l—(k:—l)ezzeszZ,
j=1 j=1

c k k—1 S c3+1 k
1 (ca(k) 3+1C1(k‘)) I (ca(k) ci(k)” 5 -
P(xen > G da; > (ot
( c k(y,e)) Z T3 (s + Dk jl_[l/(s Ly drj > (cs + 1)%k €

. 2
> exp {klog(CQ(k)C3+1cl(k)) —log(ez + 1) —log(k) — 2klog(\[)} .
€
Ase< (3 Aci(k)ea (k) ™), there are constants ¢ and C for which this quantity

is lower-bounded by Ce~¢kloa(z), O

Alternatively, the Dirichlet distribution can be seen as a Polya tree. Following
Lavine [21] we use the notation E = {0,1}, E° = 0 and for m > 1, E™ =
{0,1}™. In addition, let E™ = U™ {0, 1}%. It is assumed that k = 2™ for some
integer m, and the coordinates are indexed with binary vectors e € E™. A vector
X has a Polya tree distribution if

m m
Xe = H U£1-~5J_1 H (1 - Uelmej'_l)a
j=1,6,=0 j=1,e;=1
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where (U5,5 € ET*I) is a family of beta random variables with parameters
((agl,a52),5 € Efk”’l). We only consider symmetric beta densities, for which
as = a5, = ay,. Adding pairs of coordinates, lower dimensional vectors X; can
be defined for § € E™~!. For § € E™ !, let Xs50 = Us X5 and Xs1 = (1—U5)X5,
and Xy = 1 by construction. If as = %0451,..&71 forall 1 <i<m and 6 € E?,
X is Dirichlet distributed.

Lemma 7. Let X have a Polya distribution with parameters a5, § € EM™~1,
Then for all y € Agm and n > 0,

pm(y.m) = P(X € Auly.m) = PO | X" =y [< )

eeE™
. Ys0 n
>||P Us — 2= < ———).
> 1;[1 (jmax, | " < Smrs)
Proof. Foralli=1,...,mand § € B!,

50
| UsXs —yso | < U5|X6_y6|+yé|U6—ny|

9

|(1-Us)Xs —ys1| < (1—U5)|X5—y5\+y5|(1—U5)—M|~

Ys
Consequently,
oI Xs—ysl= D | Xso—wso|+|Xs1—ys |
seE™ seEm—1
5
< > I Xs—ws|+2 D) ys | Us — 220
seEm—1 seEm—1 Ys
< Y [ Xs—ys | +2 max |Us =22 .
5€Em71 56Em—1 y(;
Hence,
Yso n
) > — o P Us—— <+
Py, 1) 2 Pm-1(y, 5) P max | " <)

- Yso n n
> HP(BIEHE& | Us — s I< 2m7i+2)P(| Up —wo IS 271)

m
Ys0 n
>[I P( max, [ Us - Yo |S g )

as

pl(?]Q_m) = P(| XO — Yo ‘ + | Xl — 1 |§ ,,72—m)
=P(|Uo—yo |+ | (1 =Uo) = (1=yo) [<n2™™) = P(| Up — yo [< n27™71).

O
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With § € B! fixed, we can lower-bound P(| Us — % |< 5525) for various
values of the a;. In the remainder we will assume that as = o, for all § € i1,
with ¢ = 1,...,m. For increasing «; > 1, Us has a unimodal beta-density, and
without loss of generality we can assume the most unfavorable case, i.e. when
yi; = 0. If the a; are decreasing, and smaller than one, this is when y% = %
In both cases Lemma 9 in appendix A is used to lower bound the normalizing
constant of the beta-density.

If a; T 00,i=1,...,m when m — oo, then
2 D (2ay)
P(lUs |< 27m+i72 _ / 7 a;—1 1— aifld
(Vs = [T grlentq— ot
p2- M2
> / af%QQ"”*%%mo‘i*ldx = 2*(m*i)°‘i*%ai*%no"'.
0

At the ith level there are 2°~! independent variables Us with the Beta(a;, ;)
distribution, and therefore

3

m . < 1—1
log (pm(y, 77)) 2 log H (2—(m—z)ai—%ai—§nai)2
i=1

S i, 10g% _ g log(av) — i (m — i) log(2) ).

i=1
Ifa; 4 0,7=1,...,m when m — oo, we have

1/24n2-m+i=2 F(2C¥l)

1 .
P(|Us — 3 |[<n27mti) = / 21— 2)* e

1/2—n2—m+i=2 2 ()

N o
Z am2 () '

9

m

oz (pn0:) 2 - 2 {lo(0) = (20 + (m =i = 1)) og(2) ~ log .

i=1
We have the following application of these results.

Lemma 8. Let XJ* be Polya distributed with parameters «;. If oy = i° for
b>0,

1
P(X € Ay(y,n)) > Cexp{—ck(log k)" log ~},
Ui
for some constants ¢ and C. By a straightforward calculation one can see that
this result is also wvalid for b = 0. In the Dirichlet case o; = %ai,l for i =
1,...,m,

1
P(X € Ag(y,n)) = Cexp{—cklog 5}7

in accordance with the result in [11].
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6. Conclusion

We obtained posteriors that adapt to the smoothness of the underlying density,
that is assumed to be contained in a nonparametric model. It is of interest to
obtain, using the same prior, a parametric rate if the underlying density is a
finite mixture itself. This is the case in the location-scale-model studied in [19],
and the arguments used therein could be easily applied in the present work.
The result would however have less practical relevance, as the variances O'J2' of
all components are required to be the same.

Furthermore, the prior on the o;’s used in [19] depends on n, and this seems
to be essential if the optimal rates and adaptivity found in the present work are
to be maintained. In the lower bound for the prior mass on a K L-ball around
fo, given by (33), we get an extra factor k,, in the exponent, and the argument
only applies if A = A\, = 0,,. This suggests that the restriction to have the same
variance for all components is necessary to have a rate-adaptive posterior based
on a fixed prior, but we have not proved this. The determination of lower bounds
for convergence rates deserves further investigation; some results can be found
in [33]. Full adaptivity over the union of all finite mixtures and Holder densities
could perhaps be established by putting a hyperprior on the two models, as
considered in [12].
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Appendix A

The following theorem is taken from [13] (Theorem 5), and slightly adapted to
facilitate the entropy calculations in the proof of Theorem 2. Their condition
II(Fn|X1,...,X,) — 0 in Fj-probability is a consequence of (41) and (42)
below. This follows from a simplification of the proof of Theorem 2.1 in [11],
p.525, where we replace the complement of a Hellinger-ball around fy by F¢. If
we then take € = 2€,, in Corollary 1 in [13], with €, > €, and &, — 0, the result
of Theorem 5 in this paper still holds.

Theorem 3 (Ghosal and van der Vaart, 2006). Given a statistical model F,
let {X;}i>1 be an i.i.d. sequence with density fo € F. Assume that there exists

a sequence of submodels F,, that can be partitioned as U Fn,j such that, for
j=—o00
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sequences ¢, and €, > €, with €, — 0 and ne2 — oo,

i VN En Fon )T (Fuj)e ™ 0, (40)

Jj=—00
I, (FS) < e~4ne, (42)

Y2
(‘b‘
3

)

3

—
W~
—
N

where KL(fo,€,) is the Kullback-Leibler ball

{f : Folog(fo/f) <&, Folog*(fo/f) < &3}
Then IL,(f € F : d(f, fo) > 8€, | X1,...,Xn) — 0 in F-probability.

The advantage of the above version is that (42) is easier to verify for a faster
sequence €,. The use of the same sequence €, in (40) and (42) would otherwise
pose restrictions for the choice of F,.

The following asymptotic formula for the Gamma function can be found in
many references, see for example Abramowitz and Stegun [1].

Lemma 9. For any o > 0,
INa) =V 27re*aaa*%e‘9(a), (43)

where 0 < 0(a) < 1o If o — o0, this gives the bound F(l;fif‘()a) > 222073

for the beta function. For o — 0, the identity ol'(a) = T'(o + 1) gives the

bounds I'() < 1 and T'(a) > £, where ¢ = 0.8856... is the local minimum

of the gamma function on the positive real line. Consequently, Fg)zlf‘(L) = a.

From (43) it follows that for all « > 0 and all integers j > 1,

14+a 2= 117@ 1 -7

;i < mel+o¢ (J+1)(m) te(j 1) e, (44)
(it o /. 1 i Y

(}'a) < et U ()T (1) (45)

The following lemma will be required for the proof of Lemma 1 in the next
section.

Lemma 10. Given a positive integer m and ¢, (r) = Cpe’mp, let o be the m-
fold convolution tx- - -x1. Then for any o > 0 there is a number k' = K'(p, a, m)
such that for all sufficiently small o > 0,

/ o(x)|z|*dr = o™, (46)
|z|>k'|logo|t/P
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Proof. For any p > 0 and a random variable Z with density 1(;),

P(Z >y) = / Yy (@)d < p_lyl_p/ paP My (@)de = p~ly' TP, (1)
Yy

Y

For m = 1, we have

o0 o o0 o C o0
/ z ¢(p>($)d$=/+ Y (+4/0F)) do = Cip/ Yo/ (1)) (2)d2
y yl [eY «@

p/(1+a) Jylt
Cp

« 1ta
= T Priy sy (2> KT log o )
Cp/(l-i—a) (p/(1+a))

for any o > 0 and y > 0.
Now let m > 1, and X = Y_." | Z; for i.i.d. random variables Z; with density
Y(py- If @ > 1 then, by Jensen’s inequality applied to the function x — z,

E (1211 251 1og o217) < E (mal <Z|Zi|a> 1|Z|>k/10ga|1/p)
=1

m m
a—1 o _ _H
<m Y B (120D Y g s oo | = 0™
i=1 J=1

where we used (46) with o = 0 and the independence of the Z;’s to bound the
terms with ¢ # j. If @ < 1, we bound |Z|* by |Z| and apply the preceding
result. O

Appendix B: Approximation under a global Hélder condition

For L > 0, 8 > 0 and r the largest integer smaller than 3, let H(8, L) be the
space of functions h such that sup,_, |h()(z) — b ()| /|y — |P~" < L, where
h(") is the rth derivative of h. Let Hpg be the Holder-space UrsoH(8, L), and
given some function h € Hg, let Ly g, = sup,_, |R0) (x) = KT ()| /|y — z|P~".
When 8 — r = 1, this equals [|h" ).

Lemma 11. Let f € Hg, where 2k < 3 < 2k + 2 for some nonnegative integer
k. Then ||f — fr * Yolloo = O(c?), where fi, is defined recursively by fo = f,
fi=F—Asf=2f - Kof and fjt1 = f—Asf;, 5 = 1.

Proof. By induction it follows that

fﬁi(—l)i(“l)mﬂ A’éf=§(—1)’“‘i(];>l<§f- (47)

= 1+1

The proof then depends on the following two observations. First, note that
if f € Hp then fi, f2,... are also in Hg, even if ¢ itself is not in Hg (e.g.
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when v is the Laplace kernel). Second, it follows from the symmetry of ¢ that
K, f) = %Kaf, i.e. the rth derivative of the convolution of f equals the
convolution of f(").

When k = 0 and 8 < 2 the result is elementary. When k = 1 we have K, (f1)—
f=A(f—As(f) —Ac(f) = —AsAsf, and Az A, flloo < V2‘72H(Aaf)””00'
Because differentiation and the A, operator can be interchanged, we also have
1A £) loo = (A f")|loo- Since f” € Hp_o, the latter quantity is O(c?~2).
Consequently, [|AyA, flloe = O(c?). For k > 1, we repeat this step and use
that, as a consequence of (47), || K, fx — flloo = |A¥F1 f||. From the following
induction argument it follows that for any positive integer k, 8 € (2k,2k +
2] and f € Hg, ||A¥1f||o = O(c?). Suppose this statement holds for k =
0,1,...,m — 1, and that f € Hg with 8 € (2m,2m + 2]. Then [|A” f|lc =
O Ac fP™looo®™) and [|Aq fC™ oo = O(P72™) as f™) € Hp_op.

Appendix C: Proof of Lemma 1

The smoothness condition (6) in (C1) implies that

log faly) £ logfale) + 30 Ay —ap + Ly —al (49
log fal) 2 log fale) + 30 Aty —af — Ly —al’, (49

again for all z,y with |y — x| <.
Let f be a function for which these conditions hold,  being the largest integer
smaller than 5. We define
~ () :
Br(e) = 30 L0 —af + L@y —al”

j=1

First we assume that 8 € (1,2] and r = 1. The case § € (0,1] is easier
and can be handled similarly; the case 8 > 2 is treated below. Using (48) we
demonstrate below that

K, f(2) < (1L+ O((|L(x)] + I} (2))o”)) f (@) + O + |L(@)| + If (z)])o . (50)

We omit the proof of the inequality in the other direction, which can be obtained
similarly using (49). To prove (50), we define, for any = € R,

Dy ={y: |y — | < K'o|loga|"/?},

for a large enough constant &’ to be chosen below. Assuming that k’'c|log o|'/? <
7, for -y as in condition (C1), we can rewrite (48) as f(y) < f(z)exp{B;1(z,y)},
and

Kof@) < 7o) [

A eBrr @, (y — x)dy + @ty — )y (51)
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Furthermore, if z € A, and y € D,, then for M = 7(7"_&1)! exp{sub,e 4, yep, |Brr(T,9)}

and some ¢ € (0, B),

er,r(l’,y) — zr: iBm (.’K y)+ 65 Br+1(1, y) < ET: iBm (LE y)+M|B |T+1((E y)
R e (ol DT e A I b ’

(52)
In the present case, 5 € (1,2] and r = 1, hence

eBrr@v) <14 By (z,y) + MB3 (,y) =1+ L(z)(y — 2) + L(z)|y — «|°

+ M (F(2)(y — 2)® + 2l (x) L(z)(y — 2)|y — 2| + L (z)|y — =[*°) .
(53)

Integrating over D,, the terms with a factor (y — x) disappear, so that the first
term on the right in (51) is bounded by

1@) [ ol=a) {1+ L@y =2l + MW B @)y = ) + MEBIL@) =)} do.

(54)
since |1 (z)(y—=)| < ¥'B and |L(z)||(y—)|® < k'°B when z € A, and y € D,.
Because [, Vo (y — x)|y — x|*dy = o' for any o > 0, when &’ in the definition
of D, is sulzéﬁciently large (see Lemma 10 in Appendix A), (51), (53) and (54)
imply that for constants k; = M(k’B)%>~# and ky = 1 + Mk’ B,

(Ko f)(x) < f(z)/Rz/fa(y*z){1+k1|11(z)|ﬁ|yfwlﬁ + k2| L(2)|ly — 2| }dy

+ (Iflloe + 14+ ka1 (2)] + ko | L(2))O(0™),
(55)

which completes the proof of (50) for 3 € (1,2]. Using the same arguments
the inequality in the other direction (with different constants) can be obtained
when we define By 1 (z,y) = l1(z)(y—z) — L(z)|y —z|?, and use that eBrr(@v) >
>om—o B (@,y) — M|By,|""* (2, y) instead of (52). This finishes the proof
of (17) for k = 0.

Now let f be a function for which (48) and (49) hold with 5 € (3,4] and r = 3;
the case 5 € (2, 3] being similar and simpler. Before looking at K, f; we first give
an expression for K, f. Whenz € A, andy € D,, e® < 14+B+3B?+1B3*+MB*
and for some constant M, with B(z,y) = l1(z)(y—)+ 11 (z) (y—z)+ t13(2) (y—
x)? 4+ L(z)|y — z|?. Using this bound on e? we can redo the calculations given
in (51), (52), (54) and (55); again by showing inequality in both directions we
find that

Ko f(2) = f(@) (1+ 2 (@) + L))o + O(R(@)0”)) + O (1 + R(a))a™).
(56)

This follows from the fact that for x € A, and y € D, we can control the terms
containing a factor |y — x|¥ with k > 2, similar to (54). All these terms can be
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shown to be a multiple of ¢ by taking out a factor |y — x|® and matching the
remaining factor |y — z|*~# by a certain power of the |I;|’s or |L]|.

The proof of (17) for f; can now be completed by the observation that (56) de-
pends on the kernel ¢ only through the values of v,,. In fact it holds for any sym-
metric kernel such that [ ¢(z)|z|*dx = v, < oo and f|x|>k/|1oga\1/p Y(x)|z|*dr =
o when k' is large enough. For the kernel 1) % 1) these properties follow from
Lemma 10 in Appendix A. Consequently, (56) still holds when K, f is replaced
by KoKof and 1o by vgwyo = [(¢ * ¢)(2)|z|*dz. As f1 = 2f — K,f and
Vapwqp,2 = 2V, this proves (17) for k = 1.

The same arguments can be used when k > 1 and 8 € (2k, 2k + 2J; in that
case all terms with o2,0%, ..., 02* cancel out. This can be shown by expressing
the moments vy, 2,...,Vm,2r of the kernels K*, m = 2,...,k + 1 in terms of
Vo, ..., Vo and combining this with (47) in the proof of Lemma 11 in Appendix
B.

Appendix D: Proof of Lemma 2

To show that the first integral in (23) is of order 027, consider the sets
Ay s ={x:|lj(x)| <3Bo I |loga| /P, j =1,...,r,|L(x)| < §Bo~"|logo|A/P},

indexed by ¢ < 1. For notational convenience, let 26:1 denote sums over (r+1)
terms containing respectively the functions l1,...,l,. and [z = L. First let m = 0.
It follows from (7) in (C2) and Markov’s inequality that

I,
28+e

provided that o~ ¢|logo|™ » > 1, which is the case if o is sufficiently small.

If m = 1, consider independent random variables X and U with densi-
ties f and 4, respectively. Then X + oU has density K, f. Because P(|U| >
E'|log o|'/P) = O(0#) if the constant &’ is sufficiently large, we have

2514»5 2B‘+5

> (6B) 5

o~ log |7 ) = O(c¥),

B
(KO @)de < > P (15(X)]
j=1

c
o

P(X 40U € AS) < P(X +oU € A, | U |< K|logo|'P) + P(|U| > k'|log o|'/P)
= 0(0*)+ P(X +0U € AS, X € Ay, | U |< K'|loga|/P)

+P(X +0U € A2, X € A2, | U |< K/|loga|'/?)
(57)

The last term is bounded by P(X € A 5), which is O(c®7) for any 0 < 6 < 1.
We show that the last term on the second line is zero for sufficiently small 4.
This can be shown by contradiction: together with the conditions on f, the
fact that X € A, and X + oU € A | implies that |U] is large, contradicting
U |< ¥|loga] V7.

To see this, note that since X € A, s, |L(X)| < 6Bo~?|logo|~#/P and
1;(X)| < §Bo~|loga|~/P for j = 1,...,r. On the other hand, X + oU €
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A¢, implies that |L(X + oU)| > Bo~P|logo|~#/? or that |l;(X + oU)| >
§Bo~|loga|~¥/P for some i € {1,...,r}. From (6) it follows that for all i =
1,...,r

(X +oU)| < z_:liﬂ;(!X)(aU)j + " ill)|

j=0
if 0 is sufficiently small. Therefore it has to be a large value of |L(X + oU)|
that forces X + oU to be in AS. Hence it suffices to show that |L(X)| <
§Bo~#|logo| A/P and | U |< K'|log o|'/P is in contradiction with |L(X +oU)| >
Bo~?|logo|~#/P. We now derive the contradiction from the assumption that L
is polynomial. Let ¢ be its degree, and let n = max|z;|, z; being the roots of L.
First, suppose that | X| > n + 1. Then

|L(X)||oU|?~| < Bo~"|logo|~"/P

Uio/ LU)(X) = O (U767 L(X)]) = O (a—w—ﬁ\ 1oga|*%) . j=1,....q.
This implies
P
ULV (X) ol|U|e
IL(X +oU)| < LX)+ i L

j=1

’L(Q)(S) —_ @ (X)

< §BoP|logo| 7 + O(c~ B D|loga|~ ),

which is smaller than Bo~#| logo|_§ when ¢ and 6 < 1 are small enough. If
|X| < n+1, note that this implies | X + ocU| < n + 2 for sufficiently small o, as
|U| < E'|log a|§. Consequently,
IL(X + oU)| < max |L(z)| =L < Bo?|loga| 7,
|| <n+2
again for sufficiently small o.

If m = 2 in (23), note that the above argument remains valid if X has density
K, f instead of f. The last term in (57) is then bounded by P(X € Af;ﬁ)7 which
is O(0%%) by the result for m = 1. This step can be repeated arbitrarily often,
for some decreasing sequence of §’s.

To bound the second integral in (23) for m = 0, we need the tail condition
f(z) < ¢|lz]~® in (C2). In combination with the monotonicity of f required in
(C4), this implies that

f(@)dz < o2 / V@ dz = 0(c), (58)
Ee B¢

which is O(0?%) when H; > 4f.

For m = 1, we integrate over the sets ES N AS and ES N A,. The integral
over the first set is O(c??) by the preceding paragraph. To bound the second
integral, consider the sets

E,s ={x:log f(z) > 0H;ylogo}, (59)
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indexed by 0 < 1. We can use the inequality (57) with A7, A, s and Aj ; replaced
by respectively Ef N A,, E; 5N Ay and Ef 5N Ay. The probability Px.¢(X €
B 5) can be shown to be O(0?P) as in (58), provided that 6H;/2 > 23. The
probability that |U| < k’|logo|'/P, X +0U € ESNA, and X € E, 5N A, is
zero: due to the construction of A, we have | (X +0U)—I(X) |= O(1), whereas
| (X 4+ 0oU)—U(X)|> (1 —98)H; |logo |. This step can be repeated as long as
the terms Py~ s(X € ES ;) remain O(0®7), which is the case if the initial H; is
chosen large enough. This finishes the proof of (23).

To prove (25), let 8 > 2 and k > 1 be such that 2k < 8 < 2k + 2, = log f
being S-Holder. It can be seen that Lemma 1 still holds if we treat [ as if it was
Holder smooth of degree 2. Instead of (17), we then obtain

(Ko f)(@) = £(@) (1+ O(RD(@)0%)) + 0 (1 + RD(@)a™),  (60)

where L) = [, and R® is a linear combination of 2 and |L(?|. The key
observation is that R} = o(1) uniformly on A, when ¢ — 0. Combining (60)
with the lower bound for f on E,, can find a constant p close to 1 such that

hi(@) = 2f (2)~ Ko f (x) = 2f (2)~ (1+O(R® (2))0?) f () ~O(1+R? (x))o ™" > pf (x)

for small enough o. Similarly, when [ is treated as being Holder smooth of degree
4, we find that

Fa(@) = 2f1(2)~ Ko fi(2) = 2f1(2) = (1+O(RW (2)) o) f (2) ~O(14+RY (2))o ™ > p? f(x).

Continuing in this manner, we find a constant py such that fi(z) > pgf(z) for
x € A, N E, and o sufficiently small. If initially p is chosen close enough to 1,
pF > 1 and hence Ay N E, C Jy . To see that (23) now implies (24), note that
the integrand %f — fx is a linear combination of K*f, m =0,...,k.

Appendix E: Proof of Lemma 4

We bound the second integral in (28); the first integral can be bounded similarly.
For h; the normalized restriction of hy to E, and m the finite mixture to be
constructed, we write

-\ 2
f 2 _ f Kahk Kahk
/f <log m) = /EU f <1og Ko + flog K + flog o ) o

Kohi\?
—l—/ f <log ! + log k) .
E m

K hy
The integral of f(log(f/Kohy))? over E, is O(c*?) by Theorem 1. To show
that the integral of f(log(Kyhy/K,hi))? over E, is O(0??) as well, recall the
definition of g5 and hy in (20) and (21). Combining (23) and (24) in Lemma
2 with the fact that fy is a linear combination of Kl f, i = 0,...,k (see (47)

c
o

imsart-generic ver. 2008/08/29 file: lsMixtures3.tex date: July 1, 2010



W. Kruijer, J. Rousseau and A.W. van der Vaart/Adaptive Location-Scale Miztures 27

in appendix B), we find that fEc hir = O(c??). Consequently, thk/KUﬁk) =
O(c*?) and the required bound for [, f(log(K,hi/K,hy))? follows. To bound

the integral of f(log I((,l~"Lk/17”L)2 over E,, let m = m(-; ko, pto, Wy, o) be the finite
mixture obtained from Lemmas 12 and 13, with e = o9 #1+1 and §’ > 1+26/H,.
The requirement that a < 1~!(e) in Lemmas 12 and 13 is satisfied by the
monotonicity and tail conditions on f (see (29)). The number of components k,
in Lemma 13 is O(c|log o|"*? ). We have

~ 2 ~ 2
K, hy, m — Kghy 26" —1)H 28
/Ef<log - ) S/Ef<gﬂ_aw> < g2 = 0(0%),

provided that ¢’ > 1 + H£1 The cross-products resulting from the square in

the integral over E, can be shown to be O(c??) using the Cauchy-Schwartz
inequality and the preceding bounds.

To bound the integral over ES, we add a component with weight 02 and
mean zero to the finite mixture m. From Lemma 3 it can be seen that this does
not affect the preceding results. Since f and hj are uniformly bounded, so is

Ky hy. If C is an upper bound for K,hy, then

/E f(z) <log K;’nhk(x)>2dxg/E f(z) (1og02ﬂ50($))2dx
|z [P

_ / f(x) (log(Cp_lC) +28|log o] + p)Qdm.
(62)

c c
o o

This is O(0??) if
f@)|z|*de < aHl/Q/ Vi(@)aPde = O(a?+2),
E¢ E¢

which is the case if H; > 4(8 + p). The integral of f(log f/Kyhy)? over EC is
O(0%%) by Lemma 1, and the integral of f(log f/Kyhy)(log K,hy/m) over ES
can be bounded using Cauchy-Schwartz.

It m" = m(-; ks, pu,w,0’) is a different mixture with o’ € [0,0 + o
1 € Bi, (jtg, 09 M142) and w € Ay, (wy, 0 H1+1), the Loo-norm between m and

) N
m/ is 0> by Lemma 3, and [, f (log K"—}}’“) = O(0??). The integral over

m

E¢ can be shown to be O(c?#) as in (62), where the |z — ¢2%|?? that comes in
the place of |z|?” can be handled with Jensen’s inequality.

5/H1+2],

Appendix F: Discretization

The following lemmas can be found in [19], p.59-60. They are straightforward
extensions of the corresponding results for normal mixtures, contained in lemma
3.1 of [14] and lemma 2 of [13]. Lemma 13 is used in the proof of Lemma 4 in
the present work.
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Lemma 12. Given p = 2,4,..., let ¥(z) = C, e~ 12" Let F be a probability
measure on [—a,a), where a < Y~1(e), and assume that o € [o,,5,] and € <
(1A Cp). Then there exists a discrete distribution F' on [—a,a] with at most

N = pe?log % support points such that |F % by — F' % s |lco S €.

Lemma 13. Given o € [g,,0,] and F € M|—a,a], let F' be the discrete
distribution from the previous lemma. Then ||F % 1y — F' % ,|l1 < e p™1(e).
Moreover, for any o > 0 there exists a discrete F' with a multiple of (ac™1 Vv
1)log et support points, for which ||F*1, — F' ¢, |1 < e =1 (e) and |[F x1py —
Fixapolloo S5

o
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